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1. Introduction 
 

As large-scale structures have developed rapidly in the 

past few decades, the safety and serviceability of these 

structures are the main concerns during the whole life-cycle 

stage (Cao and Li 2019, Yi et al. 2013, Ni et al. 2012, 

Zhang et al 2017). Structure health monitoring systems can 

monitor structural response, loads and environmental 

effects through various sensors, providing good solutions to 

the evaluation of structure. Successful applications of the 

SHM systems to large-scale structures have been widely 

reported. For example, to monitor the static and dynamic 

characteristics of a skyscraper Burj Khalifa in Dubai, an 

extensive SHM program was installed to evaluate the 

structural performance, to control the construction process 

and to investigate the correlation between the measured and 

predicted behavior (Abdelrazaq et. al 2012). A complex 

SHM system consisting of more than 800 sensors was 

instrumented in the Canton Tower in a continuous and long 

term manner, and the structural performance under various 

events was evaluated (Ni et al. 2009). There were more than 

150 buildings in California, USA (Kijewski-Correa et al. 

2003) and more than 100 buildings in Japan (Huang et al. 

2006) instrumented with strong motion monitoring systems 

to investigate the earthquake-induced response. 
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Accompanied with a large quantities of field data from 

the SHM program, modal identification technique played an 

important role in the evaluation of dynamic characteristics 

(Au 2017). Osmancikli et al. identified the natural 

frequencies, mode shapes and modal damping ratios of a 

historical masonry bell-tower, and these parameters were 

used to evaluate the structural performance for both pre-

restored and restored cases (Osmancikli et al. 2012). Chen 

et al. adopted the enhanced frequency domain 

decomposition method and the stochastic subspace 

identification method to identify the dynamic characteristics 

of a 600-meter height structure (Chen et al. 2011). Recently, 

Bayesian modal identification approach aroused many 

researchers’ interest (Ni et al. 2016, Yin et al. 2017, Au 

2017, Ng et al. 2018, Ni and Zhang 2018, 2019). Zhang et 

al. utilized a fast Bayesian FFT method to identify modal 

properties of the Canton Tower using ambient vibration data 

(Zhang et al. 2016a). Li et al. proposed variational Bayes 

method to obtain the posterior distributions of modal 

parameters and it was illustrated by the application to a 

mass-spring system and a high-rise building (Li et al. 

2017). 

By applying modal identification techniques to real-life 

data, assessments for large-scale structures have been 

extensively carried out (Au et al. 2012, Ni and Zhang 2016, 

Ni et al. 2017, Xiong et al. 2018, Zhang et al. 2018, Ni et 

al. 2019). Yi et al. compared the accuracy of displacement 

determined by GPS and accelerometers using the in-situ 

data of a super-tall building during five typhoons, and 

investigated the amplitude-dependent characteristics of 
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damping ratios (Yi et al. 2013). Guo et al. employed 

different techniques to identify the modal properties, to 

investigate the amplitude-dependence behavior of modal 

properties, and to evaluate the serviceability and comfort 

during different typhoon events (Guo et al. 2012). Rahmani 

et al. hosted a 54-story steel-frame building as a benchmark 

to investigate the variations of identified wave velocities of 

vertically propagating waves using records during six 

earthquakes over a period of 19 years (Rahmani et al. 

2015). The aforementioned work observed some interesting 

trends under various extreme events, providing a database 

for the future condition assessments and design guidance. 

For large-scale structures, fast analysis or even real-time 

monitoring tended to be necessary for SHM program as it 

was capable of providing an early warning if an extreme 

event happened. In general, a sophisticated finite element 

(FE) model (FE model) usually took a long time to calculate 

the structural response, while a reasonable reduced-order 

model (ROM) for a large-scale structure can calculate the 

response more efficiently, which was helpful to alleviate the 

computational burden and provided an orthogonality check 

for analytical and experimental results. The ROM was also 

useful in model updating (Au and Zhang 2016). The most 

popular reduction method was static Guyan’s reduction 

(Downs 1980) and the improved reduced system method 

(Flanigan 1991). Recently, the proper orthogonal 

decomposition method has been developed to generate a 

ROM by using a given set of input forces for the full model 

(Kerschen et al. 2005). Amabili proposed a rigorous method 

for interpolating a set of parameterized linear structural 

dynamics ROM, without operating on the underlying set of 

parameterized full model (Amabili et al. 2003). A quadratic 

manifold approach was proposed to establish the ROM 

featuring geometric nonlinearities (Jain et al. 2017, 

Rutzmoser et al. 2017). Although various methods were 

developed to establish the ROM, most of them were only 

verified with small-size structures or numerical simulations, 

while the ROM for a large-scale structure may accompany 

ill-conditioned and robustness problems. 

