
 
 
 
 
 
 
 
Smart Structures and Systems, Vol. 16, No. 5 (2015) 891-918 
DOI: http://dx.doi.org/10.12989/sss.2015.16.5.891 

Copyright © 2015 Techno-Press, Ltd. 
http://www.techno-press.org/?journal=sss&subpage=8         ISSN: 1738-1584 (Print), 1738-1991 (Online) 
 
 
 

 
 
 
 

A comprehensive analysis on the discretization method of the 
equation of motion in piezoelectrically actuated microbeams 

 
M. Zamanian∗, M.P. Rezaei, M. Hadilu and S.A.A. Hosseini 

 
Department of mechanical engineering, Faculty of engineering, Kharazmi University,  

P.O. Box 15719-14911, Tehran, Iran 
 

(Received September 29, 2014, Revised May 18, 2015, Accepted May 31, 2015) 
 

Abstract.  In many of microdevices a part of a microbeam is covered by a piezoelectric layer. Depend on the 
application a DC or AC voltage is applied between upper and lower side of the piezoelectric layer. A common 
method in many of previous works for evaluating the response of these structures is discretizing by Galerkin 
method. In these works often single mode shape of a uniform microbeam i.e. the microbeam without 
piezoelectric layer has been used as comparison function, and so the convergence of the solution has not been 
verified. In this paper the Galerkin method is used for discretization, and a comprehensive analysis on the 
convergence of solution of equation that is discretized using this comparison function is studied for both 
clamped-clamped and clamped-free microbeams. The static and dynamic solution resulted from Galerkin 
method is compared to the modal expansion solution. In addition the static solution is compared to an exact 
solution. It is denoted that the required numbers of uniform microbeam mode shapes for convergence of static 
solution due to DC voltage depends on the position and thickness of deposited piezoelectric layer. It is shown 
that when the clamped-clamped microbeam is coated symmetrically by piezoelectric layer, then the 
convergence for static solution may be obtained using only first mode. This result is valid for clamped –free 
case when it is covered by piezoelectric layer from left clamped side to the right. It is shown that when voltage 
is AC then the number of required uniform microbeam shape mode for convergence is much more than the 
number of required mode in modal expansion due to the dynamic effect of piezoelectric layer. This difference 
increases by increasing the piezoelectric thickness, the closeness of the excitation frequency to natural 
frequency and decreasing the damping coefficient. This condition is often indefeasible in microresonator 
system. It is concluded that discreitizing the equation of motion using one mode shape of uniform microbeam 
as comparison function in many of previous works causes considerable errors. 
 

Keywords:  microbeam; piezoelectric actuation; Galerkin method; convergence 
 
 
1. Introduction 
 

The microelectro-mechanical systems (MEMS) have the low cost, the low power consumption, 
the high reliability and manufacturability, and the enabling single chip advantages. So, nowadays 
they are widely being used in high sensitive sensors and actuators (Gopinathan et al. 2007). A major 
material used in these devices is smart piezoelectric material. Piezoelectricity refers to the ability of 
a material to convert the applied electrical potential into mechanical stress or strain and vice versa. 
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It is well suited for MEMS, because, piezoelectric materials are able to generate very accurate small 
motions. Furthermore, one important feature of piezoelectric actuators is high force transition (Simu 
and Johansson 2002). Often the piezoelectric material is deposited on a part of clamped-clamped or 
clamped-free microbeam made from Silicon or Silicon Carbide material. Silicon is the preferred 
material because of its excellent thermal and mechanical properties (small thermal expansion, high 
melting point, high toughness, and brittleness with no plastic behavior or hysteresis) (Younis 2011). 
Depending on the application, a DC or AC voltage may be applied between upper and lower sides 
of piezoelectric layer (Li et al. 2006) (Abramovich 1998) (Mahmoodi and Jalili 2007). In 
microresonator applications with clamped-clamped structure, often, a DC input is used along with a 
AC input to remove remnant polarization in the piezoelectric material. When piezoelectric layer is 
powered with a voltage source, an electric field is generated across and perpendicular to the 
piezoelectric layer. This causes an elongation and strain across the length of the piezoelectric layer. 
Because it is bonded to the flexible microbeam, the whole structure bends (Younis 2011 ).  

In the literature, Galerkin method has been used to discretize a partial differential equation or to 
change an ordinary boundary value problem to an algebraic equation. The former change is used 
when the dynamic solution due to AC actuation is to be evaluated, and the latter is used when the 
static solution due to DC actuation is to be evaluated. Furthermore, other procedures such as finite 
element method can be provided to discretize the system (Preidikman et al. 2006).Galerkin method 
considers the differential equation solution as a series of comparison functions which satisfy all the 
geometric and dynamic boundary conditions of the problem. In the first following paragraph, the 
important works on piezoelectrically actuated microbeam in which the uniform microbeam mode 
shapes have been used as comparison functions are presented. In the second paragraph, the works 
that used the no-uniform microbeam mode shape are introduced. It is noted that when the term “non-
uniform microbeam mode shape” is used it means the mode shape of microbeam by considering its 
discontinuity in the cross section induced by deposited piezoelectric layer.  

