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1. Introduction 
 

Impedance based structural health monitoring (SHM) 

using piezoelectric wafer active sensor (PWAS) as a sensor 

and actuator is a powerful technique in damage detection 

(Lee et al. 2016, Min et al. 2016, Min et al. 2015, Lim and 

Soh 2013). This method is based on the measurement of the 

electromechanical impedance of piezoelectric patch 

attached to the structure. Liang et al. (1994), showed that 

the electromechanical admittance Y which is an inverse of 

the electromechanical impedance of the PWAS actuator is a 

combined function of the mechanical impedance of the 

PWAS actuator and that of the host structure. Any change in 

the host structure will change the electromechanical 

impedance of the PWAS. In a study carried out by Wang et 

al. (1996), the dependence of the electromechanical 

admittance on the structural impedance is once again 

observed, which confirms a possibility of monitoring 

structural behavior by measuring the electromechanical 

admittance of the PWAS. Wang et al. (1997), investigated 

the deformation compatibility of piezoelectric patches with 

a beam or plate. In SHM using electromechanical 

impedance method, however several theoretical models 

have been developed for undamaged structures (Giurgiutiu 

and Zagrai 2002, Zagrai and Giurgiutiu 2001, Li et al. 2005,  
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Sepehry et al. 2011, Sepehry et al. 2014, Rugina et al. 

2015) but few studies are focused on damaged structures 

(Tseng and Wang 2005, Yan et al. 2007). 

Giurgiutiu and Zagrai (2002) presented a theoretical 

model related to coupling effect between piezoelectric patch 

and beam in which the effect of piezoelectric patch has been 

considered by exerting moment and force on beam. At first, 

they derived the impedance for a constrained piezoelectric 

in which constrains were applied by structure stiffness. 

Then structure stiffness was calculated and substituted in 

impedance equation. Zagrai and Giurgiutiu (2001) analyzed 

a 2-D circular plate analytically and experimentally where 

both axial and flexural components of natural vibrations 

were included. Li et al. (2005) presented the 

electromechanical impedance of thin rectangular plate with 

piezoelectric actuator and used a pair of piezoelectric patch 

to produce pure bending. Sepehry et al. (2014) modeled 

effect of temperature on electromechanical impedance of 

rectangular plate. Rugina et al. (2015) studied effect of 

damage on electromechanical impedance of circular plate 

using FEM. Tseng and Wang (2005) presented a two-

dimensional electromechanical impedance model to predict 

admittance of the PWAS transducer bonded to the plate. 

They presented a model considering square damage on 

plate. Yan et al. (2007) presented a theoretical model for 

undamaged and damaged beam. Damage was modeled by 

exerting change in Young’s modulus in the damaged area. 

In this paper, an electromechanical impedance model is 

derived for simply supported rectangular thin plate with a 

pair of the PWAS patch bonded at top and bottom of the 
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plate in order to detect crack damage. The analytical model 

is based on flexural vibration of the plate. The crack with an 

arbitrary length, depth located in parallel to one side of the 

aluminum plate is generated artificially. The analytical 

model and experiments were carried out first for plate 

without damage and second for damaged plates with crack. 

The electromechanical impedances of PWAS for 

undamaged and damaged plate obtained by theoretical 

model are compared with those obtained experimentally. In 

order to examine effect of crack intensity on 

electromechanical impedance of structure, three different 

damage metrics: Root Mean Square Deviation (RMSD), the 

Mean Absolute Percentage Deviation (MAPD), and 

Correlation Coefficient Deviation (CCD) are used to 

evaluate damage severity quantitatively. 

 

 

2. Electromechanical impedance model 
 

Consider a plate with PWAS patches bonded on both 

sides of it (Fig. 1). The PWAS patches have length of ap, 

width of bp and with hp thickness. The sides of attached 

PWAS are parallel to sides of the plate (Fig. 1). Similar to 

the model presented in (Tseng and Wang 2005), the 

interaction between PWAS and plate is modeled by 

considering an effective structural dynamic stiffness in x 

and y direction exerted on PWAS by plate (Fig. 2). 

 

 

 
(a) 

 
(b) 

Fig. 1 Plate with attached PWAS a) in x-y 

plane, b) in x-z plane 

 

 
Fig. 2 The interaction of two-dimensional PWAS on plate 

The constitutive equations of the PWAS patch are 

 (1) 

Where Sx and Sy are the strains, Tx and Ty are the stress, 

d31 and d32 are the piezoelectric constants in x and y 

directions respectively.  is the dielectric 

constant at zero stress, δ represents the dielectric loss factor, 

and  is the elastic modulus at zero electric 

field,  is the mechanical loss factor and D is the electric 

displacement. 

