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Abstract.  The need for assessing dynamic response of typical industrial piping systems subjected to 
seismic loading motivated the authors to apply model reduction techniques to experimental dynamic 
substructuring. Initially, a better insight into the dynamic response of the emulated system was provided by 
means of the principal component analysis. The clear understanding of reduction basis requirements paved 
the way for the implementation of a number of model reduction techniques aimed at extending the 
applicability range of the hybrid testing technique beyond its traditional scope. Therefore, several hybrid 
simulations were performed on a typical full-scale industrial piping system endowed with a number of 
critical components, like elbows, Tee joints and bolted flange joints, ranging from operational to collapse 
limit states. Then, the favourable performance of the L-Stable Real-Time compatible time integrator and an 
effective delay compensation method were also checked throughout the testing campaign. Finally, several 
aspects of the piping performance were commented and conclusions drawn. 
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1. Introduction 
 

1.1 Background and motivation 
 
Hybrid simulations, such as Pseudo-Dynamic (PDT) and Real time (RT) Testing with Dynamic 

Substructuring (DS) (Mahin and Shing, 1985, Shing et al. 1996, Saouma and Sivaselvan 2008, 

Bursi and Wagg 2008) define experimental techniques; there, the overall response of an emulated 

system is evaluated by combining the experimental response of a Physical Substructure (PS) 

-which is generally the most critical part of a system/structure- with the numerical response of a 

Numerical Substructure (NS). Thus, these methods permit testing of a structure, essentially 

without a size limit, by the use of actuators, controllers and standard computers. 

These experimental methods were successfully used in testing various mechanical systems 

(Melo et al. 2001, Bursi et al. 2008, 2011, Horiuchi et al. 1999, Wallace et al. 2007) including 

civil structures (Braconi et al. 2008a, b, Chrysostomou et al. 2013). Unlike a RT, which is carried 
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out at real time, a PDT is performed at an extended time scale, typically 50-200 times slower than 

the actual earthquake time, requiring inertia and damping forces to be numerically modelled. 

However, since rate dependent effects can practically be neglected for steel components 

(Yoshihiko 2012), a PDT can also potentially reproduce their actual responses under dynamic 

loading. In the case of simple structural topologies, i.e., shear type frames, inverted pendulum 

systems, chain like systems, etc., few actuators handling the totality of physical Degrees of 

Freedom (DoFs) can efficiently reproduce the response path of tested specimens; and the system 

of equations of motion can be solved through suitable time integrators. Nonetheless, this approach 

is not suitable for dealing with complex PSs subjected to distributed inertia forces, where a plenty 

of physical DoFs come on stage; and this is the case of typical piping networks. 

In greater detail, piping systems play a highly important role in many industries, such as 

petrochemical, oil and gas and nuclear plants, and a single failure can trigger serious accidental 

chains. As a result, after the Fukushima earthquake (Vervaeck and Daniell 2012), Standards for 

special risk plants greatly increased the importance factor γI to be applied to design Peak Ground 

Acceleration (PGA). See, for instance, the value of γI ≈ 2 imposed in France (Ministere 2011). 

Therefore, a special attention to ensure their safe operations represents an imperative requirement. 

Nevertheless, these systems, comprising elbows, Tee joints and flange joints as well as support 

structures, suffered significant damages during recent earthquakes causing severe losses both to 

human lives and to the environment (Krausmann et al. 2010, Zare and Wilkson 2010, Paolacci et 

al. 2013a). This led researchers to carry out considerable studies on the seismic safety assessment 

of piping systems and their components (Touboul et al. 2006, Reza et al. 2013). However, so far 

only few experimental investigations -mainly through shaking table tests- have been performed on 

such structures at full-scale under realistic seismic loading (DeGrassi et al. 2008, Otani et al. 

2011). 

The potential usefulness of hybrid simulation techniques for assessing dynamic behaviour of 

typical industrial piping networks subjected to realistic seismic loading motivated the authors to 

shed light on model reduction techniques applied to coupled systems. Thus, the applicability range 

of experimental dynamic sub structuring was enhanced. 

 

1.2 Scope 
 
A number of model reduction techniques applied to hybrid coupled systems is presented and 

discussed in this paper. As a result, several PDT and RT were conducted on the aforementioned 

piping system –or emulated system- under different levels of seismic loading, corresponding to 

both serviceability and ultimate limit states for the supporting structure suggested by Italian 

performance-based earthquake engineering standards (Norme Techniche 2008). Hence, the work 

presented in this study enabled model reduction to PSs characterized by distributed loads and a 

large number of DoFs, where just a subset of them at the interconnections, was handled by means 

of actuators. 

In detail, the paper is organized as follows. Initially, the case study as well as the selection of 

seismic inputs were described. Then, Finite Element (FE) modelling of the piping system and its 

critical components, such as elbows, were presented. According to time history analyses conducted 

on the aforementioned FE model, the tailoring of the PS was then presented and a modified FE 

model embedding the actual coupling conditions was introduced as reference, for the validation of 

interconnections. Before introducing any reduction strategy, a clear insight into the dynamic 

response of the emulated system from the PS perspective was provided. In detail, the Principal 
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Component Analysis (PCA) was applied to time history data sets made of displacement responses 

of physical DoFs of the piping system. The state space path followed by the specimen was traced 

and reduction basis requirements established. Accordingly and complying with experimental 

limitations of each testing strategy, consistent reduction bases were defined for both PDT and RT 

techniques in the case of an elastic response of the PS. Successively, a Modified version of the 

System Equivalent Reduction-Expansion Process (M-SEREP) (O’Callahan et al. 1989b) and 

Craig-Bampton reduction methods (Craig and Bampton 1968) were employed for the reduction of 

both the PS and distributed earthquake forces. This allowed for an effective experimental testing of 

the actual system. 

With regard to time integration, the L-Stable Real Time compatible (LSRT2) (Bursi et al. 2008, 

2011) was employed, together with an effective delay compensation method (Wu et al. 2013). 

Successively, relevant implementations and experimental results were shown. Finally, conclusions 

were drawn and future perspective offered. 

