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Optimal shape of LCVA for vibration control of structures
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Abstract. In this study, a procedure to design an optimal LCVA that maximizes the equivalent damping
ratio added to the primary structure subjected to along-wind excitation is proposed. That design procedure does
not only consider the natural frequency and damping ratio of the LCVA, but also the proportion of the U-
shaped liquid, which is closely related to the participation ratio of the liquid mass in inertial force. In addition,
constraints to ensure the U-shape of the liquid are considered in the design process, so that suboptimal
solutions that violate the optimal tuning law partly are adopted as a candidate of the optimal LCVA. The
proposed design procedure of the LCVA is applied to the control of the 76-story benchmark building, and the
optimal proportions of the liquid shape under various design conditions are compared.
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1. Introduction

Various types of vibration absorbers have been developed and applied to real building structures

for the vibration control against both wind and earthquakes (Housner et al. 1997, Agrawal and Yang

1999, Mazza and Vulcano 2007, Mazza and Vulcano 2011). Recently, many types of the tuned

vibration absorber employing liquid as a moving mass are developed, and have been applied to the

real tall buildings for the purpose of wind-induced vibration control (Kareem and Kijewski 1999).

The liquid-type vibration absorber has many advantages in respect of simple construction and easy

maintenance. In the early stage of development, the tuned liquid damper (TLD) that has a simple

liquid container in the form of cube or cylinder known as the tuned liquid damper (TLD) was

developed and applied (Soong and Dargush 1997). Later, another type of liquid-type vibration

absorber adopting a new restoring force mechanism, known as the tuned liquid column damper

(TLCD), was developed (Sakai et al. 1989). The TLCD utilizes liquid moving in a U-shaped

container with a constant cross sectional area, and enables more mass to participate in horizontal

inertial force by adjusting horizontal liquid length. Subsequently, the liquid column vibration

absorber (LCVA), which is a variation of the TLCD, was proposed by Watkins (1991). The LCVA

utilizes a U-shaped container similarly to the TLCD, but its vertical and horizontal liquid columns

have different cross sectional area. This feature facilitates design and tuning of the vibration absorber by

additional degrees of freedom in design. In addition, many innovative technologies for liquid-type
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vibration absorbers were developed. TLCD using MR fluid is proposed (Colwell and Basu 2008),

and a TMD of which mass is substituted by a TLCD is proposed in order to control bi-directional

motion of the primary structure (Heo et al. 2009). 

Vibration control performance of the tuned mass damper (TMD), which is the most widely-used

type of the tuned vibration absorber, depends on three parameters e.g., the mass ratio of the moving

mass over the primary structure and the natural frequency and damping ratio of the absorber itself

(Soong and Dargush 1997). However, the design of the liquid liquid-type vibration absorber has

many differences from that of the TMD in many aspects. Coupled equations of motion for the

liquid-type vibration absorber and primary structure differ from those of a typical 2-DOF system applied

to the TMD and primary structure. In addition, the moving mass of the LCVA that participates in

the inertia-type control force is a fraction of the total liquid mass and is determined by the shape of

the container, which is defined by various dimension parameters. As a result, various design results

are produced using the same total mass and tuning law, differently from the TMD. In particular, the

LCVA has the most degrees of freedom among the liquid-type vibration absorber, and this study

focuses on the design of the LCVA.

Hitchock et al. proposed and verified an analytical model of the LCVA through free vibration

tests of the single-directional and bi-directional LCVAs (Hitchcock et al. 1997). Chang and Hsu

(1998) proposed an analytical model of the LCVA as well, and analyzed its vibration control

performance for various design parameters numerically. Chang and Qu (1998) proposed formulas

of the optimal frequency and equivalent damping ratio of the various mass-type vibration

absorber including the LCVA, but did not presented how to determine the optimal shape of the

LCVA achieving those optimal frequency and damping ratios. Wu et al. (2005) proposed design

tables of the LCVA, which were calibrated experimentally, through numerical optimization. They

showed that the cross sectional area ratio of the LCVA equal to 1.0 is the best for several primary

structures. However, they did not take the limit of the liquid displacement into account in their

study.

In case of TLCD, which is a special case of the LCVA, many studies were conducted about

optimal design. Gao et al. (1997, 1999) found the optimal frequency ratio and head loss coefficient

with a constraint of the water level displacement below 5% of the liquid length. Yalla et al. (2000)

proposed optimum absorber parameters of the TLCD for various types of the excitation. Min et al.

