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Abstract. The axisymmetric dynamic instability of polar orthotropic sandwich annular plate combined
with electrorheological (ER) fluid core layer and constraining layer are studied in this paper. And, the ER
core layer and constraining layer are used to improve the stability of the annular plate system. The
boundaries of instability regions for the polar orthotropic sandwich annular plate system are obtained by
discrete layer annular finite element and the harmonic balance method. The rheological property of an
electrorheological material, such as viscosity, plasticity, and elasticity can be controlled by applying different
electric field strength. Thus, the damping characteristics of the sandwich system are more effective when the
electric field is applied on the sandwich structure. Additionally, variations of the instability regions for the
polar orthotropic sandwich annular plate with different applying electric field strength, thickness of ER layer
and some designed parameters are investigated and discussed in this study.

Keywords: dynamic instability; polar orthotropic; electrorheological; annular plate; discrete layer annular
finite element

1. Introduction

The dynamic instability may occur when the structure is applying periodic loads or under a
range of excitation frequency. Thus, the induced violent vibration is called the dynamic instability
or parametric resonance. In the recent years, the dynamic behaviors for the mechanical system
were received a great deal of attentions. Bolotin (1964) presented a series of studies on the
dynamic instability problems due to the periodic in-plane loads.

The investigations for the dynamic instability or parametric resonance problems of the single
circular and annular plate due to the periodic loads were studied and discussed by many
researchers. Dumir and Shingal (1985) investigated the axisymmetric postbuckling of polar
orthotropic thick annular plates. Then, Chen and Hwang (1988) studied the axisymmetric dynamic
instability problem of isotropic and polar orthotropic circular plate by employing Galerkin and
finite element methods. Lin and Tseng (1998) studied the free vibration problems of polar
orthotropic circular and annular plates. The vibration and dynamic instability of the viscoelastic
plate was discussed by llyasov and Akoz (2000). The dynamic instability problem of the annular
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plate system with constraining damping treatment by using the finite element method was obtained
by Chen and Chen (2004). Then, the buckling of simply-supported rectangular Reissner—Mindlin
plates subjected to linearly varying in-plane loading was discussed by Zhong and Gu (2006).
And, Wang et al. (2006) presented the accurate buckling load problems of thin rectangular plates
under parabolic edge compressions by the differential quadrature method. The dynamic behaviors
of axially moving viscoelastic plate with varying thickness were studied by Zhou and Wang (2009).
Pawlus (2011) studied the solution to the problem of axisymmetric and asymmetric dynamic
instability of three-layered annular plates. After that, the dynamic instability of composite plates
subjected to non-uniform in-plane loads can be obtained and discussed by Ramachandra and
Panda (2012).

Recent developments in smart materials and the potential structural applications had resulted in
significant improvements in vibration control systems. Electrorheological (ER) fluid is one of the
active smart materials and with controllable rheological properties when an electric field is applied
to these fluids. The ER fluid deformed within the small strain range was assumed to be a linearly
viscoelastic material with field-dependent complex modulus in the work by Lee (1992). Roy and
Ganesan (1993) presented the finite element method to calculate the vibration and damping
analysis of circular plate with constrained layer treatment. The vibration characteristics of the
sandwich beam system with ER fluid core layer and the variations of the modal loss factors with
different designed parameters of the sandwich system were calculated and discussed by Yalcintas
and Coulter (1995). Then, Don and Coulter (1995) investigated the analytical and experimental
results of the ER material based adaptive beam system. Oyadiji (1996) presented that the modal
parameters were more dependent on the location and also discussed the effect of the size of the ER
fluid treatment for an aluminum plate. The passive and active damping characteristics of the ER
composite beams and the flexural vibration of laminated composite ER sandwich beams to
maximize the possible damping capacity was calculated and discussed by Kang et al. (2001).
Phani and Venkatraman (2003) presented the numerical and experimental results of the sandwich
beam using ER fluid. After that, the dynamic characteristics and damping effects of the sandwich
isotropic and orthotropic circular plate structures were presented by Yeh (2007) and Yeh et al.
(2009). And, then Yeh (2011) presented the parametric resonance analysis of axisymmetric
sandwich annular plate with ER core layer.

