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1. Introduction 
 

Damage detection in structures is based on the 

identification of the change of structural properties induced 

by damage. Extensive research on vibration-based damage 

identification has been developed in the last decades (see 

Salawu 1997, Doebling et al. 1998, Chang et al. 2003, Yan 

et al. 2007, Fan and Qiao 2011). For damage detection in 

beam-type structures, comparative studies on frequency-

based and mode-shape-based algorithms have shown that 

mode-shape-based methods are advantageous for damage 

localization (see Farrar and Jauregui 1998a, b, Kim et al. 

2003). Pandey et al. (1991) demonstrated that changes in 

the curvatures of the mode shapes (second-order derivative) 

reveal the damage location in a beam-like structure and the 

curvatures of mode shapes are a better indicator for damage 

localization than the mode shapes. Numerical studies of 

beams and practical applications in bridges show that the 

change in curvatures of mode shapes is feasible for multiple 

damage scenarios detection (see Abdel Wahab and De 

Roeck 1999, Dawari and Vesmawala 2013, Babu et al. 

2015). The first-order derivative of mode shapes has also 

been considered an excellent damage indicator for beams 

and plates by Abdo and Hori (2002). Higher order 

derivatives (third and fourth) of beam-like structures have 

been used for damage localization purpose as well (Whalen 

2008). Moreover, other numerical techniques implicitly 

related to differentiation can be applied to mode shapes for 

damage localization. For instance, the wavelet transform  
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has been applied to mode shapes (Rucka and Wilde 2006a), 

curvatures of mode shapes (Cao et al. 2014), and changes in 

mode shapes (Solís et al. 2013). Some research studies have 

also proposed non-baseline methods by using the 

discontinuities in the derivatives as a damage indicator (see 

Cao et al. 2016, for instance). In the work of Xu et al. 

(2016), they propose the use of slopes in longitudinal 

displacements by exciting the beam with an axial force.  

For dynamic-based methods, the effect of damage is 

distributed among all modes. However, in practice, the 

number of modes that can be experimentally identified and 

analyzed is always limited. For instance, for large-scale 

structures such as bridges, the higher modes are usually not 

captured in day-to-day monitoring. This inevitable 

truncation can lead to damage identification errors (see 

Abdel Wahab and De Roeck 1999, Babu et al. 2015). In 

contrast, the static response provides more complete and 

straightforward information about the structural behavior. In 

addition, data processing for a static test is simpler and less 

time-consuming than for an experimental modal analysis.  

Structural diagnosis techniques that employ static 

response have been proposed through parameter estimation, 

solving inverse problem or using strain energy (see 

Hjelmstad and Shin 1997, Yeo et al. 2000, Bakhtiari-Nejad 

et al. 2005, Caddemi and Morassi 2007, Yang and Sun 

2010, Seyedpoor and Yazdanpanah 2014). For damage 

detection in beam-type structures, several methods based on 

deflection measurements or its derivatives have been 

presented (see Choi et al. 2004, Rucka and Wilde 2006b, 

Stöhr et al. 2006, Abdo 2012). The main difficulty for 

solving inverse problems of damage detection in beams is 

that they are usually ill-conditioned. Nonetheless, Caddemi 

and Morassi (2007) proposed a simple one-dimensional 

analytical model of cracked beams with typical boundary 
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conditions, such as simply-supported and fixed-fixed, for 

damage localization. Later, the authors (Caddemi and 

Morassi 2011) presented a more explicit analytical model 

for multiple cracks in beams for damage localization and 

quantification. Choi et al. (2004) developed a load theorem 

that uses the influence line of the moment of the conjugate 

beam for damage localization in statically determinate 

beams. Stöhr et al. (2006) presented a method using 

influence lines of slope difference measured by one 

inclination sensor for damage localization in bridges. Abdo 

(2012) performed a parametric study on damage 

localization by applying the Grey Relation Coefficient with 

the displacement curvature difference.  

The main drawback for using the static response is the 

difficulty in accurately and efficiently measuring the static 

displacement at a high enough number of measurement 

points. In Structural Health Monitoring (SHM) application 

for bridges, various techniques have been developed to 

measure the static deflection, such as deformation sensors, 

inclinometers, strain gauges and fiber optic sensors (see 

Chung et al. 2008, Yu et al. 2013, Sousa et al. 2013). As an 

alternative, non-contact optical measuring techniques can 

be used to overcome this issue (Jiang et al. 2008). Rucka 

and Wilde (2006a) used a digital still camera to measure the 

static displacements of a cantilever beam and applied 

wavelet analysis directly to the measured data for damage 

localization.  

