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$EVWUDFW� ([LVWLQJ PRGHOV IRU WKH VKHDU VWUHQJWK GHJUDGDWLRQ RI UHLQIRUFHG FRQFUHWH PHPEHUV SUHVHQW
YDULHG FRQFHSWXDO DSSURDFKHV WR LQWHUSUHWLQJ WHVW GDWD� 7KH UHODWLYH VXSHULRULW\ RI RQH DSSURDFK RYHU WKH
RWKHUV LV GLIILFXOW WR GHWHUPLQH� SDUWLFXODUO\ JLYHQ WKH VSDUVHQHVV RI LGHDO WHVW GDWD� 1HYHUWKHOHVV� H[LVWLQJ
PRGHOV DUH FRPSDUHG XVLQJ D VXLWH RI WHVW GDWD WKDW ZHUH XVHG IRU WKH GHYHORSPHQW RI RQH VXFK PRGHO�
DQG VLJQLILFDQW GLIIHUHQFHV HPHUJH� 5DWKHU WKDQ UHO\LQJ SXUHO\ RQ FROXPQ WHVW GDWD� WKH ERG\ RI NQRZOHGJH
FRQFHUQLQJ GHJUDGDWLRQ RI FRQFUHWH DV D PDWHULDO LV FRQVLGHUHG� &RQILQHG FRQFUHWH UHODWLRQV DUH H[DPLQHG
WR LQIHU GHWDLOV RI WKH GHJUDGDWLRQ SURFHVV� DQG WR HVWDEOLVK D IUDPHZRUN IRU GHYHORSLQJ SKHQRPHQRORJLFDOO\�
EDVHG PRGHOV IRU VKHDU VWUHQJWK GHJUDGDWLRQ LQ UHLQIRUFHG FRQFUHWH PHPEHUV� 7KH SRVVLELOLW\ RI OLQNLQJ
FROXPQ VKHDU VWUHQJWK GHJUDGDWLRQ ZLWK PDWHULDO GHJUDGDWLRQ SKHQRPHQD LV H[SORUHG ZLWK D VLPSOH PRGHO�
7KH PRGHO LV DSSOLHG WR WKH UHVXOWV RI � FROXPQ WHVWV� DQG LW LV IRXQG WKDW VXFK D OLQN LV VXVWDLQDEOH� ,W LV
H[SHFWHG WKDW PRGHOV IRXQGHG RQ PDWHULDO GHJUDGDWLRQ SKHQRPHQD ZLOO EH PRUH UHOLDEOH DQG PRUH EURDGO\
DSSOLFDEOH WKDQ WKH FXUUHQW JHQHUDWLRQ RI HPSLULFDO VKHDU VWUHQJWK GHJUDGDWLRQ PRGHOV�

.H\ ZRUGV� UHLQIRUFHG FRQFUHWH� VKHDU VWUHQJWK GHJUDGDWLRQ� HDUWKTXDNH HQJLQHHULQJ� FROXPQV� SODVWLF
KLQJHV� GLVSODFHPHQW FDSDFLW\� GXFWLOLW\ FDSDFLW\� EULGJH SLHUV�

�� ,QWURGXFWLRQ

)LHOG DQG ODERUDWRU\ HYLGHQFH LQGLFDWH WKDW D FODVV RI UHLQIRUFHG FRQFUHWH PHPEHUV LV YXOQHUDEOH WR

VKHDU IDLOXUHV WKDW GHYHORS DIWHU WKH PHPEHU©V IOH[XUDO VWUHQJWK LV DWWDLQHG� ,W DSSHDUV WKDW WKH VKHDU

IDLOXUHV DUH DVVRFLDWHG ZLWK GHJUDGDWLRQ RI WKH FRQFUHWH XQGHU UHSHDWHG DQG UHYHUVHG F\FOLF ORDGLQJ�

VXFK DV PD\ RFFXU LQ UHVSRQVH WR VHLVPLF JURXQG VKDNLQJ� 7KH VKHDU IDLOXUHV RIWHQ SUHFOXGH WKH

PHPEHU IURP UHDFKLQJ WKH GLVSODFHPHQW FDSDFLW\ WKDW RWKHUZLVH FRXOG EH REWDLQHG LI IOH[XUDO

IDLOXUHV JRYHUQHG� DQG WKXV SOD\ D VLJQLILFDQW UROH LQ HVWDEOLVKLQJ H[SHFWDWLRQV RI VHLVPLF

SHUIRUPDQFH RI H[LVWLQJ EXLOGLQJV DQG EULGJHV�

7KH QRWLRQ WKDW VKHDU VWUHQJWK GHJUDGHV ZLWK LQFUHDVLQJ F\FOLF GHPDQGV ZDV SXW IRUZDUG DIWHU WKH

���� 6DQ )HUQDQGR (DUWKTXDNH LQ D SXEOLFDWLRQ RI WKH $SSOLHG 7HFKQRORJ\ &RXQFLO ������� EXW

OLWWOH GDWD ZHUH DYDLODEOH WR TXDQWLI\ WKH GHJUDGDWLRQ SURFHVV� ,Q VXEVHTXHQW \HDUV� VHYHUDO PRGHOV

ZHUH GHYHORSHG DQG FDOLEUDWHG WR WKH UHVXOWV RI H[SHULPHQWDO WHVWV RQ FROXPQV �:DWDQDEH DQG

,FKLQRVH ����� $VFKKHLP DQG 0RHKOH ����� 3ULHVWOH\ HW DO� ������ 7KHVH PRGHOV ZHUH TXLWH XVHIXO

LQ WKDW WKH\ SURYLGHG D EDVLV IRU HYDOXDWLQJ WKH SHUIRUPDQFH RI H[LVWLQJ FRQVWUXFWLRQ VKRUW RI XVLQJ

FXUUHQW GHVLJQ FULWHULD� VLQFH LW EHFDPH SRVVLEOH WR DYRLG WKH XQQHFHVVDU\ UHWURILW RI H[LVWLQJ
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��� 0DUN $VFKKHLP