(2005) studied vibration control of the 76-story benchmark building using a single or multiple

TLCDs. Shum (2009) proposed closed form optimal solution of the TLCD for suppressing harmonic

vibration of the primary structure. However, above studies on the optimal TLCD did not address the

relation between the liquid shape and control performance. 

In this study, a design procedure of the optimal LCVA that maximizes the equivalent damping

ratio added to the primary structure subjected to wind excitation is proposed. That design

procedure does not only consider the dynamic characteristics of the LCVA represented by the

natural frequency and damping ratio, but also the shape of the liquid which is closely related to

the participation ratio of the liquid mass in inertial force. In addition, two constraints on the

dimension parameters to achieve the U-shaped liquid and one constraint on the liquid level

displacement to maintain the U-shape of the liquid during vibration response are considered to in

the design process. The proposed design procedure is verified through a numerical design

example for the 76-story benchmark building, and the optimal shapes of the LCVA under various

design conditions are compared.
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2. Mathematical model

Equations of motion for a MDOF structure coupled with a LCVA are presented as follows (Chang

and Qu 1998). 

(1)

(2)

where M, C, K, H are the mass, damping and stiffness matrix of the primary structure and the location

matrix of the LCVA, respectively; X and F are the displacement and external force vector of the

primary structure, respectively; w is the liquid level displacement; other parameters are given as

follows.

(3)

(4) 

(5)

(6)

(7)

where ρ and δ are the liquid density and head loss coefficient of the LCVA, respectively; b and h are

dimension of the horizontal length and vertical height of the liquid and represented with other

dimension of the liquid container in Fig. 1; rA is the area ratio between the vertical and horizontal

sectional area AV and AH, which are calculated from the dimension presented in Fig. 1; Le is the effective

liquid length of the LCVA. In particular, a mass parameter G2 is equal to the total mass of the liquid.

The area ratio and effective liquid length are expressed as 

(8)
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Fig. 1 Dimensions of the LCVA
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(9)

Horizontal liquid motion is rA times the vertical motion, assuming incompressible liquid. Therefore, G3

defined by Eq. (5) is a mass parameter to represent inertia force of the horizontal liquid column using

the liquid level acceleration  in Eq. (1). Also, G1 defined by Eq. (3) is a mass parameter to represent

inertia forces in Eq. (2), which is related to liquid motion and derived using the Lagrange equation

based on energy (Gao et al. 1997). Kt defined by Eq. (7) is introduced in Eq. (2) in order to represent

restoring forces caused by unbalanced weights between two vertical liquid columns. Equilibrium

between inertia and restoring forces in Eq. (2) can be comprehended considering that the liquid

pressure at an end of the horizontal liquid column should be the same as the liquid pressure at the

bottom of the adjacent vertical liquid column and these two liquid columns have different cross

sectional areas. 

The equations of motion (1) and (2) are transformed to the following equation retaining only the

first mode of the primary structure.

(10)

where q1, ω1, ζ1, M1
* and F1

* are the generalized coordinate, natural frequency, damping ratio,

generalized mass and external force of the first mode of the primary structure, respectively; ωt and ζt

are the natural frequency and damping ratio of the LCVA; µ1, µ2 and µ3 are the mass ratio of the LCVA

defined as

(11)

The natural frequency of the LCVA is defined by effective liquid length as follows.

(12) 

The damping ratio of the LCVA ζt is an equivalent linear damping ratio expressed as 

(13)

assuming that nonlinearity caused by the response-dependent damping coefficient Eq. (6) is not strong

and the liquid level velocity is a stationary Gaussian process (Chang 1998).

3. Wind excitation and response

According to the previous study of Chang and Qu (1998), the external force is modeled with a

one-sided power spectral density of the fluctuating component of the wind load, which is defined as

(14) 
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where ω and A1 represent the frequency and intensity of the wind excitation, respectively, and s is

defined by the following equation.

(15) 

where  is the mean wind speed at the height of 10 m. 

In Eq. (14), SF and Sf are one-sided spectrum for the fluctuating wind loading and wind velocity,

respectively. In this study, the wind velocity spectrum proposed by Davenport (1971) is adopted for

Sf in Eq. (14). 