Mahmoodi and Jalili (2007, 2010) derived the nonlinear equation of motion of piezoelectrically 
actuated microcantilever under AC actuation with inextensibility assumption. In the discretization 
of the equations of motion, they used a single mode as comparison function, and solved the resulted 
initial value problem using the multiple scale perturbation method. The corresponding equation of 
motion of a piezoelectrically driven microcantilever in the presence of the biological monolayer has 
been discretized by Mahmoodi et al. (2007). The flexural –torsional discretized equation of 
piezoelectrically actuated microcantilever has been presented by Mahmoodi and Jalili (2008) . The 
discretized equations by Mahmoodi et al. (2007) and Mahmoodi and Jalili (2008) have been solved 
numerically. Zamanian et al. (2008) considered the static deflection of the clamped-clamped 
microbeam covered by a piezoelectric layer. They used three mode shapes of uniform microbeam as 
comparison functions when the piezoelectric layer is symmetrically deposited on microbeam. Five 
mode shapes were used by Raeisi Fard et al. (2013) in order to study the static deflection of a 
microcantilever coated by piezoelectric layer. Shooshtari et al. (2012) discretized the motion 
equation of an AC piezoelectrically actuated viscoelastic microcantilever. Then the discretized 
equation has been solved by multiple scale perturbation method using a single mode comparison 
function. Rezazadeh et al. (2009) investigated both of clamped-clamped and cantilever microbeam 
that have on their entire surface a pair of piezoelectric layers under DC voltage. Ghazavi et al. (2009) 
applied Galerkin method to the motion equation of a microcantilever sandwiched at the entire 
surface with piezoelectric layer under combined AC- DC voltage. The governing equations of 
piezoelectric laminated free-free or clamped-clamped microbeam that is under the influence of 
capacitive electrostatic load in one or two opposite directions have been discretized by Azizi et al. 
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(2011, 2013) and Chen et al. (2013). 
In this paragraph, the works that used the non-uniform microbeam mode shape as comparison 

function are introduced. Dick et al. (2006) approximated the vibration of a clamped-clamped 
piezoelectrically actuated microresonator considering a single mode. It has been assumed that 
piezoelectric layer is deposited on the entire length of microbeam. In addition, two electrode patches 
which cause discontinuity in the microbeam cross section have been assumed to be deposited 
symmetrically on the left and right side of piezoelectric layer. Bashah et al. (2008) analyzed the 
forced vibration of a flexible Euler-Bernouli beam with step change in the cross section which also 
occurs in piezoelectricaly actuated microresonators. Korayem and Ghaderi (2013) considered 
vibration response of a piezoelectrically actuated microcantilever subjected to tip-sample interaction. 
They separated the equation of motion using a single mode comparison function and then solved it 
by multiple scale perturbation method. 

The literature review shows that when the voltage is AC then a single mode shape of uniform 
microbeam has been used as comparison function without study about the convergence (Mahmoodi 
and Jalili 2007,2010) (Shooshtari et al. 2012). Although a comparison between theoretical result and 
experimental result at primary resonance has been presented by Mahmoodi and Jalili (2007) but it 
has two limitations. The first limitation is the comparison of time histories for a short duration time 
at the start of vibration, from 0 to 0.1 milisecond, i.e., when it is approximately free vibration. The 
second limitation is that it was compared for a special sample test, and so different positions of the 
piezoelectric layer were not studied. In some theoretical works the piezoelectric layer has been 
assumed to be deposited on the entire length of microbeam i.e. the cross section of microbeam has 
been considered uniform (Rezazadeh et al. 2009) (Ghazavi et al. 2009). In some works, the non-
uniform microbeam mode shape has been used as comparison function, and so the convergence 
using uniform microbeam mode shape has not been studied (Dick et al. 2006) (Korayem and Ghaderi 
2013). Although by Korayem and Ghaderi (2013), the frequency response function, FRF, has been 
compared to FRF given by uniform microbeam mode shape as comparison function, but it was only 
using one uniform comparison function. Moreover, the literature review shows that the static 
deflection due to DC voltage has not been given by the Galerkin method using the non-uniform 
microbam mode shape as comparison function (Zamanian et al. 2008) (Raeisi Fard et al. 2013).  

It must be noted that since the previous works considered the equation of motion as nonlinear so 
the convergence was difficult to be studied. So, in this paper the equation of motion is derived with 
linear assumption. A comprehensive analysis on the convergence of Galerkin method using uniform 
microbeam mode shape is studied for both clamped–clamped and clamped-free microbeam. The 
convergence of Galerkin method solution for AC and DC piezoelectric actuation is considered by 
comparing the results to the results of modal expansion solution. It is noted that since the equation 
of motion is linear, the modal expansion solution is equivalent to the Galerkin method when non-
uniform microbeam mode shape is used as comparison function. The convergence of static solution 
is verified by comparing the result to the exact solution. The effects of frequency of excitation, 
coefficient of external damping, location, length and the thickness of piezoelectric layer on 
convergence are determined. If using one uniform comparison function a good approximation 
solution obtains for linear equation, then it may be said that the previous nonlinear analysis is also 
accurate. 
2. Modeling and formulation 

 
   The system model is a clamped–clamped and clamped-free microbeam which is coated by a 
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piezoelectric layer as shown in Figs. 1(a) and 1(b). The left and right ends of piezoelectric layer are 
at distance 𝑙ଵ and 𝑙ଶ from the left support of the microbeam, respectively. A DC or AC voltage P 
as 𝑃௜஼cos (𝛺𝑡) is applied to piezoelectric layer, where𝑃௜஼ , 𝛺 and 𝑡 denote amplitude, frequency 
and time. When voltage is DC then  𝑃௜஼ = 𝑃஽஼  and 𝛺 = 0, and when voltage is AC then 𝑃௜஼ =𝑃஺஼  and 𝛺 ≠ 0. 

The Hamilton principle is used to extract the equations of motion, and so the kinetic and potential 
energies must be constructed. The kinetic energy, T, is constructed as 

( ) 2

0

1  
2

l

T m s w ds=  

     (1)
 

where l is the length of the microbeam, the dot sign indicates differentiation with respect to time, t, 
and 𝑚(𝑠) is mass per unit length, i.e. 

( ) ( )( )1 2b b b l l p pm s w t H H tρ ρ= + −
                     (2)

 

where 𝑤௕ is the width of the microbeam and the piezoelectric layer, 𝑡௕and 𝑡௣ are the thickness of 
the based microbeam and piezoelectric layer, respectively. In addition  𝜌௕ and 𝜌௣ are the mass 
densities of the based microbeam and the piezoelectric layer, respectively. The expression of  𝐻௟೔  
is Heaviside function which is defined according to the longitudinal position as 

1
( ) 1,2  .

