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Abstract.

In this article, an analytic non-classical model for the free vibrations of nanobeams accounting for surface stress

effects is developed. The classical continuum mechanics fails to capture the surface energy effects and hence is not directly
applicable at nanoscale. A general beam model based on Gurtin-Murdoch continuum surface elasticity theory is developed for
the analysis of thin and thick beams. Thus, surface energy has a significant effect on the response of nanoscale structures, and is
associated with their size-dependent behavior. To check the validity of the present analytic solution, the numerical results are
compared with those obtained in the scientific literature. The influences of beam thickness, surface density, surface residual
stress and surface elastic constants on the natural frequencies of nanobeams are also investigated. It is indicated that the effect of
surface stress on the vibrational response of a nanobeam is dependent on its aspect ratio and thickness.
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1. Introduction

The science and technology of nanostructure is a broad
and interdisciplinary field of research and development that
has exploded in the world over the last few years because of
their excellent properties (Zhang 1998, Liu and Zhang
2004, Yan et al. 2007, Zhao et al. 2009, Qin et al. 2009,
Belkorissat et al. 2015, Zemri et al. 2015, Al-Basyouni et
al. 2015, Larbi Chaht et al. 2015, Ahouel et al. 2016,
Bounouara et al. 2016, Bellifa et al. 2017a, Besseghier et
al. 2017, Karami et al. 2017, Khetir et al. 2017, Hanifi
Hachemi Amar et al. 2017, Mouffoki et al. 2017, Bouafia et
al. 2017, Yazid et al. 2018) for their use in nanomechanical
and nanoelectromechanical systems. It is possible to
revolutionize the ways in which materials and products are
created, as well as the scope and nature of the features that
can be accessed. It already has an important commercial
impact, which will surely increase in the future. Indeed, it is
important to understand the static and dynamic mechanical
behavior of these materials and advanced structures for the
design and manufacture of nano-electromechanical (NEMS)
systems. Due to their large surface/volume ratio, nanoscale
structures exhibit significant size-dependent behavior (Chen
et al. 2006, Wong et al. 1997, Miller and Shenoy 2000).
Consequently, the surface effect must be considered for the
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analysis of materials and structures at the nanometric scale.
In classical continuum mechanics, the effect of surface
energy is ignored as it is small compared to the bulk energy.
Nanoscale structures behave differently from their
macroscale counterparts due to size effects. Some
experimental researches and atomic calculations have
proved that the mechanical properties to nanoscale depends
on the size (Miller and Shenoy 2000, Xu et al. 2010). Since
classical continuum theories are not capable of capturing
size effects.

In nanostructures, the reliability of these theories in the
analysis of the dynamic characteristics of nanostructures is
doubtful. ~ Consequently,  various  nonconventional
continuum theories have been proposed to incorporate size
effects into the governing equations of nanostructures.

The quantity of surface energy called free surface
energy was first introduced by Gibbs (1906) into the
thermodynamics of solid surfaces. When a material element
has a characteristic length comparable to the intrinsic scale,
free surface/interface energy can play an important role in
its properties and behavior. There is another fundamental
parameter, called surface stress, which was also defined by
Gibbs (1906) for the first time. By analogy with the
constitutive relation for the elastic body material, Miller and
Shenoy (2000) suggested a constitutive equation of linear
surface by introducing a set of elastic surface constants.
Gurtin and Murdoch (1975, 1978) proposed a generic
theoretical framework based on the concept of continuum
mechanics that represent the surface energy/interface. In
their Model, the surface is considered as a layer of zero
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thickness glued to the volume of the underlying material
without sliding. The surface properties are different from
those in the volume and are characterized by residual
surface stress and surface Lamé constants. This theory has
been widely used to study the mechanical response of
structures at the nanometric scale and considers that the
elastic responses of nanostructures significantly depend on
surface elastic constants that could be determined by
experiments or simulations.

Many theoretical approaches have been used to predict
the properties of the surface. Surface stresses were
evaluated using ab initio methods in semiconductors by
Maede and Vanderbilt (1989) and in metals by Needs
(Needs 1987). With the hypothesis of isotropy, Miller and
Shenoy (2000) calculated the surface module of different
surface orientations using the integrated atomic method. A
systematic study of surface elastic constants using atom
simulations was presented by Miller and Shenoy (2000).
Recently, many researchers have used unconventional
continuum theories including surface stress effects. Ould
Youcef et al. (2015) studied the bending and buckling of
nanowire with different high order shear deformation
theories (HSDTs), By using the classical beam theory
integrated with linear surface elasticity theory (He and
Lilley 2008, He and Lilley 2008, Wang and Feng 2007,
Wang and Feng 2009a, b, Rajapakse and Phani 2011, Song
et al. 2011) studies the bending and buckling behavior of
nanowires. Yan and Jiang (2011) used the Euler beam
theory to study the buckling response of piezoelectric
nanobeams with superficial stress. Ansari and Sahmani
(2011) adopted different theories of beams for the analysis
of the buckling of nanobeams with surface effect. Wang and
Yang (2011) studied the buckling of nanobeams by
considering geometric nonlinearity.

It should be noted that there is various HSDTs
developed in literature (Bellifa et al. 2017b, Chikh et al.
2017, El-Haina et al. 2017, Abdelaziz et al. 2017,
Benadouda et al. 2017, Draiche et al. 2016, Akavci 2016,
Baseri et al. 2016, Barati and Shahverdi 2016, Becheri et al.
2016, Bouderba et al. 2016, Boukhari et al. 2016, Eltaher et
al. 2016, Hamidi et al. 2015, Kar and Panda 2015, Hebali
et al. 2014, Bouderba et al. 2013) and the need to propose
other simple HSDTs is a topic for many recent works.