In this paper, a regularization method was adopted to 

solve the ill-condition problem encountered in the existing 

model tuning method and it was demonstrated by a large-

scale structure-Shanghai Tower to determine the ROM of 

the structure from a sophisticated FE model. Based on the 

SHM system installed on Shanghai Tower, the dynamic 

characteristics of this super tall building were also 

investigated during the construction and service stages. The 

outline was as follows: in Section 2, taking the Shanghai 

Tower as a host structure, the procedure of a ROM 

generated from a sophisticated FE model was presented. In 

Section 3, an iterative matrix algorithm with regularization 

was proposed to narrow the gap between the ROM and the 

full model. In Section 4, the result of long-term monitoring 

for Shanghai Tower under different construction and in-

service stages was presented and the possible trend of 

modal parameters including natural frequencies and 

damping ratios were discussed. 

 

 

 

2. The reduced-order model of Shanghai Tower 
 

Shanghai Tower is located in Lujiazui District (Fig. 1), 

Shanghai, China. A tapering shape with consistently 

rounded corners is designed to reduce the lateral loads. A 

special structure system, mega-frame core-wall structural 

system, is adopted to resist the lateral loads. Along the 

height, the structure is divided into nine zones, each of 

which includes 12 to 15 floors. There is a strengthened floor 

between two different zones, and it is regarded as safety 

refuge areas if the emergency accident happens. The 

diameter of the structural plane gradually decreases from 

83.6 meters at the bottom zone to 42.0 meters in the eighth 

zone. A three-dimensional FE model for Shanghai Tower 

was built using ETABS (Fig. 2), to simulate the structural 

performance under various loading. 

The full model of Shanghai Tower was so complicated 

that it took much time to complete the calculation. A 

procedure for ROM generating from the full model was 

developed. The main idea was that the stiffness of the ROM 

was attached to an element based on stiffness equivalent 

principle and the corresponding mass was lumped to a node. 

Fig. 3 showed a sketch of the ROM consisting of 31 

elements. The part of steel truss at the top of the building 

was not taken into consideration. For each element, six 

degrees of freedom (DOFs) were considered, including 

three horizontal translational DOFs and three rotational 

DOFs. Table 1 showed the detailed information of elements. 

 

 

 

Fig. 1 View of Shanghai Tower 
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Fig. 2 FE model established by ETABS 

 

 

Table 1 Element information of the ROM 

Element 

ID 

Element 

length/m 

Element 

ID 

Element 

length/m 

Element 

ID 

Element 

length/m 

1 14.5 12 22.5 23 23.3 

2 9.9 13 19 24 18 

3 22.5 14 9.9 25 19 

4 25.8 15 18.8 26 9.9 

5 18.4 16 27 27 14.3 

6 9.9 17 19 28 22.5 

7 22.5 18 9.9 29 19 

8 25.8 19 14.3 30 9.9 

9 18.4 20 22.5 31 28.9 

10 9.9 21 23.5   

11 23.3 22 9.9   

 

 

A detailed illustration about how to form the stiffness 

matrix of an element was presented in Fig. 4. A node for 

ROM was taken from the corresponding segment in full 

model (Fig. 4(a)). A unit displacement was imposed on one 

DOF of the upper section, i.e., 𝑥 direction was imposed 

while the other directions were constrained (Fig. 4(b)). At 

the same time, all the six DOFs of the lower section were 

fixed (Fig. 4(c)). Hence, the generalized force was 

equivalent to the corresponding column of the element 

stiffness matrix, i.e., the first column in an element stiffness 

matrix. When all the six DOFs of an element sequentially 

followed to the above procedure, an element stiffness 

matrix can be formed. When the stiffness matrices for all 

elements were calculated, a global stiffness matrix for ROM 

can be assembled. 