 

 

2. A distributed parameters piping system 

 

2.1 Main characteristics and dimensions 
 

A typical full-scale industrial piping system placed on a steel support structure, as illustrated in 

Fig. 1(a), was investigated within this study; its general dimensions and other geometrical 

properties depicted in Fig. 1(b) were taken after DeGrassi et al. (2008). The piping network 

contained 8” (outer dia: 219.08 mm; thickness: 8.18 mm) and 6” (outer dia: 168.28 mm; thickness: 

7.11 mm) schedule 40 straight pipes and several critical components, i.e., elbows, a Tee joint and 

an EN 1092-1 standard PN 40 weld-neck bolted flange joint. The pipes were of API 5L Gr. X52 

material (nominal fy and fu equal to 418 MPa and 554 MPa, respectively) and were filled with 

water at an internal pressure of 3.2 MPa, corresponding to 80% of the maximum allowable 

pressure of the piping network. 

 

 

  

(a) (b) 

Fig. 1 (a) A 3D model of the piping system placed on the support structure and (b) specifications and 

dimensions of the piping system after DeGrassi et al. (2008). Dimensions are in mm 
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2.2 Selection of input earthquake loading 
 

The piping network was placed on a steel support structure shown in Fig. 1(a) that typically 

acts as a dynamic filter; it causes amplifications of input earthquakes at different structure 

locations. Therefore, to select realistic earthquake input loadings, earthquake accelerations were 

generated on elevated floors of the support structure through time history analyses carried out by 

means of an FE model of the structure subjected to a base input, i.e., a natural accelerogram taken 

from the European Strong-motion Database (ESD, http://www.isesd.hi.is/ESD_Local/ 

frameset.htm). A reference floor accelerogram was thus chosen; it was the most severe floor 

accelerogram in terms of amplitude and resonance frequency of the piping network with a relevant 

PGA at about 4.13 m/s
2
. To comply with performance-based earthquake engineering Italian 

Standards (NormeTechniche 2008), its PGA was magnified corresponding to both serviceability 

(operational- SLO, damage –SLD) and ultimate limit states (safe life –SLV, collapse -SLC) of the 

support structure as listed in Table 1. 

As can be appreciated in Fig. 2(b), the period T at maximum amplification was around 0.2 sec, 

which was close to the natural frequency of the piping system. 

 

 
Table 1 PGAs corresponding to Serviceability and Ultimate Limit States of support structure 

Limit States PGA (m/s
2
) PGA (g) 

Serviceability Limit states 
SLO Operational limit state 0.77 0.08 

SLD Damage limit state 1.1 0.11 

Ultimate Limit States 
SLV Safe life limit state 4.13 0.42 

SLC Collapse limit state 5.88 0.60 

 

 

  

(a) (b) 

Fig. 2 (a) SLC reference floor accelerogram and (b) relevant acceleration response spectrum for 0.5% 

equivalent viscous damping 
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2.3 FE modelling and analysis 
 

In order to perform preliminary numerical analyses and to extract system matrices for hybrid 

simulations, a 3D FE model of the piping system was developed in ANSYS (2007). All pipes 

including elbows were modelled using straight beam elements with pipe sections. Two 1000 kg 

masses, employed to take into account valves, etc., were connected to two relevant joints through 

MASS21 elements. Pipe material density was increased to take into account water mass.  

Flexible elbow components represent potential critical locations in a piping network where 

stresses are intensified owing to their geometrical irregularity; see, in this respect, Fig. 3 where 

unsymmetrical cyclic responses of pipe elbows obtained from tests carried out by Varelis et al. 

(2012) are depicted. To consider their elastic behaviour in the FE model, flexibilities of straight 

elbow elements (EN 13480-3, 2002) were adjusted according to an ABAQUS-based FE SHELL 

model (Hibbit et al. 2003). In greater detail, original curved elbow elements were modelled in 

ABAQUS software and 3D FE analyses under axial, shear and bending loading were performed; 

see in this respect Fig. 4, where in-plane and out-of-plane moment-rotation curves of an elbow 

element obtained from FE analyses are presented. Thus, an equivalence between ABAQUS 

SHELL FE curved and ANSYS straight elastic elements was established. Each elbow had a radius 

R equal to 1.5 times the outer diameter dout of connecting pipes; moreover, the flexibility effect of 

an elbow was considered to spread across a distance equal to two times the mean diameter of the 

pipe; the equivalent straight elbow element consisted of a curved and two straight parts; their 

individual flexibilities were added to obtain the overall flexibility of the straight element. 

In this view, elastic stiffness matrices of equivalent straight elbows were developed according 

to the Euler-Bernoulli (EB) beam theory. In particular, the stiffness matrix of a straight elbow 

element based on the EB theory can be expressed in the following form 

11 14 1 1

22 23 25 26 1 1

32 33 35 36 1 1

41 44 4 4

52 53 55 56 4 4
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(1) 

 

  

(a)  (b)  

Fig. 3 Experiments on pipe elbows performed by Varelis et al. (2012): (a) test set-up and (b) cyclic 

response 
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where only in-plane contributions are shown for simplicity. In (1), u and v are displacements; φ is 

rotation; H and F are forces; M is moment;                are axial, shear and bending 

stiffness coefficients, respectively. By varying the elbow thickness, the elastic stiffness of each 

straight elbow was fitted with those found from the above-mentioned analyses. An optimal value 

of ω = 0.89 was found and out of plane bending and shear were also considered in these analyses. 

The adjusted geometry and properties of modified straight elbow elements are reported in Table 2. 

 

 
3. Substructuring 

 

For sub structuring purposes, the piping system was divided into two parts: (i) a PS, which was 

physically built in the lab and loaded through actuators; (ii) a NS that was solved via software; the 

two substructures exchanged information through coupling DoFs they mutually shared. Since 

physical excitation of rotational DoFs is very difficult to accomplish (Klerk et al. 2008), coupling 

nodes with bending moment close to zero in the xy plane -most of the pipes run in this plane- were 

selected; see Fig. 5(a) in this respect. Accordingly, two MOOG actuators were attached to those 

nodes and were oriented in x direction. Moreover, Fig. 5(b) illustrates the important node 

numbering of two substructures and relevant boundary conditions. 

