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Abstract. Inerter-based damping devices (IBBDs), which consist of inerter, spring and viscous damper, have been extensively
investigated in vehicle suspension systems and demonstrated to be more effective than the traditional control devices with spring
and viscous damper only. In the present study, the control performance on cable vibration reduction was studied for four
different inerter-based damping devices, namely the parallel-connected viscous mass damper (PVMD), series-connected viscous
mass damper (SVMD), tuned inerter dampers (TID) and tuned viscous mass damper (TVMD). Firstly the mechanism of the ball
screw inerter is introduced. Then the state-space formulation of the cable-TID system is derived as an example for the cable-
IBBDs system. Based on the complex modal analysis, single-mode cable vibration control analysis is conducted for PVMD,
SVMD, TID and TVMD, and their optimal parameters and the maximum attainable damping ratios of the cable/damper system
are obtained for several specified damper locations and modes in combination by the Nelder-Mead simplex algorithm. Lastly,
optimal design of PVMD is developed for multi-mode vibration control of cable, and the results of damping ratio analysis are
validated through the forced vibration analysis in a case study by numerical simulation. The results show that all the four inerter-
based damping devices significantly outperform the viscous damper for single-mode vibration control. In the case of multi-mode
vibration control, PVMD can provide more damping to the first four modes of cable than the viscous damper does, and their
maximum control forces under resonant frequency of harmonic forced vibration are nearly the same. The results of this study
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clearly demonstrate the effectiveness and advantages of PVMD in cable vibration control.
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1. Introduction

Stay cables are susceptible to a number of dynamic
problems, such as wind-induced vibration, wind-rain-
induced vibration, and parametric oscillation, due to their
large flexibility, relatively light mass and extremely low
inherent damping (Matsumoto et al. 1992). In order to
suppress the problematic vibrations, it is effective to
improve the damping of cables by external dampers
installed near the cable anchorage (Duan et al. 2018).

Oil damper with linear viscous damping has been
extensively investigated for cable vibration control due to
their simplicity and effectiveness (Xu and Yu 1998, Krenk
2000, Tabatabai and Mehrabi 2000, Main and Jones 2002).
For a given installation position, only the damping
coefficient needs to be designed for oil damper, but
maximum attainable damping ratios of the cable-damper
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system may be attenuated by cable sag, cable bending
stiffness, cable inclination, damper stiffness and damper
support stiffness alone or in combination (Yu and Xu 1998,
Fujino and Hoang 2008, Fournier and Cheng 2014).
Generally, oil damper is able to provide sufficient damping
for short cables, even if multi-mode cable vibrations are
concerned (Wang et al. 2005); However, oil damper may be
not effective for vibration control of long cables, since its
installation position is quite close to the cable anchorage
compared with the cable length.

In order to obtain much higher damping for long cables,
active/semi-active cable control strategy has thus been
proposed and extensively studied in the last decades. Most
of the studies are based on MR damper (Ni et al. 2002,
Duan et al. 2005, Liu et al. 2007, Or et al. 2008, Weber et
al. 2009, Duan et al. 2019a), whose damping coefficient
can be easily adjusted by changing the imposed current. The
effectiveness and robustness of MR damper has been
verified by many researchers (Chen et al. 2004, Duan et al.
2006, Li et al. 2007, Duan et al. 2019b). Another way to
improve the control performance of dampers for long cables
is to combine the viscous dampers with a negative stiffness
device in parallel configuration (Weber and Boston 2011).
The negative stiffness enhances the damper displacements
so that the damper dissipates more energy to make the
cable/damper system achieve a higher supplement modal
damping (Li et al. 2008). The development of the truly
passive negative stiffness device (PNSD) was addressed in
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detail by Sarlis (2013) and Pasala et al. (2014). A few
investigators have analytically and experimentally studied
the performance of PNSD for structural vibration control of
stay cables (Chen et al. 2015, Shi and Zhu 2015, Zhou and
Li 2016).

The damper mass or concentrated mass at the damper
location can generate a pseudo-negative stiffness, which is
capable of providing more damping to the cable (Krenk and
Hogsberg 2005, Duan et al. 2006). However, a significant
mass will be required to increase sustainably the attainable
modal damping ratio. On the other hand, the concept of
inerter, originally invented by Smith (2002), provides a
practical and viable way to take advantage of damper mass
and its corresponding pseudo-negative stiffness effect.
Inerter is a two-terminal mechanical device, which provides
a force proportional to the relative acceleration between its
two terminals. The proportionality constant, called inertance
or apparent mass, has the unit of kilograms and can be a
factor of several thousands larger than the actual mass of
the device. The inerter can be physically realized by the
rack-and-pinion mechanism or ball-screw mechanism
(Chen et al. 2009) and is usually employed together with
spring and damper to constitute the inerter-based passive
network (it is called the inerter-based damping device
(IBDD) in this paper)(Smith and Wang 2004). IBDD has
been intensively investigated in vehicle suspensions and
demonstrated to be more effective and robust than the
conventional passive strut consisting of spring and damper
only (Wang et al. 2009, Chen et al. 2015).