FRQVWUXFWLRQ� +RZHYHU� GLVWLQFW FRQFHSWXDO DQG QXPHULF GLIIHUHQFHV DPRQJ WKH PRGHOV KLJKOLJKW

XQFHUWDLQW\ DERXW WKH QDWXUH RI WKH GHJUDGDWLRQ SURFHVV DQG DSSURSULDWH PHFKDQLFDO PRGHOV� *LYHQ

WKHVH XQFHUWDLQWLHV� RQH VKRXOG EH MXGLFLRXV LQ XVLQJ DQ\ RI WKHVH PRGHOV WR HYDOXDWH D PHPEHU WKDW

GHYLDWHV IURP WKRVH UHSUHVHQWHG LQ WKH GDWD VHW XVHG LQ HVWDEOLVKLQJ WKH PRGHO� /DFNLQJ DQ\WKLQJ

EHWWHU� LQ VRPH FLUFXPVWDQFHV LW PD\ EH SUXGHQW WR DSSO\ DOO WKUHH PRGHOV WR EHWWHU JDXJH WKH

XQFHUWDLQW\ WKDW VXUURXQGV WKH UHVXOW RI DQ\ RQH PRGHO�

7KH EURDGHU WRSLF� VKHDU VWUHQJWK RI UHLQIRUFHG FRQFUHWH PHPEHUV� KDV EHHQ WKH VXEMHFW RI DQ

HQRUPRXV DPRXQW RI UHVHDUFK� SDUWLFXODUO\ VLQFH ���� �&ROOLQV ������ 7KH REMHFWLYH RI WKLV SDSHU LV

QRW WR SURYLGH DQ DQVZHU WR WKH TXHVWLRQ RI VKHDU VWUHQJWK GHJUDGDWLRQ� EXW UDWKHU� WR RXWOLQH D EDVLF

DSSURDFK WKDW FDQ EH XVHG WR HVWDEOLVK D SKHQRPHQRORJLFDOO\�EDVHG PHFKDQLFDO PRGHO� 7KH

XQGHUO\LQJ SUHPLVH LV WKDW WKH GHJUDGDWLRQ SURFHVV FDQ EH PRGHOHG DQG WKDW PRGHOV IRXQGHG RQ

PDWHULDO GHJUDGDWLRQ SKHQRPHQD KDYH WKH SRWHQWLDO WR EH PRUH UREXVW WKDQ WKRVH EDVHG RQ FROXPQ

WHVW GDWD DORQH� 7KH GHYHORSPHQW RI VXFK D PRGHO LV LOOXVWUDWHG ZLWK DQ H[DPSOH PRGHO� ZKRVH

VLPSOLFLW\ EHOLHV WKH LPSRUWDQFH RI WKH UHVXOW ¥ WKDW D OLQN WR PDWHULDO GHJUDGDWLRQ SKHQRPHQD FDQ

EH VXVWDLQHG�

�� 0RGHOLQJ DQG WHVW GDWD LQWHUSUHWDWLRQ

([SHULPHQWDO WHVW GDWD VXJJHVW WKDW YDULRXV PHFKDQLVPV RI VKHDU UHVLVWDQFH PD\ EH PRELOL]HG LQ D

UHLQIRUFHG FRQFUHWH PHPEHU� DQG WKDW WKHLU UHODWLYH FRQWULEXWLRQ WR WKH VKHDU UHVLVWDQFH RI D FURVV

VHFWLRQ FKDQJHV DV ORDGLQJ SURJUHVVHV �:LJKW ������ ,Q DQDO\]LQJ H[SHULPHQWDO WHVW GDWD� LW LV RIWHQ

YHU\ GLIILFXOW WR LGHQWLI\ WKH UHODWLYH SURPLQHQFH RI WKHVH PHFKDQLVPV� ,Q SUDFWLFH� LW KDV EHFRPH

FRPPRQ WR DVVLJQ D SRUWLRQ RI WKH PHDVXUHG VKHDU VWUHQJWK WR D WHUP DVVRFLDWHG ZLWK WKH

FRQWULEXWLRQ RI WKH WUDQVYHUVH VWHHO� 9V� DQG WR DVVLJQ WKH UHPDLQLQJ VWUHQJWK WR D WHUP DVVRFLDWHG

ZLWK WKH FRQFUHWH� 9F� (IIHFWV RI D[LDO ORDG PD\ EH FRQVLGHUHG ZLWKLQ WKH 9F WHUP� RU PD\ EH

DVVLJQHG D VHSDUDWH WHUP�

7KH EDVLF WDVN LQ IRUPXODWLQJ DQ HPSLULFDO PRGHO LV WR LGHQWLI\ D PHFKDQLFDO PRGHO WKDW FDQ EH

XVHG WR FDOFXODWH WKH REVHUYHG GDWD� )DLOLQJ WKLV� RQH VHHNV WR FDOFXODWH D FRQVHUYDWLYH HVWLPDWH RI

WKH REVHUYHG GDWD� VR DV WR DYRLG XQVDIH SUHGLFWLRQV RI VWUHQJWK RU GHIRUPDELOLW\� 7KH SUHPLVH LV WKDW

WKH GDWD VHW FDQ EH XVHG WR YDOLGDWH D PRGHO WKDW KDV EURDGHU DSSOLFDELOLW\�

7KH PRGHOHU�DQDO\VW KDV RQO\ D IHZ FRQVWUDLQWV WR FRQWHQG ZLWK LQ GHYHORSLQJ D PRGHO� )RU

H[DPSOH� YDULRXV IRUPXODV PD\ EH XVHG WR UHSUHVHQW WKH VWHHO DQG FRQFUHWH FRQWULEXWLRQV� EXW DQ

XQWHQDEOH VLWXDWLRQ UHVXOWV LI WKH FRQWULEXWLRQ RI RQH FRPSRQHQW LV VR ODUJH DV WR UHTXLUH WKH RWKHU WR

EH QHJDWLYH LQ RUGHU WR REWDLQ WKH H[SHULPHQWDOO\�REVHUYHG VKHDU VWUHQJWK� %XW WR WUXO\ XQGHUVWDQG

WKH XQGHUO\LQJ SKHQRPHQD UHTXLUHV FDUHIXO DQDO\VLV RI WKH WHVW GDWD� DQG� PRUHRYHU� FDUHIXO GHVLJQ RI

WKH WHVW SURJUDP LWVHOI� ,Q PRVW WHVW SURJUDPV� SDUDPHWHUV VXFK DV D[LDO ORDG� ORQJLWXGLQDO UHLQIRUFHPHQW�

WUDQVYHUVH UHLQIRUFHPHQW� DQG FROXPQ KHLJKW DUH YDULHG LQGHSHQGHQWO\� OHDGLQJ WR FRXSOHG FKDQJHV LQ

WKH YDOXHV RI WKH SDUDPHWHUV DQG WKH VKHDU GHPDQG� 7HVWV LQ ZKLFK WKH SDUDPHWHU YDOXHV ZHUH YDULHG

LQ VXFK D ZD\ WKDW WKH VKHDU GHPDQG ZHUH KHOG FRQVWDQW ZRXOG EH SDUWLFXODUO\ UHYHDOLQJ�

�� ([LVWLQJ VKHDU VWUHQJWK GHJUDGDWLRQ PRGHOV

7KUHH PRGHOV WKDW TXDQWLI\ VKHDU VWUHQJWK GHJUDGDWLRQ ZHUH GHYHORSHG LQ WKH ����V� 7KHVH PRGHOV



7RZDUGV LPSURYHG PRGHOV RI VKHDU VWUHQJWK GHJUDGDWLRQ LQ UHLQIRUFHG FRQFUHWH PHPEHUV ���

�:DWDQDEH DQG ,FKLQRVH ����� $VFKKHLP DQG 0RHKOH ����� 3ULHVWOH\ HW DO� ����� LOOXVWUDWH WKDW

GLIIHUHQW FRQFHSWV PD\ EH XVHG WR UHSUHVHQW HPSLULFDO REVHUYDWLRQV RI FROXPQ VKHDU VWUHQJWK

GHJUDGDWLRQ� &RPPRQ WR DOO PRGHOV LV D UHODWLRQVKLS EHWZHHQ GLVSODFHPHQW GXFWLOLW\ RU SODVWLF

URWDWLRQ FDSDFLW\ DQG WKH LQWHQVLW\ RI VKHDU� 6LQFH SODVWLF IOH[XUDO KLQJHV DUH H[SHFWHG� VKHDU

GHPDQGV GHSHQG RQ WKH OHQJWK RI WKH PHPEHU� :KHUH WKH VKHDU GHPDQG LV KLJK� WKH GXFWLOLW\ RU

URWDWLRQ FDSDFLW\ LV VPDOO� &ROXPQ GHIRUPDELOLW\ LQFUHDVHV DV WKH VKHDU UHTXLUHG WR GHYHORS IOH[XUDO

KLQJLQJ LV UHGXFHG� :KHUH WKH VKHDU GHPDQG LV VXIILFLHQWO\ VPDOO WKHQ VKHDU GRHV QRW VLJQLILFDQWO\

DIIHFW WKH GHIRUPDELOLW\ RI WKH FROXPQ� DQG RUGLQDU\ PHWKRGV WR GHWHUPLQH IOH[XUDO GHIRUPDWLRQ

OLPLWV DSSO\�

7KH :DWDQDEH DQG ,FKLQRVH ������ PRGHO VXSHUSRVHV WKH VWUHQJWKV REWDLQHG E\ DUFKLQJ DQG WUXVV

PHFKDQLVPV� $[LDO ORDG LV QRW FRQVLGHUHG WR KDYH DQ HIIHFW RQ VKHDU VWUHQJWK� 7KH VKHDU VWUHQJWK LQ

WKH SODVWLF KLQJH ]RQH LV GHFUHDVHG E\ ��� UHGXFLQJ WKH FRQFUHWH VWUHQJWK DV D IXQFWLRQ RI WKH SODVWLF

URWDWLRQ LQ WKH SODVWLF KLQJH ]RQH DQG ��� OLPLWLQJ WKH DQJOH RI WKH WUXVV� WR OLPLW WKH FRQWULEXWLRQ RI

WKH WUXVV PHFKDQLVP� 7KH ODWWHU LV SDUDGR[LFDO� EHFDXVH LQHODVWLF UHVSRQVH LV W\SLFDOO\ DVVRFLDWHG

ZLWK WKH PRUH VWHHSO\�LQFOLQHG VWUXWV� LQ WKLV PRGHO WKH VWHHSO\ LQFOLQHG VWUXWV DUH ORFDWHG DZD\ IURP

WKH SODVWLF KLQJH ]RQH�

7KH PRGHO GHYHORSHG DW 8& %HUNHOH\ �$VFKKHLP DQG 0RHKOH ����� FRQVLGHUV WKH VKHDU VWUHQJWK

WR EH WKH VXP RI D VWDWLRQDU\ YDOXH DWWULEXWHG WR WKH WUDQVYHUVH VWHHO� 9V� DQG D GHJUDGLQJ YDOXH

DWWULEXWHG WR WKH FRQFUHWH� 9F� 7KH 9F WHUP FRQVLGHUV WKH VKHDU WKDW PD\ EH VXVWDLQHG WR VSHFLILHG

GLVSODFHPHQW GXFWLOLW\ OLPLWV WR LQFUHDVH OLQHDUO\ ZLWK D[LDO ORDG�

7KH PRGHO GHYHORSHG DW 8& 6DQ 'LHJR �3ULHVWOH\ HW DO� ����� KDV VWHHO DQG FRQFUHWH FRQWULEXWLRQV

WKDW DUH VLPLODU WR WKRVH RI WKH %HUNHOH\ PRGHO� EXW FRQVLGHUV D[LDO ORDG HIIHFWV GLIIHUHQWO\� ,Q WKH

6DQ 'LHJR PRGHO� WKH D[LDO ORDG LV UHVLVWHG E\ D GLDJRQDO VWUXW EHWZHHQ WKH HQGV RI WKH PHPEHU� DQG

LWV FRQWULEXWLRQ WR VKHDU VWUHQJWK LV WKH WUDQVYHUVH FRPSRQHQW RI WKLV VWUXW� 7KXV� WKH D[LDO ORDG

FRQWULEXWLRQ WR VKHDU VWUHQJWK LV D IXQFWLRQ RI WKH FROXPQ DVSHFW UDWLR �VKHDU VSDQ GLYLGHG E\

PHPEHU GHSWK�� $V D[LDO ORDG LQFUHDVHV WR WKH OLPLW RI SXUHO\ FRQFHQWULF ORDGLQJ� WKH WUDQVYHUVH

FRPSRQHQW RI WKH VWUXW UHGXFHV WR ]HUR�

(IIRUWV WR LGHQWLI\ ZKHWKHU WKH %HUNHOH\ RU 6DQ 'LHJR DSSURDFK LV PRUH DSSURSULDWH IRU PRGHOLQJ

WKH HIIHFW RI D[LDO ORDG RQ VKHDU VWUHQJWK DUH KDPSHUHG E\ D ODFN RI VXLWDEOH GDWD� 'LIIHUHQFHV

EHWZHHQ WKH PRGHOV ZRXOG EH PRVW YLVLEOH IRU UHODWLYHO\ KLJK D[LDO ORDG UDWLRV �3��$J ��� EXW IRU

WKH GDWD VHWV XVHG WR GHYHORS WKH PRGHOV� QR VSHFLPHQV ZLWK GLVSODFHPHQW GXFWLOLW\ FDSDFLWLHV LQ

H[FHVV RI XQLW\ KDYH D[LDO ORDG UDWLRV DERYH ��� IRU UHFWDQJXODU FROXPQV DQG ��� IRU FLUFXODU

FROXPQV�

'LIIHUHQW VHWV RI H[SHULPHQWDO WHVW GDWD ZHUH XVHG WR GHYHORS HDFK PRGHO� DOWKRXJK VRPH

VSHFLPHQV ZHUH FRPPRQ WR WKH GDWD VHWV XVHG LQ WKH %HUNHOH\ DQG 6DQ 'LHJR PRGHOV� ,I WKH PRGHOV

DUH LQWHQGHG IRU JHQHUDO XVH� WKH\ VKRXOG EH FDSDEOH RI UHSUHVHQWLQJ DYDLODEOH WHVW GDWD ZLWK D

VXLWDEOH GHJUHH RI FRQVHUYDWLVP� 7KH PRGHOV ZHUH DSSOLHG WR WKH WHVW GDWD WKDW ZHUH XVHG LQ WKH

GHYHORSPHQW RI WKH %HUNHOH\ PRGHO� 8VLQJ HDFK PRGHO� WKH VKHDU GHPDQG WKDW WKH PHPEHU VKRXOG

EH FDSDEOH RI VXVWDLQLQJ ZDV FDOFXODWHG IRU WKH H[SHULPHQWDOO\�GHWHUPLQHG GLVSODFHPHQW FDSDFLW\�

:LWK WKLV DSSURDFK� D PRGHO LV FRQVLGHUHG WR EH XQFRQVHUYDWLYH LI LW RYHUHVWLPDWHV WKH VKHDU VWUHQJWK

RI WKH WHVW FROXPQV� VLQFH FROXPQV WKDW DUH H[SRVHG WR WKH KLJKHU� FDOFXODWHG GHPDQGV ZLOO WHQG WR

IDLO DW VPDOOHU GLVSODFHPHQWV�

7KLV GDWD VHW LV GHVFULEHG EULHIO\ E\ $VFKKHLP HW DO� ������� 7R WDEXODWH WKH GDWD LQ WHUPV RI

GLVSODFHPHQW GXFWLOLW\ FDSDFLW\ UHTXLUHG VRPH DVVXPSWLRQV EH PDGH WR GHWHUPLQH SODVWLF KLQJH

URWDWLRQV IRU XVH LQ WKH :DWDQDEH DQG ,FKLQRVH PRGHO� WKHVH DUH DOVR GHVFULEHG LQ $VFKKHLP HW DO� �������

IF′



��� 0DUN $VFKKHLP

)LJV� �� �� DQG � SORW WKH UDWLR RI FDOFXODWHG VKHDU VWUHQJWK� 9PRGHO� WR WKH SHDN VKHDU VWUHQJWK� 9H[S�

UHSRUWHG IRU WKH WHVW FROXPQV� 7KH GDWD DUH VRUWHG LQ RUGHU RI LQFUHDVLQJ GLVSODFHPHQW GXFWLOLW\

FDSDFLW\� DQG WKH V\PERO DW WKH WRS RI HDFK EDU LGHQWLILHV WKH WHVW VSHFLPHQ� 7KH UHODWLYH

FRQWULEXWLRQV RI DUFK� WUXVV� WUDQVYHUVH UHLQIRUFHPHQW� FRQFUHWH� DQG D[LDO ORDG WHUPV� DV WKH\ SHUWDLQ

WR WKH YDULRXV PRGHOV� DUH LGHQWLILHG VHSDUDWHO\ LQ WKH SORWV� $VWHULVNV LGHQWLI\ WKRVH VSHFLPHQV WKDW

DUH FRQVLGHUHG LQ JUHDWHU GHWDLO ODWHU LQ WKH SDSHU� )LJV� � DQG � LOOXVWUDWH WKH YDULDELOLW\ WKDW PD\

UHVXOW ZKHQ PRGHOV DUH DSSOLHG WR GDWD VHWV GLIIHUHQW IURP WKRVH XVHG LQ PRGHO GHYHORSPHQW� )RU

WKLV GDWD VHW� WKH :DWDQDEH DQG ,FKLQRVH PRGHO DSSHDUV WR EH IDLUO\ FRQVHUYDWLYH DQG WKH 6DQ 'LHJR

PRGHO LV RFFDVLRQDOO\ IDLUO\ XQFRQVHUYDWLYH� )LJ� � LV SURYLGHG WR FRPSOHWH WKH SUHVHQWDWLRQ EXW GRHV

QRW WHVW WKH %HUNHOH\ PRGHO VLQFH WKLV GDWDVHW ZDV XVHG WR HVWDEOLVK WKH PRGHO�

7KH YDULDELOLW\ RI )LJV� �� �� DQG � LOOXVWUDWHV D SUREOHP LQKHUHQW LQ SXUH HPSLULFLVP� 7KH PRGHOV

IRU VKHDU VWUHQJWK GHJUDGDWLRQ DUH VLPSO\ K\SRWKHVHV SRVWXODWHG E\ WKH UHVHDUFKHUV WKDW FDQ EH XVHG