0i

i
l i

i

s l
H Heaviside function s l i

s l
≥

= − = = <               (3)
 

The piezoelectric layer is not attached to the entire length of the microbeam. In the part where 
there is no piezoelectric layer, the neutral axis is the midline of the microbeam cross section. In the 
part where the piezoelectric layer is attached, the neutral axis is at distance 𝑧௡̅ from the midline of 
based microbeam cross section as follow 

)(2
)(

ppbb

bppp
n tEtE

tttE
z

+
+

=
                               (4)

 

where 𝐸௕  and 𝐸௣  are the elasticity modulus of the microbeam and the piezoelectric layer, 
respectively. Here, the electrical displacement is one dimensional; therefore, the relation between 
stress and strain for the microbeam and piezoelectric layer may be constructed as follows 
(Mahmoodi et al. 2007) 

31 ,p p p
p

PE E d
t

σ ε= −
                          (5)

 

b bEσ ε=    
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(a) (b) 

 

(c) 
 

(d) 

 
Fig. 1 (a) clamped-clamped model, (b) cantilever model, (c) the system cross section when 𝑙ଵ ൑ 𝑠 ൑ 𝑙ଶ , 

(d) free body diagram of a deflected element of microbeam
 
 

where  𝜎௣ and  𝜎௕ are the axial stresses of the piezoelectric layer and the microbeam, respectively. 
Moreover 𝑑ଷଵ is the transversal piezoelectric strain coefficient, and 𝜀 is the strain in the cross 
section of the system. Here it is assumed that the microbeam is subjected to pure bending, and so 
the strain may be written as follow (Hagedorn and DasGupta 2007) 

zε κ= −  
where κ is the curvature bending of the microbeam in the sz-plane, which is obtained as follows 

( )cos sin
sin cos  =  

d i jdT i j
ds ds

θ θ
κ θ θ θ θ θ

× + ×
′ ′ ′= = = − × + ×

 
 

 (7)

 

where T


 is the unit vector that shows the direction of deflected element, and θ  is the angle of 
element with respect to horizontal direction shown in Fig. 1(d). According to Fig. 1(d) 

1  ,  cos 1    tan tansin w w wdw
ds

θ θ θθ −′ ′ ′=  =  == =
           (8)

 

where the over prime denotes the derivative with respect to s  in all the equations. By employing 
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the Taylor series expansion of θ and dropping the nonlinear term, Eq. (7) yields 

.wκ ′′=                                   (9) 

The strain potential energy of the system, V , may be obtained as follows 

0 0b p

b b p p
V V

V d dV d dV
ε ε

σ ε σ ε= +   
 

( ) ( )1 1 2

2 2

0 0 0 0
2 2

1

b b
n

b b
n

t t zl l

l b b l l b b
t t z

H w d d z ds H H w d d z ds
ε ε

σ ε σ ε
−

− − −

= − + −     
 

( )1 2 2

2 2

0 0 0 0
2 2

b b
n p

b b
n

t tz tl l

l l p b l b b
t tz

H H w d d z ds H w d d z ds
ε ε

σ ε σ ε
− +

− −

+ − +     
  (10)

 

where 𝑑𝑉௕and 𝑑𝑉௣ show the volume differential element of the microbeam and the piezoelectric 
layer, respectively. To simplify Eq. (10), first, one must substitute Eqs. (5) and (6) into Eq. (10) and 
then integrate the resulting expression. In final one obtains 

( ) 2

0 0

1 ( )
2

l l

V C s d s C s P d sη γκ κ= + 
           (11)

 

where 

( ) ( ) ( ) ( )1 2 2 21 11  ,bl b b l l b l l p p l b bC s H E I H H E I H H E I H E Iη = − + − + − +  

( ) ( )1 2

31 ,p p
l l

p

E d A
C s H H

tγ = −  

3

 ,
12
b b

b
w tI =

 
3

2  ,
12
b b

b b b n
w tI t w z= +

 

( )2  ,22
b

p p p p nb
wA t t t t z= + −
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( )2 2 3 2 21 3 3  .
3 4 2p b n p p b p n p b p p bI w z t t t t z t t t t t  = − + + + +  
        (12)

 

Applying the Hamilton principle 

( )( )
2

1

0
t

F
t

T V W dtδ δ− + =
                         (13)

 

In the above, 𝛿𝑊ி is the virtual work related to damping force as 

F EW c w wδ δ=                                (14) 

where 𝑐ா is the coefficient of external viscous damping. Differential equation of motion for both 
the clamped-clamped and cantilever microbeam in the transverse direction is given as follows 

( ) ( )( ) ( )( ) 0 .Em s w c w C s w P C sη γ
′′ ′′′′+ + + = 

                 (15)
 

In addition, the associated boundary conditions for clamped-clamped microbeam are 
and for clamped-free are 

0 0
0, 0,

s s
w w

= =
′= =

   
0, 0 

s l s l
w w

= =
′= =

                (16) 

and for clamped-free are 

0 0
0,    0,

s s
w w

= =
′= =

  
0, 0 .

s l s l
w w

= =
′′ ′′′= =

              (17) 

To transform the equation into a dimensionless form, the following new variables are introduced 

4

 ,  ,  ,      .b b b

b b b

w t lw s tv x T
t l T E I

ρτ= − = = =
              (18)

 

So, the dimensionless form of Eq. (15) will be 

( ) ( )
1 2

2 2 2 2

2 2 2 2 0l l
l l

v v v dm x c H x P H H
x x dx

α
τ τ

 ∂ ∂ ∂ ∂  + + − − =   ∂ ∂ ∂ ∂              (19)
 

where 

( )
1 2

1  ,p p
l l

l l b b

t
m x H H

t
ρ
ρ

 = + − 
 

 

( )
1 1 2 1 2 2

1  ,b p p
l l l l l l

l l l l l lb b b

E IIH x H H H H H H
I E I

     = − + − + − +     
     
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2
31 ,p p

b b p b

E d A l
E I t t

α =  

4

.E
b b b b b

lc c
w t E Iρ

 
=  

                           (20)
 

It is noted that 𝛼P is dimensionless measure for the bending moment due to the piezoelectric 
effect. Moreover, the associated boundary conditions in non-dimension form for Clamped-clamped 
microbeam are 

0
0

0, 0,
x

x

vv
x=

=

∂= =
∂   

1
1

0, 0 
x

x

vv
x=

=

∂= =
∂               (21)

 

and for cantilever microbeam is 

0
0

    0,   0,
x

x

vv
x=

=

∂= =
∂  

2 3

2 3
1 1

0, 0 .
x x

v v
x x= =

∂ ∂= =
∂ ∂            (22)

 

It is noted that the equations of motion are derived without considering any axial loads. Hence it is 
assumed that the structure does not experience buckling, due to the absence of axial forces. However, 
in practice, a constant axial force may be produced along the length of clamped-clamped microbeam 
due to the residual stress during manufacturing process (Dick et al. 2006). Therefor in this situation, 
the system may be under buckling due to this axial load (Li and Balachandran 2006). 