 

 

 

Fig. 4 In-plane and out-of-plane moment-rotation relationships of elbow under bending loading from 

ABAQUS FE analyses 

 
 
Table 2 Elbow properties considered in the piping system model with straight elements 

Property 
8" Elbow 6" Elbow 

Original  Modified Original  Modified 

Outer diameter (mm) 219.08 219.08 168.28 168.28 

Thickness, en (mm) 8.18 6.61 7.11 4.35 

Flexibility factor, kB 6.84 1.35 5.97 2.46 

Moment of inertia, J (mm
4
) 3.02 x 10

7
 2.49 x 10

7
 1.17 x 10

7
 7.53 x 10

6
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(a)                                         (b) 

Fig. 5 (a) PS, NS and relevant coupling nodes and (b) Schematic of the FE model of the piping system 

showing pipe sections and significant nodes 

 
 
In detail, the following coupling conditions were forced for translational and rotational DoFs, 

respectively 

,  0,  0N P N P N P

x x y y z zu u u u u u      (2) 

,  ,  N P N P N P

x x y y z z         (3) 

where, u and θ represents displacements and rotations, respectively; N and P refers to the NS and 

PS, respectively. Eqs. (2) and (3) show that the two coupling nodes were constrained to move in 

the x direction, thus satisfying compatibility conditions. Rotations were kept free while 

movements along y and z were constrained. Therefore, hybrid tests were conducted by means of 

two hydraulic actuators which imposed displacement commands in the x direction of the PS. 

A careful reader can note that the support structure depicted in Fig. 1(a) was not included in the 

NS for two reasons: i) to impart the most severe earthquake in terms of PGA, amplitude and 

frequency to the piping system; ii) to avoid the complexity of a non-linear computation of the NS 

during RT. In this respect, the floor of the support structure that sustained the piping network was 

considered as a rigid floor. In fact, a seismic analysis of the supporting structure with the piping 

system exhibited that the maximum Root Mean Square (RMS) between relative movements of 

support points S1, S2, S3 and S4 with respect to the reference point R, see Fig. 5(b), was about 

0.83 mm. This value was assumed to be small compared to the RMS of the maximum relative 

displacement of piping system points, i.e., 50.87 mm at point P1; see again Fig. 5(b). As a result, 

the assumption of rigid floor was justified. Moreover as presented in Subsection 2.2, the input 

earthquake for experiments was chosen to be the most severe floor accelerogram in terms of 

amplitude and resonance frequency of the piping network among the ones at support points. 

Finally without inelastic support structure, the earthquake amplification at the floor level both at 

the SLV and SLC limit states was not reduced. 
 
3.1 Substructuring FE modelling 

 
In order to validate dynamic substructuring, an additional ANSYS FE model embedding the 

actual coupling conditions of Eqs. (2) and (3), was developed. This model, defined as the ANSYS 
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Reference Model (RM), was assumed as the reference for validating model reduction techniques, 

time-integration algorithms as well as the experimental set-up. The RM in which both 

substructures PS and NS were embedded was compared with the ANSYS FE model of the actual 

piping system, referred herein as the Continuous Model (CM); there, the full coupling between 

both rotational and translational interface DoFs is enforced; hence the name “Continuous”. Modal 

analyses conducted on both the CM and RM proved the effectiveness of the coupling setting, 

which slightly affected the dynamic properties of the piping network. In particular in both cases, 

the first 10 modes were able to excite about 80% of the total mass of the piping system in the x 

direction, as reported in Table 3. 

For both models, Mode #1 and Mode #2 depicted in Fig. 6 carried most of the modal mass. 

They were the basis for the calculation of the equivalent viscous damping according to a Rayleigh 

formulation. 

 
Table 3 First 10 eigenfrequencies and participation masses of the piping system model 

 ANSYS CM ANSYS RM 

Mode Frequency [Hz] Modal mass ration Frequency [Hz] Modal mass ration 

1 6.0213 0.3235 5.8666 0.2413 

2 6.5427 0.2546 6.4731 0.3359 

3 7.1418 0.0005 7.0579 0.0000 

4 8.2225 0.0050 7.4108 0.0060 

5 9.7197 0.0584 9.5757 0.0518 

6 12.0349 0.0578 11.9818 0.0771 

7 13.0057 0.0357 12.4471 0.0276 

8 15.1504 0.0001 14.8247 0.0000 

9 17.8459 0.0795 15.3468 0.0089 

10 18.5989 0.0175 17.4335 0.0593 

 TOTAL 0.8327 TOTAL 0.8078 

 

  
(a) (b) 

Fig. 6 (a) Mode #1 at 5.87Hz and (b) Mode #2 at 6.47Hz of the ANSYS RM. 
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An additional comparison between RM and CM FE models was made based on the Modal 

Assurance Criterion (MAC), which is a score aimed at comparing two eigenvectors (Pastor et al. 

2012). In detail, a MAC matrix can compare eigenvectors of two models and provides a unit value 

for perfect correlation and zero for orthogonal modes. It is defined as follows 

    

 
 

   

2

,

T

CM RM

CM RM T T

CM RM RM RM

MAC
 

 
   




 
(4) 

where
CM

 and
RM

 are eigenvectors of CM and RM, respectively. The relevant components of the 

MAC matrix are reported in Table 4. A careful reader can observe that the two main modes of the 

piping system, i.e., Mode #1 and Mode #2, agree with a MAC value greater than 0.92. 