In this work, an analytical solution is developed for the
dynamic analysis of nanoscale beams by introducing the
surface effect. A refined higher shear deformation theory
developed by Tounsi and his co-workers (Beldjelili et al.
2016, Bellifa et al. 2016, Bousahla et al. 2016) is used; the
most important assumption used in the proposed beam
theory is that the boom consists of bending and shearing
components. The numerical results are illustrated to prove
the difference between the responses of the nanoscale
beams predicted by the conventional and unconventional
solution which depends on the elastic constants of surface.

2. Formulation

Consider a nanobeam beam with a rectangular cross-
section, length L(0<x <L), width b (0<y<b) and height h

(0<z<h) is modelled in Cartesian coordinate system (X, ,
z) as shown in Fig. 1. The area and perimeter of the cross-
section are A and s respectively. To incorporate the
surface effects, it is assumed that the response of the beam
is governed by the continuum theory proposed by Gurtin
and Murdoch (1975, 1978).

2.1 Kinematics

The present two variable refined beam theory used by
Benachour et al. (2011) and Hadji et al. (2011) is based on
assumption that the in-plane and transverse displacements
consist of bending and shear components in which the
bending components do not contribute toward shear forces
and, likewise, the shear components do not contribute
toward bending moments. The theory presented is
variationally consistent, does not require shear correction
factor, and gives rise to transverse shear stress variation
such that the transverse shear stresses vary parabolically
across the thickness satisfying shear stress free surface
conditions, are given as (Bessaim et al. 2013, Ait Amar
Meziane et al. 2014, Belabed et al. 2014; Attia et al. 2015,
Ait Yahia et al. 2015, Bennoun et al. 2016)

oW,
u(x,z,t):—z%— f(z)a—xS (1a)
W(X, Z,t) = W (X, 1) + Ws (X, 1) (1b)

where t is time, u, w are displacements in the X, z
directions, w,and w are the bending part and the shear
part of deflection, respectively.

The displacement fields of the third-order beam theory
(TBT) based on Reddy (1984) can be determined from Eg.
(1) by employing the shape functions f(z)

f(z) 473

"3 (1c)

L - ——»The Buik

Fig. 1 Simply supported-simply supported straight
uniform beam with rectangular cross section and its
coordinate system
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The strains associated with the displacements in Eq. (1)
are

2 2
Ex = Za Vzb z aﬁx\’\zls and Vxz =g(z)% (2)
where
MZ)zl—f%z)amisz)zd?Z) @3)
YA

2.2 Surface elasticity model for nanowires and
constitutive relations

The surface constitutive relations given by Gurtin and
Murdoch (1975, 1978) can be simplified in present study as

s OW

oy =21 + e +7° and 5, =1 e~ (4)

where ¢° is the residual surface stress under

unconstrained conditions; z°
elasticity Lamé modulus.

Note that in a beam bending problem, the stress
component o, is not zero. But it is small enough
compared to axial stress o, to neglect in classical beam
theory. However, in Gurtin-Murdoch model the surface is
not in balance with the above assumption. To remedy this,
following Lu et al. (2006) o,is assumed to vary linearly
through the beam thickness and satisfy the equilibrium
conditions on the surface. With this assumption, o, can be
written as

and 4° being the surface

0Ty,

X |at top
O; = 2
0ty
oX

0Ty,

OX

at bottom
+

Q)

07y,
OX

h

at top at bottom ,

According to this assumption, o, can be determined as

2275 8%w, 0w | 2zp° [ 7w, azwS
0z = 2 Y72 |7 2 2 (6)
ho | ax o h  at ot

Substitution of Egs. (2) into Eq. (4) yields

2 2
0
Oy = (2/1 + ASI a:Zb ax_V\ZISJ +7° (7a)
oW, oW,
s (7)

Since both the bulk and surfaces of the beam are
assumed to be homogeneous and isotropic, the constitutive

relations of the bulk material relating non-zero stresses o

and 72, can be expressed as

20
03=Eex+vaz=E(—za —f(z)awsj
ox? ox?

(8a)
2zves [ 02w, . 02w,
h ox? ox?
OW,
r%z@wzemngf (8b)

where E is the elastic modulus, v 1is Poisson’s ratio and G
is the shear modulus In this work, we consider a
superposition between the quantities corresponding to the
surface and the bulk and this summation is considered to
facilitate only the mathematical formulation

oy=0cb+oy and 7, =72 +75, 9)

2.3. Euler-Lagrange equations

Hamilton’s principle is used herein to derive the
equations of motion. The principle can be stated in
analytical form as (Reddy 2002, Tounsi et al. 2013, Zidi et
al. 2014, Bousahla et al. 2014, Mahi et al. 2015, Bourada et
al. 2015, Taibi et al. 2015, Houari et al. 2016, Saidi et al.
2016, Zidi et al. 2017 ; Menasria et al.,2017; Sekkal et al.
2017, Abualnour et al. 2018)

0= jflz (U + oV — K )dt (10)

where t is the time; t; and t, are the initial and end time,
respectively; SU is the virtual variation of the strain
energy; oV isthe virtual variation of the potential energy;
and oK is the virtual variation of the Kinetic energy. The
variation of the strain energy of the beam can be stated as

h
L2
SU = [ [(048 &y + 7,08 yy, zdx
0o h
2 (11)

