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$EVWUDFW� 7KH SODVWLF FROODSVH ORDGV DQG WKHLU ORFDWLRQV DUH SUHGLFWHG IRU D FODVV RI WDSHUHG� LQLWLDOO\
FXUYHG� DQG WUDQVYHUVHO\ FRUUXJDWHG FDQWLOHYHUHG EHDPV VXEMHFWHG WR VWDWLF WLS ORDGLQJ� 5HVXOWV RI ERWK
FORVHG IRUP DQG ILQLWH HOHPHQW VROXWLRQV IRU VHYHUDO ULJLG SHUIHFWO\ SODVWLF DQG HODVWLF SHUIHFWO\ SODVWLF
EHDP PRGHOV DUH HYDOXDWHG� 7KH JRYHUQLQJ HTXDWLRQV DUH FDVW LQ QRQGLPHQVLRQDO IRUP IRU HIILFLHQW VWXGLHV
RI FROODSVH ORDG DV LW YDULHV ZLWK EHDP JHRPHWU\ DQG WKH DQJOH RI WKH WLS ORDG� 6WDWLF H[SHULPHQWV IRU
ODERUDWRU\�VFDOH FRQILJXUDWLRQV ZKRVH WDSHU IODUHG WRZDUG WKH WLS� FRPSOHPHQWHG WKH WKHRU\ LQ WKDW FROODSVH
RFFXUUHG DW SRLQWV DERXW ��� RI WKH EHDPV OHQJWK IURP WKH IL[HG HQG� ([SHULPHQWV IRU ORZ VSHHG LPSDFW
ORDGLQJ RI WKHVH FRQILJXUDWLRQV VKRZHG WKDW FROODSVH RFFXUUHG IXUWKHU IURP WKH IL[HG HQG� EHWZHHQ WKH
��� DQG ��� SRLQWV� 7KH UHVXOWV PD\ EH DSSOLHG WR WKH GHVLJQ RI VDIHU KLJKZD\ JXDUGUDLO WHUPLQDO
V\VWHPV WKDW FROODSVH E\ GHVLJQ XQGHU YHKLFOH LPSDFW�

.H\ ZRUGV� EHDP G\QDPLFV� HODVWLF EXFNOLQJ� FDQWLOHYHUHG EHDP� FRUUXJDWHG FURVV VHFWLRQ� FXUYHG EHDP�
JXDUGUDLO� LPSDFW ORDGLQJ� LQLWLDO FXUYDWXUH� SODVWLF FROODSVH� SODVWLF KLQJH� WDSHUHG EHDP�

�� ,QWURGXFWLRQ

7DSHUHG VWUXFWXUDO PHPEHUV VXFK DV EHDPV DQG FROXPQV DUH HPSOR\HG LQ D ZLGH YDULHW\ RI HQJLQHHULQJ

DSSOLFDWLRQV� ([DPSOHV LQ WKH RSHQ OLWHUDWXUH WKDW LQYROYHG HODVWLF EXFNOLQJ RI D[LDOO\ ORDGHG EHDPV ZLWK

VHYHUDO W\SHV RI FURVV VHFWLRQV� HQG IL[LWLHV� DQG WDSHUHG SURILOHV ZHUH UHSRUWHG E\ 'LQQLN �������

7LPRVKHQNR DQG *HUH ������� (UPRSRXORV ������� :LOOLDPV DQG $VWRQ ������� DQG 6LJLQHU �������

3UREOHPV LQ VWDWLF DQG G\QDPLF VWDELOLW\ RI OLQHDU HODVWLF SODQH VWUXFWXUHV FRQVLVWLQJ RI HQG�ORDGHG�

WDSHUHG EHDPV ZHUH SUHVHQWHG E\ .DUDEDOLV DQG %HVNR ������� ZKR DOVR LQFOXGHG D FRPSUHKHQVLYH

VXUYH\ RI WKH UHODWHG OLWHUDWXUH� ,Q D FRPSDQLRQ SDSHU WR WKH SUHVHQW LQYHVWLJDWLRQ� :LOVRQ DQG 6WURQJ

������ SUHGLFWHG HODVWLF EXFNOLQJ ORDGV IRU WLS�ORDGHG� WDSHUHG� FDQWLOHYHUHG EHDPV ZLWK WKLQ�ZDOOHG

FRUUXJDWHG VHFWLRQV DQG LQLWLDO EHDP FXUYDWXUH� 7KH SUHVHQW LQYHVWLJDWLRQ LV DQ H[WHQVLRQ RI WKH ODWWHU

VWXG\ LQ WKDW SODVWLF FROODSVH RI VXFK FRQILJXUDWLRQV LV DQDO\]HG DQG LPSDFW H[SHULPHQWV DUH LQFOXGHG�

([SDQGHG GLVFXVVLRQV RI WKH VWDWLF DQDO\VHV SUHVHQWHG KHUHLQ ZHUH JLYHQ E\ (O�(VQDZ\ �������

DOI: http://dx.doi.org/10.12989/sem.2000.9.6.569



��� -DPHV )� :LOVRQ DQG 1D\HU $� (O�(VQDZ\

7KH UHVXOWV KHUHLQ DUH UHDGLO\ DSSOLFDEOH WR QHZ GHVLJQV RI FDQWLOHYHUHG JXDUGUDLO WHUPLQDO

VWUXFWXUHV IRU RXU QDWLRQ©V KLJKZD\V� VWUXFWXUHV WKDW� ZKHQ LPSDFWHG DW WKH WLS E\ DQ HUUDQW YHKLFOH�

ZRXOG XQGHUJR SODVWLF FROODSVH ZLWKRXW VSHDULQJ �SHQHWUDWLQJ� WKH YHKLFOH� 3LJPDQ DQG $JHQW

������� ,Q VXFK D VWUXFWXUH� PRGHOHG LQ )LJ� �� WKH IODUH RI WKH WDSHUHG SURILOH EURDGHQV IURP WKH

IL[HG HQG WR WKH WLS VR WKDW SODVWLF FROODSVH ZRXOG RFFXU DORQJ LWV OHQJWK UDWKHU WKDQ DW WKH IL[HG HQG�

DV LW ZRXOG IRU D XQLIRUP VHFWLRQ� 7KH ORFDWLRQ RI WKH JURVV SODVWLF FROODSVH PRGH GHSHQGV RQ WKH

FRQILJXUDWLRQ©V PDWHULDO� LQLWLDO FXUYDWXUH� WDSHU SURILOH� DQG WLS ORDGLQJ UDWH �VWDWLF RU ORZ YHORFLW\

LPSDFW�� DQG DOO RI WKHVH IDFWRUV DUH DGGUHVVHG LQ WKH SUHVHQW VWXG\�

&RPSDUHG DUH WKH FROODSVH ORDGV DQG WKHLU ORFDWLRQV EDVHG RQ VHYHUDO W\SHV RI DQDO\VLV� WKH SODVWLF

KLQJH WHFKQLTXH �+RUQH ������ D FRPSXWHU�DLGHG IUDPH DQDO\VLV �/HH DQG *RHO ������ DQG ILQLWH

HOHPHQW PRGHOLQJ �0DNHU HW DO� ������ 7KHVH DQDO\VHV LQYROYHG HLWKHU D ULJLG�SHUIHFWO\ SODVWLF

PDWHULDO� RU DQ HODVWLF�SHUIHFWO\ SODVWLF PDWHULDO� ZKHUH JHRPHWULF QRQOLQHDULWLHV ZHUH VRPHWLPHV

LQFOXGHG� :H EHJLQ E\ PRGHOLQJ D JHQHUDO FODVV RI FDQWLOHYHUHG EHDPV� SURFHHG E\ IRUPXODWLQJ

VHYHUDO WKHRULHV IRU SODVWLF FROODSVH� DQG FRQFOXGH E\ DSSO\LQJ WKH WKHRULHV WR SUHGLFW WKH SODVWLF

FROODSVH ORDGV DQG WKHLU ORFDWLRQV DV IXQFWLRQV RI QRQGLPHQVLRQDO V\VWHP SDUDPHWHUV� :H WKHQ

LOOXVWUDWH WKH WKHRULHV ZLWK QXPHULFDO VWXGLHV RI VHYHUDO WHUPLQDO VWUXFWXUHV� DQG FRQFOXGH WKLV VWXG\

ZLWK FRPSOHPHQWDU\ H[SHULPHQWDO UHVXOWV IRU ERWK VWDWLF DQG LPSDFW ORDGLQJ�

�� %HDP FKDUDFWHULVWLFV

7KH FDQWLOHYHUHG EHDP VWUXFWXUH LV GHILQHG LQ )LJV� � LQ ZKLFK [ LV WKH ORQJLWXGLQDO D[LV ZKRVH

)LJ� � 0RGHO RI WKH LQLWLDOO\ FXUYHG� FDQWLOHYHUHG EHDP� �D� JHRPHWULF FKDUDFWHULVWLFV DQG WLS ORDG LQ WKH [\�
SODQH� �E� W\SLFDO IXOO :�VHFWLRQ LQ WKH \]�SODQH