Equations of motion of the PWAS patch can be 

described by the following equations 

 

(2) 

Where u and v are displacement responses in x and y 

directions respectively, and p is the density of the PWAS 

patch. One can obtain solution of Eq. (2) as 

 

(3) 

Where k is a wave number, ω is the excitation frequency, 

t is time, c1, c2, c3 and c4 are constants to be determined 

applying boundary conditions. Because of symmetrical 

displacement, boundary conditions at the center of PWAS 

are 

and  (4) 

At the boundaries x=ap/2 and y=bp/2, we have 

 (5) 

By applying boundary conditions to Eq. (3), unknown 

constants can be determined as 

 (6) 

Where  

 

(7) 

Where , , 

, and . By substitution of Eq. (3) in 

Eq. (1), the electric current passing through the PWAS 

patch can be obtained 
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(8) 

The electric field in the thickness direction of the PWAS 

is , where V is voltage applying on PWAS. 

Electromechanical impedance of the PWAS patch can be 

determined as 

 
(9) 

where  is the conventional capacitance of the 

PWAS patch. 

 

2.1 Structural stiffness of undamaged plate 

 
Considering simply supported rectangular plate 

vibration by a pair of PWAS patches, the theory of thin 

plates can be adopted (Fig. 3). The equation of motion for 

force vibration of thin plate can be expressed as follow 

 (10) 

where ,  Young’s modules, 

H is thickness, v is poisson's ratio and  and  are 

moments inserted by PWAS on plate and are described by 

 ̅   ̅  [ (    )   (    )][ (    )   (    )]

 ̅   ̅  [ (    )   (    )][ (    )   (    )]
 (11) 

where  and , and 

L(.) is Heaviside step function. 

The solution of Eq. (10) is assumed as follow 

 (12) 

Where are mode 

shape functions of rectangular simply supported plate in 

which a and b are length and width of the plate respectively.  

By substitute Eq. (11) and Eq. (12) in Eq. (10),  can 

be obtained as follow 

 

 

 
Fig. 3 Effect of PWAS pairs by exerted moment on plate 

 

 
(13) 

where , 

, f are damping coefficients, and  

are natural frequencies of 

rectangular plate. 

The relation between the total displacement of the 

PWAS and plate deflection can be expressed as 

 
(14) 

Where up and vp are the total displacements of the PWAS in 

x and y directions respectively. By substitute Eq. (11) in Eq. 

(14), one can obtain the relation between displacements and 

forces as follow 

 

(15) 

where 

 

(16) 

From Eq. (14), the dynamic stiffness of the plate is obtained 

as follow 

 

(17) 

 

2.2 Structural stiffness of damaged plate 
 

Consider a simply supported rectangular plate driven by 

a pair of PWAS and a crack as shown in Fig. 4. The 

coordinates of the crack center are x0 and y0, crack length is 

C and ξ=h/H is crack relative depth at its center. For 

calculate natural frequency and mode shape functions, plate 

is divided in two regions from crack line and vibration of 

two plates is considered. Then vibrations of two separate 

plates are studied by applying consistency of boundary 

conditions. The equation for the free vibration of plate is 

given by (Khadem and Rezaee 2000) 
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Fig. 4 Rectangular plate with finite length 

crack and PWAS patch 
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Consider  and substitute in Eq. 

(18), one may obtain 

 (19) 

Where ζ=x/a and η=y/b are dimensionless coordinates 

in x and y directions, respectively, λ
4
=ρHω

2
/D, and 

ϕ=b/a.The solution of Eq. (19) may be expressed as 

 (20) 

Substitute in Eq. (20) in Eq. (19), the solution of Ym(η) 

for two regions of plate may be expressed as 

 
(21) 

where , , and A1-

A4, B1-B4 are constants. Non-dimensional compliance 

coefficient at the crack center is 

 
(22) 

where h is the depth of crack. The existent of the crack 

cause the slope discontinuity at both side of crack, and is 

calculated as (Khadem and Rezaee 2000) 