 

Fig. 3 A sketch of ROM 

 

 
(a)An element of 3D 

 
(b)A unit displacement imposed for x direction on the 

upper section 

 
(c) Six DOFs at the bottom section fixed 

Fig. 4 Form an element’ stiffness of ROM 

 

 

Table 2 Floors information of the ROM 

Node ID 

Floor 

elevation/

m 

Node ID 

Floor 

elevation/

m 

Node ID 

Floor 

elevation/

m 

1 561 12 360.1 23 163.8 

2 546.5 13 337.6 24 140.5 

3 536.6 14 318.6 25 122.5 

4 514.1 15 308.7 26 103.5 

5 488.3 16 289.9 27 93.6 

6 469.9 17 262.9 28 79.3 

7 460 18 243.9 29 56.8 

8 437.5 19 234 30 37.8 

9 411.7 20 219.7 31 27.9 

10 393.3 21 197.2   

11 383.4 22 173.7   
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For an element matrix, the equivalent mass was lumped 

to a node. Table 2 showed the information of nodes. Since 

the node mass was assigned to the nearest nominal section 

center in the full model, the equivalent mass and moment of 

inertia of an element were calculated by Eq. (1) 

𝑚𝑒 = ∑𝑚𝑖

𝑛

𝑖=1

 

𝐼𝑟 = ∑𝑚𝑖𝑟𝑖
2

𝑛

𝑖=1

 

(1) 

where 𝑚𝑒 was the equivalent mass of each element for 

ROM; 𝐼𝑟  was the equivalent moment of inertia for each 

element; 𝑛  was the total number of nodes for a 

corresponding element in the full model; 𝑚𝑖 was the node 

𝑖th mass in the full model; 𝑟𝑖 was the projection distances 

between node 𝑖th and the nearest nominal section center. 

After the mass matrix for all elements were obtained and 

they were assembled to a global mass matrix for ROM. 

As the ROM was simplified based on the equivalent 

stiffness of components, the response of this model was not 

sensitive at element and material levels. As a result, it was 

difficult to exactly locate where the damage happened when 

the mode parameters changed during the structure health 

monitoring. In general, the obtained ROM can be used for 

fast analysis in linear case, providing an orthogonality for 

analytical and experimental results. To calibrate the ROM 

and make the prediction more reliable, a regularization 

method was proposed to tune the ROM in the next section. 

 

 

3. Regularization matrix method for tuning the 
reduced-order model 

 
3.1 A regularization matrix method 
 
For an 𝑁 DOFs structure, the eigenvalue equation can 

be written as 

,𝐊𝑅 − 𝛚𝑅
2𝑴𝑅-𝚽𝑅 = 0 (2) 

where 𝑲𝑅  and 𝑴𝑅  were respectively global stiffness 

matrix and global mass matrix of the ROM; 𝝎𝑅 and 𝜱𝑅 

were respectively the natural frequency and corresponding 

mode shapes of the ROM. Note that all the mode shape 

vectors in this work were normalized to 1.  

System parameters were used to tune the modal 

parameters, e.g., stiffness matrix and mass matrix. The 

perturbations of the structural stiffness matrix and mass 

matrix were defined as 

{
�̃� = 𝑲𝑅 + ∆𝑲

�̃� = 𝑴𝑅 + ∆𝑴
 (3) 

where �̃� and �̃� denoted the global stiffness matrix and 

global mass matrix of the tuned ROM, respectively; 

∆𝑲 and ∆𝑴 were the perturbations of stiffness and mass 

matrix between the initial ROM and the tuned ROM, 

respectively. 

Similarly, the eigenvalue equation for the tuned model 

can be expressed as 

,�̃� − (𝝎∗)2�̃�-𝜱∗ ≈0  (4) 

where 𝝎∗  and 𝚽∗  were the natural frequency and 

corresponding mode shapes matrix from full model, 

respectively. 

When substituting Eq. (3) into the Eq. (4), and putting 

the unknown matrixes together, the governing equations can 

be given by 

,𝜟𝑲, 𝜟𝑴- (
𝜱∗

−(𝜔∗)2𝜱∗) = ((𝜔∗)2𝑴𝑹 − 𝑲𝑹)𝜱∗ (5) 