In recent years, the investigation and implementation of
inerter-based damping device (IBDD) have been extended
to more general vibration control systems. In the field of
civil engineering, various kinds of IBDDs have also been
reported, most of which are used to suppress the earthquake
response of building structures (Hwang et al. 2007, Ikago et
al. 2012, Takewaki et al. 2012, Lazar et al. 2014, Nakamura
et al. 2014). The potential application of IBBD on cable
vibration control has also drawn attentions in the past two
years. Lazar et al. (2016) investigated the effectiveness of
the tuned inerter dampers (TID) in suppressing the cable
vibration under support excitation. The results showed that
TID, with sufficiently large mass ratio, can achieve a higher
vibration suppression level than viscous damper. Lu et al.
(2017) evaluated the performance of the viscous inertial
mass damper (VIMD) on cable vibration control and they
found that a significant improvement of the maximum
attainable damping ratio can be achieved by VIMD
compared with the viscous damper. Luo et al. (2016)
investigated the performance of three inerter-based damping
devices to mitigate the fundamental mode vibration of
cables. It is shown that all the three devices can provide
larger damping ratio than the viscous damper does.

It is noted that in all the above studies the IBDDs are
only used for single-mode cable vibration control. However,
typically wind-rain-induced vibration may develop for the
first several modes with natural frequency up to 3 Hz (Chen
et al. 2004), so multi-mode vibration control is also
required for the design of IBBDs. Additionally, even for the
single-mode cable vibration control based on IBDD, the
influence of damper location and mode number on the

optimum parameters and maximum attainable damping
ratio has not been clarified yet. In this study, control
performances of four inerter-based damping devices for stay
cables are assessed in terms of supplemental modal
damping ratio. They are the parallel-connected viscous
mass damper (PVMD), series-connected viscous mass
damper (SVMD), tuned inerter dampers (TID) and tuned
viscous mass damper (TVMD). In the first section, the
mechanism of the ball screw inerter is introduced. Then the
state-space formulation of the cable-IBBD system is
derived and single-mode vibration control analysis was
conducted for PVMD, SVMD, TID and TVMD. Their
optimum parameters and the maximum attainable modal
damping ratios are obtained for several specified damper
locations and modes in combination by the Nelder-Mead
simplex algorithm. Optimal design of PVMD is also
developed for multi-mode cable vibration control, and the
results of damping ratio analysis are examined through a
forced vibration analysis by numerical simulation.

2. Inerter and
(IBDDs)

inerter-based damping devices

2.1 The mechanism of ball screw inerter

A schematic of the ball screw inerter is shown in Fig. 1
to illustrate the mass amplifying mechanism. The ball screw
inerter is composed of a ball screw, a ball nut, a flywheel,
an external tube and two thrust bearings. The flywheel
rigidly connected to the ball nut is supported by the thrust
bearings, which are installed on the external tube. When a
relative motion is given between the two ends of the inerter,
that is node 1 and node 2, the ball nut and the flywheel are
rotated by the ball screw and they produce an inertial torque
proportional to the angular acceleration of the ball nut. Due
to the ball screw mechanism, the inertial torque is
reconverted to an axial resisting force applied on the ball
screw and transmitted to the structure through node 1 and
node 2.

The rotational angle of the ball nut and flywheel is given

by

T 6

whereg is the rotational angle of the ball nut; u is the
relative displacement of the two ends of the damper; L. is
the lead of the ball screw. The inertial torque, T¢, generated
by the revolving flywheel is given by

Tf:.[f9 (2)

where Iy and § are the moment of inertia and angular
acceleration of flywheel, respectively. If all the friction loss
in the ball screw transmission is neglected, the axial force,
F, produced by the ideal inerter is given by
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Substituting Egs. (1) and (2) into Eq. (3), we obtain

2
F= (2;) I, i = m,ii )
where m, denotes the inertance or apparent mass of the

inerter. If the flywheel is made in the shape of a hollow
cylinder as shown in Fig. 1, its moment of inertia can be
given by

1
If:§m0(7“i2+7‘02) (5)
where
mozpﬂ'(rffﬁz)h (6)

where mq is the mass of flywheel; r; and r, are the inner
radius and outer radius of flywheel, respectively; h is the
length of flywheel; p is the material density.

In order to understand the mass amplification effect of
the inerter, we calculate the apparent mass of an assumed
inerter for cable application. The lead of the ball screw is
Le=0.01 m, the inner radius, length and density of the
flywheel is r=0.05 m, h=0.2 m and p=7850 kg/m°
respectively. Thus the variations of the apparent mass and
actual mass of the flywheel with its outer radius are shown
in Fig. 2.

flywheel ball nut ball screw

thrust bearin

!
v

T = AW o ] j_f
node 1 M node 2
h
I — external tube

Fig. 1 Schematic of the ball screw inerter
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Fig. 2 Variation of the actual mass and apparent mass of
a flywheel with its outer radius
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Fig.3 The mechanical model of the employed IBDDs

It can be seen that the apparent mass of this inerter is more
than 1000 times of its actual mass. Especially, when r, is
larger than 0.08 m the apparent mass is beyond 30ton,
which is about half of the total mass of a 600 m long stay
cable (the mass of per unit length of the stay cable is
assumed to be 100 kg/m). Since the actual mass of the
inerter employed in cable applications is only about tens of
kilograms, it will not cause cable sag.