WR FDOFXODWH WKH WUHQGV REVHUYHG LQ WKH GDWD VHWV XVHG E\ WKH UHVHDUFKHUV� 7KH XQGHUO\LQJ PHFKDQLVP

RI VKHDU VWUHQJWK GHJUDGDWLRQ KDV QRW EHHQ DGGUHVVHG GLUHFWO\� $Q DSSURDFK WKDW H[SOLFLWO\ FRQVLGHUV

GHJUDGDWLRQ DV LW GHYHORSV DW WKH PDWHULDO OHYHO PD\ EH PRUH UREXVW IRU UHSUHVHQWLQJ VKHDU VWUHQJWK

GHJUDGDWLRQ LQ FROXPQV�

(DUO\ LQ WKH GHYHORSPHQW RI WKH %HUNHOH\ PRGHO LW ZDV REVHUYHG WKDW WKH 9F WHUP ZDV HOHYDWHG

ZKHUH D JUHDWHU DPRXQW RI WUDQVYHUVH VWHHO ZDV SUHVHQW �H�J�� $VFKKHLP DQG 0RHKOH ����E�� 7KLV

REVHUYDWLRQ LPSOLHV WKDW WKH WUDQVYHUVH UHLQIRUFHPHQW HQKDQFHV WKH FRQWULEXWLRQ RI WKH FRQFUHWH� D

QRWLRQ WKDW LV SDUDOOHO WR WKH LGHD WKDW FRQILQHPHQW HQKDQFHV WKH EHKDYLRU RI FRQFUHWH LQ FRPSUHVVLRQ�

�� 'HJUDGDWLRQ RI FRQILQHG FRQFUHWH

,W LV JHQHUDOO\ DFFHSWHG WKDW WKH VWUHQJWK DQG VWUDLQ FDSDFLW\ RI FRQFUHWH LV HQKDQFHG LQ WKH

)LJ� � :DWDQDEH DQG ,FKLQRVH PRGHO



7RZDUGV LPSURYHG PRGHOV RI VKHDU VWUHQJWK GHJUDGDWLRQ LQ UHLQIRUFHG FRQFUHWH PHPEHUV ���

SUHVHQFH RI ODWHUDO FRQILQLQJ SUHVVXUH� 6HYHUDO PRGHOV KDYH EHHQ GHYHORSHG WKDW H[SUHVV WKH HIIHFW

RI FRQILQHPHQW RQ FRQFUHWH VWUHVV�VWUDLQ UHVSRQVH �IRU H[DPSOH� 0DQGHU ������ WKH ILQGLQJV RI WKHVH

UHVHDUFKHUV DUH JHQHUDOO\ FRQVLVWHQW ZLWK WKRVH RI 5LFKDUW ������� )URP WHVWV RI ���LQFK GLDPHWHU

FRQFUHWH F\OLQGHUV FRQILQHG E\ VSLUDO UHLQIRUFHPHQW� 5LFKDUW IRXQG WKH HQKDQFHG FRPSUHVVLYH VWUHQJWK�

)LJ� � 6DQ 'LHJR PRGHO

)LJ� � %HUNHOH\ PRGHO



��� 0DUN $VFKKHLP

IF� PD[� ZDV DSSUR[LPDWHO\ HTXDO WR

���

ZKHUH  XQFRQILQHG FRQFUHWH FRPSUHVVLYH VWUHQJWK DQG σ� ODWHUDO FRQILQLQJ SUHVVXUH�

$ 0RKU�&RXORPE IDLOXUH FULWHULRQ PD\ EH XVHG WR H[SUHVV FRQGLWLRQV FDXVLQJ IDLOXUH LQ FRQFUHWH

�H�J�� %UDHVWUXS ������ 2WKHU� PRUH DGYDQFHG ��� ��� RU �� SDUDPHWHU PRGHOV PD\ SURYLGH PRUH

DFFXUDWH SUHGLFWLRQV RI FRQFUHWH VWUHQJWK �H�J�� :LOODP DQG :DUQNH ����� DQG +DQ DQG &KHQ ������

EXW IRU WKH SXUSRVHV RI WKLV SDSHU� WKH VLPSOHU 0RKU�&RXORPE PRGHO LV VXIILFLHQW WR LGHQWLI\ LI WKHVH

DSSURDFKHV KROG SURPLVH IRU PRGHOLQJ VKHDU VWUHQJWK GHJUDGDWLRQ�

:LWK UHIHUHQFH WR )LJ� �� SULQFLSOH VWUHVVHV σ� DQG σ� FDQ EH UHODWHG WR WKH FRKHVLRQ� F� DQG

LQWHUQDO IULFWLRQ DQJOH� φ� E\ PHDQV RI (T� ����

���

7KH HQKDQFHPHQW RI FRQFUHWH VWUHQJWK UHVXOWLQJ IURP D FRQILQLQJ VWUHVV σ� LV VKRZQ LQ )LJ� � E\

WKH LQFUHDVH LQ VWUHQJWK IURP WR σ�� 0RKU©V FLUFOHV GHVFULEH WKH VWDWH RI VWUHVV DW D SRLQW� DQG

YDULRXV FRPELQDWLRQV RI QRUPDO DQG VKHDU VWUHVVHV FDQ SURGXFH D JLYHQ 0RKU©V FLUFOH� ,QVSHFWLRQ RI

)LJ� � UHYHDOV WKDW WKH IDLOXUH VXUIDFH PD\ EH UHDFKHG IRU DQ\ RI WKH IROORZLQJ FKDQJHV� DQ LQFUHDVH

LQ WKH PDMRU SULQFLSDO �FRPSUHVVLYH� VWUHVV� D UHGXFWLRQ LQ WKH PLQRU SULQFLSDO �FRQILQLQJ� VWUHVV� RU

DQ LQFUHDVH LQ WKH VKHDU DFWLQJ RQ QRQ�SULQFLSDO VWUHVV SODQHV�

(TV� ��� DQG ��� FDQ EH HTXDWHG WR SUHVHQW 5LFKDUW©V ILQGLQJV IRU SHDN VWUHQJWK LQ WHUPV RI WKH

FRKHVLRQ DQG DQJOH RI LQWHUQDO IULFWLRQ� 'RLQJ VR JLYHV F ≅ �� DQG φ ≅ ���� 7KLV UHVXOW LV

FRQILUPLQJ� EHFDXVH WKH LQWHUQDO IULFWLRQ DQJOH IRU W\SLFDO DJJUHJDWHV LV NQRZQ WR EH DERXW ���� ,Q

WHVW FROXPQV FRQVWUXFWHG RI QRUPDO VWUHQJWK FRQFUHWH DQG ZLWK QRUPDO�ZHLJKW DJJUHJDWH� WKH

DJJUHJDWH JHQHUDOO\ UHPDLQV LQWDFW� ZLWK WKH EXON RI GDPDJH RFFXUULQJ ZLWKLQ WKH FHPHQW PDWUL[� ,I

WKH VKHDU VWUHQJWK GHJUDGHV� LW VHHPV WKDW φ VKRXOG FKDQJH OLWWOH� DOORZLQJ GHJUDGDWLRQ WR EH

UHSUHVHQWHG VLPSO\ DV D UHGXFWLRQ LQ WKH FRKHVLRQ DORQH� 5HGXFWLRQV LQ F DQG φ VHHP DSSURSULDWH

ZKHUH D JUHDWHU SURSRUWLRQ RI WKH DJJUHJDWH IDLOV� )RFXVLQJ KHUH RQ QRUPDO VWUHQJWK DQG QRUPDO

ZHLJKW FRQFUHWHV� WKH FULWLFDO TXHVWLRQ LV GHILQLQJ KRZ WKH FRKHVLRQ GHJUDGHV�

7R DGGUHVV WKLV TXHVWLRQ� DW OHDVW LQLWLDOO\� ZH FDQ ORRN IXUWKHU DW WKH EHKDYLRU RI FRQILQHG

FRQFUHWH� ,Q SODFH RI WHVW GDWD� LW LV PRUH FRQYHQLHQW WR XVH DQ H[LVWLQJ PRGHO IRU FRQILQHG FRQFUHWH�

)RU H[DPSOH� WKH 0DQGHU ������ FRQILQHG FRQFUHWH PRGHO IRU D ���� SVL ����� 03D� FRQFUHWH

KDYLQJ FRQILQHPHQW VWUHVV σ� HTXDO WR ��� SVL ����� 03D� UHVXOWV LQ WKH VWUHVV�VWUDLQ FXUYH RI )LJ�

�D� %\ GHILQLWLRQ� WKH LQLWLDO IDLOXUH VXUIDFH LV UHDFKHG SUHFLVHO\ DW WKH SHDN VWUHQJWK� $V WKH SULQFLSDO

FRPSUHVVLYH VWUDLQ FRQWLQXHV WR LQFUHDVH� WKH VWUHVV FDUULHG E\ WKH FRQFUHWH GHFUHDVHV� 6WUDLQ

KDUGHQLQJ RI WKH WUDQVYHUVH UHLQIRUFHPHQW PD\ FDXVH WKH FRQILQLQJ VWUHVV WR LQFUHDVH� 7KLV VLWXDWLRQ
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7RZDUGV LPSURYHG PRGHOV RI VKHDU VWUHQJWK GHJUDGDWLRQ LQ UHLQIRUFHG FRQFUHWH PHPEHUV ���

LV UHSUHVHQWHG VFKHPDWLFDOO\ LQ WKH GLDJUDP RI )LJ� �� ZKHUH WKH 0RKU©V FLUFOH FRQWUDFWV LQ WKH SRVW�

SHDN UDQJH� ,QVSHFWLRQ RI )LJ� � VXJJHVWV WKDW LI WKH PDWHULDO VWD\V RQ WKH IDLOXUH VXUIDFH DV LWV

VWUHQJWK UHGXFHV� WKHQ WKH FRKHVLRQ PXVW UHGXFH ZLWK LQFUHDVLQJ SULQFLSDO VWUDLQ ε�� DVVXPLQJ WKH

LQWHUQDO IULFWLRQ DQJOH UHPDLQV FRQVWDQW� (T� ��� FDQ EH DSSOLHG WR WKH GDWD RI )LJ� �D WR REWDLQ DQ

H[SUHVVLRQ IRU WKH GHJUDGLQJ FRKHVLRQ DV D IXQFWLRQ RI WKH PDMRU SULQFLSDO VWUDLQ� DQG WKH UHVXOW LV

VKRZQ LQ )LJ� �E� +HUH� LW LV DVVXPHG WKDW σ� DQG φ UHPDLQ FRQVWDQW�

7KH DERYH GHVFULSWLRQ RI GHJUDGDWLRQ LV GHULYHG IRU FRQILQHG FRQFUHWH LQ ZKLFK WKH SULQFLSDO

VWUHVVHV DUH DOLJQHG ZLWK WKH F\OLQGHU JHRPHWU\� 7KURXJK 0RKU©V FLUFOH WUDQVIRUPDWLRQV� RWKHU DOLJQPHQWV

RI SULQFLSDO VWUHVV UHODWLYH WR SK\VLFDO JHRPHWU\ FDQ EH FRQVLGHUHG� %HIRUH FRQWLQXLQJ LQ WKLV GLUHFWLRQ�

LW LV ZRUWK QRWLQJ WKDW EDVLF UHVHDUFK GRQH E\ 3DQWD]RSRXORX ������ LQGLFDWHV WKDW GHJUDGDWLRQ LV

FRQWUROOHG E\ WKH DUHDO VWUDLQ �VXP RI WKH SULQFLSDO VWUDLQV RUWKRJRQDO WR WKH GLUHFWLRQ XQGHU

FRQVLGHUDWLRQ� UDWKHU WKDQ E\ FRQILQHPHQW SUHVVXUH� 7KXV� DSSOLFDWLRQ RI WKH DERYH PRGHO LQ FRQWH[WV

ZKHUH WKH SUHVHQFH RI VKHDU URWDWHV WKH SULQFLSDO VWUHVV D[HV UHODWLYH WR WKH VSHFLPHQ JHRPHWU\ PD\

FDXVH WKH DUHDO VWUDLQ WR GHSDUW IURP WKH YDOXHV LPSOLFLW LQ WHVWV RI VSLUDOO\�FRQILQHG FRQFUHWH

F\OLQGHUV� 8VH RI GDWD IURP FRQILQHG FRQFUHWH WHVWV PD\� KRZHYHU� OHDG WR DFFHSWDEOH UHVXOWV GHVSLWH

WKLV GHSDUWXUH IURP DQDO\WLFDO ULJRU�

�� $SSOLFDWLRQ WR FROXPQV

,Q DSSO\LQJ WKH DERYH FRQFHSWV WR PRGHOLQJ VKHDU VWUHQJWK GHJUDGDWLRQ LQ UHLQIRUFHG FRQFUHWH

)LJ� � 'HJUDGDWLRQ RI FRQILQHG FRQFUHWH

)LJ� � &RQWUDFWLRQ RI 0RKU©V FLUFOH ZLWK GHJUDGDWLRQ



��� 0DUN $VFKKHLP

PHPEHUV� WKH DQDO\VW�PRGHOHU IDFHV WZR FRXSOHG WDVNV� 7KH ILUVW LV WR GHYHORS D VXLWDEOH PHFKDQLFDO

PRGHO IRU DFWLRQV LQ WKH SODVWLF KLQJH ]RQH� 7KH VHFRQG LV WR LGHQWLI\ WKH GHJUDGDWLRQ UHODWLRQVKLS WR

EH XVHG ZLWK WKH PHFKDQLFDO PRGHO� *LYHQ VXIILFLHQW GDWD IURP H[SHULPHQWDO WHVWV� LW ZRXOG EH

SRVVLEOH WR DVVHVV VWUDLQV DQG FRQILQHPHQW VWUHVVHV LQ WKH SODVWLF KLQJH ]RQH� DQG WRJHWKHU ZLWK

PHDVXUHG VKHDU VWUHQJWKV DQG GHIRUPDWLRQ FDSDFLWLHV� GHWHUPLQH D PRGHO ZKLFK ZRUNV IRU DV EURDG D

VHW RI H[SHULPHQWDO GDWD DV LV DYDLODEOH� ,I WKLV DSSURDFK ZHUH VXFFHVVIXO� KRZHYHU� LW ZRXOG VWLOO EH

RI OLPLWHG YDOXH JLYHQ WKDW RXU PRGHOV IRU WKH UHVSRQVH RI SODVWLF KLQJH ]RQHV DUH IDLUO\ FUXGH DQG

DUH QRW QHFHVVDULO\ DSSOLFDEOH WR FROXPQV GRPLQDWHG E\ VKHDU IDLOXUH� �)RU H[DPSOH� VHH .LQXJDVD

���� IRU D GLVFXVVLRQ RI WKH UROH RI VKHDU GHIRUPDWLRQV LQ WKH SODVWLF KLQJH ]RQH�� 7KXV� VXFK DQ

¦LGHDO§ PRGHO ZRXOG QRW OHQG LWVHOI WR SUDFWLFDO DSSOLFDWLRQ� JLYHQ WKH DEVHQFH RI GHWDLOHG XQGHUVWDQGLQJ

RI WKH UHVSRQVH RI KLQJH ]RQHV�

$V SUHYLRXVO\ VWDWHG� WKH REMHFWLYH RI WKLV SDSHU LV WR VKRZ KRZ D SKHQRPHQRORJLFDOO\�EDVHG VKHDU

VWUHQJWK GHJUDGDWLRQ PRGHO FDQ EH GHYHORSHG� DQG WR VKRZ WKDW UHVXOWV REWDLQHG IRU D SDUWLFXODUO\

VLPSOH PRGHO JLYH FUHGHQFH WR WKLV DSSURDFK� ,W LV KRSHG WKDW LPSURYHG PRGHOV PD\ EH GHYHORSHG

IROORZLQJ WKLV DSSURDFK�

���� 'HYHORSPHQW RI D WHQWDWLYH PHFKDQLFDO PRGHO

,W LV GHVLUHG WR GHYHORS D PRGHO WKDW DGGUHVVHV WKH GHJUDGDWLRQ RI VKHDU VWUHQJWK ZLWKLQ SODVWLF

KLQJH ]RQHV XQGHU UHYHUVHG F\FOLF LQHODVWLF ORDGLQJ� 6HYHUDO DVVXPSWLRQV ZLOO EH PDGH WR WU\ WR

UHSUHVHQW WKH PDMRU HIIHFWV SUHVHQW XQGHU WKHVH FRQGLWLRQV� ,W LV DVVXPHG WKDW WKH FRQFUHWH FRYHU KDV

VSDOOHG� DQG WKDW WKH FRPSUHVVLRQ ]RQHV KDYH EHHQ UHSHDWHGO\ FUDFNHG LQ WHQVLRQ E\ SUHYLRXV ORDG

UHYHUVDOV� :KHWKHU RWKHU SRWHQWLDO VRXUFHV RI VKHDU UHVLVWDQFH� VXFK DV DJJUHJDWH LQWHUORFN DQG GRZHO