Further time history analyses were conducted on both the CM and the RM. Relevant 

differences were measured by the Normalized Energy Error (NEE) and the Normalized Root-Mean 

Square Error (NRMSE) defined as 

2 2

, ,

1 1
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n n
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(5) 
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




x x
 (6) 

 

 
Table 4 MAC matrix between ANSYS CM and RM models 

  ANSYS RM 

  1 2 3 4 5 6 7 8 9 10 

A
N

S
Y

S
 C

M
 

1 0,94 0,10 0,00 0,03 0,00 0,00 0,02 0,00 0,00 0,04 

2 0,26 0,92 0,00 0,03 0,00 0,03 0,02 0,00 0,01 0,02 

3 0,00 0,00 0,92 0,07 0,00 0,00 0,00 0,05 0,00 0,00 

4 0,01 0,01 0,01 0,86 0,00 0,02 0,08 0,00 0,00 0,01 

5 0,00 0,00 0,00 0,10 0,93 0,01 0,04 0,00 0,00 0,00 

6 0,00 0,02 0,00 0,00 0,00 0,88 0,00 0,00 0,02 0,00 

7 0,02 0,01 0,00 0,02 0,00 0,14 0,88 0,00 0,00 0,02 

8 0,00 0,00 0,06 0,00 0,00 0,00 0,00 0,97 0,00 0,00 

9 0,05 0,02 0,00 0,02 0,02 0,00 0,00 0,00 0,01 0,86 

10 0,00 0,02 0,00 0,01 0,00 0,03 0,01 0,03 0,66 0,02 
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Table 5 NRMSE and NEE between RM and CM 

Error Measure Coupling DoF #1 Coupling DoF #2 

NEE 0.085 1.548 

NRMSE 0.099 0.214 

 

 

where,     and     are nodal displacement responses of CM and RM, respectively; n is the 

relevant length of samples. In detail, NEE involves the signal energy, and is significantly sensitive 

to amplitude differences and less sensitive to frequency mismatches. The NRMSE, on the other 

hand, shows high sensitiveness to frequency variation and is little affected by amplitude 

differences. Both normalizations are such that the amplitude -PGA value- of the seismic input has 

no effects on both NEE and NRMSE in the linear range. With regard to coupling DoFs shown in 

Fig. 5, Table 5 reports values of the aforementioned errors. 

Both error values highlight a comparatively less accuracy on Coupling DoF #2. In fact, a 

preliminary seismic time history analysis of the CM exhibited that bending moments, which were 

closed to zero in coupling nodes, were higher in Coupling Node #2 than Coupling Node #1. Since 

these moments were neglected for substructuring purposes, Coupling Node #2 was more affected 

by this approximation. Nonetheless, as shown in Tables 3 and 4, mode shapes, frequencies and 

modal masses were well preserved by the RM up to Mode #8. As a result, the proposed tailoring of 

the PS was able to reproduce the dynamic characteristics of the piping system. 

 

 

4. Model reduction 
 

Let us first establish the system of equations of motion of the piping system subjected to 

seismic loading where, for simplicity, linear models are assumed. Hence, the dynamic problem can 

be stated for both PDT and RT cases, respectively, as follows 

     
 N P N PDT     M M u K u r f  (7) 

      
N N RT    M u K u r f  (8) 

where, M and K stands for mass and stiffness matrices of the system, respectively; u and   are 

displacement and acceleration vectors; f and r are the external force vector and restoring force 

vector. For simplicity, damping contributions were neglected in these expressions. In detail, each 

matrix can be partitioned in pure Numerical-, pure Physical- and Boundary-DoFs, respectively, 

after Shing (2008). For brevity, the following simplified notation holds: N-DoFs, P-DoFs and 

B-DoFs, respectively. Thus 

T T T T
N B P 

 
u u u u  

(9) 

Accordingly, a generic load vector f for a typical seismic input reads 

            
 

T T T T
N B P N P

gu      
 

f f f f M M I
      

 
(10) 
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in which,I defines a Boolean vector that projects seismic inertial acceleration   g to desired DoFs. 

All matrices must be intended as expanded to the totality of the DoFs of the emulated system 

being considered. In detail, M and K read, respectively 

, ,

N N

NN NB

N N N P P P

BN BB BB BP

P P

PB PP

   
   

    
     

K K 0 0 0 0

K K K 0 K 0 K K

0 0 0 0 K K

 
,

N N

NN NB

N N N P P P

BN BB BB BP

P P

PB PP

   
   

    
     

M M 0 0 0 0

M M M 0 M 0 M M

0 0 0 0 M M

 
(11) 

Since the restoring force vector r refers to the PS, it is restricted to B- and P-DoFs 

       

T T T
T B P 

 
r 0 r r  (12) 

In particular, the restoring force vector r is peculiar of the testing strategy and for a linear 

regime reads 

     
PDT P  r K u  (13) 

RT P P    r K u M u    (14) 

In order to provide reduced matrices and compatible loading vectors, two reduction techniques 

were analysed and applied herein. They relied on 

        

T T T T T TT T
N B P N B q     

   
u u u u T u u u  (15) 

whereT is a reduction basis that keeps both N-DoFs and B-DoFs whilst discards remainder P-DoFs. 

In order to retain important properties of the PS, e.g., mode shapes of interest, further q-DoFscan 

be introduced. Resulting reduced matrices and vectors read 

        ;                  (16) 

where       and    represent reduced stiffness matrix, mass matrix and force vector, respectively. 

From a hybrid simulation perspective, T establishes a kinematic relationship between 

displacements experienced by retained DoFs, i.e., B-DoFs and q-DoFs, and displacement 

experienced on discarded DoFs, i.e., P-DoFs. Based on Eq. (16), both (7) and (8) can be 

condensed. 

Reduction strategies entail some general questions: i) how can the minimum rank of an 

effective reduction basis be estimated? ii) Is there an optimal kinematic relationship, which 

provides an optimal reduction basis? iii) Which kinematic relationships actually hold for a PS and 

are they peculiar of the testing strategy? iv) Can a consistent hybrid simulation be performed when 

the kinematic relationships imposed by the testing procedure are far from those corresponding to 

the optimal reduction basis? In order to answer to the above-mentioned questions, the Principal 

Component Analysis (PCA) was of valuable help (Chatterjee 2000).  