The intensity of the wind excitation A1 in the Eq. (14) is expressed as

(16) 

where φ1 is the mode vector corresponding to the first mode of the primary structure, and SP is the

cross-correlation coefficient matrix of the wind force acting on each story of the building. SP is

determined by the aerodynamic admittance, which transforms the wind velocities distributed along a

building height to the generalized wind force for the first mode and depends on the wind speed profile

and drag coefficient of the building (Simiu 1996, Solnes 1997).

RMS responses of the primary structure and LCVA are obtained by the integration of their power

spectral densities, as follows.

(17)

(18)

(19)

(20)

where q1,RMS, q1C,RMS, wRMS and  denote the RMS of the uncontrolled and controlled generalized

coordinate of the primary structure, and the RMS of the liquid level and velocity of the LCVA,

respectively, and corresponding transfer functions are denoted by Hq1, , Hw and , respectively. 

Peak responses are obtained by multiplying a peak factor to the corresponding RMS responses.

The peak factor is composed of two factors estimating the mean and standard deviation of the peak,

respectively, and expressed by the following equations proposed by Davenport (1964).

(21)
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where 

(23) 

and ts is the duration of the wind excitation assumed as 300 sec. The peak factor p and q estimate the

mean and standard deviation of the peak, respectively, and the sum of those two factors is applied to

estimate peak responses.

4. Optimal frequency ratio and damping ratio

Generally, a vibration absorber that utilizes a mass-spring system tuned to the primary structure is

designed by determining the natural frequency and damping ratio of the absorber for a specific mass

ratio. The optimal frequency ratio and damping ratio of the LCVA installed in the primary structure

subjected to wind excitation presented by Eq. (10) were proposed by Chang and Qu (1998), and

adopted in the procedure to find an optimal liquid shape in this study. The optimal frequency ratio

and damping ratio produce an optimal additional equivalent damping ratio expressed by the

following equation.

(24)

where λ and γ are the frequency ratio and the mass-ratio-related parameter respectively, and defined as

(25)

(26)

Chang and Qu proposed the optimal natural frequency ratio λopt and the optimal damping ratio ζt,opt,

which maximize ζe, neglecting the damping ratio of the primary structure. (Hitchcock et al. 1997)

Those optimal tuning parameters are expressed using only mass ratio µ2 and mass-ratio-related

parameter γ as follows.

(27)

(28)

Accordingly, the optimal tuning parameters are determined by only three mass ratios µ1, µ2 and µ3. The

optimal equivalent damping ratio  can be converted to the head loss coefficient using Eq. (13).

5. Optimal design of the LCVA shape

There exist various LCVA shapes of which total liquid mass is the same, because the shape of the

LCVA is defined by various dimension parameters. Those LCVAs have the same total mass ratio µ2
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but have different combinations of the other two mass ratios µ1 and µ3. As a result, they have different

optimal frequency ratio λopt and optimal damping ratio ζt,opt, which are related to only those three

mass ratios, as observed in Eqs. (27) and (28). This means that, even if the same liquid mass is utilized,

LCVAs have different vibration control performance relying upon the proportion of their shapes. In

this study, the optimal shape and damping parameter of the LCVA, which has a fixed total liquid

mass G2 and maximizes additional equivalent damping ratio for a given range of design parameters,

are investigated through parametric study. Several independent design parameters are varied and the

other parameters are determined to tune the LCVA according to the optimal frequency ratio and

optimal damping ratio given by Eqs. (27) and (28).

5.1 Constraint conditions in the design of the LCVA

Three constraints are imposed in the design of the LCVA. Firstly, the displacement of the liquid

level is constrained because the LCVA assumes U-shape of the liquid. If the liquid level becomes

lower than the ceiling of the horizontal liquid column, the U-shape is destroyed. This results in the

violation of the equation of motion (1) and corresponding failure of optimal tuning. Accordingly,

the liquid level displacement should be limited as follows.

(29)

The other two constraints are related to the dimension of the liquid column to ensure the U-shape of the

LCVA and expressed as follows.