The axisymmetric dynamic instability characteristics and effects of damping properties for
polar orthotropic sandwich annular plate with an ER fluid core and constraining layer are
presented in the study. To the author’s knowledge, no prior work has addressed the axisymmetric
dynamic instability problem of polar orthotropic sandwich annular plate with ER fluid core layer.
The discrete layer annular finite element and the harmonic balance method are utilized to calculate
and obtain the instability regions of polar orthotropic sandwich annular plate system. And, the
complex problems of the sandwich annular plate system are solved by using the complex modulus
representation of the ER fluid. The effects of the ER layer, applying electric field strength and
some designed parameters on the instability regions for the sandwich annular plate system are also
investigated and discussed in this paper. In this study, the significant effects on the axisymmetric
dynamic characteristics of polar orthotropic sandwich annular plate with ER core layer can be
seen.

2. Analytical model formulation
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In Fig. 1, the polar orthotropic sandwich annular plate with ER core layer and constraining
layer subjected to the uniform radial stress is demonstrated. As shown in the figure, layer 1 is a
pure elastic, isotropic constraining layer and the ER fluid core layer is designed as layer 2 and the
properties of the ER material can be changed and controlled by applying different electric field
strength. Layer 3 is the annular plate with an inner radius @ and outer radius b and assumed to
be elastic, undamped and polar orthotropic. And, the thicknesses of the three layers of the

sandwich annular plate system are /4, h,, and h,, respectively. Additionally, the following

assumptions should be mentioned in order to simplify present problems. It is assumed that there
are no slipping between the elastic and ER layers. Besides, the transverse displacements, w, of all
points on any cross-section of the sandwich annular plate are constant.
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Fig. 1 Axisymmetric polar orthotropic sandwich annular plate with ER layer and constraining layer
treatment and subjected to the uniform radial stress
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Fig. 2 The discrete layer annular finite element for three-layer element
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In Fig. 2, the discrete layer annular finite element is utilized to formulate the problems of
sandwich plate system. As shown in Fig. 1, the strain-displacement relation of the elastic layer can
be expressed in terms of the in-plane displacements of the adjacent layer interfaces and the
transverse displacement by considering the geometry of the sandwich annular plate system

U,(r.1)
u,(r,z,t)
a =" — H,()IU..(r1) (1)
wi(r,z,t) ’
W(r,t)

1 =z 1 z
—_—— — _+_
G Gt
0 0 1

ith layer, u, is the displacement for ith layer and w, is the transverse displacement for ith layer,

where H\ (z) = is the transverse thickness interpolation matrix for

respectively. Then, the displacements of the interfaces for two-layer can be expressed in terms of
the nodal degrees of freedom as following equation by using the interpolation in r-direction and
the circumferential wave number m

U,(r,t)
Uiy (r,t) = H,(r)g; (t) 2
W(r,t)

in which, ¢'={U! v' U v owt et UuP v Ul v W' @] isthe

vector of the nodal displacements of the element and /,(7) is the interpolation matrix.

Then, the strain-displacement relation for the ith layer of the system can be expressed as the
following equation

e, =1e,, =Dd, 3)
]/rz,i

where ¢€; is the strain vector and D is the differential operator matrix.
And, the stress-strain relation can be obtained and can be shown as follows

o,=Ceg, 4)

in which, o, = {Jr’i Oy Tro }T , C, is the elasticity matrix. Afterwards, the strain and

kinetic energies of the element for ith layer can be expressed as the following forms

ve=sloledv+[a g dv )
2 ;
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LY ©
27

in which, &;, € ,and p, are external load stress vector, non-linear strain vector, and the mass

density of the ith layer, respectively and listed in detail in Appendix. Besides, the second term in
Eq. (5) is additional strain energy due to external in-plane loads.

Then, the Hamilton’s principle is used to derive element dynamic equilibrium equation and the
following element differential equation can be express as follows by substituting Egs. (1)-(4) into
Egs. (5) and (6)

MUS + (K +GiHUS =0 (7)

where M, K/, and G; are element mass matrix, element stiffness matrix, and element

geometric stiffness matrix due to the external in-plane load, respectively.
The following relations must be obtained first in order to combine the elemental matrices into
the global stiffness and mass matrices

US=Tr'U (®)

where U and TrS are the global nodal co-ordinate vector and transformation matrix,

respectively. Then, the equation of motion for the sandwich system can be express as follows by
assembling the contribution of all elements of the system

MU+ (K +G)U =0 )

where M, K, G are global mass, global stiffness, and global geometric stiffness matrix due to the
external in-plane load, respectively and are given by