2.2 Inerter-based damping devices (IBDDs)

As the inerter itself does not dissipate any energy of
vibration, damping elements are always employed together
with the inerter to form a compound passive energy
damping device, called the inerter-based damping device.
The mechanical models of the four IBDDs employed in this
study are shown in Figs. 3(a)-3(d), where ¢, is the

damping coefficient of the linear viscous damper; ks the

stiffness of the supporting spring. Fig. 3(a) is PVMD, which
consists of an inerter and a viscous damper in parallel
configuration and is also called viscous mass damper
(VMD) (lkago et al. 2012) or viscous inertial mass damper
(VIMD) (Lu et al. 2017). Fig. 3(b) is the SVMD, and it is
composed of an inerter and a viscous damper in series
configuration. The configurations of TID (Lazar et al. 2016)
and TVMD (lkago et al. 2012) are shown in Figs. 3(c) and
3(d), respectively.

It is worth to mention that for PVMD the inerter and the
viscous damper can be easily integrated in one device, such
as the design of VMD and the electromagnetic inertial mass
damper (EIMD) (Nakamura et al. 2014). Therefore, the
configuration of the PVMD may be as simple as that of the
traditional viscous damper, and their cost may be
comparable. On the other hand, the integration of the TID
and SVMD seems more difficult. Both fluid dampers and
eddy current dampers can be used to integrate with inerter
for engineering applications (lkago et al. 2012, Chen et al.
2015).
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3. Formulation of Cable - IBDD system

Many advanced models of cable-damper system have
been proposed in the past decades, in which the cable is
modeled as a tensioned beam with static deformation and
the support conditions of damper are also taken into
account. However, in this study the cable is still modeled as
a taut string due to the feasibility and practical
considerations. Moreover, because the relevant excitation
mechanisms of the stay cable are complex, free vibration is
considered at the first stage and the supplemental modal
damping ratio is used as the performance index for the four
IBDDs. Forced vibration analysis is also considered in the
last section to further examine the effectiveness of PVYMD
for multi-mode cable vibration control.

The state-space equation of the cable-TID system (Fig.
4) will be derived below as an illustration for the general
cable-IBDD system. The natural damping of the cable is
neglected. The IBDD location is assumed to be near the
cable anchorage in the range of 1%~5% of the cable length.
Under these assumptions, the governing dimensionless
equation of in-plane vibration of the cable-TID system is
given by

§@) — 50" (1) = By 62— + [ (@)

Fd:Cd[y*i’(ﬁd)] +kd[y7v(xd)] =-m.y

where v is the transverse deflection of the cable; y is the
displacement of the inerter relative to the base; x is the
coordinate originating from the left end of the cable; x4 is
the damper position; kq is the stiffness of the supporting
spring; cq is the damping coefficient of the viscous damper;
m, is the apparent mass of the inerter; Fqis the total control
force; f(x,t) is the distribution force on the cable; & is the
Dirac delta function; prime and dot are partial derivatives
with respect to location x and time t, respectively. The
dimensional counterparts of the previous dimensionless
quantities are shown with over bars, and their relationships
are given below

t=wt z=2/Ly=7y/L
v(z,t) = v(z,t)/L §(z—x,) = L8(z —T,)
f@t) =Lf(z,t)/xT F,=F(t)/x27  (8)
T T L\ p

where T is the cable tension; L is the cable length; e, is the
fundamental natural frequency of the undamped cable; p is
the cable mass per unit length.

m, Lw?
2T

m. =

For TID and TVMD , it is more conventional to use the
mass ratiop = m./pL, frequency ratioa = w,/w, and
damping ratio&, = c./2m.w,to describe their dynamic

characteristics, wherew, =4/ k,/m, denotes the natural

frequency of TID and TVMD. These quantities can also be
related to m, ,cq and ky by taking some manipulations of

Eq. (7)
m.=u ky = pa® cy =2uaf, 9)

where me=g is also valid for PVMD and SVMD, so m, also
represents the mass ratio between the IBDDs and the cable.