 (23) 
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Boundary conditions at the crack location η=η0, may be 

expressed as follow 
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By applying boundary conditions one may obtain 

eigenvalus problem. Mode shape functions may be 

expressed with solving the eigen functions as  
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Eigenvalues λ, are a function of coordinate ζ, and begin 

its maximum value λI at two end of the crack and reaches in 

minimum value λd at the center of crack. λI and λd are 

eigenvalues at ζ=ζ0 and ζ belong to vary at the cracked 

center, respectively. Calculation of λ is time-consuming. For 

this reason, Khadem and Rezaee (2000) used a modified 

comparison functions for approximate eigenvalues as 

follow 
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where c=C/a. One can used energy method to calculate 

natural frequencies. The maximum reference kinetic and 

potential energy of a rectangular plate in dimensionless 

coordinate can be obtained as 
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The stored potential energy at the crack location may be 
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Where ωcmn is natural frequency for cracked plate, and 

Q1 and Q1 are listed in appendix. Substituting w in Eq. (13), 

one can obtain the dynamic stiffness of the cracked plate as 

 

(33) 

Where A1 and A2 are listed in appendix A. 

PWAS impedance of plate structure can be calculated by 

proceeding following steps:  

1. Calculation of dynamic stiffness of plate using Eq. 

(13) for undamaged plate and Eq. (33) for damaged 

plate 

2. Calculation of matrix N using Eq. (7) for undamaged 

and damaged plate. 

3. Calculation of electromechanical impedance of 

PWAS using Eq. (9) for undamaged and damaged plate.  

 

 

3. Results and discussion 

 
The experimental tests are carried out on simply support 

rectangular plates (Fig. 5). Three aluminum plates named 

plate 1, 2 and 3 were selected as test specimens. 

Theoretically obtained data of impedance real parts of 

undamaged as well as damaged plate 1 are compared with 

those of obtained experimentally in order to validate 

theoretical model. To investigate effect of damage intensity 

and location on damage index, experimental tests are 

performed on plate 1, 2 and 3 by generating different 

damage intensities and locations. Each of plates has the 

dimensions of 200×200×3 mm
3
. Elasticity module and 

density of aluminum plate are considered E=68.6×10
9
 Pa, 

and ρ=2707 kg/m
3
 respectively. A pair of PWAS patches 

was symmetrically bonded on the top and bottom surface of 

the plates (Fig. 5). The size of PWAS patch is 10×10×0.278 

mm
3
 and its center is located in x=100 mm and y=155 mm. 

Material properties of the PWAS (PSI 5H4E) are listed in 

Table 1. Impedance measurement of PWAS was carried out 

using an AD 5933 board. 

 

3.1 Validation of theoretical model with experimental 
measurements for undamaged plates 
 

The frequency range of 20-30 kHz is selected to perform 

the experimental tests as a greater dynamic interaction 

between PWAS and structure is obtained with 20-30 peaks 

(Tarazaga et al. 2006). Fig. 6 shows real part of impedance 

for undamaged plates in this frequency range. In Fig. 6, real 

parts of impedances obtained by theoretical model are 

compared wi th those obtained by experimenta l 

measurements. In fact, however two PWAS are attached on 

the top and bottom of plate at same geometrical locations to 

produce only flexural modes but as the dimensions of these 

PWAS and their positions on plate cannot be exactly the 

same, unwanted in-plane natural frequencies can be 

generated in test specimen. This is why some frequency 

peaks in the experimental impedance spectrum are observed 

Table 1 Material properties of the PWAS (PSI 5H4E) 

Property Symbol Value 

In plane compliance  16.1×10
-12

 Pa
-1

 

In plane induced strain 

coefficient 
 -320×10

-12
 m/V 

Dielectric constant  33.63×10-9 F/m 

Density  7800 kg/m3 

 

 
Fig. 5 Photography of plates 1, 2 and 3 with 

attached PWAS patches (undamaged state) 

 

 
Fig. 6 Impedance spectrum obtained by theoretical 

model and by experiments for undamaged plate 

 

Table 2 Natural frequencies obtained by theoretical model 

and by experimental tests for undamaged plate (from 20 to 

30 kHz) 

Experimental 

Freq.(kHz) 

Theoretical 

Freq. (kHz) 

Deviation

% 

Experimental 

Freq. (kHz) 

Theoretical 

Freq. (kHz) 

Deviation

% 

20.31 20.32 0.0492 25.86 25.55 1.2133 

20.84 21.07 1.0915 26.52 - - 

21.99 - - 27.14 27.07 0.2585 

22.13 21.82 1.4207 27.3 27.24 0.2202 

23.02 22.76 1.1423 27.82 27.79 0.1079 

23.58 23.32 1.1149 28.93 28.54 1.3665 

23.96 23.88 0.3350 29.17 - - 

24.62 24.27 1.4421 29.73 29.32 1.3847 

25.7 25.36 1.3406 
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(at 21.99, 26.52 and 29.17 kHz) whereas these frequency 

peaks are not visible in impedance spectrum by theoretical 

model. To compare natural frequencies obtained by 

theoretical model with experimental ones, theirs numerical 

values are given in Table 2. Natural frequencies measured 

by experiments given in Table 2 are the mean of the 

resonance peaks related to three plates 1, 2 and 3. There 

exists acceptable agreement between the theoretical and 

experimental resonance frequencies; the deviation of 

theoretical results from experimental data remains almost 

under 1.44%. 