3ODVWLF FROODSVH RI WDSHUHG� WLS�ORDGHG FDQWLOHYHUHG EHDPV ���

RULJLQ LV WKH FHQWURLG RI WKH EHDP VHFWLRQ ORFDWHG DW WKH IL[HG HQG� 7KH EHDP OHQJWK LV /E DQG WKH

HQG ORDG ) LV LQFOLQHG DW DQJOH β WR WKH [�D[LV� 7KH XQORDGHG EHDP KDV WKH LQLWLDOO\ FXUYHG

FRQILJXUDWLRQ \R �[� RI WKH IRUP

���

ZKHUH GE LV LWV LQLWLDO WUDQVYHUVH HQG GLVSODFHPHQW UHODWLYH WR WKH IL[HG HQG� 7KH EHDP KDV D

FRUUXJDWHG FURVV VHFWLRQ �:�VHFWLRQ� ZKRVH JHQHUDO GLPHQVLRQV DUH GHILQHG LQ )LJ� ��E�� 7KLV :�

VHFWLRQ KDV RQH SODQH RI V\PPHWU\ WKURXJK WKH WUDQVYHUVH \�D[LV ZKHUH WKH \�D[LV LV WKH FHQWURLGDO

SULQFLSDO V\PPHWU\�D[LV RI WKH :�VHFWLRQ� ,W FRPSULVHV VWUDLJKW VHJPHQWV �GHQRWHG E\ �� �� �� DQG ��

DQG FLUFXODU VHJPHQWV �GHQRWHG E\ ��� ZKHUH WKH VWUDLJKW VHJPHQWV DUH WDQJHQW WR WKH DGMDFHQW

FLUFXODU VHJPHQWV� $W ORFDWLRQ [� WKH VHFWLRQ SURSHUWLHV DUH IXOO\ GHILQHG E\ WKH WKLFNQHVV W[ � WKH DUF

OHQJWK V[ � DQG WKH DQJOH α[� 7KHVH SURSHUWLHV DUH

��D�

��E�

��F�

��G�

��H�

��I �

ZKHUH Z LV WKH FRUUXJDWLRQ GHSWK� $ LV WKH FURVV VHFWLRQDO DUHD� F LV WKH ORFDWLRQ RI WKH FHQWURLGDO

SULQFLSDO DV\PPHWU\�D[LV ZKLFK LV SDUDOOHO WR WKH WUDQVYHUVH ]�D[LV� , LV WKH VHFRQG DUHD PRPHQW

DERXW WKH FHQWURLGDO SULQFLSDO DV\PPHWU\�D[LV� K LV KDOI WKH FRUUXJDWLRQ ZLGWK� DQG γ LV WKH DQJOH RI

WKH VWUDLJKW VHJPHQW RU LWHP �� ,Q (TV� ���� *M�α[�� M ��������� GHILQHG LQ WKH $SSHQGL[� DUH IXQFWLRQV

RI WKH FRUUXJDWLRQ DQJOH� DQG ηL � L ��������� DUH UDWLRV RI WKH OHQJWK RU DUF OHQJWK RI WKH LWK VWUDLJKW RU

FLUFXODU VHJPHQW WR V[ �

7KH FDQWLOHYHUHG EHDP LV WDSHUHG DORQJ LWV OHQJWK VXFK WKDW WKH UDWLRV ηL DUH FRQVWDQW� DQG WKH

WKLFNQHVV RI WKH FRUUXJDWLRQ LV FRQVWDQW �W[ W�� $OVR� WKH DUF OHQJWK DQG WKH DQJOH RI WKH FRUUXJDWLRQ

YDU\ OLQHDUO\ ZLWK EHDP OHQJWK� RU

���

���

,Q (TV� ��� DQG ���� V� DQG α� DUH WKH DUF OHQJWK DQG WKH DQJOH RI WKH FRUUXJDWLRQ DW WKH IL[HG HQG�

UHVSHFWLYHO\� ZKHUH V� DQG α� DUH WKRVH SDUDPHWHUV DW WKH IUHH HQG� 7KH YDULDWLRQ RI V[ UHIOHFWV WKH

IRUP RI WKH LQLWLDOO\ IODW VKHHW XVHG WR IRUP :�VHFWLRQ� 7KH OLQHDU YDULDWLRQ RI WKH DUF OHQJWK RI WKH

FRUUXJDWLRQ JLYHQ E\ (T� ��� LQGLFDWHV WKDW WKLV LQLWLDOO\ IODW VKHHW LV HLWKHU D WUDSH]RLG �V�≠V�� RU D
UHFWDQJOH �V�=V���
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�� 7KHRU\ IRU SODVWLF FROODSVH