On the other hand, the problem of a cracked beam under 

some external static forces can be decomposed into an 

undamaged state plus an incremental state where a traction 

field is applied on the crack surface (Gudmundson 1983). 

Moreover, Caddemi and Morassi (2007) demonstrated the 

relationship between damage severity and the response of 

the structure at this incremental state. This paper is also 

based on this type of decomposition approach. The aim is to 

develop a fast and robust method for damage identification 

in beams with cracks through direct experimental 

measurements without neither solving inverse problems nor 

estimating any model parameter. 

A straightforward and simple damage localization and 

quantification method that utilizes the static deflection 

difference between the Reference and Damaged States is 

proposed. A slope discontinuity in this deflection difference 

reveals the location of damage. The main concern when 

dealing with derivatives of experimental mode shapes or 

static displacements is that they usually can not be directly 

measured and their computation is subjected to numerical 

instabilities due to experimental noise. A proper trending 

filter is proposed in this paper to denoise the data in order to 

avoid this difficulty. Moreover, the extents of damage can 

be estimated from the experimentally determined flexural 

stiffness of the damaged cross-sections.  

The rest of the paper is outlined as follows. First, the 

decomposition scheme and the principle of the method are 

introduced. Next, the paper presents a general methodology 

for damage localization and quantification based on the 

detection of slope discontinuities in the deflection 

difference between the Reference and the Damaged States. 

Then, a numerical example is presented to verify the 

method. Details and performance of the methodology are 

discussed through an experimental application on simply 

supported beams with a single crack. Lastly, the conclusions 

are drawn. 

 

 

2. Theoretical background  
 

The structural behavior of a cracked beam is a complex 

problem that has been the subject of many studies over the 

years. It has been addressed from different perspectives 

(fracture mechanics, finite element models, experimental 

tests, etc.) and different parameters have been considered 

(stress-intensity factors, local flexibility, etc.) (see 

Dimarogonas 1996). The presence of a crack causes a 

reduction in the local stiffness of the cross-section. Thus, a 

damaged cross-section can be macroscopically modeled as 

a massless rotational spring with a specific stiffness that 

links the two parts of the beam at both sides of the crack. 

The ideal lumped model of local stiffness reduction and its 

vicinity are depicted in Fig. 1. 

In the book of Dimarogonas et al. (2013), the authors 

provided correlation equations of the flexural stiffness and 

the damaged cross-section for different shapes of cross-

section and various types of damage. For a notch type 

opened crack on an elastic beam with a rectangular cross-

section, the equivalent flexural stiffness of the damaged 

cross-section (𝐾𝑎𝑛𝑎) can be estimated from Eqs. (1) and (2) 

(Rizos et al. 1990), assuming that the notch has a uniform 

depth and a sufficient small width to maintain open under 

loading condition: 

𝐾𝑎𝑛𝑎 = 1 𝑐⁄           𝑐 = 5.346ℎ𝐽(𝜉)/𝐸𝐼 (1) 

where ℎ is the height of the cross-section, 𝐸 is the elastic 

modulus of the material of the beam, 𝐼 is the moment of 

inertia of the cross-section, and 𝐽  is defined by the 

following function of the ratio 𝜉 between the notch depth 

and the height of the cross-section. 

𝐽(𝜉) = 1.8624(𝜉)2 − 3.95(𝜉)3 + 16.375(𝜉)4 
−37.226(𝜉)5 + 76.81(𝜉)6 − 126.9(𝜉)7 
+172(𝜉)8 − 143.97(𝜉)9 + 66.56(𝜉)10 

(2) 

The problem of a beam with cracks subjected to a 

general external load is represented from a macro 

mechanical perspective in Fig. 2.  

 

 

 

(a) 

 

(b) 

Fig. 1 Ideal lumped damage model: (a) undeformed and (b) 

deformed 
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(a) 

 
(b) 

 
(c) 

Fig. 2 States of the superposition scheme: (a) Damaged 

State, (b) Reference State and (c) Incremental State 

 

 