3 N; T

M =3 (3 Tre MeTre) (10)
i=l e=l
3 N T

K=>(XTr KiTr) (11)

i=l e=l

3N
G=> O T GTr) (12)
=1 e=l
where N, is the element number of the ith layer.
After that, the external load stress, P(t), is assumed to be a periodic radial stress and presented
as follows
P(t)=F, + P, cos Ot (13)

where £y, P,and © are static load factor, dynamic load factor, and the disturbance frequency,

respectively. Additionally, the geometric stiffness matrix can be rewritten as the following form
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G=G,+G, cosOt (14)

in which, G, is the static geometric stiffness matrix and G, is dynamic geometric stiffness

matrix. Then, the equation can be expressed as the following form called Mathieu-Hill equation
MU +(K+G, +G, cos®)U =0 (15)

In this study, the boundary of the dynamic instability can be calculated and obtained by using
Bolotin’s method (Bolotin 1964). The boundary of the dynamic instability of the sandwich system
is formed according to the periodic solutions of the 7 (27 /®) and 2T (47 /®). The boundary

of the primary instability region with period 27 is of practical important in mechanical applications
and the solution can be expressed as follows

U(r) ={{al}sin%+{bl}cos%} (16)

and period solution with a period T in the form
U(t) = [{a, } sin(®r) + {b, } cos(O1)] (17)

where {a,}, {a,}, {b,}and {b,} areundetermined constants.

Then, substituting Eqs. (16), (17) into Eq. (15) and rewriting the equations, the following
non-trivial solution of the sandwich annular plate system can be obtained as the follows
for the solutions with a period 2T

Gr 2 ) i Gj
K +G -9y _gi_giSe
2 4 r 22 =0 (18)
j j Gi T r Gt @
K'+G) —— K'+G,+—-—7-M
2 2 4
for the solutions with a period T
K'+G, 0 lG{
2
-G!  K'+G,-60’M -K'-G] |=0 (19)
G| K’ +G} K'+G| -0°M

where the superscripts r and j denote the real and imaginary part of the matrices, respectively. Egs.
(18) and (19) are the equations of the boundary frequencies for the sandwich annular plate system.
Then, the primary and secondary stability-instability boundaries of the polar orthotropic sandwich
annular plate system with ER core treatment can be calculated and obtained by solving the
complex equations.
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Fig. 3 The primary and secondary instability regions of the polar orthotropic sandwich annular plate
system with ER core layer. (@ =0.1, & =02, h,=0.5, E =1, E;=15, K,=1)

3. Results and discussions

The dynamic instability analysis of the sandwich annular plate with ER fluid core and
constraining layer are presented in this study. And, the following non-dimensional parameters
and some geometrical parameters are introduced for convenience:

a

b=0.15m , 523’ hy=hy/hy, h=h/hy, E =Ey JE, , Es=E,JE. 5, U4, =029

rl»

(for i=1,3), 0.y, =E, 0, /E,; (for i=1,3), v,=0.49, hy=05mm, p =p;= 2700 kg /m’ ,

p, =1700kg/m* ,  E., =E,,=70GPa , «*=x*/12 (for i=13), x=1 (for i=2),
2 2 2
A :—E3h3 —, K, :—Poh3b , K, :—P’h3b . Additionally, @* is the natural frequency
12(1-0?) D, D,

of the sandwich annular plate with the parameters @ =0.1, }Nzl =0.1, Zz =05, hy=0.5mm,
K, =K, =0, and subjected to electric filed E. =0.5kV /mm in the following discussions of the

figures. On the other hand, damping effects of the sandwich system are provided by the ER fluid
and only the electric field dependence of ER fluid needed to consider based on the existing model
of ER material. Therefore, the complex modulus of ER fluid can be simplified into the following
equation, which was experimentally measured by Don (1993)

G,(E.)=G'+ jG" (17)

where E, is the applied electric field strength in kV/mm, G' is the shear storage modulus

(G'~15000E2), G" is the loss modulus (G" ~6900) and j =+/~1, respectively.