L 2 2
oy _Mbd 6Wb_Msd §ws+Qd5ws dx

where M,, M and Q are the stress resultants defined
as

(Mp, M) =[(z, f)odA and Q= [gr,,dA (12)
A A
The variation of kinetic energy is expressed as

L
XK = [ [ pudl +Wwai)dAdx
0A
vy, Oy
A mo i -+ s}y + )+ mp S0
2 %a&'ws+m(%w~s+%w~b]

ms
ox oX oX  OX oX  OX

(13)
dx
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where  dot-superscript  convention  indicates  the
differentiation with respect to the time variable t; p is the
mass density of the bulk; p°is the surface density of the
surface layer and (mg,m,,mg,m,,ms) are mass inertias
defined as

(Mg, my, mg,my, ms ) =
pilLz2 .28, 12 pAs o5 (122, 1,28, 12 Hs (14)
A oA

Substituting Egs. (11) and (13) into Eg. (10) and
carrying out the integration by parts, the equations of
motion of the proposed beam theory are determined as
follows

d’Mm, N 0%V, BRI
=mg (W, + W )—m -m (15a)
dX2 0( b S) 2 6X2 4 axz
d’™M, dQ N o2V, o,
OWg: —=>+—==mp(W, + W )-m;—=2—-m S (15b
S dX2 dx 0( b S) 4 5X2 5 8x2 ( )

By substituting Egs. (7) and (8) into Eq. (9), and the
subsequent results into Eq. (12), the constitutive equations
for the stress resultants are obtained as

2lvz® 2%w,
Mb:[ - —Dll—(2y5+ﬂs)lp2]—axzb+

2lve® %wg  2lvpS
[ - —Dfl—(2y5+/15)lp4J 6XZS— hp (v, + Vi )

(16a)

21,z 02w,
MS:[ 1:’ —Dfl—(2y5+/ls)lp4j—b+

ox?
21z’ s s s 82WS
—H - 2u® + 25) (16b)
[ R I
S
+Ip3rs—2|lv’0 (Vi + g )
1 ow,
Q:[A555+”5Jpl+ETS(Jp3_Jp2)}ES (16c)
where

(Dll, D, Hfl): jE(zz, z f(z), f2(z))dA and
A

(17a)
ASs = IG[Q(Z)]ZdA

A

bh?
|:£deA=E; I1=£Zf(2)dA (17b)

h/2 2 hi/2
In=2 [ [9@Fdz ; Jpp= [g(z)dz;

-hr2 ~h/2 (17¢)

h/2
Jp3= [f'(1)9(2)dz;
~h/2

Ip3:£f(z):is ; Ip4:£zf(z)js : Ip5:£[f(z)]2ds (17d)
By substituting Eqg. (16) into Eg. (15), the governing

equations can be expressed in terms of displacements (w,,
W, ) as

s 3 4
2lvr _Dll—(2ﬂ5+/15 h_+Ah 0 VZb+
h 6 2 OX
2lves s s 0w
=Dy =27 + A7 )1
{ h 11 (ﬂ ) p4 o

62Wb o%w, P,
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S 2.
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| 2lvp rmy 0 V;IS
h ot
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where H is the constant parameter which is determined

by the residual surface tension z° (generally assumed as a
positive number) and the shape of cross section. For
rectangular beam cross sections, the surface elasticity
tension is expressed by (Gao and Zhang 2015, Ansari et al.
2013)

H=2br* (19)

3. Closed-form solution for
nanowires

simply supported

Consider a simply supported beam with length L. The
following expansions of displacements (w,, w, ) are chosen

to satisfy the simply supported boundary conditions of
beam
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Table 1 Material properties of Aluminum and Silicon

Material i “ 2 3 p I3

ateria (GPa) v (N /m) (N /m) (N/m) (kg/mS) (kg/mz)
Al El) 0.23 -3.493 -3.493 0.5689 2.7x10° 5.46x10”
Si 107 0.33 -2.7779 -4.4939 0.6056 2.33x10° 3.17x10”

0 . it Beams made of aluminum (Al) and silicon (Si) are

W :Elwbns'”(“ X (208)  considered in the numerical study. The bulk and surface

elastic constants have been acquired by Miller et al. (2000)

and Shenoy (2005). The results are as shown in Table 1.
- . iot The dimensions for thin beams are L =120 nm, h =6 nm
"o s Elws" sinte e (20b) and b = 3 nm, and those for thick beams are L=50 nm, h =6

where i=v-1, a=nz/L, o is the natural frequency,
and W,,, and W, are arbitrary parameters to be

determined. Substituting Eg. (20) into Eq. (18), the
following eigenvalue equation is obtained

S S m m W, 0
ﬂ 11 12}_@2[ 11 12D{ bn}:{ } 1)
Sa1 S22 My My |)|Wen) (O

where

3
811=a4[H +[2|;TS—D11_(2,US +ﬂs{he+A2hDJ (22a)

s 3
S11 =a4[H +[2|;T - D11—(2,uS +A° {hG+A2hD] (22b)

s
My =mMg +a2(m2 + ZIEP j,
(22¢)
2 2lvp®
My =My +a™| My + h 1
21,vp°
m,, = m, + a2£m4 + 1;//?
(22d)

The natural frequencies of the nanobeam can be
obtained by setting the determinant of the coefficient matrix
in Eq. (21) to zero. For each choice of n, there is a
corresponsive unique value of w. The fundamental
frequency is the smallest value of w(n).