&RQVLGHU QRZ WKH FDVH RI EHQGLQJ RI WKH :�VHFWLRQ DERXW WKH FHQWURLGDO SULQFLSDO DV\PPHWU\�D[LV

�&3$� DV VKRZQ LQ )LJ� �� $VVXPH WKDW WKH EHDP LV SHUIHFWO\�SODVWLF EH\RQG LWV \LHOG VWUHVV σ\ VR

WKDW VWDWLF SODVWLF FROODSVH PD\ EH FRPSXWHG XVLQJ WKH SODVWLF KLQJH WHFKQLTXH LQ ZKLFK WKLV KLQJH

RFFXUV DW D VHFWLRQ ZLWK WKH IXOO\ SODVWLF PRPHQW 0)3� $ VLQJOH SODVWLF KLQJH LV VXIILFLHQW IRU WKH

FROODSVH RI WKH FDQWLOHYHUHG EHDP RI )LJ� �� 7KH IXOO\ SODVWLF PRPHQW LV UHGXFHG E\ ERWK WKH QRUPDO

FRPSUHVVLYH IRUFH 1�[� DQG WKH WUDQVYHUVH VKHDU IRUFH GXH WR WKH WLS ORDG� 7KH HIIHFW RI WKH

WUDQVYHUVH VKHDU IRUFH PD\ EH QHJOHFWHG IRU VKDOORZ DQJOHV RI WKH WLS ORDG� �+RUQH DQG 0RUULV

������ 7KXV� FRQVLGHULQJ RQO\ WKH HIIHFW RI 1�[�� WKH UHGXFHG SODVWLF PRPHQW 053 RI WKH :�VHFWLRQ

DW D GLVWDQFH [ DORQJ WKH EHDP OHQJWK� GHWHUPLQHG DERXW WKH &3$� LV JLYHQ E\

��D�

LQ ZKLFK

��E�

��F�

,Q (T� ��D�� WKH WHUP PXOWLSO\LQJ N� UHSUHVHQWV WKH HIIHFW RI WKH QRUPDO FRPSUHVVLYH IRUFH 1�[�� N�
DQG N� DUH LQGLFDWRUV ZLWK YDOXHV RI � RU �� =)3� WKH SODVWLF PRGXOXV RI WKH :�VHFWLRQ LQ WKH DEVHQFH

RI WKH QRUPDO FRPSUHVVLYH IRUFH� LV FRPSXWHG E\ WDNLQJ WKH ILUVW PRPHQW RI DUHD DERXW WKH HTXDO

DUHD D[LV �($$�� WKH D[LV WKDW GLYLGHV WKH :�VHFWLRQ LQWR WZR HTXDO DUHDV� DVVLJQLQJ D SRVLWLYH VLJQ

WR WKH PRPHQW RQ HLWKHU VLGH RI WKH ($$� 7KDW LV

���

)XUWKHU� WKH WHUP λ�[� GHILQHG E\ (T� ��F� LV UHIHUUHG WR DV WKH VTXDVK ORDG UDWLR� ZKHUH 1\�[� LV WKH

PD[LPXP QRUPDO ORDG FDUU\LQJ FDSDFLW\ RI WKH :�VHFWLRQ IRU WKH FDVH RI QR EHQGLQJ PRPHQW �WKH

VTXDVK ORDG�� RU

���
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)LJ� � 6FKHPDWLF RI KDOI :�VHFWLRQ RI WKH EHDP PRGHO VKRZLQJ WKH &3$� ($$� DQG 31$ � DQG WKH GLUHFWLRQV
RI WKH QRUPDO FRPSUHVVLYH IRUFH DQG WKH EHQGLQJ PRPHQW GXH WR WLS ORDG