The PCA is a numerical procedure aimed at projecting a set of possibly correlated vectors into a 

reduced set of linearly uncorrelated vectors, named Principal Components, which carry the most of 

the variance of the original vector set. In order to find out the Principal Components of a 

displacement response X of the PS, the Singular Value Decomposition factorization was applied, 

i.e. 
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              S TX U V  (17) 

where: each row of X corresponds to a time history at one node of the PS; each column 

corresponds to a snapshot of the system at a specific time; column vector ui of the orthonormal 

matrix U is the Principal Components of X; column vector vi of the orthonormal matrix V provides 

time modulation of corresponding Principal Components ui; S is a rectangular matrix that contains 

singular values σi of each Principal Component as main diagonal entries in decreasing order. The 

square of σi is the variance carried by X in the Principal Component ui according to its time 

modulation vi; it is proportional to the signal energy of X associated with each Principal 

Component ui. The number of non-zero singular values equals the rank of the X matrix. 

Accordingly, the PCA was applied to the PS, to estimate the minimum rank of suitable reduction 

bases. 

In the present case, X contains discrete values and the PCA is equivalent to the Proper 

Orthogonal Decomposition. In particular, X collected the displacement responses of the B-DoFs 

and of the P-DoFs calculated by means of a time history analysis of the RM subjected to selected 

earthquakes. Let σ1>σ2> … >σi be the decreasing singular values of the dynamic response; if we 

define        
 
    as the total energy in the data,            

   represents the normalized 

data energy carried by the first p modes. In this respect, Fig. 7 shows calculated values of Ep up to 

the 5
th
 proper mode. It can be observed that almost the total energy of data was carried by two 

main modes, i.e., the Principal Components. On the basis of (17), the data set X was reconstructed 

by exploiting an increasing number p of modes; thus both NEEs and NRMSEs were calculated on 

coupling Nodes, see Tables 6 and 7, with respect to the RM solution. 

 

 

 
Table 6 NEE of reconstructed displacement responses of coupling DoFs with respect to the RM solution 

 Number of proper modes retained 

Coupling DoF 1 2 3 4 5 

#1 0.0721 0.0086 0.0013 0.0000 0.0000 

#2 0.3162 0.0000 0.0000 0.0000 0.0000 

 

 

 
Table 7 NRMSE of reconstructed displacement responses of coupling DoFs with respect to the RM solution 

 Number of proper modes retained 

Coupling DoF 1 2 3 4 5 

#1 0.0353 0.0121 0.0047 0.0001 0.0000 

#2 0.0962 0.0000 0.0000 0.0000 0.0000 
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Fig. 7 Cumulative distribution of data energy 

 
 

A reader can observe that both errors drop after the 2
nd

 proper mode. As a result, the response 

path of the PS followed a two-dimensional state space path. In addition, answers to the previously 

posed questions could be: i) a kinematic relationship based on a two rank reduction basis can 

effectively reduce the PS; ii) an optimal reduction basis should embed the span of principal 

components. Nonetheless, actual kinematic assumption peculiar of each single testing procedure 

not necessarily fulfil this requirement, since they depend on the loading excitation; iii) in the case 

of a real-time interaction between PS and NS, the dynamic properties of the actual autonomous 

system are preserved in the laboratory; as a result, the SEREP reduction basis was applied to the 

RT case without adding any further q-DoF (O’Callahan et al. 1989). Conversely iv), since the PS 

could experience only static deformations in the laboratory during PDT, the Craig-Bampton (CB) 

(1968) approach was selected; as a result, additional q-DoFs, which numerically accounted for 

non-negligible local dynamics, enriched the Guyan reduction basis(1965).  

A preliminary investigation of reduction strategies was conducted in the linear regime. 

Therefore, both the SEREP and the CB reduction strategies were validated through numerical 

simulations on the RM of the elastic piping system. The transfer systems– hydraulic actuators – 

were characterized by an ideal unitary transfer function, i.e. in absence of delay, phase lags and 

amplitude distortions. 

 
4.1 A modified version of the SEREP method applied to RT 
 
In the RT technique, the PS behaves as a black-box and measured restoring forces can be 

defined as in Eq. (14).In this case, the SEREP technique was very effective for the reduction of 

earthquake forces (10) to coupling Nodes. In the ideal case, the coupled system is expected to 

behave as the emulated piping network, and therefore, modal properties should be preserved. As a 

consequence, a modified version of the SEREP method, called M-SEREP, was applied. In detail, 

the eigenvectors of the PS were reduced on a few significant eigenmodes of the global emulated 

system. In particular, let us split the mass normalized eigenvectors Φ of the global emulated 

system in retained R and truncated L  eigenmodes -column wise- and relevant N-DoFs, B-DoFs 

and P-DoFs -row wise- 
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 
RN LN

R L RB LB

RP LP

 
 

 
 
  

Φ Φ

Φ Φ Φ Φ Φ

Φ Φ

 
(18) 

The SEREP transformation entails 

        

T T T T TT T
N B P N B

SE
   
   
u u u T u u  (19) 

where,     is named as the SEREP transformation matrix defined as  

           
1

T

SE RP RB

   T I I Φ Φ  (20) 

The choice of a specific reduced basis should primarily be based on the type of excitation to 

which the system is subjected. Accordingly, Mode #1 and Mode #2 depicted in Fig. 6, carried most 

of the modal mass in x direction; thus they were retained for this reduction. The inversion of    

entailed a predetermined number of retained modes that must be equal to the number of B-DoFs. 

Hence, a modified RM was set, where the PS was replaced by its reduced counterpart. Relevant 

NEE and NRMSE errors calculated with respect to the RM on Coupling DoF responses are 

reported in Table 8. 

In addition, Fig. 8 depicts the displacement response of the Coupling DoF #1 of both the RM 

and the reduced model. 

As one may note, the low values of both NEEs and NRMSEs reported in Table 8 as well as 

time histories, confirm a good agreement between responses; therefore, the M-SEREP reduction 

approach was effective. 