The damage in the beam is modeled as a massless rotational 

spring with a stiffness 𝐾  in the one-dimensional beam 

model. The beam is under some arbitrary external loads   

that can produce non-zero internal moments at damage 

locations. The external loads remain unchanged after the 

occurrence of damage. To better demonstrate the scheme, 

only one single damage is considered in Fig. 2 but the 

theoretical analysis would be identical for multiple damage 

scenarios. The response of the structure at Damaged State 

(State D, Fig. 2(a)) can be understood as the superposition 

of the response at the Reference State (State R, Fig. 2(b)) 

plus the effect of applying a certain concentrated self-

equilibrated moment,  , at the damage position at the 

Incremental State (State I, Fig. 2(c)). The presented theory 

is valid for any boundary conditions that are properly 

established, i.e., no rigid body motion is allowed and the 

beam is stable. Therefore, for simplicity and generality, no 

boundary conditions are specified in Fig. 2. The following 

list defines the notations plotted in Fig. 2: 

 

Nomenclature 

CSA, CSB: the cross-sections at the left and right sides 

of the damage, respectively; 

     : the rotations of CSA and CSB, respectively; 

 : the internal bending moment at CSA and CSB 

(they are equal to each other because of moment 

equilibrium at the damage location);  

   : the internal torsional moment of the spring. 

 
Subscripts D, R and I stand for the Damaged, Reference 

and Incremental States, respectively. 

According to the superposition scheme, the following 

relationships can be written 

  =   +   (3) 

 

 

     =      +      (4) 

 

    =     +       and       =     +      (5) 

At any state, the constitutive law of the spring states that 

   = 𝐾  (  −   ) (6) 

At State R, the following compatibility condition is 

imposed since there is no damage 

    =      (7) 

Thus, Eq. (6) determines that the internal moment of the 

spring at this state is null 

     = 𝐾  (    −     ) =   (8) 

Eq. (8) implies that the spring has no effect at State R 

since any value of 𝐾  can satisfy the equation. By 

subtracting      from      in Eq. (5), and considering Eq. 

(7) the following equation is obtained 

    −     =     −      (9) 

Eqs. (4) and (8) indicate that 

     =       (10) 

From Eqs. (6), (9) and (10), it is verified that the 

stiffness of the springs in State D and I are the same 

𝐾 = 𝐾 = 𝐾 (11) 

At State D, from moment equilibrium, the following 

equation is obtained 

  =       (12) 

At State I, the moment equilibrium can be written as 

 =      −   (13) 

Eq. (13) means that the externally applied moment   

is partially transmitted to the beam and partially taken by 

the spring. By introducing Eqs. (3), (10) and (12) in Eq. 

(13), it is obtained that 

 =    (14) 

Therefore, in a general situation with multiple damages, 

the proposed superposition scheme is valid when the 

external moments applied at State I equal the internal 

bending moments at damage locations at State R. The 

applied moments ( ) at State I clearly lead to rotational 

discontinuities between the two sides of the beam connected 

by the rotational springs. The damage can therefore be 

localized where the slope discontinuities are identified in 

the deflection of State I (  ). According to the superposition 

scheme, this deflection can be computed from the 

displacement fields measured at States R (  ) and D (  ). 

  =   =   −    (15) 

The flexural stiffness of each cracked section (the 

rotational stiffness of the springs) can be estimated by 

applying Eq. (6) to State I 
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𝐾 =
     

(    −     )
=
     

   
 (16) 

From Eqs. (10) and (12), Eq. (16) can be written as 

𝐾 =
  

   
 (17) 

From the flexural stiffness of the damaged cross-

sections, the extents of damage can be assessed by 

comparing the rotational stiffness estimate with existing 

correlations. For instance, Eqs. (1) and (2) can be used to 

estimate the crack depth in a rectangular cross-section. In 

order to obtain the rotational stiffness from Eq. (17),    

and     at the corresponding damaged cross-section have 

to be estimated first. 

For statically determinate beams, the internal bending 

moment of the beam at State D can be calculated accurately 

through structural analysis. For statically indeterminate 

beams,    has to be estimated through numerical analysis 

or analytical models. The rotation discontinuities can be 

determined and computed from the deflection difference, as 

it will be discussed in next sections. 

 

 

3. Damage identification methodology 
 

3.1 General procedure 
 

The general procedure for damage localization and 

quantification in beams through experimental 

measurements is summarized as follows: 

1) Measure the static deflections of the structure at 

States R (  ) and D (  ); 

2) Compute the deflection increment (  ) between    

and    using Eq. (15); 

3) Compute the value of the slope discontinuities (   ) 
of    and localize damage; 

4) Compute the internal bending moment of damaged 

cross-sections at State D; 

5) Compute the flexural stiffness or rotational stiffness 

(𝐾) at damage locations using Eq. (17); 

6) Estimate the damage severity through a previously 

obtained correlation between damage size and 

flexural stiffness (such as Eqs. (1) and (2)). 