 
 

3. Exact static deflection 
 
By setting the differentiation of displacement with respect to time equal to zero in Eq. (19) and 

by setting  P୧େ = Pୈେ, Ω = 0 , the differential equation of static deflection vୱ will be 

( )
1 2

22 2

2 2 2 0 .s
DC l l

l l

d vd dH x P H H
dx dx dx

α
   − − =   

                  (23)
 

Now, Eq. (23) is integrated two times, so 

( )
1 2

2

1 22
s

DC l l
l l

d vH x P H H C x C
dx

α  − − = + 
                   (24)

 

where 1C and 2C are the constants of integrating. To solve the above equation 𝑣௦ is considered as 
fallow 

1 1 1 2 2 2 3
1s l s l l s l s

l l l l
v H v H H v H v     = − + − +     

                      (25)
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where 𝑣௦భ , 𝑣௦మand 𝑣௦యare the static deflection of microbeam at the part of )//(),/0[ 211 llllll
and ]/( 2 lll , respectively. Substituting Eq. (25) into Eq. (24), the associated differential equation 
to any part of the microbeam achieves. So the differential equation at the first part, i.e., )/0[ 1 ll
becomes 

1

1

2
3 2

1 2 1 2 3 42
1 1   C x + C x +C x+C  .
6 2

s
s

d v
C x C v

dx
= +  =

            (26)
 

For the second part, i.e. )//( 21 llll  one obtains 

( )

2

2

2

1 22

3 2
1 2 5 6

  

 1 1 1C x + C x +C x+C
6 2

sp pb
DC

b b b

s DC
p pb

b b b

d vE II C x C P
I E I dx

v P
E II

I E I

α

α

 
+ = + + 

 
  = +    + 

          (27)

 

and the differential equation governed on the last part, i.e., ]/( 2 lll  becomes 

3

3

2
3 2

1 2 1 2 7 82
1 1   C x + C x +C x+C
6 2

s
s

d v
C x C v

dx
= +  =

             (28)
 

where , 3..8iC i =  are unknown coefficients. The boundary conditions for clamped-clamped and 
clamped-free microbeam is identical to Eqs. (21) and (22), respectively. The only difference is that 
here v must be replaced by vୱభ  in x=0 and by 𝑣௦య  in x=1. By substituting the boundary conditions 
and the following continuity conditions into Eqs. (26) and (27) a system of algebraic equations is 
obtained.  

  
(29)

 
Solving the outcome equations, the coefficients , 1..8iC i =   are given. By substituting the 

coefficients of , 1..8iC i =  into Eqs. (26)-(28) and then applying Eq. (25), an exact solution is found 
for static deflection. 

 
 

4. Galerkin method solution 
 
In Galerkin method the solution of Eq. (19) can be expressed as 

2

1 2
1 21 1 1 1

32
2 3 2 2 2

/ / / /

/ / / / .

, ,

,

s s
s sx l l x l l x l l x l l

ss
s sx l l x l l x l l x l l

v v
v v

x x
vv

v v
x x

= = = =

= = = =

∂ ∂
= =

∂ ∂
∂∂

= =
∂ ∂
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1
( , ) ( ) ( )

M

i i
i

xv a xτ τ
=

= Φ
                          (30)

 

where Φ୧(x)  is the ith comparison function which should satisfy all dynamic and geometry 
boundary conditions, M represents the number of comparison functions, and a୧(τ)  is the 
corresponding unknown generalized coordinate. It is noted that in this section, the mode shape of 
uniform microbeam is used as comparison function. By substituting Eq. (30) into Eq. (19), 
multiplying the outcome by Ф௝(𝑥) , and integrating the results from x=0 to x=1, a set of coupled 
ordinary-differential equations are derived as 

    

( )

1 2

1

1 2

2
0

12

2
0

1

0

1 22

2 2
0

      

 

( ) 0 .

( ) ( ) ( ) ( )

( ) ( ) ( )

( ) + ( ) ( )       

M

j
i

AC j l l
l l

i
j i

i
j i

i
i j
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d
P x H H dx

dx

d a m x x x dx
d

dac x x dx
d

d xda x H x dx
dx dx

α

τ
τ

τ
τ

τ

=

=

−

+

Φ − =


Φ Φ



Φ Φ

 ΦΦ  
  

 
 
 











              (31)

 

Derivative of Heaviside function in the integration causes an enormous calculation error in 
mathematical application. Therefore the derivative of Heaviside function is eliminated using the 
integration by part. It is noted that for an arbitrary continuous function f(x) one can write 

( ) ( )
2

2 ( )
=

− = −
x a

X
d dff Heaveside x a dx
dx dx                 (32)

 

where a is a point between the domain of [0..l]. Integrating by parts from Eq. (31), in addition, by 
considering the orthogonally conditions for comparison functions, here uniform microbeam mode 
shape, and applying the boundary conditions, the process is completed as 

( )
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2 1

2
1 0

2 21

2 2
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Solving set of above differential equations, the generalized coordinate a୧(τ)  are obtained. By 
substitution a୧(τ) into Eq. (30) the approximate solution of Eq. (19) is obtained.  

If one set DCPP ==Ω ,0 , and let the terms including derivative with respect to time, τ  , to be 
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equal to zero in Eq. (33) then the static solution would be obtained. It is noted that by these 
assumptions, the generalized coordinate )(τia will be as an algebraic coefficient ia independent of 
time. 