4. Numerical results and discussion

In this first example, the analytic solution for the free
vibration behavior of the nanoscale beams with rectangular
cross-section including surface stress effects is developed to
investigate the effect of surface material properties,
amplitude ratio and mode number on the natural frequency.

nm and b = 3 nm. The solutions are shown in Tables 2 and
3. The corresponding solutions from classical thin and thick
beam theories are also presented in parenthesis. The
obtained results are compared with those computed
independently by Chang et al. (2010) based on the Euler—
Bernoulli beam theory (EBT), and first beam theory (FBT).

It can be seen that the results of present theories are in
excellent agreement with those predicted by EBT and FBT.
It is found that surface energy effects have a significant
influence on the first natural frequency of thin and thick
beams. However, the higher natural frequencies are not
significantly affected as the bulk bending stiffness becomes
the dominant factor controlling the higher modes.

It is worth pointing out that the natural frequencies with
surface effects could increase or decrease compared with
the classical results, depending on the signs of the surface
elastic constants and wave number. As a result, for higher
natural frequencies, the results from surface elastic model
become smaller compared to the classical ones. This trend
can be observed from Tables 2 and 3.

In fact for some higher modes, the classical solution
overestimates the natural frequencies. It should be noted
that thin beam theory is not generally accurate for higher
modes and the thick beam theory should be used
irrespective of the L/h ratio.

In the second example, the following material
characteristics are used in computations as follows (Gurtin
and Murdoch 1978)

E=1773x10"°N/m?, v=027, p=7000Kg/m°
#5=25N/m, 2#*=-8N/m, °=1.7N/m,
p* =7x10°Kg/m?
It is supposed that h=b=1nm and L varies from
L/h=10 to 50 . Also, the non-dimensional natural

frequency is defined as Q=wl/p/E . The non-dimensional

natural frequencies corresponding to the first four modes of
nanobeams are given in Table 4.

It is seen that the accuracy of the results enhances with
increasing the number of nodes and converged results are
obtained when the number of nodes becomes larger than a
specific value. It can be seen that the results of present
theories are in excellent agreement with those predicted by
Ansari et al. (2013) for all values of thickness ratio L/h .

The frequency ratios of nanobeams with different
thicknesses and aspect ratios are plotted in Fig. 2.
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Table 2 Natural frequencies of aluminum beams

Beam type 1st (GHz) 2nd(GHz) 3rd (GHz) 4th (GHz)
L=120nm,h=6nmandb=3nm
CPT [Chang 1.45 (1.09) 4.47 (4.36) 9.39 (9.82) 16.27 (17.45)
Liu]
FSDT 1.45(1.09) 4.41 (4.29) 9.11(9.48) 15.41(16.44)
Present 1.45 (1.09) 4.41 (4.29) 9.10 (9.48) 15.37 (16.44)
L=50nm,h=6ntmandb=3nm
CPT 6.21(6.28) 23.18(25.13) 51.47(56.55) 91.11(100.53)
FSDT [Chang 6.10 (6.14) 21.49 (23.13) 43.96 (47.84) 71.08 (77.43)
Liu]
Present 6.08 (6.14) 21.38 (23.12) 43.63 (47.86) 70.26 (77.49)
Table 3 Natural frequencies of silicon beams
Beam type 1st (GHz) 2nd(GHz) 3rd (GHz) 4th (GHz)
L=120nm,h=6nmand b =3 nm
CPT [Chang Liu] 1.66 (1.28) 5.19 (5.12) 10.96 (11.53) 19.02 (20.49)
FSDT 1.66 (1.28) 5.12 (5.04) 10.62 (11.11) 17.98(19.23)
Present 1.66 (1.28) 5.12 (5.04) 10.61 (11.11) 17.96 (19.23)
L=50nm,h=6nmandb=3nm
CPT 7.22 (6.28) 27.12 (25.13) 60.27 (56.55) 106.72 (100.53)
FSDT [Chang Liu] 7.08 (7.20) 25.07 (27.02) 51.33 (55.70) 82.92 (89.76)
Present 7.08 (7.20) 25.02 (27.02) 51.15 (55.70) 82.46 (89.86)

Table 4 Non-dimensional natural frequencies of hanobeams corresponding to the four first mode-numbers

L/h 0, Q, Q, Q,

Ansari Present Ansari Present Ansari Present Ansari Present
10 0.2936 0.2901 0.7870 0.7451 1.5504 1.3723 2.5914 2.1202
20 0.2624 0.2618 0.5870 0.5803 1.0155 0.9876 1.5688 1.4903
50 0.2530 0.2529 0.5168 0.5161 0.8013 0.7987 1.1148 1.1084

The frequency ratio is defined as the ratio of natural
frequency predicted by the non-classical theory to the
frequency given by the classical one. It can be seen that, as
the aspect ratio increases, the natural frequencies obtained
by the non-classical model become higher than those
predicted by the classical theory. Also, it is observed that as
the thickness of nanobeam increases, the non-classical
natural frequencies tend to get closer to the classical natural
frequencies. This indicates that the surface stress effect is
more pronounced and must be taken into account when the
thickness of the nanobeam is small. This kind of size effect
diminishes for thick nanobeams.

Fig. 3 shows the effect of surface elastic constants on
the fundamental frequencies of nanobeams with the

assumptions of p*=7°=0 andh=Db=1nm. It can be

seen that the positive surface elasticity increases the
bending stiffness of nanobeam and thus, the natural
frequency increases, while the negative one reduces the
stiffness and natural frequency of nanobeam.