In practice, the corresponding change of the slope in 

Step 3) can be computed through a finite difference 

procedure at each measurement point. Given three equally 

spaced measurement points and their corresponding 

deflection measurements [  ( − 1),   ( ),   ( + 1)], 
the numerical evaluation of the slope difference at point   
can be estimated by Eq. (18), where ''  

:'' and ''  
;'' are the 

slope of    from forward differencing approach and 

backward differencing approach, respectively, and    is 

the distance between adjacent measurement points. 

   ( ) =   
:( ) −   

;( ) 

=
  ( + 1) − 2  ( ) +   ( − 1)

  
 

(18) 

 

 

 
(a) 

 
(b) 

 
(c) 

Fig. 3 Scheme of the simply supported beam models: (a) 

model for State R, (b) model for State D and (c) model for 

State I (unit: mm) 

 

 

3.2 Numerical validation 
 

A numerical example with two damages are presented to 

illustrate the theory of the superposition scheme and the 

proposed damage detection methodology. A finite element 

model of a simply-supported one-dimensional Timoshenko 

steel beam with a length of 1200 mm, a width of 100 mm, a 

height of 20 mm, and a 200 GPa modulus of elasticity was 

built. Two springs with equal rotational stiffness, 

𝐾1 = 𝐾2 = 1.8e5  N∙m/rad (equivalent to 50% damage 

severity according to Eqs. (1)-(2)), were used to model two 

cracked cross-sections (D1 and D2). They are located at 1/3 

(400 mm) and 2/3 (800 mm) of the beam. A concentrated 

load,  = 1    N, was applied at 1000 mm from the left 

end (arbitrarily selected position). The models for States R, 

D and I are presented in Fig. 3, where  1 (66.67 N∙m) and 

 2 (133.33 N∙m) equal the internal bending moments at 

the associated cross-sections at State R. 

The deflections of the numerical models of States R and 

D are shown in Fig. 4(a). It can be seen that there is a 

difference between the two deflections but there is no 

evidence of the presence and location of damage from 

simple inspection. The deflection of State I (  ) and the 

deflection increment (  ) obtained by subtracting    from 

   are shown in Fig. 4(b). The consistency of    and    

verifies the superposition scheme presented in Section 2. 

In practical applications, in which only measurements of 

   and    can be available, the deflection of the 

Incremental State can be calculated by subtracting    and 

   (  =   =   −   ). Then, the corresponding slope 

discontinuities (   ) can be estimated by using Eq. (18). 

The results in Fig. 4(c) show that the peak values of the 

rotation difference of the deflection increment reveal the 

damage locations precisely. The estimates of the damage 

locations and rotational stiffness of the springs from the 

deflection difference are listed in Table 1. Neglecting 

numerical roundup errors, both of the predictions are 

consistent with the model information. 

From this numerical example, the proposed 

methodology has been verified for damage localization and 

quantification in noise-free conditions. 
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Table 1 Numerical results 

Damage 

Predicted 

location 

(mm) 

Change in 

rotation 

   (rad) 

Estimated 

stiffness 

𝐾 (N∙m/rad) 

D1 400 3.68 ;4 1.81 ;5 

D2 800 7.4  ;4 1.8  ;5 

 

 

3.3 Denoising in practical applications 

 

In practical applications, due to the presence of noise, 

the challenge is to detect and identify the slope 

discontinuities associated with damage from noisy data. The 

computation of slope discontinuities can not be done in a 

straightforward way from the experimental raw data. A 

denoising function is required to estimate the shape of   . 

In this paper, since many practical implementations of SHM 

for beam-type structures are of simply supported cases 

(especially in bridges), details for applying the methodology 

in this case are provided.  

For simply supported beams, the deflection of the beam 

at State I (  ) is piecewise linear with turning points at 

damage locations since the internal forces of undamaged 

cross-sections at State I are null. Each part of the beam 

moves as an undeformed rigid body. Therefore, the  1 

Trending Filter developed by Kim et al. (2009) is proposed 

as a mathematical tool for denoising. The experimentally 

obtained    is treated as a spatially distributed signal and 

the  1 Trending Filter estimates the piecewise linear trend 

of the data through minimizing the objective function in Eq. 