(30)

(31)

An optimally designed LCVA considering only the optimal tuning law represented by Eqs. (27) and

(28) may violate those three constraints, since those two equations are irrelevant to the above three

constraints. In particular, a design result violating constraint Eqs. (30) or (31) is physically infeasible,

and should be discarded. However, regarding the first constraint Eq. (29), a suboptimally tuned but

feasible solution can be obtained if a damping ratio higher than the optimal one is used to reduce the

peak liquid level displacement. In this study, among design solutions satisfying constraint Eq. (29) and

optimal tuning frequency Eq. (27), a solution with the optimal damping ratio defined by Eq. (28) is

designated as Optimally Tuned Solution (OPTS), while a solution of which damping ratio is higher than

the optimal one is designated as Suboptimally Tuned Solution (SOTS). Depending on the combination

of the assumed mass ratios and the intensity of the excitation, an OPTS can be obtained without

violating the constraints, or a SOTS should be adopted in order to meet the constraints. Even if a SOTS

does not satisfy optimal tuning condition, it may have better performance than a OPTS, because the

control performance of the LCVA is not only affected by the tuning frequency and damping ratio but

also the amount of mass participating in the horizontal inertial force. In addition, the SOTS remains

optimal in respect of the frequency ratio, because the optimal frequency ratio defined by Eq. (27) is

irrelevant to the damping ratio of the LCVA. 

5.2 Design procedures of the LCVA

In the design procedure described bellow, the optimal dimensions and optimal equivalent damping

wmax h th/2–<

tv b<

h th / 2>
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ratio of the LCVA are determined. Overall design procedure of the LCVA is described as follows.

In order to obtain a global optimal LCVA for a given mass ratio µ2 corresponding to the total liquid

mass G2, the other mass ratios µ1 and µ3, and the liquid column width d are chosen as independent

design variables. An OPTS is obtained for each combination of those design variables within prescribed

range. If the OPTS violates the constraint condition on the peak liquid level displacement, the OPTS

is substituted with a SOTS. Finally, the additional equivalent damping ratios corresponding to all

the feasible optimal solutions are compared to determine the global optimal solution. A procedure to

obtain a single feasible solution of the LCVA for a given combination of design variables is summarized

as follows.

(Step 1) The liquid column width d, the mass ratio µ1 and µ3 are assumed and corresponding

liquid mass G1 and G3 are calculated.

(Step 2) The optimal frequency and optimal damping ratios corresponding to the three mass ratios

are calculated using Eqs. (27) and (28).

(Step 3) The effective liquid length for optimal tuning is calculated based on Eq. (12) as follows.

(32)

(Step 4) The cross sectional area of the vertical liquid column and the horizontal liquid length are

calculated using Eqs. (3) and (5).

(33)

(34)

(Step 5) The cross sectional area ratio rA is calculated by solving Eqs. (4) and (9) simultaneously.

(35)

where

(36)

(Step 6) Cross sectional area of the horizontal liquid column and other dimension parameters are

calculated.

(37)

(38)

(39)

(40)

(Step 7) Constraints Eqs. (30) and (31) are checked for the designed dimension parameters.

(Step 8) Peak liquid level displacement is calculated using Eq. (19) and the peak factors defined
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by Eqs. (21) and (22). If constraint Eq. (29) is violated, the equivalent damping ratio ζt of the LCVA

is increased incrementally, until the peak liquid level displacement is reduced to the threshold. 

In Step 8, all dimension parameters are fixed, while ζt is increased incrementally. Based on Eq.

(13), the final ζt can be transformed to the head loss coefficient δ, which can be adjusted by installing

orifice in the middle of the liquid column. For the prediction of the head loss coefficient, empirical

equations defined by area blocking ratio of the orifice are available (Wu et al. 2005), but field

vibration tests are recommended for the fine tuning of the head loss coefficient on the final stage of

installing a designed LCVA. 

6. Design example

6.1 Design condition

In this study, optimal LCVAs are designed for various design conditions considering constraint

Eqs. (29) to (30). Design conditions related to the primary structure and wind excitation and LCVA

dimensions are summarized in Table 1. The properties of the primary structure are based on the 76-

story benchmark building proposed by Yang etc (Yang et al. 2004). The total mass of the building

is 153,000 ton and corresponding generalized mass of the first mode is 20% of the total building

mass. The natural period of the benchmark building is 6.25 sec, and periods of 5.0, 8.0 and 10.0 sec

are considered additionally in the design example. The RMS displacement of the primary structure

at the location of the LCVA indicates the intensity of the wind excitation. The mass ratio of the

total mass of the LCVA over the first modal mass of the primary structure µ2 is assumed to be 0.01.

The intensity of the wind excitation A1 in Eq. (14) is calculated utilizing Eq. (17) rather than Eq.