The transverse deflection may be approximated by a
finite series

v(z,t) = Zq]‘ (t) - ¢;(z) (10)

where g;(t) is the jth generalized displacements; ¢#(x) is the
jth shape function given by Johnson et al. (2007)

¢{ z/ry; 0<z<uz,
T\ a—)/(1—1z) z<z<1 (11)

¢,41(z) =sinmjz j=1

whereg(X) is the shape function considering the cable
deflection due to a static force at the damper location. It is
introduced here to decrease the number of terms required
for comparable accuracy. In this paper m is set to be 21
according to the previous study (Johnson et al. 2007).
Following the procedure given by Johnson et al. (2007),
the equation of motion in a matrix form can be obtained as

Pl b el o S R [ R L
where the mass matrix M=[m;;], the stiffness matrix K=[k],
the damping vector related to the damper c;=Cq@(Xq)= Cq@
the damping matrix related to the damper C,=¢'cyp, the
stiffness vector related to the damper k;=kyg, the stiffness
matrix related to the damper Ks=¢'kq@; f is the external

load vector. Each element of these matrices and vectors can
be determined as

mo= [ 0@o,@i k=% [ 6.@8@d
X ’ (13)
fi= / F@ D6 @) de = [6(2), s (5), b (2)]"

Equivalently, the state-space representation of Eq. (12) can
be formulated as

QI _ 022><22 I22><22 ql |:022><22:|
[@][MJKS Mﬁc‘s][ql]+ M99

where

{7} a0 {0} =9 2a= [0 )

C, o K+ K, -k (15)
on[% ) e F 2

T T
—C (4 -ki kq

For free vibration f=0, thus complex modal analysis can
be conducted for Eq. (13), and the modal shape and modal
damping ratio for the first several modes of the cable-TID
system can be derived from the corresponding eigenvectors
and eigenvalues, respectively. The eigenvalues are complex
in general and have the form below
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A\ = %(un/%gf} (16)

where ¢y denotes the jth modal frequency of the dimensional
cable-TID system; & denotes the jth modal damping ratio.
As pointed out by Lu et al. (2017), the installation of
PVMD will introduce a frequency-shifting mode, which is
not critical in the cable vibration problem since it always
has higher damping ratio compared with the other modes.
This conclusion also holds for SVMD, TID and TVMD.
Thus the shifting mode will not be discussed below for all
the IBDDs in this paper.

For forced vibration, the cable displacement response
and the control force are usually used as the performance
indices. Based on the state-space method they can be
formulated in frequency domain as

Y (jw) = [C(jwI — A) "B+ D]G (jw) a7

whereY(jo) is the Fourier transform of the output vector
y={v(x,t), Fq}": Gis the Fourier transform of the external
load vector g; A, B, C and D are given by

022><22 122><22 :| |:022><22:|
A= B=
[M;Ks -M;C, M

o-[#@ 0 G ][O
[*kd‘PT kd] [*CdSOT Cd] : 01Tx22

where x; denotes the location where the cable displacement
response is calculated. It is worth to mention that the state-
space equations for cable-PVMD system, cable-SVMD
system and cable-TVMD can be derived in the same way,
but they are different with each other.

(18)

4. Single-mode vibration control of cable based on
IBDDs

For single-mode vibration control the optimization
objective is to obtain the maximum damping ratio of the first
four modes of the cable/IBBDs system. In this study the
Matlab fminsearch function is used to search for the optimum
parameters. Fminsearch function utilizes the Nelder-Mead
simplex algorithm to solve the unconstrained optimization
problem by a direct search method (Lagarias et al. 1998).
During the optimization procedure fminsearch function keeps
calling the objective function, which calculates the damping
ratio for a certain mode, until the tolerance on the optimal
parameters reaches 1.0e-8.

lxw

Fig. 4 Taut cable with the TID

4.1 Parametric optimization for PYMD and SVMD

The maximum attainable damping ratios of the
cable/PVVMD system and cable-SVMD system are presented in
Table 1 for the first four modes and the dimensionless damper
location, Xg, in the range of 0.01~0.05. It can be seen that for
both PVMD and SVMD, the maximum attainable damping
ratio increases as the dimensionless damper location increases,
and decreases as the mode number increases. For the same
damper location and mode number, the maximum attainable
damping ratio of the cable-SVMD system is always slightly
larger than that of the cable-PVMD system. The maximum
attainable damping ratios for cable-viscous damper (VD)
system estimated from Krenk (2000) are given in Table 4 for
comparison. It can be seen that PVMD and SVMD performs
much better than VD. For x4=0.01, which may happen in the
case of super-long cable vibration control, the maximum
attainable damping ratios of the cable-PVMD system and the
cable-SVMD system are up to ten times of those of the cable-
VD system.

The optimal values of the dimensionless apparent masses
of PVMD and SVMD are shown in Table 2. For both PVMD
and SVMD, the optimal dimensionless apparent mass is
approximately proportional to the dimensionless damper
location and inversely proportional to the square of the mode
number. For the same damper location and mode number, the
optimal dimensionless apparent mass of PVMD is always
smaller than that of SVMD, and this difference increases with
the increasing damper location and mode number. It can be
observed that when x4=0.05 the optimal dimensionless
apparent mass of PVMD is only a half of that of the SVMD for
the fourth mode.