 

 
Table 8 NEE and NRMSE between RM and Reduced model 

Error Measure Coupling DoF #1 Coupling DoF #2 

NEE 0.133 0.001 

NRMSE 0.015 0.002 

 

 

 

Fig. 8 Comparison of displacement responses of the RM and M-SEREP reduced model at coupling DoF #1 
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4.2 The Craig-Bampton reduction technique applied to PDT 
 

In order to describe this technique and with reference to the PS, it is necessary to introduce the 

so-called constraint modes. These modes are static deformation shapes owing to unit 

displacements applied to boundary DoFs, one by one, whilst the other retained (Girard and Roy 

2008). According to their definition, these modes cope with the PDT technique; so, they were 

calculated through static analyses on the FE model of the PS. Fig. 9 depicts the constraint modes 

of the PS for both coupling DoFs. 

Since the dynamic response of the piping system was described by Modes #1 and #2 depicted 

in Fig. 6, one can observe that a typical PDT cannot reproduce the response path of the PS. In fact, 

constraint modes shown in Fig. 9 entail deformations concentrated toward cantilever pipe elements, 

whilst the remainder parts of the PS remains undeformed. Nonetheless, the portion of the dynamic 

response of the PS that cannot be excited during the PDT can be simulated numerically. At this 

point, the Craig-Bampton (CB) method (Craig and Bampton 1968)comes on stage. Starting from 

the FE model of the PS, its reduced counterpart can be obtained assuming as basis both static and 

modal vectors, i.e. 

      

N N N

B B B

CB CB

P q q

S D

      
      

            
            

u I 0 0 u u

u u 0 I 0 u T u T u

u 0 Φ Φ u u

 
(21) 

where,     is the CB transformation matrix. With regard to the PS, the matrix      
 contains 

the aforementioned constraint modes, whilst       collects a certain number of fixed interface 

vibration modes. In detail, they correspond to eigenmodes of the substructure constrained at its 

B-DoFs. The number of constraint modes is fixed and equal to the number of B-DoFs, whilst, the 

number of fixed interface vibration modes is up to the user. If a proper selection of fixed interface 

vibration modes is made, a consistent reduced counterpart of the PS valid for both static and 

dynamic analyses can obtained. Moreover, looking at the block diagonal structure of the reduced 

stiffness matrix      provided by (16), i.e. 

 
 

  

(a) (b) 

Fig. 9 (a) Constrained Mode #1; (b) Constrained Mode #2 
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,

,

N

B P r B

BB

q P r q

qq

   
   

     
        

0 0 0 0 u

r 0 K 0 u

r 0 0 K u

 

(22) 

the restoring force contribution of constraint and fixed interface vibration modes, one notes that 

they are pleasantly uncoupled. Since the component    is measured during the PDT and the    

can be easily calculated by the submatrix    
   

, the CB method lends itself for an effective 

implementation of the PDT technique. In order to perform an optimal selection of reduction basis 

vectors, a sweep analysis was conducted on the number of retained fixed interface vibration modes; 

they were sorted in decreasing order with respect to their modal masses along the loading direction. 

For each selection of fixed interface vibration modes, a modified RM embedding the reduced 

counterpart of the PS was devised and both NEE and NRMSE errors were calculated with respect 

to the RM on the displacement responses of the Coupling DoFs; they are reported in Tables 9 and 

10, respectively. 

 

 
Table 9 NEEs on coupling DoFs resulting from the sweep analysis 

 Number of retained fixed interface vibration modes 

Coupling DoF 0 1 2 3 4 5 

#1 0.848 0.012 0.012 0.011 0.011 0.011 

#2 0.747 0.015 0.002 0.002 0.002 0.002 

 
Table 10 NRMSEs on coupling DoFs resulting from the sweep analysis 

 Number of retained fixed interface vibration modes 

Coupling DoF 0 1 2 3 4 5 

#1 0.105 0.006 0.003 0.003 0.003 0.003 

#2 0.122 0.003 0.001 0.001 0.001 0.001 

 

  

Fig. 10 Fixed Interface Vibration Mode #1 of the 

PS at 6.57 Hz 

Fig. 11 Fixed Interface Vibration Mode #3 of the 

PS at 12.44 Hz 
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Fig. 12 Comparison of displacement responses of the RM and CB reduced models at coupling DoF #1 

 

 

On the basis of figures of Table 9 and 10, only two Fixed Interface Vibration Modes #1 and #3 

were enough to entail asymptotic values of both NRMSEs and NEEs; these modes are depicted in 

Figs. 10 and 11 and allowed for a quite accurate reduction.  

The dynamic responses of the modified RM embedding the reduced PS with two retained fixed 

interface vibration modes and of the RM are compared in Fig. 12. 

We can conclude that also the CB method allowed for an effective simulation of the piping 

system by means of PDT techniques. 

 

 

5. Integration schemes 
 

The robustness and the quality of a PDT or RT depend, among other factors, on the integration 

scheme employed to solve Eqs. (7) or (8). Since the transfer system is generally affected by delay, 

distortion of the transfer function and noise, which may lead to instability, unconditionally stable 

integration methods are preferable, since they are more robust. Typically, real-time machines 

handling controllers impose a deterministic solving time. Consequently, nonlinear solver 

characterized by a fixed number of iterations are crucial. Among RT compatible algorithms, the 

method proposed by Chen and Ricles (2008), the HHT- implementation of Jung et al. (2007) and 

the “equivalent force control method” of Wu et al. (2007) are the most widespread adopted 

strategies. Nonetheless in hybrid simulations, the numerical models of both NS and PS can be 

profitably used for dynamic identification, model-based control and/or model order reduction; in 

these conditions, a unique representation of the system is preferable. As a result, the most flexible 

and generic state space form represents a reasonable choice. Accordingly, time integration 

algorithms tailored to first order systems are deemed necessary. Moreover, they allow for the 

integration of coupled physics characterized by different time derivative orders, e.g., 

thermo-mechanical coupling. The LSRT-2 algorithm presented hereinafter is conceived for 

first-order systems, and therefore, fulfils this requirement. In details, it embeds the favourable 

L-Stability property and is real-time compatible. Moreover, it allowed for time integrating a linear 

Numerical Substructure characterized by high frequency content with a feasible time step (~1 

msec). 