 
3.2 Validation of theoretical model with experimental 

measurements for damaged plates 
 

Experiments were performed on same aluminum plates 

which are in this step subjected to artificially generated 

crack. First, crack is generated parallel to x axis with its 

center at position x0=100 mm and y0=40 mm on the plate 1. 

This crack has the length of 20 mm and width of 0.8 mm. 

Then, this crack is intensified by increasing the depth of 

crack in three step: h=1, 1.5 and 2 mm. For each depth of 

the crack, measurements were carried out. Fig. 7(a) shows 

the real part of impedance for undamaged and damaged 

plate (plate 1) for frequency range from 20 to 30 kHz. In 

order to make effect of intensifying damage on impedance 

spectrum more visible, this figure is zoomed from 

frequency 26.5 to 29 kHz (Fig. 7(b)). As it was expected, it 

can be seen, presence of crack on plate increases local 

flexibility of the plate at the crack location, and 

consequently natural frequencies decrease. Therefore, real 

part of impedance spectra will shift to the left. By 

increasing the depth of crack, the shift of the natural 

frequencies to left is increased. Though for some 

frequencies, natural frequencies decrease by crack 

generation is not significantly visible (such as at 20.31 and 

24.62 kHz), this is because in these frequencies crack is 

located in nodal point vicinity. In Fig. 8(a), the real part of 

impedances obtained by theoretical model for undamaged 

plate and damaged plate with three different crack depths 

are demonstrated. To make effect of intensifying damage on 

impedance spectrum evident, this figure is zoomed from 

frequency 26.5 to 29 kHz (Fig. 8(b)). Similar to the natural 

frequencies measured by experiments, crack generation will 

shift the natural frequency to the left and intensifying this 

crack by increasing its depth will increase this shift. 

Decreasing natural frequencies by crack depth increasing 

was expected because in fact generation of crack and 

increasing crack depth will decrease structural stiffness 

based on Eq. 33. Similar to experimental results, at some 

frequencies such as 20.32 and 24.27 kHz, this shift is not 

significantly obvious. The related numerical data is given in 

Table 3. By generation of crack and intensifying this crack, 

same trends can be observed for natural frequencies 

obtained by theoretical model and experiments. 

 

3.3 Effect of damage location and intensity on 
damage index 

 

In order to examine effect of damage location and 

 
Fig. 7 Impedance real part obtained by experiments 

for undamaged plate 1 and damaged plate 1 with 

three different depth of cracks h=1, 1.5 and 2 mm 

(a) 20 to 30 kHz (b) 26.5 to 29 kHz 

 
Table 3 Natural frequencies obtained by theoretical model 

and by experimental tests for damaged plate 1 (from 20 to 

30 kHz) 

 
Experimental 

Freq. (kHz) 

Theoretical 

Freq. (kHz) 
Deviation% 

h=1 mm 27.79 27.76 0.107 

h=1.5 mm 27.76 27.73 0.108 

h=2 mm 27.72 27.70 0.072 

h=1 mm 27.28 27.22 0.219 

h=1.5 mm 27.25 27.20 0.183 

h=2 mm 27.24 27.18 0.220 

h=1 mm 20.31 20.32 0.049 

h=1.5 mm 20.31 20.32 0.049 

h=2 mm 20.30 20.31 0.049 

 
 
intensity on damage index, three plates 1, 2 and 3 are 

selected as test specimens. As first step, the tests are carried 

out on undamaged plates to investigate the similarity of 

impedance spectrum. As it can be seen in Fig. 9, however 

the test specimens have been cut from unique plate with 

same dimensions but the impedance spectrum is not exactly 

similar and there exists an initial differences between these 

undamaged plates: the natural frequencies obtained by 

experimental tests differ almost up to 1.1% for these plates. 

This is due to not only uncertainties in plate dimensions but 

also to uncertainties in PWAS dimensions and locations on 

these plates. 