Actually the system of linear equation in Eq. (5) usually 

cannot be determined, depending on the available number 

of modal parameters 𝝎∗,  𝜱∗ . Assuming there were 

𝑚th orders available, Eq. (5) can be expanded as follows 

,𝛥𝑲, 𝛥𝑴- (
∅1

∗

−(𝜔1
∗)2∅1

∗   
∅2

∗

−(𝜔2
∗)2∅2

∗  
…

∅𝑚
∗

−(𝜔𝑚
∗ )2∅𝑚

∗ ) = 

,((𝜔1
∗)2𝑴𝑹 − 𝑲𝑹)∅1

∗    ((𝜔2
∗)2𝑴𝑹 − 𝑲𝑹)∅2

∗   …  ((𝜔𝑚
∗ )2𝑴𝑹 − 𝑲𝑹)∅𝑚

∗ - 

(6) 

where ωk
∗  was the 𝑘th  frequency and ∅k

∗  was the 

corresponding 𝑘th mode shape (𝑘 = 1,2,⋯ ,𝑚). 

In Eq. (6), [ ∆𝑲, ∆𝑴 ] contained 𝑁 × 2𝑁  unknown 

parameters and each row was independent according to the 

matrix multiplication law. Hence, it was decomposed into 

𝑁  individual equations. Each equation contained 2𝑁 

unknown parameters, which can be constructed as 

Ax=b 

where  = (
∅1

∗

−(𝜔1
∗)2

∅1
∗   

∅2
∗

−(𝜔2
∗)2

∅2
∗  

…
∅𝑚

∗

−(𝜔𝑚
∗ )2

∅𝑚
∗ )

 

;  = [𝛥  , 𝛥  ]
 
;  

 =

(

 
 
 
 

0((𝜔1
∗)2  − 𝐊 )

 
∅1

∗1
 

0((𝜔1
∗)2  − 𝐊 )

 
∅2

∗1
 

 

0((𝜔1
∗)2  − 𝐊 )

 
∅𝑚

∗ 1
 

)

 
 
 
 

 

(7) 

where ΔK , ΔM  were the 𝑗th row of matrix 𝜟𝑲 and 𝜟𝑴 

(𝑗 = 1, 2,⋯ , N). 

Performing the singular value decomposition (SVD) of 

 , the following equation can be obtained 

 (𝑚× ) =  (𝑚×𝑚) ∑  ( × )
 = ∑       

 
𝑚

 =1(𝑚× )
 (8) 

where ∑was a diagonal matrix containing singular values 

σ . The orthonormal column vector    in 𝑼 and    in 𝑽 

were the left and right singular vectors, respectively. 

Therefore, the solution of Eq. (7) can be formulated as 

𝑥 = ∑
  

  

  

  

𝑚

 =1
 (9) 

In general, the relationship between system parameters 

and their dynamic response was nonlinear, so an iteration 

approach by constructing the linearized model was 

proposed. After each iteration they were defined as 

{
 

 ∆𝑲 =
∆𝑲 + ∆𝑲 

2

∆𝑴 =
∆𝑴 + ∆𝑴 

2

 (10) 

where superscript T denoted transpose. 
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The iterative procedure was completed when the 

residual vector satisfied the error tolerance. The residual 

vectors were defined as the combination of eigenfrequency 

and mode shapes 

 =0
   𝜔

 𝑚 1   𝑟𝑟 (11) 

where  𝑟𝑟  was the error tolerance;   was the residual 

vector;  𝜔  and   𝑚  were the eigenfrequency residual 

vectors and mode shape residual vectors, respectively, 

which were expressed as follows 

 𝜔(𝑖) =
|𝜔𝑖

∗ − �̃�𝑖|

|𝜔𝑖
∗|

 

 𝑚(𝑖) = 1 − M  (𝑖) 

M  (𝑖) =
*∅̃𝑖

 
 

𝑖
∗+

.*∅̃𝑖+
 
*∅̃𝑖+/ .{ 𝑖

∗
}
 
{ 𝑖

∗
}/

 

(12) 

 

(13) 

 

(14) 

MAC was defined to quantify the consistency of two mode 

shapes (Pastor et al. 2012), where �̃�𝑖  were the 𝑖th 

eigenfrequency from the tuned ROM at each iteration; ∅̃𝑖 

were the 𝑖th  mode shapes from tuned ROM at each 

iteration. 