In this respect, the following state-space representation is introduced 
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             n n n   M y K y g  (23) 

where 

   
=

N

 
 
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0 I
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K 0

, =
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0
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 (24) 

    

=
N
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  
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0
g

f r
 (25) 

where, r is the restoring force vector; Eqs. (24) and (25) refer to the RT and the PDT cases, 

respectively. To carry out both RTs and PDTs, the L-Stable Real-Time compatible algorithm with 

two stages (LSRT2) method developed by Bursi et al. (2008) was employed. For a proper selection 

of relevant parameters, this monolithic algorithm results to be second order accurate and L-stable. 

 

The LSRT2 algorithm 
 

The LSRT2 results to be more competitive than popular Runge-Kutta methods in terms of 

stability, accuracy and ease of implementation (Bursi et al. 2008, Bursi et al. 2011). This method is 

unconditionally stable for uncoupled problems and entails a moderate computational cost for 

real-time performance. It can be summarized in algorithmic form as follows 

Stage-1 

    1 1

1 n nt t
         k I J M g K y  

2 21 1n n    y y k
 

where Δt is the time step; the displacement command      
is sent to actuators and the restoring 

force is fed back to the algorithm. 

Stage-2 

     2 2

1 1

2 21 1n nt t  
 

            k I J M g K y J k  

1 1 1 2 2n n b b     y y k k
 

The displacement command     is sent to actuators and the restoring force is fed back to 

thealgorithm.
 

In order to preserve A-Stability, the Jacobian matrix J was evaluated on the global piping 

system as follows 

       
       

1 1

N P N P N P N P

 

 
 
         

0 I
J

M M K K M M C C

 
(26) 

In order to achieve L-stability, second order accuracy and to reduce algorithmic damping in the 

low frequency range, the following parameters are recommended for the LSRT2 method 

2 21 21 1 21 2 2,  1 2,  ,  0,  1b b             

Favourable dissipative properties of the LSRT2 are shown in Figs. 13(a) and 13(b), where both 

the spectral radius ρ and equivalent algorithmic damping    are depicted. In detail       is the 

dimensionless frequency and    corresponds to the normalized Nyquist frequency. Since 
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excitation of higher modes was not appreciated, simulations were conducted considering the less 

dissipative setting characterized by         . 

 

 

6. Modification of the NS and delay compensation for RT 
 

With regard to RT, a critical limitation was posed by hydraulic actuators. Owing to several 

factors, such as delay and hydraulic power deficiency, high frequency operations set limits of 

about +/- 10 mm to maximum strokes of actuators at about 6 Hz. Hence, it was not possible to run 

an RT on the piping system with high PGA values. Therefore, a modified substructure was 

conceived by adding masses to several nodes of the NS; thus, the main eigenfrequencies of the 

piping system were reduced to about 1 Hz. This modifications allowed to carry out RT on the 

piping system with low PGA earthquakes. This is clear from the test program reported in Table 11. 

However, note that changes to the NS were conceived towards the development of RT algorithms; 

they were not intended for improved performance of the piping system at serviceability and/or 

other limit states. 

In order to compensate actuator delays, the over prediction based method developed by Wu et 

al. (2013) was implemented with Simulink (Simulink 2012) models of relevant algorithms. This 

newly developed compensation technique consists of an upper bound delay τc and optimal 

feedback. It ensures dynamic stability and achieves a nearly exact compensation for delay. The 

idea behind this over prediction technique is to assume an upper bound delay τc not less than the 

possible maximum delay τ and use it for prediction. The maximum delay of the transfer system 

was measured through experimental tests of the actuator control system and comparison of the 

input-output signals; τc was taken as 22 ms. The schematic of the over prediction technique is 

illustrated in Fig. 14. 

 

 

 

  

(a) (b) 

Fig. 13 (a) Spectral radius ρ and (b) equivalent viscous damping    relevant to the LSRT2 algorithm 
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Fig. 14 Schematics of the delay over prediction scheme Fig. 15 Hardware-Software architecture 

 
 
7. Hardware-software configuration 

 

Both mass and stiffness matrices were extracted from a linear elastic FE model of the NS 

developed in ANSYS FE software. In order to carry out hybrid simulations, those matrices were 

then used to model the NS by means of the Matlab/Simulink code in the Host PC. The Host PC 

compiled the system of equations discretized in time by the LSRT2 algorithm, which was then sent 

to an xPC target -a real time operating system installed in a target PC- via a LAN connection. 

During experimental tests, integration algorithms solved Eqs. (7) or (8) in the xPC target and 

estimated displacement commands for the PS. These displacement commands were written to the 

xPC target, which instantaneously copied these signals to an MTS controller (MTS, 2008) through 

a SCRAMNET -a reflective memory between the Host PC and the controller-. The controller then 

commanded two MOOG actuators -capacity: 1000kN force, +/- 250 mm stroke- to move the 

coupling DoFs to desired positions. Again, the SCRAMNET memory instantaneously supplied 

corresponding restoring forces measured by load cells to the xPC target. The hardware-software 

scheme used for hybrid tests is sketched in Fig. 15. 

 

 

8. Test program and experimental set-up 
 

As reported in Table 11, a number of PDT and RT were carried out. RT were conducted with 

low PGA values and handled a similar structure owing to limitations underlined in Section 6. PDTs 

were performed with the CB reduction, while both the M-SEREP and CB reductions were adopted 

to perform RT. All PDTs were carried out at a 50 times extended earthquake time. In addition to 

hybrid tests, four Identification Tests (IDTs) were performed on the PS to characterize both its 

modal properties and damping ratios. In all tests, earthquake loading was applied in the horizontal 

x direction shown in Fig. 1(b). Note that support motions were not required to be considered 

separately in hybrid simulations; in fact the system of Eqs. (7) and (8)allowed for relative 

movements between floor and piping network. 