(16) as follows for convenience. 

Table 1 Design condition of the LCVA

Primary structure

Generalized mass (ton) 30,600

Damping ratio 0.01

Natural period (sec) 5.0 6.25 8.0 10.0

Wind excitation

RMS displacement of the primary struc-
ture at the location of LCVA q1,RMS (mm)

100

50
100
150
200

100 100

Peak factor p 3.28 3.21 3.14 3.06

Peak factor q 0.24 0.25 0.25 0.26

Duration ts (sec) 300 sec

Mean wind speed at the
height of 10 m v10 (m/sec)

30 m/sec

LCVA dimension 
parameters

d 2.5, 5, 7.5, 10, 12.5, 15, 17.5, 20 m

µ1 (%) 0.04~6.0@0.04

µ2 (%) 1.0

µ3 (%) 0.02~2.0@0.02



582 Ji-Hun Park and Kyung-Won Min

(41)

In the 76-story benchmark building, a vibration control device is assumed to be installed on the top

floor and the RMS displacement at this floor without control is assumed to be q1,RMS = 100 mm (Yang et

al. 2004). In this study, additional RMS displacements at the top floor are considered to investigate the

influence of the excitation intensity.

6.2 Optimal design result

The additional equivalent damping ratio ζe provided by the LCVA designed for T1 = 6.25 sec and

q1,RMS = 100 mm is represented in Fig. 2, where the damping ratio is represented by the brightness

of the surface indicated by the color bar, for different combinations of the mass ratio µ1 and µ3. In

Fig. 2, it is obvious that there exists an optimal combination of µ1 and µ3 that achieves the highest

A1

q1 RMS,

2

Hq1 iω( ) 2
0

∞

∫ Sf ω( )dω
-------------------------------------------------=

Fig. 2 Additional equivalent damping ratio (T1 = 6.25 sec, q1,RMS = 100 mm)
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additional equivalent damping ratio. Those optimal combination of the mass ratios are marked with

a circle for each liquid column width d, and listed in Table 2. Also, it is observed that more

combinations of the two mass ratios lead to feasible solutions for larger liquid column width d. This

is because reduction of the liquid column width d under the condition of the fixed total liquid mass

makes the liquid column thicker and lowers the upper bound of the liquid level displacement. 

The movement of the liquid in the horizontal column generates inertia force that controls the

vibration of the primary structure. In case of the TMD, the larger the moving mass is, the better the

control performance is. Therefore, the mass ratio of the horizontal liquid column to the primary

structure is expected to play an important role in the control performance by analogy with the

TMD, and is calculated by the following equation and plotted in Fig. 3 for T1 = 6.25 sec and q1,RMS

= 100 mm.

(42) 

In Fig. 3, the highest mass ratio of the horizontal liquid column is marked with a circle for each

d. Comparing Figs. 2 and 3, the mass ratios µ1 and µ3 corresponding to the highest additional

equivalent damping ratio are much smaller than those achieving the highest mass ratio of the horizontal

liquid column. Those two mass ratios have very low values, because they are proportional to the

cross sectional area of the vertical liquid column that should be reduced to obtain larger volume of

the horizontal liquid column with the same total liquid mass. Discrepancy between the mass ratios

corresponding to the peak points in Fig. 2 and those in Fig. 3 implies that optimal tuning should not

be conducted independently after the liquid shape is designed to maximize the horizontal moving

mass.

The global optimal values of the additional equivalent damping ratio for different values of the

assumed liquid column width d are plotted in Figs. 4(a) and (b). Each global optimal additional

equivalent damping ratio is found from their corresponding chart in the form of Fig. 2, and ranges

between 0.01 and 0.02. Fig. 4(a) compares the additional equivalent damping ratios for different

natural periods of the primary structure. No feasible solutions are found for T1 = 5.0 sec and d = 2.5 m.

Higher additional equivalent damping ratio is obtained for a primary structure with a longer natural

period. By increasing the liquid column width d, higher additional equivalent damping ratios are

obtained. In particular, the influence of d is more remarkable for a relatively short-period structure.