Here the uniform microbeam mode shapes are considered as comparison function. The mode 
shape of a clamped-clamped and cantilever uniform microbeam is 

( ) ( ) ( ) ( )1 2 3 4cosh sinh cos sin

                                                                                            1..  .

 ,i i i i i i i i iC x C x C x C x

i M

β β β βΦ = + + +

=          (34)
 

By applying the boundary conditions of microbeams the associated constant coefficients are 
obtained. In Eq. (34) 𝛽௜ are related to natural frequencies and can be calculated from the following 
equations 

0=1-)cosh()cos( ii ββ  
0=)cosh()cos(+1 ii ββ                          (35) 

where the former equation is for clamped-clamped microbeam and the latter is for microcantilever 
microbeam.  
 
 
5. Modal expansion solution 

 
In this method the solution is expanded as series (30). The only difference is that Ф௜(𝑥) is the 

exact mode shape of system. The mode shapes of the microbeam considering the geometric effect 
of piezoelectric layer are achieved by solving the homogenous part of Eq. (19). Since the microbeam 
is divided into three segment, the mode shapes of systems are achieved as follow 

( ) ( ) ( ) ( )
1 1 2 21 2 31  .l l l l

l l l l
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where ω  is free vibration natural frequency and 𝐶௜ are constant coefficients that are computed 
by applying boundary conditions and the continuity conditions.  
By applying a similar process to the process applied in section 4 one can write 
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where index norm denotes to the normalized mode shape. The unknown generalized coordinate a୧(𝜏) are obtained by solving the above ordinary differential equations. Same as previous section, 
static deflection and dynamic solution may be evaluated.  
 
 
6. Result and discussion 

 
Firstly, it is assumed that DCPP ==Ω ,0  i.e., the voltage is considered as DC. At this condition, 

the static deflection of clamped-clamped and cantilever microbeam are evaluated for three different 
positions and two thickness of piezoelectric layer. Then, the voltage is considered AC and these 
effects are studied by considering the mass inertia, excitation frequency and damping coefficient. 
The following geometric and mechanical properties which are the properties of Silicon and PZT5A 
are used (Wang et al. 2007). In addition the abbreviation described in Table 2 are used in order to 
concise the legend of figures. 

 
 

Table 1 Geometrical and mechanical properties of considered microbeam 

L 

(μm) 

Eୠ 

(Pa) 

E୮ 

(Pa) 

𝜌௕ 

(kg𝑚ିଷ) 

𝜌௣ 

(kg𝑚ିଷ) 

𝑑ଷଵ 

(mvoltିଵ) 

𝑃஽஼ 

(volt) 

𝑃஺஼ 

(volt) 

200 160× 10ଵଵ 

67× 10ଵଵ 

2300 7700 -1. 75× 10ିଵ଴ 

5 0.01 

 
 

Table 2 Abbreviation used in the legend of figures 
Abbreviation Description 

ASD1 Approximate static deflection using uniform microbeam mode shape as comparison 
function 

ASD2 Approximate static deflection using non-uniform microbeam mode shape as comparison 
function 

ESD Exact static deflection
ADD Approximate dynamic deflection using uniform microbeam mode shape as comparison 

function 
EDD Exact dynamic deflection given by modal expansion

 
6.1 Static deflection  
 
The results for static deflection are shown in Figs. 2-8. Each figure includes a main part and two 
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adjoin parts. The adjoin diagrams shows that how the convergence occurs. The green adjoin diagram 
that is located at left side of figures, relates to the use of uniform microbeam mode shape and the 
blue diagram that is located at right side relates to the use of non-uniform microbeam mode shape 
as comparison function. The final converged responses and the exact solution has been plotted in 
main diagram. 

It is observed from Fig. 2 that when a thin piezoelectric layer is deposited on the clamped-
clamped microbeam from its clamped side to its middle part, then the Galerkin method converges 
to the exact solution using seven uniform microbeam mode shapes as comparison function. In 
addition, it shows that the convergence occurs with using three mode shapes of non-uniform 
microbeam as comparison function. It means that the required number of non-uniform microbeam 
mode shape for convergence is less than the required number of uniform microbeam mode shape.  

If the geometry of system is symmetric it is expected that static deflection to be symmetric. 
Therefore, the symmetric mode shapes are only used as comparison function. In practice, the 
coefficients of asymmetric mode shapes are obtained about zero and will be negligible.  

 
 

 
Fig. 2 The static deflection of clamped-clamped microbeam with 𝑡௣ = 0.5𝑡௕ , 𝑙ଵ = 0  and 𝑙ଶ = 0.5𝑙 

calculated using three methods 
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Fig. 3 The static deflection of clamped-clamped microbeam with 𝑡௣ = 0.5𝑡௕, 𝑙ଵ = 0.25 and 𝑙ଶ = 0.75𝑙 
calculated using three methods 

 
 
So in Fig. 3 where the clamped-clamped microbeam is coated symmetrically by piezoelectric 

layer at its middle section, the symmetric mode shapes are used as comparison function. It shows 
that here which the thickness of piezoelectric layer is smaller than the thickness of based microbeam, 

bp tt 5.0=  , there is not a main different between the use of uniform or non-uniform microbeam 
mode shape as comparison function. In addition, it shows that in this condition a good approximate 
solution is obtained using only one comparison function. It is noticeable that use of one mode made 
incorrect approximate solution in asymmetric geometry as shown in Fig. 2. It is observed from Fig. 
4 that by increasing the thickness of piezoelectric layer from bp tt 5.0=  to bp tt =  the number of 
required uniform microbeam mode shape as comparison function for getting convergence is more 
than the number of required non-uniform microbeam mode shape.  