The optimal dimensionless damping coefficients of PVMD
and SVMD are compared in Table 3. For both PVMD and
SVMD, the optimal dimensionless damping coefficient
decreases as the damper location and mode number increase
alone or in combination. For the same damper location and
mode number, the optimal dimensionless damping coefficient
of PVMD is always much smaller than that of SVMD, and this
difference increases with the decreasing damper location and
mode number. In the case of x4=0.01, the optimal
dimensionless damping coefficients of PVMD are just 10% of
those of SVMD for all the first four modes. The optimal
dimensionless damping coefficient of VD is also given in Table
4 for comparison. It can be seen that the optimal dimensionless
damping coefficient of PVMD for each mode and damper
location is always smaller than that of VD, whereas the reverse
is valid for SVMD. Therefore, the size of PVMD can be
smaller than that of VD if only the damping element is
considered.

In order to validate the results of numerical optimization,
the damping ratio distribution contours of the first mode of the
cable-PVMD system and the cable-SVMD system are given in
Figs. 5 and 6, respectively. It can be seen that for both PVMD
and SVMD the optimal dimensionless apparent masses and
damping coefficients agree well with those shown in Tables 2
and 3. Moreover, it can be concluded that the parametric
optimizations of PVMD and SVMD are convex problems, thus
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Table 1 Maximum attainable damping ratio of cable-PVMD system and cable-SVMD system

Cable-PVMD system

Cable-SVMD system

X Mode 1 Mode 2 Mode 3 Mode 4 Mode 1 Mode 2 Mode 3 Mode 4
0.01 0.0704 0.0681 0.0662 0.0633 0.0706 0.0692 0.0670 0.0644
0.02 0.0994 0.0952 0.0897 0.0839 0.1000 0.0965 0.0915 0.0865
0.03 0.1219 0.1146 0.1046 0.0976 0.1229 0.1173 0.1100 0.1025
0.04 0.1405 0.1297 0.1178 0.1076 0.1426 0.1348 0.1256 0.1164
0.05 0.1570 0.1407 0.1284 0.1154 0.1604 0.1511 0.1394 0.1291

Table 2 Optimal dimensionless apparent mass of PVMD and SVMD
Cable-PVMD system Cable-SVMD system

X Mode 1 Mode 2 Mode 3 Mode 4 Mode 1 Mode 2 Mode 3 Mode 4
0.01 9.8777 24674 1.0951 0.6148 10.2974 2.5823 1.1534 0.653
0.02 4.8104 1.1986 0.5295 0.2952 5.2449 1.3271 0.6009 0.3465
0.03 3.1206 0.774 0.339 0.1866 3.5702 0.9165 0.4245 0.2521
0.04 2.275 0.5603 0.2422 0.1306 2.7402 0.7175 0.3431 0.2127
0.05 1.7672 0.4312 0.1829 0.0956 2.2485 0.6043 0.3003 0.1971

Table 3 Optimal dimensionless damping coefficient of PVMD and SVMD
Cable-PVMD system Cable-SVMD system

X Mode 1 Mode 2 Mode 3 Mode 4 Mode 1 Mode 2 Mode 3 Mode 4
0.01 2.860 1.450 1.010 0.790 35.820 17.550 11.330 8.180
0.02 2.025 1.060 0.755 0.610 12.695 6.130 3.890 2.750
0.03 1.659 0.887 0.640 0.537 6.933 3.323 2.087 1470
0.04 1.440 0.783 0.583 0.493 4.530 2.168 1.358 0.960
0.05 1.288 0.708 0.542 0.464 3.266 1.562 0.990 0.710

Table 4 Optimal parameters of cable-VD system
Optimum damping coefficient Maximum attainable damping ratio

Xa Mode 1 Mode 2 Mode 3 Mode 4 Mode 1 Mode 2 Mode 3 Mode 4
0.01 10.142 5.071 3.381 2.535 0.005 0.005 0.005 0.005
0.02 5.071 2.535 1.690 1.268 0.01 0.01 0.01 0.01
0.03 3.38 1.690 1.127 0.845 0.015 0.015 0.015 0.015
0.04 2.535 1.268 0.845 0.634 0.02 0.02 0.02 0.02
0.05 2.028 1.014 0.676 0.507 0.025 0.025 0.025 0.025

the Nelder-Mead simplex algorithm used in this study is stable
and can converge to the optimal solutions very fast.
Additionally, It is worth to mention that for x4=0.02, the
optimal parameters of PVMD and the corresponding
maximum attainable damping ratios agree very well with those
obtained by Lu et al. (2017) using the direct ergodic search
method.

Based on the previous comparisons between PVMD and
SVMD, one can conclude that PVMD is more effective than
SVMD for cable vibration control. However, it is worth noting
that even a PVMD s installed at 5% of the cable length, its

optimal dimensionless apparent mass for the first mode is still
too large to be realized by an inerter with a practically
reasonable size if the super-long cable vibration control is
considered. Therefore, a non-optimal apparent mass, which is
small enough to keep the inerter in suitable size without
conflicting with the aesthetics of the bridge, has to be used in
practical design. On the other hand, the optimal parameters are
not necessary if the required modal damping ratio can be
obtained by a non-optimal apparent mass.
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Table 5 Maximum attainable damping ratio of cable-TID system and cable-TVMD system