µh

ρAHb

M1

*
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G3 rA⋅

M1

*
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Table 2 Optimal combination of mass ratios (µ2 = 1%)

T1

(sec)
q1,RMS

 (mm)

d (m)

5 10 15 20 5 10 15 20

Mass ratio (%)

µ1 µ3

5 100 0.24 0.44 0.52 0.56 0.28 0.44 0.50 0.54

6.25 50 0.24 0.40 0.36 0.50 0.42 0.56 0.54 0.64

6.25 100 0.36 0.44 0.56 0.62 0.46 0.54 0.62 0.66

6.25 150 0.44 0.56 0.66 0.68 0.46 0.56 0.62 0.64

6.25 200 0.52 0.62 0.72 0.76 0.46 0.54 0.60 0.62

8 100 0.46 0.54 0.60 0.70 0.60 0.66 0.70 0.76

10 100 0.50 0.76 0.72 0.68 0.66 0.82 0.80 0.78
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However, since the increasing rate of the damping ratio slows down for higher d, a liquid column

width larger than a certain level does not contribute to improving the control performance. Also, the

LCVA with a large d may occupy unnecessarily large space of the building floor. The influence of

the liquid column width is negligible for the relatively long period of 10 sec. Fig. 4(b) compares the

additional equivalent damping ratios for different intensity of the wind excitation for the primary

structure of T1 = 6.25 sec. Larger additional equivalent damping ratios are obtained for smaller intensity

of wind excitation, but the improvement by increasing liquid column width is more remarkable for

larger intensity of wind excitation. 

6.3 Influence of the constraints

In order to check the effects of the constraint on the liquid level displacement, the stochastic peak

liquid level displacement of the optimal LCVA of corresponding to each point in Fig. 4 is

normalized by its upper limit calculated by Eq. (29), and plotted in Fig. 5. All the normalized liquid

level displacements are nearly 1.0 with negligible errors except for the case of T1 = 10 sec and d =

Fig. 3 Mass ratio of the horizontal liquid column over the primary structure (a,b) (T1 = 6.25 sec, σq1 = 100
mm), (c,d) (T1 = 6.25 sec, q1,RMS = 100 mm)



Optimal shape of LCVA for vibration control of structures subjected to along wind excitation 585

2.5 m. This means that the constraint on the liquid level displacement should be considered in the

optimal design of the LCVA. 

The equivalent linear damping ratios of the SOTS and OPTS corresponding to the global optimal

LCVAs for various design conditions are compared in Fig. 6. In the process of searching a global optimal

LCVA, an OPTS that does not meet the constraint condition on the liquid level displacement are

substituted with a SOTS. The equivalent linear damping ratio of the LCVA corresponding to an

OPTS is calculated by the optimal tuning Eq. (28) without considering any constraints. On the other

hand, the equivalent damping ratio of the LCVA corresponding to a SOTS is raised to meet the

constraint on the liquid level. Discrepancy between those two equivalent damping ratios of the

LCVA is larger for the primary structure with shorter natural period in Fig. 6(a), and for stronger

wind excitation frequency in Fig. 6(b). A shorter natural period requires shorter equivalent liquid

Fig. 4 Global optimal additional equivalent damping ratio

Fig. 5 Normalized liquid level displacement
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length in Eq. (12). Therefore, the vertical liquid column length should be decreased to maintain the

volume of the horizontal liquid column that participates in horizontal inertial force. As a result, the

equivalent linear damping ratio of the LCVA should be increased to suppress the liquid level

displacement below its decreased upper bound. Similarly, stronger wind excitation increases the

liquid level displacement so that higher equivalent linear damping is required in the LCVA. 

Since the equivalent linear damping ratio of the LCVA in SOTS violates the optimal tuning law,

its control performance is expected to be deteriorated. To investigate this loss in control performance,

the additional equivalent damping ratios corresponding to SOTS and OPTS are compared in Fig, 7,

in which all the design conditions are the same as Fig. 6. The SOTS and OPTS do not have much

difference in the additional equivalent damping ratio as shown in Fig. 7 except for the case of q1,RMS

= 200 mm, which means relatively strong excitation Therefore, violation of the optimal tuning condition

Fig. 6 Equivalent linear damping ratio of the suboptimally and optimally tuned LCVAs

Fig. 7 Additional equivalent damping ratio achieved by the SOTS and OPTS
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in order to obtain a feasible solution affects the control performance a little and can be compensated

by increasing the volume of the horizontal liquid column.