Fig. 4 reveals the effect of surface density on the
fundamental frequency of nanobeams with the assumptions

of £*=2=7r"=0 and h = b =1 nm. The results for the
classical nanobeam are also plotted for comparison. It can
be seen that, the fundamental frequencies of nanobeams
decrease with an increase in the value of p* , especially for
lower aspect ratios. Furthermore, it can be seen that for all
values of surface density, the non-classical fundamental

frequencies are smaller than those predicted by the classical
beam model.
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The influence of surface residual stress on the
fundamental frequencies of nanobeams is presented in Fig.
5 with assuming x#°* =2 =p°=0 and b =h=1nm. It can
be concluded from the figure that the positive and negative

surface residual stresses increases and decreases the
bending stiffness of nanobeams, respectively. Therefore, the

non-classical fundamental frequencies for positive 75 are
larger than those given by the classical beam model, while
the completely reversed behavior is observed for the

negative values of z°.

5. Conclusions

In this work, a non-classical solution for the free
vibrations of nanobeams including surface stress effects
was presented. Based on the Gurtin—Murdoch elasticity
theory, the influence of surface stress was incorporated into
the classical high-order surface stresses. It is found that
surface energy effects have a significant influence on the
first natural frequency of thin and thick beams. It can be
seen that the positive surface elasticity increases the
bending stiffness of nanobeam and thus, the natural
frequency increases, while the negative one reduces the
stiffness and natural frequency of nanobeam. It was
indicated that the effect of surface stress on the vibrational
response of nanobeams is dependent on the aspect ratio and
thickness of beams. It was also indicated that vibrational
response of nanobeams strongly depends on the magnitudes
of surface elasticity constants.

References

Abdelaziz, H.H., Ait Amar Meziane, M., Bousahla, A.A., Tounsi,
A., Mahmoud, S.R. and Alwabli, A.S. (2017), “An efficient
hyperbolic shear deformation theory for bending, buckling and
free vibration of FGM sandwich plates with various boundary
conditions”, Steel Compos. Struct., 25(6), 693-704.

Abualnour, M., Houari, M.S.A., Tounsi, A., Adda Bedia, E.A. and
Mahmoud, S.R. (2018), “A novel quasi-3D trigonometric plate
theory for free vibration analysis of advanced composite
plates”, Compos. Struct., 184, 688-697.

Ahouel, M., Houari, M.S.A., AddaBedia, E.A. and Tounsi, A.
(2016), “Size-dependent mechanical behavior of functionally
graded trigonometric shear deformable nanobeams including
neutral surface position concept”, Steel Compos. Struct., 20(5),
963-981.

Ait Amar Meziane, M., Abdelaziz, H.H. and Tounsi, A. (2014),
“An efficient and simple refined theory for buckling and free
vibration of exponentially graded sandwich plates under various
boundary conditions”, J. Sandw. Struct. Mater., 16(3), 293-318.

AitYahia, S., AitAtmane, H., Houari, M.S.A. and Tounsi, A.
(2015), “Wave propagation in functionally graded plates with
porosities using various higher-order shear deformation plate
theories”, Struct. Eng. Mech., 53(6), 1143-1165.

Akavci, S.S. (2016), “Mechanical behavior of functionally graded
sandwich plates on elastic foundation”, Compos.: Part B, 96,
136-152.

Al-Basyouni, K.S., Tounsi, A. and Mahmoud, S.R. (2015), “Size
dependent bending and vibration analysis of functionally
graded micro beams based on modified couple stress theory and



72 Djamel Ould Youcef, Abdelhakim Kaci, Abdelnour Benzair, Abdelmoumen Anis Bousahla and Abdelouahed Tounsi

neutral surface position”, Compos. Struct., 125, 621-630.

Ansari, R., Hosseini, K., Darvizeh, A. and Daneshian, B. (2013),
“A sixth-order compact finite difference method for non-
classical vibration analysis of nanobeams including surface
stress effects”, Appl. Math. Comput., 219, 4977-4991.

Attia, A., Tounsi, A., AddaBedia, E.A. and Mahmoud, S.R. (2015),
“Free vibration analysis of functionally graded plates with
temperature-dependent properties using various four variable
refined plate theories”, Steel Compos. Struct., 18(1), 187-212.

Barati, M.R. and Shahverdi, H. (2016), “A four-variable plate
theory for thermal vibration of embedded FG nanoplates under
non-uniform temperature distributions with different boundary
conditions”, Struct. Eng. Mech., 60(4), 707-727.

Baseri, V., Jafari, G.S. and Kolahchi, R. (2016), “Analytical
solution for buckling of embedded laminated plates based on
higher order shear deformation plate theory”, Steel Compos.
Struct., 21(4), 883-919.

Becheri, T., Amara, K., Bouazza, M. and Benseddiq, N. (2016),
“Buckling of symmetrically laminated plates using nth-order
shear deformation theory with curvature effects”, Steel Compos.
Struct., 21(6), 1347 - 1368.

Belabed, Z., Houari, M.S.A., Tounsi, A., Mahmoud, S.R. and
Anwar Bég, O. (2014), “An efficient and simple higher order
shear and normal deformation theory for functionally graded
material (FGM) plates”, Compos.: Part B, 60, 274-283.

Beldjelili, Y., Tounsi, A. and Mahmoud, S.R. (2016), “Hygro-
thermo-mechanical bending of S-FGM plates resting on
variable elastic foundations using a four-variable trigonometric
plate theory”, Smart Struct. Syst., 18(4), 755-786.