x¢=0.01 %¢ =0.02 X4 =0.03 X4 =0.04 X4 =0.05
k(m) TID TVMD TID TVMD TID TVMD TID TVMD TID TVMD
0.1 0.0069 0.0070 0.0138 0.0140 0.0210 0.0209 0.0280 0.0278 0.0348  0.0348
0.2 0.0097 0.0096 0.0195 0.0196 0.0295 0.0295 0.0395  0.0395 0.0492  0.0496
0.3 0.0119 0.0114 0.0240 0.0240 0.0360 0.0365 0.0484  0.0487 0.0604  0.0610
0.4 0.0139 0.0137 0.0279 0.0279 0.0417 0.0420 0.0559  0.0562 0.0700  0.0708
0.5 0.0154 0.0155 0.0313 0.0314 0.0468 0.0470 0.0625 0.0631 0.0787 0.0793
Table 6 Optimal frequency ratio of TID and TVMD
x4=0.01 X4 =0.02 X4 =0.03 X4 =0.04 X¢ =0.05
u(m) TID TVMD TID TVMD TID TVMD TID TVMD TID TVMD
0.1 1.0047 1.0051 1.0088 1.0105 1.0124 1.0162 1.0153 1.0222 1.0175 1.0286
0.2 1.0094 1.0102 1.0179 1.0213 1.0250 1.0333 1.0307 1.0461 1.0347 1.0598
0.3 1.0142 1.0155 1.027 1.0325 1.0379 1.0512 1.0461 1.0717 1.0513 1.0942
0.4 1.0191 1.0209 1.0364 1.0441 1.0508 1.0701 1.0614  1.0993 1.0669  1.1323
05 1.024 1.0263 1.0459 1.0561 1.0640 1.0901 1.0764  1.1293 1.0810  1.1748
Table 7 Optimal damping ratio of TID and TVMD
%¢=0.01 X¢4 =0.02 =0.03 X4 =0.04 X4 =0.05
u(m) TID TVMD TID TVMD TID TVMD TID TVMD TID TVMD
0.1 0.0014 0.0014 0.0058 0.0056 0.0089 0.0084 0.0120 0.0112 0.0152 0.0141
0.2 0.0039 0.0039 0.0171 0.0159 0.0265 0.0239 0.0365 0.0320 0.0468 0.0403
0.3 0.0072 0.0069 0.0326 0.0292 0.0514 0.0442 0.0722 0.0592 0.0937 0.0741
0.4 0.0114 0.0112 0.0523 0.0451 0.0842 0.0682 0.1193 0.0917 0.1574 0.1163
05 0.0158 0.0159 0.0761 0.0633 0.1245 0.0955 0.1793 0.1291 0.2399 0.1641

4.2 Parametric optimization for TID and TVMD

Because both TID and TVMD have the narrow band
control characteristics, only the vibration control of the
fundamental mode is considered in this paper. For TID and
TVMD, there are three parameters, namely mass ratio,
frequency ratio and damping ratio. It is known that the
protection efficiency of TID and TVMD against vibration
grows monotonically with the mass ratio, so only the
frequency ratio and damping ratio are considered here as
design variables, while the mass ratio is assumed to be a
constant design parameter. The mass ratio m, is assumed to be
in the range of 0.1~0.5. Matlab-based Nelder-Mead simplex
algorithm is conducted to find the optimum solutions for TID
and TVMD.

The comparison of the maximum attainable damping ratios
for cable-TID system and cable-TVVMD system are provided in
Table 5. It is found that for the same mass ratio and damper
location, the maximum attainable damping ratios of the cable-
TID system are almost the same as those of the cable-TVMD
system. For both TID and TVMD, the maximum attainable
damping ratio increases as the dimensionless damper location
and the mass ratio increase. It is noted that the increasing ratio

of the maximum attainable damping ratio decreases with the
increasing mass ratio, so it is not efficient to use a mass ratio
larger than 0.5.

Based on Table 1, Tables 4 and 5, performance comparison
can be carried out for TID, TVMD, PVMD, SVMD and VD
for the first-mode vibration control. It can be seen that both
TID and TVMD can providing more damping to the cable than
the viscous damper does if their mass ratios are larger than 0.1.
On the other hand, the maximum attainable damping ratios of
the cable-PVMD system and cable-SVMD system are much
larger than those of the cable-TID system and cable-TVMD
system.

The optimal frequency ratios of TID and TVMD are shown
in Table 6. It can be observed that the optimal frequency ratio
of TVMD is always slightly larger than that of TID. In
addition, for both TID and TVMD, the optimal frequency ratio
increases as the dimensionless mass ratio increases. The
optimal damping ratios of TID and TVMD are shown in Table
7, while the corresponding optimal damping coefficient can be
obtained using Eqg. (9). The results show that the optimal
damping coefficients of TID and TVMD are much smaller
than those of PVMD, so the size of the viscous damper used in
TVMD and TID can be significantly reduced.
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Fig. 6 Damping ratio distribution contour for SYMD (mode
1, x4=0.03)

5. Multi-mode vibration control of cable based on
PVMD

Due to the uncertainty of the predominant mode of the
rain-wind induced stay cable vibrations, all the damping
ratios of the first several modes have to fulfill Irwin's
criterion for minimum Scruton number. However, TID and
TVMD are not suitable for multi-mode vibration control
due to their frequency tuning requirements. The preceding
analysis has shown that PVMD performs much better than
SVMD for single-mode vibration control, and it can be
integrated in one device much more easily. These factors
significantly enhance the feasibility of PVMD in practical
application, so in this section only PVMD will be studied
for the multi-mode vibration of cable.