However, the governing equations in Eq. (7) were 

usually underdetermined and the singular values of matrix 

  may gradually decay to zero. Consequently, the solution 

to Eq. (7) may be unstable. For such ill-conditioned 

problems, the Tikhonov regularization was the most popular 

approach to obtain a meaningful approximate solution 

(Wang et al. 2012, Friswell et al. 2001). In its simplest 

form, the Tikhonov regularization was used to replace the 

solution of Eq. (7) by solving the following minimization 

problem 

𝑚𝑖𝑛*‖𝒃 − 𝑨𝑥‖2 + 𝜆2‖𝑥‖2+ (15) 

where λ was a positive constant and ‖∙‖ donated the 

norm of a vector or matrix. 

When substituting the Eq. (9) into Eq. (15), the solutions 

of ‖𝑥‖2 and residual norms ‖𝑟‖2can be given as follows 

(Hansen et al. 2001) 

‖𝑥‖2 = ∑ 𝑖
2 ( 𝑖

  )2

 𝑖
2

𝑛

𝑖=1

 (16) 

‖𝑟‖2 = ‖𝒃 − 𝑨𝑥‖2 = ∑ (1 −  𝑖)
2

𝑛

𝑖=1
( 𝑖

  )2 (17) 

where  𝑖 =
𝜎𝑖

2

𝜎𝑖
2+𝜆2; 

Note that ‖𝑥‖2 and  ‖𝑟‖2 were both the functions of 

λ. This regularization method was closely related to the 

optimization of multi-objective functions, and it sought a 

suitable regularization parameter 𝜆  to keep the balance 

between ‖𝑥‖2  and  ‖𝑟‖2 . If 𝜆  was too small, then it 

would be the original ill-posed problem, but if λ was too 

large then the problem would have little connection with the 

original problem. A useful tool to select an appropriate 

regularization parameter was the L-curve (Rezghi et al. 

2009). When seeking the optimal λ, the solution to Eq. (7) 

can be formulated as 

 

Fig. 5 Flowchart of the iterative matrix method with 

regularization 

 

 

𝑥 = ∑
 𝑖

  

 𝑖
2 + 𝜆2

𝑛

𝑖=1

 (18) 

The regularization should be applied at each iteration, 

but the values of regularization parameters were difficult to 

determine during the iterations because the corner of the L-

curve sometimes disappeared. For convenience, the 

regularization parameter was set from the first iteration until 

it converged. To sum up, the iterative matrix method with 

regularization was shown in Fig. 5. 

 

3.2 Model tuning result 
 
Based on the proposed method in Section 3.1, the model 

tuning procedure was conducted using the first 9 full model 

frequencies and modal shapes to seek the optimum 

regularization parameters. As seen in Fig.6, the point with 

maximum curvature at the corner of L-curve can be 

considered as a balance between ‖𝑥‖2 and  ‖𝑟‖2, so the 

optimum value was taken as 0.77. 

 

 

 

Fig. 6 L-curve for optimum regularization parameters 
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Table 3 Comparison of the modal parameters between full 

model and tuned ROM 

Order 
Full model 

frequency/Hz 

Tuned ROM 

frequency/Hz 
MAC 

1 0.108 0.108 1 

2 0.110 0.110 1 

3 0.140 0.139 0.988 

4 0.296 0.295 0.988 

5 0.310 0.309 0.991 

6 0.352 0.353 0.989 

7 0.576 0.577 0.990 

8 0.599 0.599 0.993 

9 0.622 0.621 0.985 

 

 

 
(a) First three modes in X direction 

 
(b) First three modes in Y direction 

 
(c) First three torsional modes 

Fig. 7 Comparison of the mode shapes from full model 

and tuned ROM 

 

 

Fig. 8 Vertical layout information of accelerometers 

 

 

The tuned result of natural frequencies was summarized 

in Table 3. It was seen that the tuned natural frequencies 

were much close to those of the full model. The MAC 

values between the tuned mode shapes and the 

corresponding ones obtained from the full model were also 

shown in this table. It was seen that they were almost equal 

to 1, indicating that the two mode shapes were nearly the 

same. The first nine mode shapes were shown in Fig. 7 and 

they were reasonable. For the purpose of intuitive 

comparison, the nodes and elements in the mode shapes of 

the full model corresponding to those nodes and elements in 

the tuned ROM were selected as displayed in Fig. 7. 

Therefore, the tuned ROM can be regarded as a SHM-

oriented model, which can be used to fast analysis and 

predict the vibration response of this structure in the future 

analysis. 
 