Belkorissat, 1., Houari, M.S.A., Tounsi, A., AddaBedia, E.A. and
Mahmoud, S.R. (2015), “On vibration properties of functionally
graded nano-plate using a new nonlocal refined four variable
model”, Steel Compos. Struct., 18(4), 1063-1081.

Bellifa, H., Bakora, A., Tounsi, A., Bousahla, A.A. and Mahmoud,
S.R. (2017b), “An efficient and simple four variable refined
plate theory for buckling analysis of functionally graded
plates”, Steel Compos. Struct., 25(3), 257-270.

Bellifa, H., Benrahou, K.H., Bousahla, A.A., Tounsi, A. and
Mahmoud, S.R. (2017a), “A nonlocal zeroth-order shear
deformation theory for nonlinear postbuckling of nanobeams”,
Struct. Eng. Mech., 62(6), 695 -702.

Bellifa, H., Benrahou, K.H., Hadji, L., Houari, M.S.A. and Tounsi,
A. (2016), “Bending and free vibration analysis of functionally
graded plates using a simple shear deformation theory and the
concept the neutral surface position”, J. Braz. Soc. Mech. Sci.
Eng., 38, 265-275.

Benachour, A, Tahar, H.D., Atmane, H.A., Tounsi, A. and Meftah,
S.A. (2011), “A four variable refined plate theory for free
vibrations of functionally graded plates with arbitrary gradient”,
Compos.: Part B; 42, 1386-1394.

Benadouda, M., Ait Atmane, H., Tounsi, A., Bernard, F. and
Mahmoud, S.R. (2017), “An efficient shear deformation theory
for wave propagation in functionally graded material beams
with porosities”, Earthg. Struct., 13(3), 255-265.

Bennoun, M., Houari, M.S.A. and Tounsi, A. (2016), “A novel five
variable refined plate theory for vibration analysis of
functionally graded sandwich plates”, Mech. Adv. Mater.
Struct., 23(4), 423-431.

Bessaim, A., Houari, M.S.A., Tounsi, A., Mahmoud, S.R. and
Adda Bedia, E.A. (2013), “A new higher order shear and
normal deformation theory for the static and free vibration
analysis of sandwich plates with functionally graded isotropic
face sheets”, J. Sandw. Struct. Mater., 15, 671-703.

Besseghier, A., Houari, M.S.A., Tounsi, A. and Mahmoud, S.R.
(2017), “Free vibration analysis of embedded nanosize FG
plates using a new nonlocal trigonometric shear deformation
theory”, Smart Struct. Syst., 19(6), 601-614.

Bouafia, K., Kaci, A., Houari, M.S.A., Benzair, A. and Tounsi, A.
(2017), “A nonlocal quasi-3D theory for bending and free
flexural vibration behaviors of functionally graded nanobeams”,
Smart Struct. Syst., 19(2), 115-126.

Bouderba, B., Houari, M.S.A. and Tounsi, A. and Mahmoud, S.R.
(2016), “Thermal stability of functionally graded sandwich
plates using a simple shear deformation theory”, Struct. Eng.
Mech., 58(3), 397-422.

Bouderba, B., Houari, M.S.A. and Tounsi, A. (2013),
“Thermomechanical bending response of FGM thick plates
resting on Winkler—Pasternak elastic foundations”, Steel
Compos. Struct., 14(1), 85-104.

Boukhari, A., AitAtmane, H., Tounsi, A., AddaBedia, E.A. and
Mahmoud, S.R. (2016), “An efficient shear deformation theory
for wave propagation of functionally graded material plates”,
Struct. Eng. Mech., 57(5), 837-859.

Bounouara, F., Benrahou, K.H., Belkorissat, I. and Tounsi, A.
(2016), “A nonlocal zeroth-order shear deformation theory for
free vibration of functionally graded nanoscale plates resting on
elastic foundation”, Steel Compos. Struct., 20(2), 227-249.

Bourada, M., Kaci, A., Houari, M.S.A. and Tounsi, A. (2015),
“Anew simple shear and normal deformations theory for
functionally graded beams”, Steel Compos. Struct., 18(2), 409-
423.

Bousahla, A.A., Benyoucef, S., Tounsi, A. and Mahmoud, S.R.
(2016), “On thermal stability of plates with functionally graded
coefficient of thermal expansion”, Struct. Eng. Mech., 60(2),
313-335.

Bousahla, A.A., Houari, M.S.A., Tounsi, A. and Adda Bedia, E.A.
(2014), “A novel higher order shear and normal deformation
theory based on neutral surface position for bending analysis of
advanced composite plates”, Int. J. Comput. Meth., 11(6),
1350082.

Chen, C.Q., Shi, Y., Zhang, Y.S., Zhu, J. and Yan, Y.J. (2006),
“Size dependence of Young's modulus in ZnO nanowires”,
Phys. Rev. Lett., 96(7), 075505.

Chikh, A., Tounsi, A., Hebali, H. and Mahmoud, S.R. (2017),
“Thermal buckling analysis of cross-ply laminated plates using
a simplified HSDT”, Smart Struct. Syst., 19(3), 289-297.

Draiche, K., Tounsi, A. and Mahmoud, S.R. (2016), “A refined
theory with stretching effect for the flexure analysis of
laminated composite plates”, Geomech. Eng., 11(5), 671-690.