5.1 Parametric analysis of PYMD

For super-long stay cable the dimensionless damper
location x4 can be assumed to be 0.02, thus as shown in
Table 2 the optimal dimensionless apparent masses of
PVMD are 4.8104, 1.1986, 0.5295 and 0.2952 for the first
four modes, respectively. If we assume that the stay cable is
600 m long and 100 kg per unit length, the corresponding
optimal apparent masses of PVMD are 288.624ton, 71.9ton,

31.77ton and 17.7ton, respectively, for the first four modes.
Obviously, the first case is not feasible in practice , since

the outer radius of the flywheel will be too large as shown
in Fig. 2. Therefore, for super-long cable vibration control it
is reasonable to assume that the dimensionless apparent
mass of PVMD is in the range of 0~0.5. In this case the size
of the PVMD can be comparable with the traditional
viscous damper.

The variations of the modal damping ratios with the
dimensionless damping coefficients of PVMD for m,=0.1
and m.,=0.5 are shown in Figs. 7(a) and 7(b), respectively. It
can be observed that for a given apparent mass there is an
optimal damping coefficient for each of the first four modes
to obtain a maximum modal damping ratio. Since the
optimum damping coefficients and the maximum modal
damping ratios shown in Fig. 7 are corresponding to a non-
optimal apparent mass, they are referred to as suboptimum
damping coefficient and suboptimal modal damping ratio,
respectively. Obviously, the suboptimal damping coefficient
and the suboptimal modal damping ratio depend on the
apparent mass.

In order to achieve a better understanding of the
influence of the apparent mass on the performance of
PVMD, the variations of the suboptimal maximum damping
ratio and suboptimal damping coefficient with the
dimensionless apparent mass is shown in Figs. 8(a) and
8(b), respectively.
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system with nonoptimal apparent mass, x4=0.02
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Fig. 8 Influence of the apparent mass on PVMD
performance

It can be seen from Fig. 8(a) that with help of inerter
PVMD can always improve the maximum attainable
damping ratio of the first four modes compared with the
traditional VD. For the fourth mode, the suboptimal
maximum damping ratio firstly increases with the apparent
mass and reaches its maximum at the optimal apparent
mass, and then it decreases as the apparent mass
continuously increases. It is worth to point out that the
optimal dimensionless apparent masses of the first two
modes are much larger than 0.5, so the improvements of the
damping ratios of mode 1 and mode 2 are very small as
shown in Fig. 8(a). For example, when m,=0.5 the
suboptimal modal damping ratios of mode 1 and mode 2
increase by 11.3% and 66.4%, respectively, compared with
the maximum attainable damping ratio of VD. In addition,
it is found that in case of x4=0.02 TID and TVMD can
provide significantly larger damping ratio than PVMD does
if the upper limit of mass ratio is assumed to be 0.5.

It can be observed from Fig. 8(b) that the suboptimum
damping coefficients of the first four modes are always
smaller than that of VD. For the first three modes, the
suboptimal damping coefficient decreases almost linearly
with the increasing apparent mass. For the fourth mode, the
suboptimal damping coefficient reaches its minimum near
the optimum apparent mass.

5.2 Parametric optimization of PVYMD

Fig. 7 has shown that for a given apparent mass the
suboptimal damping coefficients of the first four modes are
different from each other, so it is favorable to select a
dimensionless damping coefficient that can maximizes the
minimal modal damping ratio of the first four modes. As a
result, almost minimum variance of the damping ratios of
the first four modes can be obtained. This favorable design
principle can be defined as a constrained minimax problem,
and the intersection point shown in Figs. 7(a) and 7(b) just
represents the solution of this problem for m.=0.1 and
m.=0.5, respectively. It is worth to mention that similar
design methods have been proposed by Xu and Zhou (2007)
and Weber et al. (2009) to design other dampers for multi-
mode cable vibration control.

The Matlab function fminimax is employed to solve the
constrained minimax problem. The favorable dimensionless
damping coefficients and the corresponding modal damping
ratios of the first four modes are displayed in Figs. 9(a) and
9(b), respectively. It can be seen that the favorable
dimensionless damping coefficient is between 2.4 and 2.8
when the apparent mass falls in the range of 0~0.5.
Particularly, when the apparent mass is less than 0.4 the
favorable damping coefficient of PVMD is slightly larger
than that of VD. Fig. 9(b) indicates that all the modal
damping ratios of the first four modes increase gradually
with the increasing apparent mass, but the increasing rates
of the second mode and the third mode are more significant
than those of the mode 1 and the mode 4.
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Fig. 9 Optimum parameters of PVMD for multi-mode
vibration control
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For example, in the case of VD the damping ratios of the
first four modes are 0.814%, 1.002%, 0.942% and 0.814%,
respectively, while in the case of PVMD with me=0.5, they
are 0.934%,1.543%,1.414% and 0.934%, respectively. Thus
the improvements of the damping ratio are approximate
15% for mode 1 and mode 4 and 50% for mode 2 and mode
3.