(19) 

(
1

2
)∑(  ( ) −   𝑙1( ))

2
𝑁

𝑖<1

+ 

𝜆∑ |  𝑙1( − 1) − 2𝛥 𝑙1( ) + 𝛥 𝑙1( + 1)|

𝑁;1

𝑖<2

 

(19) 

where   ( )  is the experimental value of    at 

measurement point  ,   𝑙1( ) is the estimate of the 

piecewise linear trend at that point, and   is the number of 

measurement points. 𝜆 is a nonnegative parameter which  

 

 

controls the trade-off between the "smoothness" of   𝑙1 

and the residual between the original data (  ) and the 

estimated linear trend (  𝑙1 ). As 𝜆 approaches 0,   𝑙1 

equals the original data. As 𝜆 approaches an upperbound 

value (𝜆 𝑎 ),   𝑙1  is the best linear regression fit (a 

straight line) of the data. This upperbound value is defined 

as 

𝜆 𝑎 = ||(  
 );1   ||  (20) 

 

 = [

1 −2 1

1 −2 1
   

1 −2 1

]

(𝑛;2) 𝑛

 (21) 

where ‖ ‖  means the  th-norm. It has been proved that 

𝜆 𝑎  can be computed with  ( ) arithmetic steps (see 

Kim et al. 2009). The  1 Trending Filter can be applied 

with a Matlab function coded by the authors (Koh et al. 

2008). Since the value of 𝜆 has an influence on how the 

piecewise linear trend of   𝑙1  is estimated, it therefore 

affects the damage localization results. A preliminary 

inspection on how results are affected by this parameter is 

necessary in order to select a reasonable value.  

A more detailed discussion of the influence of 𝜆 and 

the use of rotation difference in practical applications for 

damage identification are provided in the experimental 

study in Section 4. 

 

 

4. Experimental results 
 

4.1 Test setup 

 

An experimental test of a simply supported steel beam 

was conducted to test the performance of the methodology. 

Pictures of the experimental setup and the scheme of the 

test are shown in Fig. 5. The length of the beam is 1200 mm, 

and the cross-section is 100 mm wide and 20 mm high. A 

transversal edge-type notch on the top of the beam at 425 

mm from the left end (Fig. 5(a)) was introduced by a saw 

cut. The depth of the notch is constant through the width of  

   
(a) (b) (c) 

Fig. 4 (a) Deflections of the finite element model of State R (  ) and State D (  ), (b) deflections of the finite element model 

of State I (  ) and the difference between    and    (  =   −   ) and (c) slope difference of   . (The red lines mark 

the damage locations) 
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the cross-section. Three depths (damage severities) were 

introduced progressively, 2 mm, 4 mm and 7 mm. They 

represent 10%, 20% and 35% of the beam height, 

respectively. It should be noted that, in practice, the depth 

of the beam is usually higher than its width. However, in 

the present research, the damage severity is simply defined 

by the ratio of the crack depth to the beam height and 

therefore the results are not influenced by the width 

dimension. The only issue is that the stiffness of the beam is 

proportional to the width and therefore consistent 

proportional static loads would be required to obtain the 

same deflection for different beam widths. 

A Digital Imagine Correlation (DIC) system was used to 

measure the deflection of the beam under static loads (Fig. 

5(b)). For each test, 50 images were captured at a sample 

rate of 1 Hz. Erratic images were discarded and the average 

values of displacements were computed from the remaining 

pictures in order to enhance the accuracy of the results. A 

total number of 241 measurement points were marked along 

the beam with an equal spacing of 5 mm. 

 

4.2 Static loads 

 

From a theoretical point of view, the method is 

independent from the distribution and magnitude of the load 

provided that it produces a non-zero bending moment at 

damage location. However, in practice, a load that produces 

a measurable value of deflection increment should be 

applied. For a single damage case with a concentrated force, 

the maximum increment is generated by applying the load  

at the damage location. Therefore, when the damage 

location is unknown, a distributed load would be preferred 

rather than a single point load in order to capture a  

 

 

deflection increment as big as possible. However, in 

practice, a distributed load is more difficult to apply than a 

concentrated force. One way to approach a distributed load 

effect is to apply multiple distributed concentrated forces at 

the same time. The other option is to apply a single 

concentrated load at multiple positions one at a time and 

later aggregate the results. In this experimental test, the 

second method is used. This approach has the advantage of 

using a small load to obtain a big deflection difference.  

A static concentrated force was applied on the beam by 

hanging a 120 kg mass at 21 equally distributed positions 

with a spacing of 50 mm (Fig. 5(a)) individually. The static 

deflection data were stored for both States R and D, 

respectively. By combining the experimental deflections for 

each load position (  ), the resultant value due to a 

simultaneous application of all the loads (    ) can be 

obtained from Eq. (22). 