El-Haina, F., Bakora, A., Bousahla, A.A., Tounsi, A. and
Mahmoud, S.R. (2017), “A simple analytical approach for
thermal buckling of thick functionally graded sandwich plates”,
Struct. Eng. Mech., 63(5), 585-595.

Eltaher, M.A., Khater, M.E., Park, S., Abdel-Rahman, E. and
Yavuz, M. (2016), “On the static stability of
nonlocalnanobeams using higher-order beam theories”, Adv.
Nano Res., 4(1), 51-64.

Gao, X.L. and Zhang, G.Y. (2015), “A microstructure- and surface
energy-dependent third-order shear deformation beam model”,
ZAMP, 66(4), 1871-1894.

Gibbs, J.W. (1906), “The scientific papers of J. Willard Gibbs”,
Dover Publications, Inc, New York.

Gurtin, M.E. and Murdoch, A.l. (1975), “A continuum theory of
elastic material surfaces”, Arch. Ration. Mech. Anal., 57(4),
291-323.

Gurtin, M.E. and Murdoch, A.l. (1978), “Surface stress in solids”,
Int. J. Solids Struct., 14(6), 431-440.

Hadji, L., Atmane, H.A., Tounsi, A., Mechab, I. and Adda Bedia,
E.A. (2011), “Free vibration of functionally graded sandwich
plates using four variable refined plate theory”, Appl. Math.
Mech., 32(7), 925-942.

Hamidi, A., Houari, M.S.A., Mahmoud, S.R. and Tounsi, A.
(2015), “A sinusoidal plate theory with 5-unknowns and
stretching effect for thermomechanical bending of functionally



Dynamic analysis of nanoscale beams including surface stress effects 73

graded sandwich plates”, Steel Compos. Struct., 18(1), 235-253.

Hanifi Hachemi Amar, L., Kaci, A. and Tounsi, A. (2017), “On the
size-dependent behavior of functionally graded micro-beams
with porosities”, Struct. Eng. Mech., 64(5), 527-541.

He, J. and Lilley, C.M. (2008), “Surface effect on the elastic
behavior of static bending nanowires”, Nano Lett., 8, 1798-
1802.

He, J., and Lilley, C. M., (2008), “Surface Stress Effect on
Bending Resonance of
Nanowires With Different Boundary Conditions,” Appl. Phys.
Lett., 93,263108.

Hebali, H., Tounsi, A., Houari, M.S.A,, Bessaim, A. and
AddaBedia, E.A. (2014), “A new quasi-3D hyperbolic shear
deformation theory for the static and free vibration analysis of
functionally graded plates”, J. Eng. Mech. - ASCE, 140(2), 374-
383.

Houari, M.S.A., Tounsi, A., Bessaim, A. and Mahmoud, S.R.
(2016), “A new simple three-unknown sinusoidal shear
deformation theory for functionally graded plates”, Steel
Compos. Struct., 22(2), 257 — 276.

Kar, VR. and Panda, S.K. (2015), “Large deformation bending
analysis of functionally graded spherical shell using FEM”,
Struct. Eng. Mech., 53(4), 661-679.

Karami, B., Janghorban, M. and Tounsi, A. (2017), “Effects of
triaxial magnetic field on the anisotropic nanoplates”, Steel
Compos. Struct., 25(3), 361-374.

Khetir, H., Bachir Bouiadjra, M., Houari, M.S.A., Tounsi, A. and
Mahmoud, S.R. (2017), “A new nonlocal trigonometric shear
deformation theory for thermal buckling analysis of embedded
nanosize FG plates”, Struct. Eng. Mech., 64(4), 391-402.

Larbi Chaht, F., Kaci, A., Houari, M.S.A., Tounsi, A., Anwar Bég,
0. and Mahmoud, S.R. (2015), “Bending and buckling analyses
of functionally graded material (FGM) size-dependent
nanoscale beams including the thickness stretching effect”,
Steel Compos. Struct., 18(2), 425-442.

Liu, C., Rajapakse, R.K.N.D. and Phani, A.S. (2011), “Finite
element modelling of beams with surface energy effects”,
ASME J. Appl. Mech., 78, 031014, see also Erratum, (2012),
ASME J. Appl. Mech., 79, 017001.

Liu, L. and Zhang, Y. (2004), “Multi-wall carbon nanotube as a
new infrared detected material”, Sensors Actuat., 116, 394-397.

Maede, R.D. and Vanderbilt, D. (1989), “Origins of stress on
elemental and chemisorbed semiconductor surfaces”, Phys. Rev.
Lett., 63(13), 1404-1407.

Mahi, A., AddaBedia, E.A. and Tounsi, A. (2015), “A new
hyperbolic shear deformation theory for bending and free
vibration analysis of isotropic, functionally graded, sandwich
and laminated composite plates”, Appl. Math. Model., 39(9),
2489-2508.

Menasria, A., Bouhadra, A., Tounsi, A., Bousahla, A.A. and
Mahmoud, S.R. (2017), “A new and simple HSDT for thermal
stability analysis of FG sandwich plates™, Steel Compos. Struct.,
25(2), 157-175.

Miller, R.E. and Shenoy, V.B. (2000), “Size-dependent elastic
properties of nanosized structural elements”, Nanotechnology,
11(3), 139-147.

Mouffoki, A., Adda Bedia, E.A., Houari, M.S.A., Tounsi, A. and
Mahmoud, S.R. (2017), “Vibration analysis of nonlocal
advanced nanobeams in hygro-thermal environment using a
new two-unknown trigonometric shear deformation beam
theory”, Smart Struct. Syst., 20(3), 369-383.