Fig. 5 shows the static deflection of a cantilever microbeam which is coated by piezoelectric 
layer from left clamped side to the right. It is observed that the approximate solution using the first 
mode shape as comparison function is in excellent agreement with exact solution. It is observed in 
Fig. 6 that when the piezoelectric layer is deposited on the middle part of microbeam layer the 
number of required comparison function for getting convergence is two modes. Fig. 7 denotes that 
when the microbeam is covered by piezoelectric layer from free end side to the left, then the number 
of required comparison function for convergence has been increased to four modes. It can be 
concluded from Figs. 5-7 whenever the piezoelectric layer is closer to free end side, the number of 
modes that must be used increases. It is noted that here the thickness of piezoelectric layer is lower 
than the thickness of the based microbeam. It shows that there is not a main different between the 
use of uniform and non-uniform microbeam mode shape as comparison function. Fig. 8 
demonstrates when the thickness of piezoelectric layer is more than the thickness of based 
microbeam, then the difference between the number of required uniform and non-uniform 
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comparison function for getting convergence increases. 
 

 
Fig. 3 The static deflection of clamped-clamped microbeam with 𝑡௣ = 𝑡௕ , 𝑙ଵ = 0.25  and 𝑙ଶ = 0.75𝑙 

calculated using three methods 
 

 
Fig. 4 The static deflection of clamped-clamped microbeam with 𝑡௣ = 𝑡௕ , 𝑙ଵ = 0.25  and 𝑙ଶ = 0.75𝑙 

calculated using three methods 
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Fig. 5 The static deflection of cantilever microbeam with 𝑡௣ = 0.5𝑡௕, 𝑙ଵ = 0 and 𝑙ଶ = 0.5𝑙 calculated 

using three methods 
 
 

Fig. 6 The static deflection of cantilever microbeam with 𝑡௣ = 0.5𝑡௕ , 𝑙ଵ = 0.25  and 𝑙ଶ =    0.75𝑙.calculated using three methods
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Fig. 7 The static deflection of cantilever microbeam with 𝑡௣ = 0.5𝑡௕ , 𝑙ଵ = 0.5  and 𝑙ଶ = 𝑙  calculated 
using three methods 

 
 

 
Fig. 8 The static deflection of cantilever microbeam with 𝑡௣ = 𝑡௕, 𝑙ଵ = 0.25 and 𝑙ଶ = 0.75𝑙 calculated 

using three methods 
 
 
6.2 Dynamic deflection 
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Now, the results of dynamic solution is presented to determine the effects of comparison function, 

frequency of excitation, coefficient of external damping, location of piezoelectric layer, its thickness 
and length on the convergence. Firstly, the thickness of piezoelectric layer is considered t୮ = 0.5tୠ 
i.e., lower than the thickness of based microbeam, and then it is decreased. Moreover, the coefficient 
of damping is assumed to be 0.02, and then it is increased to 𝑐 = 0.2. The excitation frequency is 
considered approximately equal to the first natural frequency. It is noted that the time is considered 
to be large sufficiently in order to homogenous response to be damped completely. Fig. 9 shows the 
time history of the free end of microcantilever in which the piezoelectric layer is deposited on the 
entire length of based microbeam. It shows that there is a good agreement between the result of 
Galekin method and modal expansion solution. It is due to the fact that in this condition, the 
geometry of microbeam without piezoelectric layer and with piezoelectric layer is identical, and 
there is no change in the cross section of microbeam. It is shown in Figs. 10-13 that when the 
microbeam is covered by piezoelectric layer whose length is smaller than the length of based 
microbeam, then the difference between Galerkin method and modal expansion solution increases. 
Figs. 10 and 11 show that the time history at the free end side of microcantilever when the 
piezoelectric layer is deposited on the left part and middle part of based microbeam, respectively. In 
addition, Figs. 12 and 13 show the time history for the point of clamped-clamped microbeam whose 
amplitude deflection is maximum. In these figures, the piezoelectric layer is coated on the left part 
and middle part of the based microbeam.  

 
 

 
Fig. 9 The time history of cantilever microbeam with 𝑡௣ = 0.5𝑡௕, 𝑙ଵ = 0 , 𝑙ଶ = 𝑙, 𝑃଴ = 0.01𝑣𝑜𝑙𝑡, 𝛺 =𝜔ଵ = 3.2044, 𝑐 = 0.02 at 𝑥 = 1 for 𝜏 from 2000 up to 2005
 
 
Figs. 9-13 denote that there is no difference between the given solution using one or two mode 
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shapes in the modal expansion solution when it is excited at the first natural frequency. It is noted 
that in the modal expansion theory the solution is expanded as a series of exact mode shape of 
structure. Here, the structure is excited near the resonance frequency, and the homogenous response 
is damped completely due to the viscous damping. So the corresponding excited mode contributes 
only in the response and the effects of other modes are negligible. It means that the modal expansion 
solution can be considered as an exact dynamic solution. Figs. 10-13 show that when the length of 
piezoelectric layer is smaller than the microbeam length, then there is a large difference between 
approximate solution given by Galerkin method and the solution given by modal expansion. These 
figures demonstrate that the Galerkin method solution dose not converge to the modal expansion 
solution even using five modes. It means that discretizing equation of motion using only the first 
mode shape of uniform microbeam as comparison function, which is usually applied in previous 
works, makes enormous error. It has been shown in the static solution that there is not main 
difference between the modal expansion solution and Galerkin method. It means that the induced 
difference in the dynamic solution is due to the excitation frequency, mass inertia and damping 
coefficient which is not appeared in differential equation governed to the static deflection.   