    =∑  

21

 <1

 (22) 

The measured maximum static deflection of the beam at 

State R among all load positions is smaller than 4 mm, 

which is below a usual serviceability limit state 

requirement. However, the maximum aggregate deflection 

is 58 mm. This process amplifies the damage effect and 

therefore can capture small damage effects. Then, these 

experimental data are processed using the methodology 

presented in Section 3. The obtained results are presented 

and discussed in the following sections. 

 

 
(a) 

 
(b) 

Fig. 5 Experimental setups: (a) the tested beam and the load positions and (b) the DIC measuring system 
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4.3 Raw measurements 

 
The sum of deflections of all load positions at States R and 

D (       and       , respectively) are shown in Figs. 6(a), 

7(a) and 8(a) for 10%, 20% and 30% damage, respectively. It 

can be seen that the effects of damage are imperceptible by   

comparing        with        for all three levels of  

 

 

 

 

 

 

damage. A piecewise linear shape of the deflection differences 

(     ) that points to damage are observed in Figs. 6(b), 7(b) 

and 8(b). The trend is more clear for higher damage level due 

to the decrease of noise level. Nonetheless, the rotation 

difference of       computed by using Eq. (18) in Figs. 6(c), 

7(c) and 8(c) indicate that the computation of rotation 

difference directly from raw data is unstable and damage can 

not be localized even for 35% damage severity. Next, the 

   
(a) (b) (c) 

Fig. 6 Results of direct measurements for 10% severity: (a) the deflection sum at State R (      ) and D (      ), (b) the 

difference of the deflections (     ) and (c) the rotation difference of       (  ). (The red line marks the actual damage 

location) 

   
(a) (b) (c) 

Fig. 7 Results of direct measurements for 20% severity: (a) the deflection sum at State R (      ) and D (      ), (b) the 

difference of the deflections (     ) and (c) the rotation difference of       (  ). (The red line marks the actual damage 

location) 

   
(a) (b) (c) 

Fig. 8 Results of direct measurements for 35% severity: (a) the deflection sum at State R (      ) and D (      ), (b) the difference 

of the deflections (     ) and (c) the rotation difference of       (  ). (The red line marks the actual damage location) 
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results with the application of the proposed denoising 

technique are shown. 

 

4.4  1 Trending filter: Selection of 𝜆 

 

As mentioned in the preceding section, the application of 

the  1 Trending Filter requires a pre-selected value of 𝜆. At 

this point, the influence of 𝜆 should be analyzed in order to 

obtain good results. The upperbound values for each damage 

severity are provided in Table 2. Three different 𝜆 values 

defined as a percentage of 𝜆 𝑎  are considered in this case 

study (Cases 1, 2 and 3 in Table 2). From Eq. (19), it is 

intuitive that a higher value of 𝜆 𝜆 𝑎 ⁄  is preferred for higher 

noise level, and vice versa. 

 

4.5 Identification results 
 

10% Damage  

The denoised data from  1 Trending Filter (      𝑙1) for 

10% damage are plotted in Fig. 9. It is evident that the  1 

Filter is capable of denoising the experimental data efficiently. 

For Case 1, Fig. 9(a) shows five clear rotation discontinuities. 

Three of them are consistent with the sign of their 

corresponding bending moments whereas the other two are 

not. Obviously, for a real damage, only a positive value of 

rotational stiffness from Eq. (17) is meaningful. Therefore, the 

cross-sections at 180 mm and 950 mm, where rotation 

differences are inconsistent with the bending moment direction 

are considered undamaged. For Cases 2 and 3, two and one 

rotation discontinuities can be observed, respectively. 
By comparing the experimental rotational stiffness from 

Eq. (16) with the analytical value from Eqs. (1) and (2), the 

estimated crack depths at all measurement points are plotted in 

Fig. 10. Three damage are identified in Case 1 at 325 mm, 460 

mm and 1045 mm with depths of 2.5 mm, 1.3 mm and 4.3 

mm, respectively. Fig. 10(b) shows one damage in Case 2 at 

330 mm and another at 405 mm. Both estimated crack depths 

are around 1.6 mm. The only damage in Case 3 is localized at 

405 mm with a depth of 2.03 mm. For this damage severity, 

Case 3 provides the closest identification results to the actual 

scenario. 

Results in Figs. 9(a) and 10(a) indicate that if the value of 

𝜆 is too small, the  1 Trending Filter provides a result close 

to the original data, which would lead to false positive errors 

due to its sensitivity to oscillations of the data. The inconsistent 

rotation discontinuity is an indicator of the inaccuracy of the 

results of Case 1. 