The numerical results are compared with those results in order to validate present algorithm and
calculations obtained in this study. Tables 1 and 2 show the numerical results compared with the
results of polar orthotropic laminated annular plates (Lin and Tseng 1998) and full coverage
sandwich annular plate (Roy and Ganesan 1993). It can be seen that numerical solutions solved by
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present model are shown to have a good agreement and accuracy from the tables.
The effect of dynamic in-plane load K, on primary and secondary instability regions of polar

orthotropic annular plate system for C-F and S-S boundary conditions can be observed and shown
in Figs. 3 (a) and 3(b), respectively. And, it can be seen that the tendency of the plate system are
similar for different applying electric field strength according to the results. The primary and
secondary instability regions of the polar orthotropic sandwich annular plate system with various
applying electric field strength ( E.=0.5, 0.8, 1.5 kV/mm) are plotted in Fig. 4. Figs. 4(a) and 4(b)

show the numerical results for C-f and S-S boundary conditions, respectively. The instability
regions for polar orthotropic sandwich plate system will move to the higher disturbance frequency
and smaller dynamic in-plane load. According to the characteristics of the ER fluid, the larger
applying electric field strength will increase the stiffness of the sandwich plate system and it also
can be seen that the tendency is similar for different boundary conditions.
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Fig. 4 The primary and secondary instability regions of the polar orthotropic sandwich annular plate
system with various applying electric field strength (a =0.1, 5 =02, h, =0.5, El =1,
E,=15, K,=1)

Fig. 5 is the primary and secondary instability regions of the polar orthotropic sandwich
annular plate system with various £, (0.5, 0.8, 1.5). The primary and secondary instability
regions of the sandwich plate system will shift to higher disturbance frequency as the parameter
E; increases. It is because that the stiffness of the sandwich plate system will be larger with the
increasing of E;. The plots of the primary and secondary instability regions for polar orthotropic
sandwich annular plate system with various thickness of ER core layer are presented in Figs. 6 (a)
and 6(b), respectively. The primary and secondary instability regions of the sandwich plate system
will move downward and backward when the thickness of ER core layer increases. Additionally,
the characteristics of the sandwich system are similar for C-F and S-S boundary conditions.
Because of the system damping effects are provided by the ER fluid layer, so the stiffness of the
system will decrease while the thickness of the ER core layer increasing.

Figs. 7 (a) and 7(b) show the effect of static in-plane load K, on primary and secondary

instability regions of polar orthotropic annular plate system for C-F and S-S boundary conditions,
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respectively. It can be observed that the primary and secondary instability regions will move
downward as the static in-plane load increases and the variations of the sandwich plate system are
similar for various boundary conditions. The effect of static in-plane load K, on primary and
secondary instability regions for the polar orthotropic sandwich annular plate system with various
applying electric field strength is plotted in Figs. 8 (a) and 8(b). Based on the numerical results, the
primary and secondary instability regions of the sandwich plate system move smaller disturbance
frequency with the increasing of static in-plane load K, . Thus, the applying electric field strength

can be utilized to control the dynamic behaviors of the sandwich plate system with ER fluid layer
according to the numerical results.
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Fig. 5 The primary and secondary instability regions of the polar orthotropic sandwich annular plate
system with various £; (d =0.1, }71 =0.2, 712 =0.5, E1 =1, E.=05kV/mm, K, =1)
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Fig. 6 The primary and secondary instability regions of the polar orthotropic sandwich annular plate
system with various ER core layer thickness (a =0.1, h =02, El =1, E3 =15,
E.=05kV/mm, K, =1)
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Fig. 7 The primary and secondary instability regions of the polar orthotropic sandwich annular plate
system with C-F and S-S boundary conditions (a =0.1, =02, h, =05, El =1,
E,=15, K,=1)
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Fig. 8 The primary and secondary instability regions of the polar orthotropic sandwich annular plate

system with various applying electric field strength (a =0.1, 711 =02, }le =0.5, El =1,
E,=15, K,=1)

The effect of static in-plane load on primary and secondary instability regions for the polar
orthotropic sandwich annular plate system with various ES (0.5, 0.8, 1.5) can be obtained in Figs.

9 (a) and 9(b). The primary and secondary instability regions of the polar orthotropic sandwich
plate system will move upward to higher disturbance frequency and the width of the instability

regions of the system will get smaller with the increasing of E3. Additionally, the variations of

the system are the same for C-F and S-S boundary conditions. Fig. 10 shows the effect of static
in-plane load on primary and secondary instability regions for the polar orthotropic sandwich
annular plate system with various ER core layer thicknesses. According to the numerical results,
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the instability regions of the sandwich plate system move downward when the thickness of ER
fluid layer is getting larger. It is because that the stiffness of the sandwich plate system will
decrease as the thickness of ER fluid layer increases. The results for primary and secondary
instability regions and different boundary conditions can be observed clearly in Figs. 10(a) and
10(b), respectively.
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Fig. 9 The primary and secondary instability regions of the polar orthotropic sandwich annular plate
system with various E, (a =0.1, }Nll =02, Zz =0.5, E =1, E.=0.5kV /mm, K,=1)
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Fig. 10 The primary and secondary instability regions of the polar orthotropic sandwich annular plate
system with various ER core layer thickness (@ =0.1, /4 =0.2, El =1, E3 =15,
E.=0.5kV /mm, K,=1)