3ODVWLF FROODSVH RI WDSHUHG� WLS�ORDGHG FDQWLOHYHUHG EHDPV ���

7KH IXQFWLRQ I �α[� λ�[�� LQ (T� ��D� GHSHQGV RQ WKH ORFDWLRQ RI WKH SODVWLF QHXWUDO D[LV �31$�� WKH

QHXWUDO D[LV IRU D IXOO\ SODVWLF :�VHFWLRQ� ,Q WKH DEVHQFH RI 1�[�� WKH 31$ DQG WKH ($$ DUH

FRLQFLGHQW� ,Q WKH SUHVHQFH RI 1�[�� WKH 31$ PRYHV LQ WKH QHJDWLYH \�GLUHFWLRQ �VHH )LJ� ��� ,I WKH

VTXDVK ORDG UDWLR VDWLVILHV WKH LQHTXDOLW\ λ�[�� ��−�η��� WKHQ WKH 31$ ZLOO OLH DFURVV WKH VWUDLJKW

VHJPHQWV GHQRWHG E\ � DQG � �5HJLRQ , LQ )LJ� ��� RWKHUZLVH LW ZLOO OLH DFURVV WKH WRS FLUFXODU

VHJPHQWV GHQRWHG E\ � �5HJLRQ ,,�� )RU WKH IRUPHU FDVH�

���

)RU WKH ODWWHU FDVH�

���

7KH WHUP PXOWLSO\LQJ N� LQ (T� ��D� UHSUHVHQWV WKH GLIIHUHQFH EHWZHHQ WKH ORFDWLRQ RI WKH ($$ DQG

WKH ORFDWLRQ RI WKH &3$� ,I WKLV GLIIHUHQFH LV VXIILFLHQWO\ VPDOO� WKHQ N� �� LI WKH HIIHFW RI 1�[� LV DOVR

VXIILFLHQWO\ VPDOO� WKHQ N� �� RWKHUZLVH N� N� �� $W WKLV SRLQW� ZLWK OLWWOH ORVV LQ JHQHUDOLW\� N� � LV

DVVXPHG KHUHDIWHU�

7KH WLS ORDG ) OLHV LQ WKH SODQH RI WKH FHQWURLGDO D[HV RI WKH :�VHFWLRQ� ,WV LQFOLQDWLRQ DQJOHV DUH

DVVXPHG WR OLH LQ WKH UDQJH β � WR �� GHJUHHV� )RU VPDOO HODVWLF EHDP GHIRUPDWLRQV� WKH FKDQJHV RI

/E DQG β GXULQJ ORDGLQJ DUH DOVR VPDOO� IRU ZKLFK WKH QRUPDO FRPSUHVVLYH IRUFH DQG WKH EHQGLQJ

PRPHQW DW [ EHFRPH� UHVSHFWLYHO\

����

����

ZKHUH \�[� DQG \� DUH WKH HODVWLF WUDQVYHUVH GLVSODFHPHQW FXUYH DQG WLS GLVSODFHPHQW� UHVSHFWLYHO\�

1HJOHFW QRZ WKH HIIHFW RQ EHDP GHIRUPDWLRQV RI WKH VSUHDG RI WKH SODVWLF ]RQH IURP WKH WLPH RI

WKH ILUVW \LHOG WR WKH WLPH WKDW WKH :�VHFWLRQ EHFRPHV IXOO\ SODVWLF� 7KHQ� WKH SODVWLF KLQJH RFFXUV DW

WKH :�VHFWLRQ ZKHUH WKH EHQGLQJ PRPHQW GXH WR ) JLYHQ E\ (T� ���� DSSURDFKHV WKH SODVWLF

PRPHQW JLYHQ E\ (T� ��D�� 7KH WLS ORDG DW ZKLFK WKH SODVWLF KLQJH RFFXUV LV GHILQHG DV WKH JURVV

SODVWLF FROODSVH ORDG� )*3� 1RWH WKDW IRU D XQLIRUP FDQWLOHYHUHG EHDP� WKH SODVWLF KLQJH RFFXUV DW WKH

IL[HG HQG� EXW IRU D WDSHUHG FDQWLOHYHUHG EHDP� WKH SODVWLF KLQJH FDQ RFFXU DW DQ\ VHFWLRQ DORQJ WKH

EHDP OHQJWK� DQG WKLV ORFDWLRQ LV HVSHFLDOO\ VHQVLWLYH WR FKDQJHV LQ β� &RQVLGHULQJ WKH HIIHFW RI 1�[��
WKH UHGXFHG SODVWLF PRPHQW FXUYH IRUPV DQ HQYHORSH ZKLFK LV WDQJHQW WR WKH EHQGLQJ PRPHQW FXUYH