 
 

 
Fig. 10 The time history of cantilever microbeam with 𝑡௣ = 0.5𝑡௕ , 𝑙ଵ = 0  and 𝑙ଶ = 0.5𝑙 , 𝑃଴ =    0.01𝑣𝑜𝑙𝑡, 𝛺 = 𝜔ଵ = 4.8985, 𝑐 = 0.02 at 𝑥 = 1 for 𝜏 from 2000 up to 2005 
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Fig. 11 The time history of cantilever microbeam with 𝑡௣ = 0.5𝑡௕, 𝑙ଵ = 0.25𝑙 and 𝑙ଶ = 0.75𝑙,   𝑃଴ =0.01𝑣𝑜𝑙𝑡, 𝛺 = 𝜔ଵ = 3.0831, 𝑐 = 0.02 at 𝑥 = 1 for 𝜏 from 2000 up to 2005 
 
 

Fig. 12 The time history of clamped-clamped microbeam with 𝑡௣ = 0.5𝑡௕, 𝑙ଵ = 0 and 𝑙ଶ = 0.5𝑙,  𝑃଴ =0.01𝑣𝑜𝑙𝑡, 𝛺 = 𝜔ଵ = 20.4062, 𝑐 = 0.02 at 𝑥 = 0.5346 for 𝜏 from 2000 up to 2001 
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Fig. 13 The time history of clamped-clamped microbeam with 𝑡௣ = 0.5𝑡௕, 𝑙ଵ = 0.25𝑙 and 𝑙ଶ = 0.75𝑙,   𝑃଴ = 0.01𝑣𝑜𝑙𝑡, 𝛺 = 𝜔ଵ = 17.0415, 𝑐 = 0.02 at 𝑥 = 0.5  for 𝜏 from 2000 up to 2001 
 
 

Fig. 14 The time history of clamped-clamped microbeam with 𝑡௣ = 0.5𝑡௕, 𝑙ଵ = 0.25𝑙 and 𝑙ଶ = 0.75𝑙,   𝑃଴ = 0.01𝑣𝑜𝑙𝑡, 𝛺 = 𝜔ଵ = 17.0415, 𝑐 = 0.2 at 𝑥 = 0.5 for 𝜏 from 2000 up to 2001 
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Fig. 15 The time history of cantilever microbeam with 𝑡௣ = 0.5𝑡௕, 𝑙ଵ = 0.25𝑙 and 𝑙ଶ = 0.75𝑙,   𝑃଴ =0.01𝑣𝑜𝑙𝑡, 𝛺 = 𝜔ଵ = 3.0831, 𝑐 = 0.2 at 𝑥 = 1 for 𝜏 from 2000 up to 2005 
 
 
Now to investigate the effect of damping on convergence, coefficient of external damping is 

increased from 0.02 to 0.2. For brevity, one of above geometries, i.e., when the piezoelectric layer 
is deposited on the middle part of based microbeam is considered. According to Figs. 14 and 15, the 
convergence for both clamped-clamped and clamped-free microbeam is improved by increasing the 
coefficient of external damping. Although there is a good agreement between the modal expansion 
solution and Galerkin method solution but it occurs by using five mode shapes of uniform 
microbeam as comparison function. In other word, there is a considerable error when the equation 
of motion is discretized using only one mode shape as comparison function in the Galerkin method. 
Moreover in microresonators systems the coefficient of damping is to be considered very low. 

These variations may be verified by considering the frequency response diagram i.e., FRF.  Figs. 
16 and 17 show the FRF diagram for clamped-clamped and cantilever microbeam. In these figures, 
the piezoelectric layer is coated on the middle part of based microbeam. It is noted that frequency 
associated to the peak point of amplitude response show the evaluated natural frequency. The 
convergence of fundamental natural frequency is shown in Table 3. In this table 𝜔ଵ௡ and 𝜔ଵ௨ are 
the first natural frequency calculated by using non-uniform and uniform comparison functions, 
respectively. According to the table when the piezoelectric layer is very thin or it covers the whole 
length of the microbeam, in other word when discontinuity in the microbeam cross section is 
diminished, the evaluated frequencies with both methods are the same. Whereas, when there is a 
discontinuity in the cross section, it is observed that the natural frequency obtained from 
approximate Galerkin method is few larger than the exact value, because the approximate method 
decreases the degree of system freedom. In this situation more modes are required in order to 
acquiring a good agreement between the evaluated natural frequencies in two methods of solution. 
Nevertheless of this agreement there is main difference between the time history solutions shown in 
Figs. 11-15. Considering Figs. 16 and 17, the amplitude of response given by Galerkin method may 
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be larger or smaller than the modal expansion solution. These variations may be confirmed by 
considering fig. 18. In this figure, a FRF diagram is shifted very small to the right or left with respect 
to the previous position. The amplitude of response at pick point of original FRF is called A, and 
corresponding frequency is called  𝐹஺ . In addition the amplitude of response at point 𝐹஺ on the 
shifted FRF is called B. It is clear that whatever the FRF is sharper, then the difference between A 
and B would be larger.  

Figs. 16 and 17 show that the FRF diagrams given by modal expansion solution and Galerkin 
method are similar to original and shifted FRF considered in Fig. 18. Whenever the coefficient of 
damping is smaller, then FRF diagram would be sharper. It has been demonstrated in the upper 
paragraph that whatever FRF diagram is sharper then the difference between A and B would be 
larger. It means that by increasing the coefficient of damping, the difference between modal 
expansion solution and Galerkin method decreases. 

Fig.18 denotes that the amplitude given from primitive and displaced FRF diagram is same if the 
detuning parameter and no the excitation frequency has been considered identical. It may be 
observed by comparing the amplitude at the points which is shown on the figure by A and C. It is 
noted that the purpose of detuning parameter is the distance of excitation frequency from the 
frequency of pick point at any diagram. 

 
 

 
Fig. 16 The FRF of clamped-clamped microbeam for 𝑥 = 0.5 with 𝑡௣ = 0.5𝑡௕, 𝑙ଵ = 0.25𝑙 and  𝑙ଶ =0.75𝑙, 𝑃଴ = 0.01𝑣𝑜𝑙𝑡 
 
 

Table 3 Natural frequencies 

T h e Clamped-clamped microbeam Cantilever microbeam 
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𝑙ଵ = 0.25𝑙, 𝑙ଶ = 0.75𝑙, 𝑡௣ = 0.5𝑡௕ 