4. Conclusions

In this paper, the axisymmetric dynamic instability of polar orthotropic sandwich annular plate
with an ER fluid core layer studied. The boundaries of the stability-instability regions of the
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sandwich annular plate are calculated and obtained by using the discrete layer annular finite
element method and the harmonic balance method. And, a complex description of the viscoelastic
material is adopted for the ER fluid in this investigation. Thus, the controllable devices, such as
some mechanical or micro-mechanical devices, can be designed and acted as novel controlled
devices according to present numerical results.

Numerical results are shown that the applying electric field strength will change the stiffness of
polar orthotropic sandwich plate system and the instability regions of the sandwich plate system
can be changed and controlled by applying different electric field strength. Besides, the stiffness of
the sandwich plate system can increase while increasing of E;. It also can be utilized to change
the dynamic behaviors of the sandwich plate system. As to the thickness of ER fluid layer, the
instability regions of the sandwich annular plate system will be changed and controlled with
various thickness of the ER layer. Thus, the applying electric field strength, the ER fluid layer, and
the parameter E; are shown to have significant effects on the instability regions of the sandwich
plate system and can be utilized to control and change the dynamic behaviors of polar orthotropic
sandwich plate system.

Finally, the present results hope to provide the basic information for practical applications and
can be utilized to design some active controllable and more stable mechanical devices
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Appendix
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r—r,
g=1-0
h=r
2
or
1
2.D=| — 0 [.
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for isotropic ER material, C,,,=C,,,=—2~, C,,=C,,=—22  Cp,=—-23—
p n2 = b2y =77 2 122 =522 =77 2 “27 90 0,
v, =0.499, respectively.
. . . E., E,,
For polar orthotropic material (i=1,3), C,,=—"— Cp,=——"— ,
C1=0,,0, b =004,
Vi B . ; ;
Cp; =Cy; =1+, Cu,=xG, ., respectively. In the above equations, E, is the
’ ' ~ U,V ’ ’

Young’s modulus, », is the Poisson ration, and & 1is the shear correction factor.

1 Ou, » 1 0w, ,
5, 2% 2%
4.0,=10,,; 1= CiD(Hl,in)ﬁf’ € = %(%)2 >
Trzi ou; du,
o oz

where ﬁf is the equilibrium nodal displacement vector of annular element for ith layer.

5. M; = [(DH,,H, )" C(DH,H, )V

vV

K{ = Ipi(Hl,in)T(Hl,in)dVa
%



Axisymmetric dynamic instability of polar orthotropic sandwich annular plate...
G = 2J- [(D\HH, H, )T o;(D,H,H;H,)+(DHH,;H, ) o;(D,HsH,;H,)
v

1 Le
+E(D3H5Hl,iH2)To-i (D3H5H1,1H2 )]dV,

10 0 0 .,
20r or 1 o 0 0
inwhich, D,=< 0 +, D,=<0 ¢, Dy=9—¢, &f= 0 oy 0 |,
0 0 r T,
~ ~ 0 0 0 Trzi
or 0z '

H,=[1 0], H;=[0 1].

Table 1 Non-dimensional natural frequency of polar orthotropic laminated annular plates
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Non-dimensional natural frequency

b/a b/h Present Lin and Tseng (1998)
0.1 10 13.471 13.526

20 14.042 13.936

50 14.238 14.147

100 14.267 14.178
0.5 10 20.818 20.636

20 21.959 21.851

50 22318 22.233

100 22.371 22.290

Table 2 Comparison between published and proposed methods for the full coverage annular plate

Mode (n,m)
(0,0) 0,1) (0,2) (0,3) (0,4)
Natural Roy and Ganesan  74.38 73.08 96.38 142.8 203.7
frequency (Hz) (1993)
Present 74.44 73.00 96.20 144.00 205.20
Modal loss Roy and Ganesan  0.1127 0.09576 0.1021 0.1212 0.1177
Factor (1993)

Present 0.1128 0.09542 0.1016 0.1210 0.1170