 

4. Long-term SHM for Shanghai Tower 
 
4.1 Description of structure health monitoring system 

for Shanghai Tower 
 
A sophisticated SHM system, which consisted of more 

than 400 sensors of 11 different types, was designed to 

monitor the performance of the Shanghai Tower during its 

serviceability (Su et al. 2013). In various sensors, a series of 

accelerometers were used to record the dynamic response of 

structure and identify the modal parameters. They can also 

provide reliable measurement for static and dynamic 

displacement together with GPS. There were thirty-six 

accelerometers equipped with this structure as shown in 

Fig. 8. According to the mechanical characteristics of 

structure and access to the data acquisition units, they were 

installed at eight strengthen floors. The layout of typical  
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(a) 117th floor 

 
(b) 83rd floor 

 
(c) 51st floor 

Fig. 9 Plan layout information of typical floors 

 

 

floor were shown in Fig. 9. There were four uniaxial 

accelerometers installed on the shear wall of the core tube at 

each floor. Two were used to measure the horizontal 

vibration along the 𝑥 axis of the core tube and the other 

two were used to measure the vibration of the 𝑦 axis of the 

core tube. 

 

4.2 Dynamics characteristics monitoring of structure 
in different construction stages 

 

To evaluate the structural performance and control the 

construction errors within the allowable limit, a series of 

ambient vibration tests were carried out to monitor the 

structural response under construction (Zhang et al. 2016b). 

An overview of the structures at different construction 

stages and the corresponding FE models were shown in Fig. 

10. In each test, two uniaxial piezoelectric accelerometers 

with a frequency range of 0.05 to 500 Hz were used, and the 

sampling frequency was set to 20Hz. Data were collected 

for at least 30 minutes during each test. For all 10 ambient 

tests, two typical operational modal analysis techniques, 

i.e., the Peak Picking (PP) (Clough, 1995) method and 

Stochastic Subspace Identification (SSI) (Peeters and 

Roeck, 1999), were used to identify modal parameters. The 

identified natural frequencies of structure at different 

construction stages were shown in Fig. 11, each legend was 

illustrated here: PP denoted the natural frequencies 

identified by PP method; SSI denoted the natural 

frequencies identified by SSI method; ETABS denoted the 

natural frequencies obtained from the FE model. It was seen 

that the natural frequencies decreased with the increasing of 

the structural height. 

 

 

Fig. 10 Overview of Shanghai Tower at different 

construction stages and corresponding FE models (Zhang 

et al. 2016b) 

 

 

 
(a) Mode 1 

 
(b) Mode 2 

 
(c) Mode 3 

Fig. 11 Identified mode frequencies at different 

construction stages 

 
Comparing the natural frequencies identified by the PP 

method and SSI method, the maximum relative errors were 

1.6%, 5.2% and 7.8% for the first-mode, second-mode and 

third-mode frequency respectively. It was stated that the 

identified result with these two methods were reliable. It 

was also noticed that the second and third frequency in the 

112th story were lower than those frequencies in the 120th 

and 124th floors. This result may be caused by the noise of 

some machines during the test. Comparing the identified 

result with the FE model, the relative errors (except the 

112th floor) were up to 12.8%, 20.2% and 17.9% for the  
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Fig. 12 The first three frequency ratios versus the 

number of story 

 

 

Fig. 13 Idealized simple models: (a) MDOF model and 

(b) a continuous model of Bernoulli-Euler beam 

 

 

first-mode, second-mode and third-mode frequency 

respectively. It may be due to the simplified assumptions 

and construction live load. For example, the supercolumn 

embeds steel plate in practical, however, when establishing 

the FE model, an equivalent stiffness method was adopted 

to simulate this component. 
To investigate the relationship between the natural 

frequencies and the number of stories, the ratios of the 

second modal frequencies to the first modal frequencies 

( 2/ 1), the third modal frequencies to the second modal 

frequencies ( 3/ 2) and the third modal frequencies to the 

first modal frequencies ( 3/ 1) with respect to the number 

of stories were plot in Fig. 12. It can be observed that  2/ 1 

was in the range of 2.7 to 3.2,  3/ 2 was in the range of 

1.6 to 2.1, and  3/ 1 was in the range of 4.6 to 6.1. As the 

identified result of 112th story and 120th story may contain 

noise pollution, these two stories were not taken into 

consideration. These interesting observation can be 

explained from theoretical analysis. As the Shanghai Tower 

was a combined system of mega-frame core-wall structural 

system, it can be regarded as a combination of a shear 

structure and a flexural structure. For a shear structure, it 

can be simplified to a multi-degree of freedom (MDOF) 

model, as shown in Fig. 13(a), and free vibration of the 

MDOF model was governed by the following equation 

  ̈ + 𝐊 = 0 

where  = [

m      0     ⋯     0
0      m    ⋯      0
                 ⋱        
0      0      0     m