5.3 control of cable vibration under sinusoidal
excitation

The performance of PVMD can be further examined by
forced vibration analysis, in which the steady-state
displacement response of the cable at midspan and the
control force are used as the performance indices. The N313
cable on Stonecutters Bridge is chosen for simulation (Lu et
al. 2017). The length and the mass of per unit length of
N313 cable are 306.69 m and 98.6 Kg/m®, respectively. The
tension force is 5529.6 KN, resulting in a fundamental
frequency f;=0.386 Hz. To avoid infinite resonance peaks of
the cable in the case without PVMD, a small internal
damping coefficient c=2 Nes/m® is introduced in the
calculations to the forced vibrations of the cable with and
without PVMD. The dimensionless damper location is
assumed to be x4=0.02. Uniformly distributed harmonic
loads are assumed, the amplitude of the load is f=2 N/m,
acting in the cable plane. The dimensionless apparent mass
of PVMD is assumed to be m¢=0.5, corresponding to a
dimension mass of 15.120 ton. The damping coefficient of
PVMD is calculated from the parametric optimization of
multi-mode vibration control, that is ¢,=179.833 KNes/m®.

For comparison, the optimal PVYMD (m.=4.8104, ¢4=2.025)
for single-mode vibration control, the optimal VD (c4=2.55)
for multi-mode vibration control and the optimal VD
(cq=5.071) for single mode control are also considered in
the forced vibration analysis.

The displacement frequency response of the cable at
midspan and the control force frequency response are
calculated from Eq. (16), and the results are shown in Figs.
10 and 11, respectively. It can be seen from both figures that
within the displayed excitation frequency range, only the
first two natural frequencies corresponding to the first two
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Fig. 10 Displacement frequency response of the cable at
the middle span, x4=0.02
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Fig. 11 Control force frequency response, x4=0.02

symmetric modes are excited out, because symmetric
harmonic loads are considered. It can be observed from Fig.
10 that the PVMD designed for multi-mode vibration
control (PVMD-M) can significantly suppress the resonance
peaks of both mode 1 and mode 3, while the PVMD
designed for the first mode vibration control (PVMD-S) is
not able to generate enough suppression on the resonance
peak of mode 3. Moreover, if the same design strategy is
employed, PVMD always performs better than VD. These
are consistent with the results from the modal damping ratio
analysis.

As for the control force, it can be seen from Fig. 11 that
PVMD-M produces much less control force compared with
PVMD-S. Especially at the resonant frequency of mode 3,
the peak control force produced by PVMD-S is nearly five
times of that produced by PVMD-M. This is because that
the apparent mass of PVMD-S is so large that the inertial
force produced by the inerter under higher frequency
excitation is significantly amplified. That is to say PVMD
can benefit from the multi-mode vibration control strategy,
in which excessive control force can be avoided under high
frequency vibration. Moreover, the peak control forces of
PVMD and VD are almost the same under multi-mode
control strategy, this means that a parallel connected inerter
can improve the performance of a traditional VD without
increasing the total control force.

6. Conclusions

In this paper, the performances of four different kinds of
IBDDs, including PVMD, SVMD, TID and TVMD, are
studied for suppression of cable vibration. For single-mode
vibration control, all of the four IBDDs are proved to be
more effective than the traditional viscous damper. PVMD
performs better than SVMD, because it is able to provide
nearly the same maximum attainable damping ratio for the
cable-damper system as SVMD does, but its optimal
apparent mass and optimal damping coefficient are
significantly smaller. The maximum attainable damping
ratios of the first mode for both cable-PVMD system and
cable-SVMD system are much larger than those of the
cable-TID system and cable-TVMD system. However, if
the dimensionless apparent masses of all the four IBBDs are
limited in the range of 0~0.5, both TID and TVMD
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outperform PVYMD and SVMD. For multi-mode vibration
control based on PVMD, the modal damping ratios of all
the first four modes can be increased compared with VD
and the increment increases with the increasing apparent
mass. The results of damping ratio analysis are also
examined through a forced vibration analysis by numerical
simulation, and the results show that PVMD can benefit
from the multi-mode vibration control strategy, in which
excessive control force can be avoided under high
frequency vibration. The results of this study clearly
demonstrate the effectiveness and advantages of IBBDs,
especially PVMD, in cable vibration control.

It is noted that the IBBDs considered in this paper can
only be used for passive vibration control. However, if the
apparent mass of the inerter can be adaptively adjusted by
changing the moment of inertia of the flywheel, then semi
active or active control can be implemented by IBDDs and
much better control performance can be expected for multi-
mode vibration control.
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