DFWLRQ RI WKH ORQJLWXGLQDO UHLQIRUFHPHQW� FRQWULEXWH VLJQLILFDQWO\ WR WKH VKHDU VWUHQJWK RI WKH FURVV

VHFWLRQ LV XQFHUWDLQ� IRU VLPSOLFLW\ WKHVH SRWHQWLDO FRQWULEXWLRQV DUH QHJOHFWHG�

3LODNRXWDV ������ VXJJHVWHG WKDW WKH VKHDU UHVLVWDQFH RI UHLQIRUFHG FRQFUHWH PHPEHUV FDQ EH

FDOFXODWHG XVLQJ D ¦VKHDU UHVLVWLQJ VXUIDFH§ PRGHO� 7KH PRGHO SRVLWV WKDW WKH FRQFUHWH FRQWULEXWLRQ

WR VKHDU UHVLVWDQFH LV ]HUR LQ WKH IOH[XUDO WHQVLRQ ]RQH� DQG LV HTXDO WR WKH YDOXH GHWHUPLQHG IURP D

0RKU�&RXORPE IDLOXUH FULWHULRQ LQ WKH IOH[XUDO FRPSUHVVLRQ ]RQH RI WKH PHPEHU� 5HIHUHQFH LV PDGH

WR HQKDQFHPHQW RI WKH FRQFUHWH VKHDU FDSDFLW\ LQ WKH SUHVHQFH RI WUDQVYHUVH UHLQIRUFHPHQW� EXW WKLV

HIIHFW ZDV QRW H[SOLFLWO\ FRQVLGHUHG� (YHQ VR� WKH PRGHO SURYLGHG UHDVRQDEO\ JRRG HVWLPDWHV RI WKH

VWUHQJWKV RI VWUXFWXUDO ZDOOV REWDLQHG LQ WKH H[SHULPHQWDO SURJUDP�

$ PRGLILHG YHUVLRQ RI WKLV PRGHO LV XVHG KHUH� LQFRUSRUDWLQJ WKH HIIHFWV RI FRQILQHPHQW DQG

GHJUDGDWLRQ RQ WKH VWUHQJWK RI WKH FRQFUHWH LQ WKH IOH[XUDO FRPSUHVVLRQ ]RQH� 7KH PRGHO LV VKRZQ LQ

)LJ� � IRU WKH SODVWLF KLQJH ]RQH RI D UHFWDQJXODU FURVV�VHFWLRQ FROXPQ KDYLQJ WZR OD\HUV RI ORQJLWXGLQDO

UHLQIRUFHPHQW� RQH QHDU WKH WHQVLRQ IDFH DQG RQH QHDU WKH FRPSUHVVLRQ IDFH� 7KH PRGHO DFFRXQWV IRU

WHQVLRQ DQG FRPSUHVVLRQ IRUFHV WKDW PLJKW GHYHORS LQ WKH ORQJLWXGLQDO UHLQIRUFHPHQW� DQG SURYLGHV

IRU D FRPSUHVVLYH VWUHVV EORFN ORFDWHG ZLWKLQ WKH FRQILQHG UHJLRQ RI WKH FRQFUHWH FRUH� 7KH FRYHU

FRQFUHWH� LI SUHVHQW� LV FRQVLGHUHG WR SURYLGH D QHJOLJLEOH FRQWULEXWLRQ� ,W LV DVVXPHG WKDW WKH FRQFUHWH

FRQWULEXWLRQ WR VKHDU UHVLVWDQFH RFFXUV HQWLUHO\ LQ WKH IOH[XUDO FRPSUHVVLRQ ]RQH� DQG WKDW WKLV

FRQWULEXWLRQ PD\ EH HQKDQFHG E\ FRQILQLQJ VWUHVV JHQHUDWHG E\ WKH WUDQVYHUVH UHLQIRUFHPHQW� 7KH

WUDQVYHUVH UHLQIRUFHPHQW DOVR FRQWULEXWHV GLUHFWO\ WR WKH VKHDU VWUHQJWK RI WKH FURVV VHFWLRQ� EXW

IHZHU VWLUUXSV DUH HQJDJHG UHODWLYH WR WKH WUDGLWLRQDO WUXVV PRGHO�

,QWHUQDO DQG H[WHUQDO IRUFHV DFWLQJ RQ WKH IUHH ERG\ GLDJUDP DUH VKRZQ LQ )LJ� �� )RU WKH VDNH RI

VLPSOLFLW\ LW LV DVVXPHG WKDW WKH VKHDU DQG QRUPDO VWUHVVHV ZLWKLQ WKH FRQILQHG FRQFUHWH FRPSUHVVLRQ



7RZDUGV LPSURYHG PRGHOV RI VKHDU VWUHQJWK GHJUDGDWLRQ LQ UHLQIRUFHG FRQFUHWH PHPEHUV ���

EORFN DUH XQLIRUP� 7KLV DVVXPSWLRQ LV FOHDUO\ D JURVV VLPSOLILFDWLRQ ZKLFK EHOLHV WKH FRPSOH[� EXW

XQFHUWDLQ� NLQHPDWLFV RI GHIRUPDWLRQ ZLWKLQ WKH SODVWLF KLQJH ]RQH� 8VLQJ WKH VWDQGDUG DSSURDFK DQG

QRWDWLRQ� WKH WUDQVYHUVH VWHHO FRQWULEXWLRQ WR VKHDU VWUHQJWK� 9V� LV JLYHQ DV

���

ZKHUH  WKH GHSWK RI WKH FRQILQHG FRPSUHVVLRQ ]RQH IURP WKH FHQWURLG RI WKH H[WUHPH FRPSUHVVLRQ

UHLQIRUFHPHQW�

(TXLOLEULXP OHDGV WR WKH IROORZLQJ HTXDWLRQV�

���

���

���

1RWH WKDW IF DQG τ DUH WKH XQLIRUP QRUPDO DQG VKHDU VWUHVVHV FDUULHG E\ WKH FRQILQHG FRPSUHVVLRQ

EORFN� 8QOLNH VWDQGDUG FURVV VHFWLRQ DQDO\VHV� 9V FRQWULEXWHV WR WKH IOH[XUDO VWUHQJWK RI WKH FURVV

VHFWLRQ LQ (T� ����

,Q WKLV DQDO\VLV� WKH VWUHQJWKV DUH FRQWULYHG WR PDWFK WKH H[SHULPHQWDO WHVW GDWD� ,I WKH PRGHO KDV

VRPH YDOLGLW\� LW ZLOO DSSO\ WR D EURDG UDQJH RI WHVW SDUDPHWHU YDOXHV� DQG PDWHULDO SURSHUWLHV

UHTXLUHG WR ILW WKH WHVW GDWD ZLOO QRW GHSDUW VLJQLILFDQWO\ IURP H[SHFWDWLRQV EDVHG RQ RWKHU VWXGLHV RI

FRQFUHWH GHJUDGDWLRQ�

���� 'HVFULSWLRQ RI H[SHULPHQWDO GDWD VHW

7KH DERYH UHODWLRQVKLSV ZHUH DSSOLHG WR WKH � VTXDUH FURVV VHFWLRQ VSHFLPHQV WHVWHG E\ ,ZDVDNL
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)LJ� � 7HQWDWLYH PRGHO IRU VKHDU DQG IOH[XUDO VWUHQJWK LQ WKH FROXPQ SODVWLF KLQJH ]RQH
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������ IRU ZKLFK WKH SUHVHQFH RI VKHDU FUDFNV LQ WKH SODVWLF KLQJH ]RQH �REVHUYHG LQ SKRWRJUDSKV RI