𝑙ଵ = 0.25𝑙, 𝑙ଶ = 0.75𝑙, 𝑡௣ = 0.001𝑡௕ 

𝑙ଵ = 0.25𝑙,  𝑙ଶ = 0.75𝑙,  𝑡௣ = 0.5𝑡௕ 

𝑙ଵ = 0,  𝑙ଶ = 𝑙,  

 𝑡௣ = 0.5𝑡௕ 

n

1ω  u

1ω  n

1ω  u

1ω  n

1ω  u

1ω  n

1ω  u

1ω  

1 17.041506 17.334651 22.345230 22.345230 3.083069 3.352425 3.204397 3.204397

2 17.041506 17.106955 22.345230 22.345230 3.083069 3.155315 3.204397 3.204397

3 17.041506 17.083740 22.345230 22.345230 3.083069 3.121802 3.204397 3.204397

4 17.041506 17.075579 22.345230 22.345230 3.083069 3.121756 3.204397 3.204397

5 17.041506 17.065485 22.345230 22.345230 3.083069 3.117253 3.204397 3.204397

 
 

 
Fig. 17 The FRF of cantilever microbeam for 𝑥 = 1  with 𝑡௣ = 0.5𝑡௕ , 𝑙ଵ = 0.25𝑙  and 𝑙ଶ = 0.75𝑙 ,     𝑃଴ = 0.01𝑣𝑜𝑙𝑡 
 
 

It has been mentioned in two previous paragraphs that the FRF diagrams given by modal expansion 
solution and Galerkin method are similar to the primitive and displaced FRF diagrams shown in Fig. 
18. It means that when the detuning parameter is considered equal in Galerkin method and modal 
expansion solutions then the agreement between time histories may be better than when the 
excitation frequency is considered equal. In another word the excitation frequency in any method of 
solution must be considered equal to the adding of natural frequency evaluated in that method and 
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detuning parameter. It is noted that the approached method for inducing the agreement between the 
time histories given by modal expansion solution and Galerkin method is valid when the amplitude 
of pick point in FRF diagrams given by two methods of solutions be approximately same. It means 
that the coefficient numbers of comparison function must be used in Galerkin method. According to 
the previous results the number of required mode shape depends on the position and thickness of 
piezoelectric layer, damping coefficient and other parameters of systems. For example figure 16 
shows that when damping coefficient is 0.02 then it is one mode, and Fig. 17 shows that it is five 
modes. It may be concluded that in many conditions if single uniform microbeam mode shape is 
used as comparison function of Galerkin method, then even if the detuning parameter be considered 
identical to the detuning parameter in modal expansion, then there is not a good agreement between 
the time histories of two methods of solutions. 
Fig. 19 shows the time history of clamped-clamped microbeam coated by a thin piezoelectric layer 
i.e., 𝑡௣ = 0.001𝑡௕ at its middle section. It shows that in spite of that piezoelectric layer is deposited 
on a part of microbeam but there is a good agreement between modal expansion solution and 
Galerkin method. Comparing this figure and Fig. 13 shows that by increasing the thicknesses of 
piezoelectric layer the difference between Galerkin method and modal expansion increases. 

 
 

 
Fig. 18 An assumed FRF diagram, solid line belongs to the original diagram and dashed line belongs to the 

shifted diagram 
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Fig. 19 The time history of clamped-clamped microbeam for 𝑥 = 0.5 and 𝜏 from 2000 up to 2001 with 𝑡௣ = 0.001𝑡௕, 𝑙ଵ = 0.25𝑙 and 𝑙ଶ = 0.75𝑙, 𝑃଴ = 0.01𝑣𝑜𝑙𝑡, 𝛺 = 𝜔ଵ = 22.3452, 𝑐 = 0.02 
 
 
Generally, the results showed that the error of solution due to the existing step changes in the 

cross section of microbeam is decreased by using the non-uniform microbeam mode shape as 
comparison function. Alternative method which can correctly model the cross section discontinuity 
is finite element method (Preidikman et al. 2007). In this method, a nod needs to be located exactly 
on the discontinuity point. Although, the finite element solution is straight forward but it yields to 
large computational process.    
 
 
7. Conclusions 

 
In this paper the Galerkin method is used for discretization, and a comprehensive analysis on the 

convergence of solution of equation that is discretized using uniform and non-uniform comparison 
function is studied for both clamped-clamped and clamped-free microbeams. The boundary 
conditions of microbeam have been considered as clamped-clamped and clamped-free. The static 
and dynamic solution resulted from Galerkin method has been compared to the modal expansion 
solution. In addition the static solution has been compared to the exact solution.  

It is shown that the required number of uniform microbeam mode shapes for convergence of 
static solution depends on the position and thickness of deposited piezoelectric layer. The results 
demonstrated that when the based clamped-clamped microbeam is covered anti-symmetric by 
piezoelectric layer, then there is main difference between the required mode for convergence in 
modal expansion solution and Galerkin method. It has been shown that this result is confirmed for 
cantilever microbeam when it is coated from right free side to the left by a piezoelectric layer. It is 
observed that when the clamped-clamped microbeam is coated symmetrically by piezoelectric layer, 
then the convergence for static solution may be given using only first mode. This result is valid for 
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clamped –free when it is covered by piezoelectric layer from left clamped side to the right.  
It is shown that there is a good agreement between the evaluated natural frequencies in modal 

expansion solution and approximate Galerkin method even using one comparison function. 
Nevertheless, the required number of uniform microbeam mode shape for convergence of time 
history due to AC actuation is much more than the required number of mode in modal expansion.  
This difference increases by increasing the piezoelectric thickness, the closeness of the excitation 
frequency to natural frequency and decreasing the damping coefficient. It has been observed that 
when the coefficient of damping is small, and the thickness of piezoelectric layer is multiple tenth 
of the based microbeam thickness, then the Galekin method does not converge even by using five 
numbers of comparison functions.  

Considering the results of this paper one can conclude that using the uniform comparison 
function for discretizing the equation of motion of piezoelectrically actuated microresonator, results 
in an enormous error in response time history even for linear form. In practice the system under AC 
piezoelectric actuation has nonlinear behavior. When the convergence of linear system solution is 
given using high numbers of uniform modes, it is expected that the convergence of nonlinear system 
studied in previous works achieve by using more numbers of uniform comparison functions. But it 
is difficult to solve a nonlinear system including multiple discretized equations. So for decrease the 
response error of the previous work it is proposed that one non-uniform comparison function be used 
for discretization. It causes a decrease of the number of discretized equation and simplifying the 
procedure of solution.   
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