Needs, R.J. (1987), “Calculations of the surface stress tensor at
aluminum (111) and (110) surfaces”, Phys. Rev. Lett., 58(1),.
53-56.

Ould Youcef, D., Kaci, A., Houari, M.S.A., Tounsi, A., Benzair, A.
and Heireche, H. (2015), “On the bending and stability of
nanowire using various HSDTs”, Adv. Nano Res., 3(3), 177-

191.

Qin, C., Shen, J., Hu, Y. and Ye, M. (2009), “Facile attachment of
magnetic nanoparticles to carbon nanotubes via robust linkages
and its fabrication of magneticnanocomposites”, Compos. Sci.
Technol., 69, 427-431.

Reddy, J.N. (2002), “Energy principles and variational methods in
applied mechanics”, Wiley, NewYork.

Reddy, J.N. (1984), “A simple higher-order theory for laminated
composite plates”, J Appl. Mech., 51(4), 745-752.

Saidi, H., Tounsi, A. and Bousahla, A.A. (2016), “A simple
hyperbolic shear deformation theory for vibration analysis of
thick functionally graded rectangular plates resting on elastic
foundations”, Geomech. Eng., 11(2), 289-307.

Sekkal, M., Fahsi, B., Tounsi, A. and Mahmoud, S.R. (2017), “A
new quasi-3D HSDT for buckling and vibration of FG plate”,
Struct. Eng. Mech., 64(6), 737-749.

Shenoy, V.B. (2005), “Atomistic calculations of elastic properties
of metallic Fcc crystal surfaces”, Phys. Rev. B, 71(9), 094104.
Song, F., Huang, G.L., Park, H.S. and Liu, X.N. (2011), “A
continuum model for the mechanical behavior of nanowires
including surface and surface induced initial stresses”, Int. J.

Solids Struct., 48, 2154-2163.

Taibi, F.Z., Benyoucef, S., Tounsi, A., Bachir Bouiadjra, R., Adda
Bedia, E.A. and Mahmoud, S.R. (2015), “A simple shear
deformation theory for thermo-mechanical behaviour of
functionally graded sandwich plates on elastic foundations”, J.
Sandw. Struct. Mater., 17(2), 99-129.

Tounsi, A., Houari, M.S.A., Benyoucef, S. and Adda Bedia, E.A.
(2013), “A refined trigonometric shear deformation theory for
thermoelastic bending of functionally graded sandwich plates”,
Aerosp. Sci. Technol., 24(1), 209-220.

Wang, G.F. and Feng, X.Q. (2009a), “Surface effects on buckling
of nanowiresunder uniaxial compression”, Appl. Phys. Lett., 94,
141913.

Wang, G.F. and Feng, X.Q. (2009b), “Timoshenko beam model for
bucklingand vibration of nanowires with surface effects,” J.
Phys. D: Appl. Phys., 42,155411.

Wang, G.F. and Feng, X.Q. (2007), “Effects of Surface elasticity
and residualsurface tension on the natural frequency of
microbeams,” Appl. Phys. Lett., 90, 231904.

Wong, E.W., Sheehan, P.E. and Lieber, C.M. (1997), “Nanobeam
mechanics: elasticity,strength, and toughness of nanorods and
nanotubes”, Science, 277, 1971-1975.

Xu, F, Qin, Q., Mishra, A., Gu, Y. and Zhu, Y. (2010),
“Mechanical properties of ZnO nanowires under different
loading modes”, Nano Res., 3, 271-280.

Yan, X.B., Chen, XJ. Tay, B.K. and Khor, K.A. (2007),
“Transparent and flexible glucose via layer-by-layerassembly of
multi-wall carbon nanotubes and glucoseoxidase”, Electrochem.
Commun., 9, 1269-1275.

Yazid, M., Heireche, H., Tounsi, A., Bousahla, A.A. and Houari,
M.S.A. (2018), “A novel nonlocal refined plate theory for
stability response of orthotropic single-layer graphene sheet
resting on elastic medium”, Smart Struct. Syst., (In press).

Zemri, A., Houari, M.S.A., Bousahla, A.A. and Tounsi, A. (2015),
“A mechanical response of functionally graded nanoscale beam:
an assessment of a refined nonlocal shear deformation theory
beam theory”, Struct. Eng. Mech., 54(4), 693-710.

Zhang, W.D., Wen, Y., Liu, S.M., Tjiu, W.C., Xu, G.Q. and Gan.
L.M. (2002), “Synthesis of vertically alignedcarbon nanotubes
on metal deposited quartz plates”, Carbon, 40, 1981-1989.

Zhao, C., Song, Y., Ren, J. and Qu, X. (2009), “A DNA
nanomachine induced by single-walled carbon nanotubes on
gold surface”, Biomaterials, 30, 1739-1745.

Zidi, M., Houari, M.S.A., Tounsi, A., Bessaim, A. and Mahmoud,
S.R. (2017), “A novel simple two-unknown hyperbolic shear
deformation theory for functionally graded beams”, Struct. Eng.



74 Djamel Ould Youcef, Abdelhakim Kaci, Abdelnour Benzair, Abdelmoumen Anis Bousahla and Abdelouahed Tounsi

Mech., 64(2), 145-153.

Zidi, M., Tounsi, A., Houari M.S.A., AddaBedia, E.A. and Anwar
Bég, O. (2014), “Bending analysis of FGM plates under hygro-
thermo-mechanical loading using a four variable refined plate
theory”, Aerosp. Sci. Technol., 34, 24-34.

cC