FRUUHVSRQGLQJ WR WKH JURVV SODVWLF FROODSVH ORDG DW WKH ORFDWLRQ RI WKH SODVWLF KLQJH [S � RU

����

����

,Q VXPPDU\� (TV� ���� DQG ���� FDQ EH XVHG WR FRPSXWH WKH JURVV SODVWLF FROODSVH ORDG� )*3� DQG

WKH ORFDWLRQ RI WKH FRUUHVSRQGLQJ SODVWLF KLQJH� [S� +RZHYHU� LI [S VR REWDLQHG OLHV RXWVLGH LWV UDQJH
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RI �−/E � WKHQ WKH IHDVLEOH VROXWLRQ LV WKDW WKH SODVWLF KLQJH RFFXUV DW WKH IL[HG HQG� [S �� ,Q WKLV

FDVH� RQO\ (T� ���� JRYHUQV WKH GHWHUPLQDWLRQ RI )*3�

�� 6SHFLDO FDVHV

&RQVLGHU VSHFLDO FDVHV LQ ZKLFK WKH FORVHG IRUP VROXWLRQV MXVW GLVFXVVHG OHDG GLUHFWO\ WR WKH

FROODSVH ORDGV DQG WKHLU ORFDWLRQV� 7KDW LV� DSSO\ (TV� ���� DQG ���� IRU FDVHV LQ ZKLFK WKH 31$ OLHV

LQ 5HJLRQ , RI )LJ� �� ZKHUH WKH IXQFWLRQ I �α[ � λ�[�� LQ (T� ��D� LV JLYHQ E\ (T� ���� )RU H[DPSOH�

IRU WKH :�VHFWLRQ RI D W\SLFDO VWHHO KLJKZD\ JXDUGUDLO� WKH WHUP ��− �η��≈���� σ\  ��� 01�P�� DQG

WKH PD[LPXP QRUPDO ORDG FDUU\LQJ FDSDFLW\ 1\�[� LV DERXW ���� 01� 7KLV ORDG LV HTXLYDOHQW WR DQ

LPSDFWLQJ YHKLFOH RI PDVV ���� NJ KDYLQJ D FRQVWDQW GHFHOHUDWLRQ RI �� J� ZKHUH J LV WKH

DFFHOHUDWLRQ GXH WR JUDYLW\� 7KXV� λ�[�� ��� ZKHUH 1�[�� ��� RI 1\�[�� LV WKH SUDFWLFDO UDQJH IRU D

JXDUGUDLO WHUPLQDO©V WLS ORDG� )RU WKLV FDVH� (TV� ���� DQG ���� PD\ EH H[SUHVVHG LQ QRQGLPHQVLRQDO

IRUP XVLQJ WKH IROORZLQJ QRWDWLRQ� DQ RYHU�EDU IRU D QRQGLPHQVLRQDO SDUDPHWHU� DQG D VXEVFULSW S

IRU D SDUDPHWHU HYDOXDWHG DW WKH ORFDWLRQ RI WKH SODVWLF KLQJH� ,Q WKHVH WHUPV� (T� ���� EHFRPHV

����

DQG (T� ���� EHFRPHV

����

7KH QRQGLPHQVLRQDO V\VWHP SDUDPHWHUV LQ WKH ODWWHU WZR HTXDWLRQV DUH GHILQHG E\

����

����

����

����

����

����

(TV� ���� DQG ���� DUH QRQOLQHDU DQG D QXPHULFDO VFKHPH VXFK DV 1HZWRQ�5DSKVRQ� WRJHWKHU ZLWK

0DWKHPDWLFD �:ROIUDP ����� PD\ EH XVHG WR VROYH WKHVH HTXDWLRQV VLPXOWDQHRXV IRU DQG �

,I WKH HIIHFW RI WKH QRUPDO FRPSUHVVLYH IRUFH LQ (TV� ���� DQG ���� LV QHJOHFWHG �N�  ��� WKHQ DQ
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3ODVWLF FROODSVH RI WDSHUHG� WLS�ORDGHG FDQWLOHYHUHG EHDPV ���

XSSHU ERXQG RQ WKH JURVV SODVWLF FROODSVH ORDG PD\ EH FRPSXWHG XVLQJ (T� ����� ZKLFK EHFRPHV

����

6XEVWLWXWLQJ (T� ���� LQWR (T� ���� \LHOGV

����

(T� ���� FDQ EH VROYHG IRU � ZLWK ZKLFK LV FDOFXODWHG IURP (T� ����� 5HFDOO WKDW LI VROYLQJ

(TV� ���� DQG ����� RU VROYLQJ (T� ���� RQO\� WKHUH UHVXOWV D YDOXH IRU RXWVLGH LWV UDQJH RI  � WR

�� WKHQ WKH IHDVLEOH VROXWLRQ LV  �� ,Q WKLV FDVH� WKH JURVV SODVWLF FROODSVH ORDG RU LWV XSSHU ERXQG

LV JRYHUQHG E\ (T� ���� RU (T� ����� UHVSHFWLYHO\�

,W LV REVHUYHG WKDW (TV� ���� DQG ���� UHTXLUH WKH EHDP©V HODVWLF FXUYH � �� ZKLFK PD\ EH

GLIILFXOW WR LPSOHPHQW EHFDXVH RI WKH FKDQJH RI WKH EHDP JHRPHWU\ GXULQJ ORDGLQJ� +RZHYHU� WKLV

SUREOHP LV RYHUFRPH LQ WKH IROORZLQJ WZR H[DPSOHV� RQH IRU D EHDP RI D ULJLG SHUIHFWO\ SODVWLF

PDWHULDO� DQG WKH RWKHU IRU D EHDP ZLWK HODVWLF SHUIHFWO\ SODVWLF EHKDYLRU�

)RU WKH ILUVW H[DPSOH� WKH ULJLG SHUIHFWO\ SODVWLF EHDP� WKH EHDP©V WUDQVYHUVH GLVSODFHPHQW FXUYH

EHIRUH \LHOGLQJ PD\ EH H[SUHVVHG LQ QRQGLPHQVLRQDO IRUP DV

����

)RU WKLV H[DPSOH� DQG � ZLWK WKH UHVXOW WKDW )*3 LV DOZD\V KLJKHU WKDQ WKH WUXH

VWDWLF SODVWLF FROODSVH ORDG RI WKH EHDP�

)RU WKH VHFRQG H[DPSOH� FKRRVH DQ DSSUR[LPDWH YDULDWLRQ RI ,D�[� LQ WKH IRUP RI D SRZHU ODZ LQ [�

DV HPSOR\HG E\ 7LPRVKHQNR DQG *HUH ������� (UPRSRXORV ������� :LOVRQ DQG 6WURQJ ������� DQG

$O�*DKWDQL ������� 7KDW LV

����

ZKHUH κ LV WKH WDSHU UDWLR GHILQHG E\

����

DQG ,� DQG ,� DUH WKH H[DFW YDOXHV RI WKH VHFRQG DUHD PRPHQWV RI WKH :�VHFWLRQ RI WKH EHDP DW WKH

IL[HG HQG DQG WKH IUHH HQG� UHVSHFWLYHO\� )URP FODVVLFDO EHDP WKHRU\� LW IROORZV WKDW WKH HODVWLF FXUYH

\OD�[� REH\V WKH IROORZLQJ GLIIHUHQWLDO HTXDWLRQ LQ ZKLFK ( LV <RXQJ©V PRGXOXV�
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��� -DPHV )� :LOVRQ DQG 1D\HU $� (O�(VQDZ\