 

 

Table 2 Case definition and their corresponding 𝜆 values 

Case 
𝜆 𝜆 𝑎 ⁄  

(%) 

Damage severity (%) 

10 20 35 

 100 180.2 732.9 2454.2 

1 1 1.8 7.3 24.5 

2 10 18 73.3 245.4 

3 20 36 146.6 490.8 

 
 

20% Damage 

The denoised data from  1 Trending Filter (      𝑙1) for 

20% damage in Fig. 11 shows that all three cases of 𝜆 provide 

reasonable estimates of      . Two rotation discontinuities 

are observed in Case 1 while only one in Cases 2 and 3. 

However, Fig. 11(c) illustrates the fact the  1 Trending Filter 

tends to approach the data with a single straight line as 𝜆 is 

higher. Therefore, when 𝜆 is too high, the predicted damage 

location tends to shift towards a wrong location. 

The corresponding estimated crack locations and depths 

are plotted in Fig. 12. Fig. 12(a) shows that one of the two 

potential damage regions is at 355 mm and the other is from 

440 to 455 mm. All estimated crack depths are below 3 mm. In 

Case 2 (Fig. 12(b)), a single crack is predicted at 440 mm with 

a 4.3 mm depth. In Case 3, the crack is 4.03 mm deep and is 

localized at 455 mm. The prediction from Case 2 is 15 mm 

closer to the actual damage than the prediction from Case 3. 

Although the evaluated crack depth from Case 2 is 8% higher 

than the real value, it is considered a very accurate result from 

a practical point of view. Therefore, for this damage level, Case 

2 provides the best damage identification results. 

 

35% Damage 

The denoised data from  1 Trending Filter (      𝑙1) for 

35% damage are plotted in Fig. 13. Apparently, the estimated 

result from Case 1 matches the raw data better than those from 

Cases 2 and 3. Figs. 13(b) and 13(c) indicate that both values 

of 𝜆 are too high. 

The corresponding estimated crack locations and depths 

are plotted in Fig. 14. Three consecutive cracks are predicted in 

Case 1 with the center point at 425 mm. The estimated crack 

depths are 3.54 mm, 6.57 mm and 3.94 mm, respectively. In 

Case 2, one single damage is localized at 440 mm with a depth 

of 7.59 mm (8% overestimated). In Case 3, two adjacent 

cracks at 450 mm and 455 mm are identified with 1.77 mm 

and 6.94 mm in depth, respectively. For this damage extent, the 

prediction from Case 1 is the closest to the actual damage. For 

this case, the damage is localized with 100% accuracy and the 

evaluated crack depth is 5% lower than actual value. This 

difference can be due to the discrepancy between the real crack 

influence zone and the ideal spring model. On the other hand, 

although the values of 𝜆 are too high for Cases 2 and 3, the 

results from both cases can be considered very accurate from a 

practical point of view. 

 

4.6 Analysis of noise level 
 

In this section, the denoised estimate (      𝑙1) is used to 

evaluate the noise in the raw data (     ). In this discussion, 

the values of 𝜆  that provided the best prediction of the 

damage are considered. The noise is evaluated by the 

Coefficient of Variation (CV) defined as 

   =
      
      

 1   (23) 

where        and        are the standard deviation and 

mean value of the sum of deflection difference, defined as 
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𝑁
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being   is the number of measurement points on the beam. 

 

 

 

 

 

 

 

Table 3 Summary of noise evaluation for all damage severities 

Damage 

severity 

(%) 
𝜆 

       

(mm) 

       

(mm) 

CV 

(%) 

10 Case 3 0.0943 0.0671 71 

20 Case 2 0.3652 0.0696 19 

35 Case 1 1.1305 0.0652 6 

 

 

   
(a) (b) (c) 

Fig. 9 Results of  1 Trending Filter for 10% damage with different 𝜆: (a) Case 1, (b) Case 2 and (c) Case 3. (The red line 

marks the actual damage location) 

   
(a) (b) (c) 

Fig. 10 Results of estimated crack depth for 10% damage with different 𝜆: (a) Case 1, (b) Case 2 and (c) Case 3. (The red 

lines mark the actual crack depth and the actual crack location) 

   
(a) (b) (c) 

Fig. 11 Results of  1 Trending Filter for 10% damage with different 𝜆: (a) Case 1; (b) Case 2; (c) Case 3. (The red 

lines mark the actual crack depth and the actual crack location) 
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Table 4 Summary of closest prediction for all damage 

severities 

Damage 

severity 

(%) 
𝜆 

Predicted 

locations 

(mm) 