], 𝐊 = [

2k   − k    ⋯     0
−k    2k    ⋯      0
                 ⋱        

 0      0     ⋯      2k

]; 
(19) 

 

 
(a) 

 
(b) 

Fig. 14 First three damping ratios identified: (a) The first 

three damping ratios versus number of story and (b) The 

first three damping ratios versus the corresponding 

frequency 

 

The nature frequencies can be calculated from the 

eigenvalue equation, which was expressed as 

det,𝐊 − ω2 - = 0; (20) 

Solving the Eq. (20), the ratios of  2/ 1 ,  3/ 2  and 

 3/ 1 were 3.0, 1.67 and 5.0, respectively. 

For a flexural structure, it can be idealized to a 

continuous model of Bernoulli-Euler beam (Fig. 13(b)), and 

the free vibration was governed by 

( 𝐼   )  +    = 0 (21) 

where   was elastic modulus; 𝐼 was moment of inertia; 

𝜌 was density; 𝐴 was area 
The nature frequencies derived from Eq. (21) were 

given by (Craig et al. 2006) 

ω1 =
3.516

L2 .
EI

ρA
/
1/2

, ω2 =
22.03

L2 .
EI

ρA
/
1/2

, ω3 =
61.07

L2 .
EI

ρA
/
1/2

 (22) 

It can be calculated that the ratios of  2/ 1 = 6.27, 

 3/ 2 = 2.8, and  3/ 1 = 17.55. As the idealized flexural 

model and the shear model were two extreme models for 

Shanghai Tower. The theoretical frequency ratios of  2/ 1, 

 3/ 2  and  3/ 1  should be approximately fell into the 

range of 3.0 to 6.27, 1.67 to 2.80, and 5.0 to 17.55, 

respectively. Compared with the identification result from 

ambient vibration tests, it can be seen that most of them lied 

in the theoretical range. 

For tall buildings, damping was another important topic 

attracting many researchers’ interest (Smith 2007, Spence et 

al. 2014a). The damping ratios at different construction 

stages of this supertall building were estimated with a half-

power bandwidth method (Papagiannopoulos and 

Hatzigeorgiou 2011), as shown in Fig. 14(a). The damping-
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frequency relationship was investigated in Fig. 14(b). It can 

be observed that the damping ratio showed great variation. 

No obvious trend can be found. One possible reason was 

that the identification of this quality had larger uncertainty 

(Zhang et al. 2016b). In general, various researches were 

tried to investigate the possible trends for damping. For 

example, Jeary (1986) proposed a simple linear formulation 

to describe the relation between damping and frequency. A 

more complicated relationship was proposed by 

Lagomarsino (Lagomarsino, 1993), i.e., 𝜉 =
𝛽1

 
+ 𝛽2 , 

where 𝛽1 and 𝛽2 were constant. However, damping had 

many sources of varying complexity. The excitation 

amplitude (Aquino and Tamura, 2011) and damping 

estimation approaches also had significantly influence in 

the identification result. Currently, the damping 

characteristic was mainly investigated from full-scale 

measurement, as many structure health monitoring 

programs had helped to establish a number of damping 

databases over the years (Davenport et al. 1986, Satake et 

al. 2003, Spence et al. 2014b). The damping value from 

field measurement at different construction stages presented 

in this paper also provided an important database for further 

investigation. 
 

3.2 Model tuning result 
 

Shanghai Tower was completed in March 2016, and was 

ranked as the second tallest building in the world until now. 

For such a large-scale structure, assessing its dynamic 

characteristics can be helpful to understand the real 

performance of the structure. In this study, the data recorded 

by the SHM system from 20:00pm to 21:00pm on 10 

August 2017 were used for the operational modal analysis. 