The experimental set-up was placed on the reaction floor of the Materials and Structural 

Testing laboratory (LPMS) of the University of Trento. The test specimen corresponded to the PS 

described in Section 3; schematic of the specimen and set-up is depicted in Fig. 16. 
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Fig. 16 Schematic of the test set-up 

 

 
Table 11 Hybrid test program 

     Test Case 
Floor 

PGA (g) 

Identification tests IDT - 
Hammer 

Test 
- 

Real time tests RT 
M-SEREP + 

LSRT2 
RT 0.02 

Elastic tests Elastic test, ET CB + LSRT2 PDT 0.04 

Serviceability 

limit state tests 

Operational limit state test, SLOT CB + LSRT2 PDT 0.08 

Damage limit state test, SLDT CB + LSRT2 PDT 0.11 

Ultimate 

limit state tests 

Safe life limit state test, SLVT CB + LSRT2 PDT 0.42 

Collapse limit state test, SLCT CB + LSRT2 PDT 0.60 

 

 

In order to measure strains, displacements and rotations in different positions, the test specimen 

and in particular, elbows and the Tee joint, were instrumented with 22 strain gauges and 7 

displacement transducers. Data were acquired by 4 Spider8 acquisition systems and by an MTS 

FT60 controller. IDTs were carried out using 10 accelerometers and a National Instruments data 

acquisition system. 
 

 

9. Main experimental results and validation of test algorithms 
 

All hybrid simulations listed in Table 11 were successfully carried out. A 0.5% damping found 

through the IDTs was used in the NS during tests. Experimental results exhibited a favourable 

performance of the piping system and its components under all limit state earthquakes. In fact, it 

was observed that, even under SLC, the whole piping system remained below its yield limits 

without any leakage, and only limited strains and rotations were found in different components. In 

all tests, maximum strain was found in Elbow #2, as can be noted in Fig. 17(a); in greater detail, 

the maximum elbow flank strain at SLCT was about 950 μm/m, which was well below its yield 

strain of 2019 μm/m. 
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(a)  (b)  

Fig. 17 (a) Strain histories in Elbow #2 and (b) acceleration history and relevant spectra of Coupling DoF 

#1 at SLCT 

 

 

 

Fig. 18 Accelerations of Coupling DoF #2 forRT 

 

 

 

Fig. 19 Displacements of Coupling DoF #2 for RT 

 

 

Fig. 17(b) presents acceleration time history of Coupling DoF #1 at SLCT. One can observe 

that the input earthquake at 5.88 m/s
2 

was significantly amplified during testing; in fact, the 

maximum acceleration was about twice that of the corresponding input. Moreover, relevant 

Fourier spectra illustrate that the dynamic response of the piping system was dominated by its 

lower modes corresponding to 5.87 Hz -1
st
 Mode-and 6.32 Hz -2

nd
 Mode-. 

With regard to RTDS, the piping system exhibited a favourable response. See in this respect, 

the acceleration time history of Coupling DoF #2 from RT presented in Fig. 18. One may note that 

the input PGA was amplified about three times in this test. Moreover, relevant Fourier spectra 

show that the system’s responses were dominated by its lower modes corresponding to frequencies 
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0.78 Hz and 1.10 Hz. In addition, the LSRT2 integrator proved to be effective for RT; as depicted 

in Fig. 19, it entailed experimental responses in agreement with relevant numerical simulations. 

Because the PS responded in the linear range, both NEE and NRMSE errors were quantified 

also for these cases. Relevant estimates can be found in Tables 12 and 13 for PDT and RT, 

respectively. 

Given the different approximations involved, NRMSE error values indicated a favourable 

agreement between numerical and experimental results. As expected and because of signal energy 

involved, NEE errors were found to be comparatively greater. Thus, effectiveness of both the CB 

and M-SEREP reduction techniques were experimentally justified as was predicted analytically. 

Moreover, a favourable performance of the piping system was found, which always remained in 

the linear regime without any leakage; thus the over-conservativeness of relevant design standards 

was confirmed (Touboul et al. 2006, Otani et al. 2011, Paolacci et al. 2011, 2013b). In addition, 

the choice of reduction bases derived from a linear FE model of the piping system was supported. 

 

 
Table 12 NEE and NRMSE between experimental and numerical responses in the PDT case at SLCT 

Error Coupling DoF #1 Coupling DoF #2 

NEE 0.236 0.635 

NRMSE 0.038 0.066 

 

 
Table 13 NEEs and NRMSEs between experimental and numerical responses in the RT case 

Error Coupling DoF #1 Coupling DoF #2 

NEE 0.494 0.614 

NRMSE 0.083 0.239 

 

 

10. Conclusions 
 
This paper presented a novel hybrid testing approach for seismic performance evaluation of 

industrial piping systems based on model reduction techniques. In this respect, a deep insight into 

the dynamic response of an emulated global system from a specimen perspective was provided, by 

means of the application of principal component analysis. The clear understanding of reduction 

basis requirements paved the way for the implementation of two model reduction techniques 

aimed at extending the applicability range of hybrid testing techniques beyond its traditional scope. 

In detail, a modified version of the SEREP method was applied to the Real Time testing strategy, 

whilst the well-known Craig-Bampton method was tailored to the Pseudo-Dynamic Testing case. 

Numerical and experimental validations of the proposed approaches were presented throughout the 

paper in terms of two error measures capable of emphasizing both energy and frequency aspects 

involved in approximations. 

With regard to time integration, the LSRT2 algorithm tailored to Hamiltonian system was 

adopted in the experimental campaign. The relevant state-space form naturally favour the 

exploitation of a more general framework where numerical integration, model reduction, system 
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identification and control techniques can more easily interact, As a result, both the Real Time and 

the Pseudo-Dynamic Testing techniques were successfully applied to the suggested case study. The 

favourable performance of the piping system, which always remained in the linear regime without 

any leakage, corroborated the choice of reduction bases derived from linear time-invariant FE 

models. Hence, the reduction techniques involved in hybrid testing presented in this study proved 

to be justified. The enhancement of reduction techniques to nonlinear PSs will represent its natural 

extension. 
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