Estimated depth 

(mm) 

10 Case 3 405 2.03 

20 Case 2 440 4.32 

35 Case 1 425 6.57 

 

 

 

 

 

 

 

 

 

Table 3 shows that, the standard deviations of deflection 

difference for all three damage levels are similar, which 

indicates that the accuracy of the measuring system is 

consistent for all the tests. The experimental noise is mainly 

caused by the resolution accuracy of the DIC measuring 

system. However, as the damage severity grows, the noise 

level expressed by the CV decreases significantly. As a result, 

the damage identification is more reliable. 

 

4.7 Summary 

 

In this case study, three 𝜆 values corresponding to 1%, 

   
(a) (b) (c) 

Fig. 12 Results of estimated crack depth for 20% damage with different 𝜆: (a) Case 1, (b) Case 2, (c) Case 3. (The red 

lines mark the actual crack depth and the actual crack location) 

   
(a) (b) (c) 

Fig. 13 Results of  1 Trending Filter for 35% damage with different 𝜆: (a) Case 1, (b) Case 2, (c) Case 3. (The red lines 

mark the actual crack depth and the actual crack location) 

   
(a) (b) (c) 

Fig. 14 Results of estimated crack depth for 35% damage with different 𝜆: (a) Case 1, (b) Case 2, (c) Case 3. (The red 

lines mark the actual crack depth and the actual crack location) 
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10% and 20% of 𝜆 𝑎  are investigated for three levels of 

damage severity (depth of 10%, 20% and 35% of cross-section 

height). The best assessment results for all damage scenarios 

are listed in Table 4. For different damage levels, the best 

choice of 𝜆  varies. Despite the measurements are highly 

contaminated by noise for 10% damage, the methodology 

successfully localizes and quantifies the damage. As the 

damage level increases, a smaller portion of 𝜆 𝑎  performs 

better for the damage identification process. When the value of 

𝜆 is too small (see Case 1 for 10% damage Figs. 6(a) and 

10(a)), the effect of noise could lead to false positive errors and 

unrealistic results. On the other hand, when the value of 𝜆 is 

too high, the denoising method tends to provide inaccurate 

damage estimation results. When 𝜆 is properly selected, the 

accuracy of both the localization and quantification results are 

improved.  

The results in Case 2 for 10% damage (see Fig. 10(b)) and 

Case 1 for 20% damage (see Fig. 12(a)) illustrate a similar 

phenomenon. A multiple damage scenario with two cracks 

close to the actual damage location can be identified from the 

peaks on the estimated rotation difference. This is due to an 

improper value of 𝜆. However, the estimate of the deflection 

increment (      𝑙1) seems to be well correlated with the 

original noisy data (      ) in Figs. 9(b) and 11(a), 

respectively. The fact that the estimated multiple damages are 

of a lower severity than the actual single crack can be regarded 

as the non-uniqueness of the solution in solving the inverse 

problem of damage identification from the estimate of the 

deflection increment (      𝑙1). In other words, the effect of 

an actual single damage can be equivalent to that of multiple 

damages with lower severities near its location. Thus, results 

from these two cases can be considered also valid from a 

practical point of view. On the other hand, cross-sections with 

very small values of estimated crack depths in Figs. 10, 12 and 

14 are considered undamaged in practical applications. 

 

 

5. Conclusions 
 

A damage detection and localization method in beams 

based on the changes in static deflections is presented in this 

paper. The discontinuities in the slope of the deflection 

difference between the pre- and post-damage states of the 

beam reveal the damage locations. Moreover, through theory 

of mechanics, the damage severities of the damaged cross-

sections can be estimated. The merits of the proposed 

methodology are summarized as follows: 

 It is efficient and simple to implement in practical 

applications; 

 It is non-modelled based for damage detection and 

localization; 

 It is a promising robust to noise approach; 

 Theoretically, even the deflections induced by a 

permanent dead load on the structure could be used. 

The proposed methodology has been validated by 

experimental test with various severities of damage. Although 

at this moment, the selection of 𝜆 is based on trial and error, 

the authors note that a range between 1 to 20% of the 

maximum value would be a good initial point. The 

performance of the proposed methodology for multiple 

damage scenarios is under investigation. Questions such as the 

sensitivity of the method to relative damage severity and the 

minimum perceptible damage spacing are being studied. 

Moreover, specific denoising methodologies for other types of 

boundary conditions will be explored. 
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