Based on the FE model analysis, the natural frequencies 

of interest were less than 1 Hz, so the raw acceleration 

responses were filtered by a low-pass filter with a cut-off 

frequency of 2 Hz. This can improve the quality of 

spectrums analysis from the structural response when using 

the analysis methods in this paper. Two different 

algorithms, i.e., enhanced frequency domain decomposition 

(EFDD) (Brincker et al. 2001) and SSI (Peeters and Roeck 

1999) were used to identify the modal parameters of this 

structure, where the SVD spectrum and stabilization 

diagram of SSI were shown in Figs. 15 and 16, respectively. 

The estimation results from two different methods and the 

FE model were listed in Table 4. It can be found that the 

fundamental frequency of this structure was 0.11Hz and the 

corresponding period was 9.35s, which exceeded 6s 

limitation of design response spectrum in the China Code of 

Seismic Design (GB50011-2010, 2010). Since this structure 

had a symmetrical layout, the natural frequencies were very 

close in both 𝑥 and 𝑦 directions. The natural frequencies 

identified by two methods were very close, while the 

damping ratios had a relatively large difference. This 

demonstrated again that the identification of damping ratios 

was dependent on the identified algorithm. 

Compared with the results from ETABS, the identified 

results from two independent methods were a little smaller 

at low frequencies, while they were larger at higher 

frequencies. This may be attributed to some unknown or 

 

 

Fig. 15 Singular value decomposition spectrum 

 
 

 

Fig. 16 Stabilization diagram of SSI 

 
 
Table 4 Modal parameters determined by FE model and two 

identification methods 

Mode 
ETABS EFDD SSI 

Direction 
 /Hz  /Hz ξ/%  /Hz ξ/% 

1 0.108 0.102 2.81 0.107 2.73 Y  

2 0.11 0.11 2.59 0.108 1.97 X  

3 0.14 0.212 3.07 0.214 2.91 Torsion 

4 0.296 0.309 2.89 0.314 1.08 Y  

5 0.31 0.326 2.01 0.325 1.82 X  

6 0.352 0.439 1.72 0.448 0.66 Torsion 

7 0.576 0.667 1.02 0.658 0.73 Y  

8 0.599 0.684 1.22 0.667 2.01 X  

9 0.622 0.716 0.94 0.709 0.95 Torsion 

 
 
uncertain factors in practical structure, for instant, 

simplified modelling assumptions, material properties and 

boundary conditions. These identified modal properties 
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were useful to check or update FE model and to tune 

vibration control devices installed on the tower. 

Furthermore, a better baseline model of the tower can be 

developed as a reference to check the evolution of its 

dynamic characteristics. The mode shapes of the first 9 

modes were shown in Fig. 17, including three translational 

modes in the X and Y directions and three torsional modes, 

which were all reasonable. From the mode shapes, it can be 

seen that although the architectural appearance of this 

structure looked like a rotating shape, the dynamic 

characteristic was relatively regular. These results were also 

consistent with the study in Zhang et al. (2018). 
 
 
 

 
(a) First three modes in X direction 

 
(b) First three modes in Y direction 

 
(c) First three torsional modes 

Fig. 17 Mode shapes identified by EFDD method 

 
 

5. Conclusions 
 

This paper presented the work on the development of a 

benchmark reduce-order model for Shanghai Tower and the 

investigation of dynamic characteristics of the structure 

from field measurement. The main conclusions can be 

summarized as follows: 

• A reduced-order model for Shanghai Tower was 

successfully generated from the full model, consisting of 31 

elements. An iterative matrix method with regularization 

was proposed to tune the system parameters. The tuned 

reduced-order model had a good consistency with the full 

model, which can be used as a SHM-oriented model. 

• Long-term monitoring of dynamic characteristics 

in different construction stages had been investigated. The 

identified results showed that the frequency ratios of  2/ 1, 

 3/ 2 and  3/ 1 lied in a certain range. These ranges were 

discussed from the aspect of the structure system, in which 

the system was regarded as a combination of a shear 

structure and a flexural structure. The damping ratio had a 

much larger dispersion than the natural frequency. This field 

database provided a valuable reference for further analysis. 

• A field measurement was conducted during its 

service. The identified results had a good agreement with 

the finite element model. Damping ratio was difficult to 

identify and some uncertainties would be exist. Bayesian 

method could provide a rigorous way to quantify the 

uncertainties (Au 2017) and it can be used for the future 

analysis of this building. Finally, the identified modal 

parameters would be useful to check or update finite 

element model and examine the dynamic characteristics 

evolution in the future. 
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