6.4 Head loss coefficient

The optimal head loss coefficients corresponding to the equivalent linear damping ratios of the

SOTS’s are calculated using Eq. (13) and plotted in Fig. 8. It is observed that a longer natural

period and weaker wind excitation intensity require a higher head loss coefficient. This is because

both conditions cause lower liquid level velocity, to which the head loss coefficient is inversely

proportional as shown in Eq. (13) for a given equivalent damping ratio of the LCVA. However, for

relatively short natural period (T1 = 5.0 sec) and strong wind excitation intensity (q1,RMS = 200 mm),

optimal LCVAs with small d’s need relatively high head loss coefficients. Without this exceptional

cases, required head loss coefficient changes little with respect to d.

6.5 Optimal shape of the LCVA

Optimal shapes of the LCVA for various natural periods of the primary structure are compared in

Fig. 9. The horizontal liquid column length increases, but the vertical liquid column length decreases

in Fig. 9, as the natural frequency of the primary structure becomes longer. For the same natural

period of the primary structure, the optimal LCVA with a smaller liquid column width has longer and

thicker horizontal liquid column in order to distribute more liquid to the horizontal liquid column. 

It is noted that a LCVA having a thinner and wider liquid column is more effective since a higher

additional equivalent damping ratio is obtained by broader liquid column width as shown in Fig. 4.

However, such a LCVA occupies larger area of the building floor and may be impractical design in

real construction conditions. Optimal shapes of the LCVA for various wind excitation intensities are

compared in Fig. 10. Stronger wind excitation intensity requires shorter horizontal liquid column

and longer vertical one due to growing movement of the liquid level. 

Cross sectional area ratio rA of the optimal LCVAs are plotted in Fig. 11. All the rA’s in Fig. 11 are

Fig. 8 Head loss coefficient of the optimal LCVA
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Fig. 9 Optimal shape of the LCVA (q1,RMS = 100 mm)

Fig. 10 Optimal shape of the LCVA (T1 = 6.25 sec)



Optimal shape of LCVA for vibration control of structures subjected to along wind excitation 589

less than 1.0, which means that horizontal liquid column thicker than vertical one is more efficient

in absorbing vibration. For most design conditions presented in Figs. 11(a) and (b), rA increases as

the liquid column width d increases, but the increasing rate of rA slows down. Besides, rA shows

slightly decreasing tendency for d’s higher than 10 m for the two cases of T1 = 10.0 sec in Fig. 11

(a). Wu et al. showed that the cross sectional area ratio of the LCVA equal to 1.0 is the best through

numerical analysis (Wu et al. 2005). The difference between the optimal cross sectional area ratios

obtained by this study and Wu et al. is caused by constraints on the liquid level displacement, because

Wu et al. did not take the limit of the liquid displacement into account in their study. Therefore, the

constraint of the liquid level displacement and the liquid column width of the LCVA should be

considered in the design process to obtain optimal shape of the LCVA.

7. Conclusions

The shape of the LCVA is defined by diverse dimension parameters so that there is an infinite

number of LCVAs with the same total mass and natural frequency. In this study, an optimal design

procedure of the LCVA focusing on the proportion of the U-shaped liquid is proposed based on the

existing optimal tuning law for wind excitation. The proposed design procedure takes constraints on

the liquid level displacement and dimension into account to ensure the U-shape of the liquid, and is

evaluated thorough numerical design examples. The findings of this study can be summarized as

follows.

(1) Besides tuning the frequency and damping ratio, the constraint on the liquid level displacement plays

an important role in the optimal design of the LCVA. 

(2) The equivalent linear damping ratio of the optimal LCVA is higher than the optimal damping

ratio calculated by the unconstrained optimal tuning formula, because the liquid level displacement

needs to be suppressed to maintain U-shape of the liquid.

(3) Suboptimal tuning causes little loss of additional equivalent damping ratio to the primary structure.

(4) Larger liquid column width achieves higher additional equivalent damping ratio of the controlled

structure, of which increase is more remarkable for short-period structures and strong wind excitation.

Fig. 11 Cross sectional area ratio rA of the optimal LCVA



590 Ji-Hun Park and Kyung-Won Min

(5) The optimal LCVA for a long-period primary structure tends to have long horizontal liquid

column, and the optimal one for strong wind excitation has relatively long vertical liquid column.

(6) Smaller liquid column width makes the cross sectional area ratio much smaller than 1.0 so that

the horizontal liquid column has much larger volume than that of the vertical one.
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