WKH VSHFLPHQV� VXJJHVWHG WKDW VKHDU SOD\HG D UROH LQ WKH IDLOXUH RI WKH VSHFLPHQ� 7KH VSHFLPHQV

FDQWLOHYHUHG XS IURP D PRQROLWKLF EDVH RQ D VWURQJ�IORRU� DQG QR D[LDO ORDG ZDV DSSOLHG� 7KH

ORQJLWXGLQDO UHLQIRUFHPHQW UDWLR ZDV �� IRU DOO WKH VSHFLPHQV� DQG WKH EDUV ZHUH DUUDQJHG LQ WZR

OD\HUV� HDFK OD\HU ORFDWHG QHDU WKH H[WUHPH WHQVLRQ RU FRPSUHVVLRQ IDFH RI WKH PHPEHU� /RQJLWXGLQDO

DQG WUDQVYHUVH UHLQIRUFHPHQW \LHOG VWUHQJWKV ZHUH DSSUR[LPDWHO\ �� DQG �� NVL ���� DQG ��� 03D��

DQG FRQFUHWH FRPSUHVVLYH VWUHQJWKV ZHUH EHWZHHQ DSSUR[LPDWHO\ ���� DQG ���� SVL ��� DQG �� 03D��

UHVSHFWLYHO\� 7KH WUDQVYHUVH UHLQIRUFHPHQW UDWLR� GHILQHG KHUH DV ρ§ �$Y��EZG�� ZDV ���� IRU �

FROXPQV DQG ����� IRU WKH VHYHQWK FROXPQ� DQG DVSHFW UDWLRV �0�9'� UDQJHG EHWZHHQ DSSUR[LPDWHO\

� DQG �� DV VKRZQ LQ 7DEOH ��

7KH VSHFLPHQV ZHUH VXEMHFWHG WR UHYHUVHG F\FOLF ORDGLQJ� 7KH QXPEHU RI F\FOHV LQ 7DEOH � ZDV

DSSOLHG DW HDFK GLVSODFHPHQW OHYHO EHIRUH DGYDQFLQJ WR WKH QH[W� ODUJHU� GLVSODFHPHQW DPSOLWXGH�

7KHVH VSHFLPHQV DUH LGHQWLILHG E\ DVWHULVNV LQ WKH SORWV RI )LJV� �� �� DQG �� ,W FDQ EH REVHUYHG

WKDW WKH ODUJH WUDQVYHUVH VWHHO FRQWHQW LQ 6SHFLPHQ ,�� FDXVHV WKH %HUNHOH\ DQG 6DQ 'LHJR PRGHOV WR

RYHUHVWLPDWH WKH VKHDU WKDW FDQ EH VXVWDLQHG DW WKH PHDVXUHG GLVSODFHPHQW GXFWLOLW\ FDSDFLW\�

���� 'HJUDGDWLRQ UHODWLRQVKLS

'HJUDGDWLRQ LQ WKH FRKHVLRQ� F� ZDV GHULYHG IRU WKH � FROXPQV XVLQJ WKH WHQWDWLYH PRGHO RI )LJ� �

DQG (TV� ���� ���� ���� DQG ���� 7KH FRKHVLRQ UHTXLUHG WR REWDLQ WKH PHDVXUHG VKHDU VWUHQJWK ZDV

GHWHUPLQHG DV IROORZV�

)LJ� � 0RKU©V FLUFOH IRU FRQILQHG FRPSUHVVLRQ ]RQH

7DEOH � 6XPPDU\ RI WHVW GDWD DQG UHVXOWV

6SHFLPHQ
,'

Aspect Ratio 
0�9'

7UDQVYHUVH
6WHHO &RQWHQW ρ§

1XPEHU RI
&\FOHV

Displacement Ductility 
Capacity, µδ
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,�� ��� ����� � ���

,�� ��� ����� �� ���



7RZDUGV LPSURYHG PRGHOV RI VKHDU VWUHQJWK GHJUDGDWLRQ LQ UHLQIRUFHG FRQFUHWH PHPEHUV ���

8VLQJ D FRPSXWHU VSUHDGVKHHW� (T� ��� ZDV XVHG WR GHWHUPLQH IF IRU DQ DVVXPHG LQLWLDO YDOXH RI �

9DOXHV RI ZHUH LWHUDWLYHO\ DGMXVWHG VR WKDW ERWK (T� ��� DQG (T� ��� ZHUH VDWLVILHG� 7KHQ τ ZDV

GHWHUPLQHG WR VDWLVI\ (T� ���� ZKLFK DOVR GHSHQGV RQ WKURXJK WKH 9V WHUP� %HFDXVH WKH VSHFLPHQ

LV� E\ GHILQLWLRQ� DW IDLOXUH� WKH FRQVWUXFWLRQ RI )LJ� � SHUWDLQV�

)URP WKH JHRPHWU\ RI )LJ� �� WKH FRKHVLRQ FDQ EH GHWHUPLQHG IURP WKH TXDGUDWLF HTXDWLRQ�

���

7KH HIIHFWLYH FRQILQLQJ SUHVVXUH� � SURYLGHG E\ WKH WUDQVYHUVH UHLQIRUFHPHQW ZDV HVWLPDWHG DV

IROORZV� )LUVW� WKH FRQILQLQJ SUHVVXUH H[HUWHG E\ WKH WUDQVYHUVH UHLQIRUFHPHQW RQ WKH FRUH FRQFUHWH

ZDV FDOFXODWHG E\ VWDQGDUG PHWKRGV DVVXPLQJ WKH WUDQVYHUVH UHLQIRUFHPHQW KDG UHDFKHG \LHOG� 7KH

DVVXPSWLRQ RI \LHOG LV UHDVRQDEOH JLYHQ WKH GDPDJH REVHUYHG LQ SKRWRJUDSKV RI WKH VSHFLPHQV�

6HFRQG� D IDFWRU WR DFFRXQW IRU FRQILQHPHQW HIIHFWLYHQHVV ZDV REWDLQHG IURP )LJ� � RI 6KHLNK DQG

8]XPHUL ������� DQG WKLV IDFWRU ZDV DSSOLHG WR WKH FDOFXODWHG FRQILQLQJ SUHVVXUH WR REWDLQ �

%HFDXVH IDLOXUH RI WKH VSHFLPHQV ZDV GHILQHG DV WKH GLVSODFHPHQW RU GLVSODFHPHQW GXFWLOLW\

FDSDFLW\ DWWDLQHG ZKHQ WKH PHDVXUHG VWUHQJWK GHFUHDVHG WR DERXW ��� RI WKH SHDN H[SHULPHQWDO

VWUHQJWK� WKH YDOXHV RI 0 DQG 9 XVHG LQ (TV� ��� DQG ��� ZHUH HTXDO WR ��� RI WKH SHDN YDOXHV

GHWHUPLQHG LQ WKH H[SHULPHQW� 7KH FDOFXODWLRQ RI 9V ZDV EDVHG RQ DQ DVVXPHG θ  ���� $OVR� φ ZDV

DVVXPHG HTXDO WR ���� 7KH VROXWLRQ LV VHQVLWLYH WR YDOXHV DVVXPHG IRU 7V DQG &V� $ FUHGLEOH VROXWLRQ

ZDV IRXQG DVVXPLQJ WKH WHQVLRQ UHLQIRUFHPHQW LV DW \LHOG DQG WKH FRPSUHVVLRQ UHLQIRUFHPHQW LV

VWUHVVHG WR ��� RI WKH \LHOG VWUHQJWK� 2WKHU DVVXPSWLRQV ZRXOG EH PRUH UHOHYDQW WR FROXPQV KDYLQJ

H[WHUQDOO\ LPSRVHG D[LDO ORDG� 'HWDLOHG VWUDLQ DQG GLVSODFHPHQW PHDVXUHPHQWV ZRXOG VXSSRUW WKH

XVH RI PRUH VRSKLVWLFDWHG WHFKQLTXHV LQ SODFH RI WKHVH UHODWLYHO\ FRDUVH DVVXPSWLRQV�

7KH FRKHVLRQ ZDV GHWHUPLQHG XVLQJ WKH DERYH DVVXPSWLRQV� DQG LV SORWWHG DV D IXQFWLRQ RI VSHFLPHQ

GLVSODFHPHQW GXFWLOLW\ FDSDFLW\ LQ )LJ� �� :KLOH WKH VSHFLPHQ GLVSODFHPHQW GXFWLOLW\ FDSDFLW\ LV QRW

OLNHO\ WR EH D JHQHUDOO\ UREXVW PHDVXUH RI WKH GHJUDGDWLRQ RI WKH FRQILQHG FRQFUHWH FRPSUHVVLYH

EORFN LQ WKH SODVWLF KLQJH ]RQH� LW LV XVHG KHUH EHFDXVH LW LV HDVLO\ GHWHUPLQHG DQG GRHV QRW LQYROYH

WKH DUELWUDU\ DVVXPSWLRQV WKDW ZRXOG EH UHTXLUHG WR HVWLPDWH RWKHU LQGLFHV RI ORFDO GHPDQGV LQ WKH

KLQJH ]RQH�

7KH FDOFXODWHG FRKHVLRQ ZDV SRVLWLYH DQG OHVV WKDQ �� LQ DOO FDVHV� DQG WHQGHG WR GHFUHDVH ZLWK
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)LJ� � &RKHVLRQ SORWWHG DV D IXQFWLRQ RI VSHFLPHQ GLVSODFHPHQW GXFWLOLW\ FDSDFLW\



��� 0DUN $VFKKHLP

LQFUHDVLQJ GLVSODFHPHQW GXFWLOLW\ FDSDFLW\� 7KLV UHVXOW LV FRQVLVWHQW ZLWK H[SHFWDWLRQ EDVHG RQ FRQILQHG

FRQFUHWH� DQG VXJJHVWV WKDW LPSURYHG VKHDU VWUHQJWK GHJUDGDWLRQ PRGHOV FDQ EH GHYHORSHG WKDW LQFRUSRUDWH

ZHOO�HVWDEOLVKHG PDWHULDO GHJUDGDWLRQ SKHQRPHQD� 7KH LPSURYHG PRGHOV ZLOO KDYH D VWURQJHU FRQFHSWXDO

EDVLV� DQG WKXV VKRXOG EH PRUH EURDGO\ DSSOLFDEOH DQG PRUH UHOLDEOH IRU JHQHUDO XVH WKDQ WKH ILUVW

JHQHUDWLRQ PRGHOV GLVFXVVHG HDUOLHU�

�� &RQFOXVLRQV

([LVWLQJ PRGHOV IRU WKH VKHDU VWUHQJWK GHJUDGDWLRQ RI UHLQIRUFHG FRQFUHWH PHPEHUV SURYLGH YDULHG

FRQFHSWXDO DSSURDFKHV WR UHSUHVHQW HPSLULFDO GDWD� :KHQ DSSOLHG WR WHVW GDWD H[WHUQDO WR WKH GDWDVHW

XVHG LQ WKH PRGHO©V FDOLEUDWLRQ� VXEVWDQWLDO XQFRQVHUYDWLVP PD\ UHVXOW� 0RUHRYHU� GDWDVHWV XVHG WR

FDOLEUDWH WKHVH PRGHOV DUH QRW LGHDO IRU HVWDEOLVKLQJ WKH PHULWV RI RQH FRQFHSWXDO EDVLV RU DQRWKHU�

7KHVH GDWDVHWV DUH ODFNLQJ LQ FROXPQV ZLWK KLJK D[LDO ORDG UDWLRV DQG GR QRW YDU\ VSHFLPHQ

SDUDPHWHUV VXFK WKDW WKH SODVWLF VKHDU GHPDQG LV KHOG FRQVWDQW DV YDULRXV SDUDPHWHUV DUH YDULHG

�VXFK DV D[LDO ORDG UDWLR� DVSHFW UDWLR� DQG ORQJLWXGLQDO DQG WUDQVYHUVH UHLQIRUFHPHQW FRQWHQWV��

'HJUDGDWLRQ RI FRQFUHWH DV D PDWHULDO LV ZHOO NQRZQ DQG KDV EHHQ UHSUHVHQWHG LQ YDULRXV FRQILQHG

FRQFUHWH PRGHOV� 8VH RI D GHJUDGLQJ 0RKU�&RORXPE IDLOXUH VXUIDFH VKRZV SURPLVH IRU GHYHORSLQJ

LPSURYHG PRGHOV RI VKHDU VWUHQJWK GHJUDGDWLRQ LQ UHLQIRUFHG FRQFUHWH PHPEHUV� $ WHQWDWLYH PRGHO

DSSOLHG WR � VSHFLPHQV UHYHDOHG FOHDUO\ WKDW JUHDWHU VSHFLPHQ GXFWLOLW\ FDSDFLWLHV FDQ EH REWDLQHG

ZKHQ WKH VKHDU LPSRVHG RQ FRQILQHG FRQFUHWH FRPSUHVVLRQ ]RQH LV UHGXFHG� DV VKRZQ LQ )LJ� ��

&RQVHTXHQWO\� D GHJUDGLQJ 0RKU�&RXORPE IDLOXUH VXUIDFH VKRZV SURPLVH IRU GHYHORSLQJ LPSURYHG

PRGHOV IRU VKHDU VWUHQJWK GHJUDGDWLRQ�

$FNQRZOHGJHPHQWV

,QWHUDFWLRQV ZLWK D QXPEHU RI LQGLYLGXDOV ZHUH QHFHVVDU\ LQ WKH GHYHORSPHQW RI WKLV SDSHU� 7KH

FRPPHQWV DQG FRQVLGHUDWLRQ JLYHQ E\ DQRQ\PRXV UHYLHZHUV DV ZHOO DV WKH FRQWULEXWLRQV RI 'DZQ

/HKPDQ� $EH /\QQ� -DFN 0RHKOH� 9RXOD 3DQWD]RSRXORX� %R]LGDU 6WRMDGLQRYLF� *XUVR\ 7XUDQ� DQG

<DQ ;LDR DUH JUDWHIXOO\ DFNQRZOHGJHG�

5HIHUHQFHV

$SSOLHG 7HFKQRORJ\ &RXQFLO ������� 6HLVPLF 5HWURILWWLQJ *XLGHOLQHV IRU +LJKZD\ %ULGJHV� $7&����� 5HGZRRG
&LW\� &DOLIRUQLD� $OVR LVVXHG DV 5HSRUW 1R� )+:$�5'������� E\ WKH )HGHUDO +LJKZD\ $GPLQLVWUDWLRQ�
:DVKLQJWRQ� '�&�� 'HFHPEHU�
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$VFKKHLP� 0�� 0RHKOH� -�3� DQG 0DKLQ� 6�$� ������� ¦'HVLJQ DQG HYDOXDWLRQ RI UHLQIRUFHG FRQFUHWH EULGJHV IRU
VHLVPLF UHVLVWDQFH§� 5HSRUW 1R� 8&%�((5&������� (DUWKTXDNH (QJLQHHULQJ 5HVHDUFK &HQWHU� 8QLYHUVLW\ RI
&DOLIRUQLD DW %HUNHOH\� 0DUFK�



7RZDUGV LPSURYHG PRGHOV RI VKHDU VWUHQJWK GHJUDGDWLRQ LQ UHLQIRUFHG FRQFUHWH PHPEHUV ���
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,QWHUQDWLRQDO :RUNVKRS RQ &RQFUHWH 6KHDU LQ (DUWKTXDNH� 8QLYHUVLW\ RI +RXVWRQ� +RXVWRQ� 7H[DV� �����
-DQXDU\�
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3DQWD]RSRXORX� 6�-� ������� ¦5ROH RI H[SDQVLRQ RQ PHFKDQLFDO EHKDYLRU RI FRQFUHWH§� -RXUQDO RI 6WUXFWXUDO
(QJLQHHULQJ� $6&(� �������� 'HFHPEHU�

3LODNRXWDV� /� DQG /RSHV� 0�6� ������� ¦6KHDU UHVLVWDQFH GHWHUPLQDWLRQ RI 5& PHPEHUV§� 3URFHHGLQJV RI WKH
)LIWK 1DWLRQDO &RQIHUHQFH RQ (DUWKTXDNH (QJLQHHULQJ� &KLFDJR�
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