In the second step, in order to examine the effect of 

damage location, first three initial cracks parallel to  x
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axis are artificially generated and centered at different 

positions (Fig. 10 and Table 4). Damages on plate 1 and 3 

have farthest and nearest distance to PWAS respectively. 

Then to study the effect of damage intensity, the initial 

generated cracks on these plates are intensified by 

increasing the depth of crack in three steps: h=1, 1.5 and 2 

mm. For each location and depth of the crack,  

 

 

 
Fig. 8 Impedance real part obtained by theoretical 

model for undamaged plate and damaged plate with 

three different depths of cracks h=1, 1.5 and 2 mm 

(a) 20 to 30 kHz (b) 26.5 to 29 kHz 

 

 
Fig. 9 Real part of PWAS impedance obtained by 

experiments for undamaged plates 1, 2 and 3 

 

Table 4 Damage locations on Plate 1, 2 and 3 

Plate # 
Damage position (mm) Distance to PWAS 

(mm) x y 

1 100 40 115 

2 100 80 75 

3 100 120 35 
 

 
Fig. 10 Photography of damaged plates 1, 2 and 3 with 

attached PWAS patches 

 

 

measurements were carried out. While impedance spectrum 

provides a qualitative approach for damage identification, a 

scalar quantity can be useful to compare impedance spectra 

and evaluate severity of damage. For this purpose, three 

different damage indexes widely used in SHM (Giurgiutiu 

2005), are proposed and used in this study. Root mean 

square deviation (RMSD), the mean absolute percentage 

deviation (MAPD), and correlation coefficient deviation 

(CCD) are introduced here to compare damage severity 

quantitatively which can be determined as follow 

 
(34) 

Where N is the number of frequencies in the spectrum, 

and subscripts 1 and 2 express undamaged and damaged 

state of the structure respectively. σZ,1 and σZ,2 signify 

standard deviations. After carrying out the experimental 

tests on damaged plates, the damage indexes presented by 

Eq. (33) are calculated. The data processing results in 

frequency range 20- 30 kHz are listed in Table 5. It can be 

observed that whatever RMSD, MAPD and CCD is 

selected, the resulted damage indexes increase with 

increasing depth of the crack in each plate. For convenient, 

damage indexes are plotted in Fig. 11. By comparing 

damage indexes given in Table 5, one can deduced that 

decreasing damage distnace to PWAS affects RMSD and  

 

 

Table 5 Damage index for three plates and three depth of 

crack 

  
Plate1 

  
Plate2 

  
Plate3 

 
Depth  

of crack 

(mm) 

1 1.5 2 1 1.5 2 1 1.5 2 

RMSD 0.2958 0.3605 0.4084 0.1826 0.2153 0.2766 0.2016 0.2136 0.2288 

MAPD 0.0784 0.1287 0.1325 0.0597 0.0723 0.0922 0.0695 0.0709 0.1031 

CCD 0.2681 0.392 0.4896 0.1986 0.2291 0.3453 0.1833 0.2019 0.2464 
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Fig. 11 Damage indexes for (a) plate 1, (b) plate 2, and 

(c) plate 3 

 

 
Fig. 12 CCD damage index for severity of crack 

 
 
MAPD indexes following non justified behavior and almost 

show a random trend. While by decreasing the crack 

distance to PWAS (from plate 1 to plate 3), based on 

experimental results, CCD can be used as an adequate 

damage index to detect damage severity in SHM (Fig. 12). 
 
 
4. Conclusions 
 

In this paper, electromechanical impedance model is 

proposed and developed for undamaged and damaged 

simply supported rectangular thin aluminum plates. This 

model is based on flexural vibration of the plate. The 

theoretical model for electromechanical impedance of 

PWAS for both undamaged and damaged plate are validated 

by comparison of theoretical results with experimental ones.  

Theoretical and experimental results on cracked plate 

show that by increasing crack depth, impedance spectra 

vary by decreasing of structural natural frequency. At some 

frequencies, natural frequency decrease is not significant; 

this is because in these frequencies crack is located in nodal 

point vicinity. RMSD, MAPD and CCD as damage metrics 

are used to detect damage severity. Comparing these 

damage indexes based on experimental results demonstrates 

that increasing crack depth can be detectable by CCD.  

The proposed models can be used to investigate the 

effect of boundary conditions, environmental conditions 

such as temperature variation, environmental vibration 

electromechanical impedance response of plates. The 

theoretical and experimental results indicate that 

electromechanical impedance method with adequate 

damage metric can be a powerful technique with high 

sensitivity to crack generation and crack intensity in plate 

structures. 
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