,Q QRQGLPHQVLRQDO IRUP� XVLQJ � (T� ���� EHFRPHV

����

����

����

����

,Q (T� ����� LV D QRQGLPHQVLRQDO SDUDPHWHU IRU WKH WLS ORDG� LV D QRQGLPHQVLRQDO VWLIIQHVV

SDUDPHWHU� DQG 4FU LV WKH FULWLFDO (XOHU EXFNOLQJ ORDG IRU D XQLIRUP FDQWLOHYHUHG EHDP IRU ZKLFK

,�[� ,�� ,Q WKLV OLQHDU HODVWLF SHUIHFWO\�SODVWLF FDVH� � DW � DQG DW

� )RU WKLV FDVH� )*3 LV VWLOO KLJKHU WKDQ WKH WUXH VWDWLF SODVWLF FROODSVH ORDG VLQFH WKH HIIHFWV RI

WKH FKDQJH RI EHDP JHRPHWU\ DQG WKH VSUHDG RI WKH SODVWLF ]RQH GXULQJ ORDGLQJ DUH QRW LQFOXGHG�

+RZHYHU� )*3 RI WKLV OLQHDU HODVWLF SHUIHFWO\ SODVWLF FDVH LV ORZHU WKDQ WKDW RI WKH ULJLG SHUIHFWO\

SODVWLF FDVH�

�� 1XPHULFDO UHVXOWV DQG GLVFXVVLRQ

,Q WKLV VHFWLRQ� QXPHULFDO UHVXOWV DUH SUHVHQWHG IRU WKH ILYH EHDP PRGHOV LQ ZKLFK WKH UHVSHFWLYH

SODVWLF FROODSVH ORDGV )*3 DQG WKHLU ORFDWLRQV [S DUH FRPSDUHG� 7KH GHILQLWLRQV DQG VKRUW

GHVLJQDWLRQV IRU WKH WKUHH EDVLF EHDP PRGHOV DQDO\]HG KHUHLQ DUH� ULJLG SHUIHFWO\ SODVWLF �53��

HODVWLF SHUIHFWO\ SODVWLF �(3� ZLWKRXW FRQVLGHUDWLRQ RI JHRPHWULF FKDQJHV GXULQJ HODVWLF ORDGLQJ� DQG

HODVWLF SHUIHFWO\ SODVWLF ZLWK JHRPHWULF FKDQJHV DFFRXQWHG IRU GXULQJ HODVWLF ORDGLQJ �(3*�� )RU

FRPSDULVRQ SXUSRVHV� QXPHULFDO UHVXOWV DUH DOVR LQFOXGHG IRU WZR RWKHU PRGHOV� D GLVFUHWH IUDPH

PRGHO �(3)5$0(�� DQG D ILQLWH HOHPHQW PRGHO �)(�� ERWK FRPPHUFLDOO\ DYDLODEOH FRPSXWHU

SURJUDPV FDSDEOH RI HODVWLF SHUIHFWO\ SODVWLF DQDO\VLV� 1XPHULFDO UHVXOWV IRU DOO ILYH EHDP PRGHOV DUH

EDVHG RQ WKH IROORZLQJ UHIHUHQFH SDUDPHWHU� /E  ��� P� GE  ��� P� ( ��� *1�P
�� σ\  ��� 01�P��

W  ����� P� V�  ��� P� α�  ����� V�  ����� P� α�  ����� η�  ������ η�  ������ η�  ������ η�  ������

DQG η�  ������

)RU WKH FKRVHQ UHIHUHQFH SDUDPHWHUV� LW ZDV GHWHUPLQHG WKDW FHUWDLQ VLPSOLI\LQJ DVVXPSWLRQV FRXOG

EH PDGH WR HIILFLHQWO\ FRPSXWH WKH GHVLUHG UHVXOWV IRU WKH ILUVW WKUHH EHDP PRGHOV� 53� (3� DQG (3*�

)LUVW� WKH ORFDWLRQV RI WKH WZR QHXWUDO EHQGLQJ D[HV �)LJ� ��� &3$ IRU HODVWLF DFWLRQ DQG ($$ IRU

IXOO\ SODVWLF DFWLRQ� GLIIHUHG DW PRVW E\ �� DORQJ WKH EHDP OHQJWK� DQG WKH H[DFW YDOXH RI ,�[� JLYHQ

E\ (T� ��G� GLIIHUHG DW PRVW E\ �� IURP WKH DSSUR[LPDWH ,D�[� RI (T� ����� ZKHUH WKH PHDQ

GLIIHUHQFH DORQJ WKH OHQJWK ZDV DERXW ��� 6HFRQG� ZKHQ WKH H[DFW OLQHDU GHIOHFWLRQ FXUYH�

δ\O�[� \O �[�−\R�[�� ZKHUH \O�[� ZDV FRPSXWHG QXPHULFDOO\ XVLQJ 0DWKHPDWLFD� ZDV FRPSDUHG WR WKH

DSSUR[LPDWH GHIOHFWLRQ FXUYH �[�� ZKHUH �[� ZDV FRPSXWHG XVLQJ (T� ����� WKH UHVXOWV ZHUH
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3ODVWLF FROODSVH RI WDSHUHG� WLS�ORDGHG FDQWLOHYHUHG EHDPV ���

QHDUO\ WKH VDPH� 6HH )LJ� �� 7KHVH FXUYHV� QRUPDOL]HG ZLWK UHVSHFW WR δ\U δ\O�/E� IRU β �� GHJUHHV�

VKRZ WKDW WKH PD[LPXP HUURU EHWZHHQ WKH H[DFW DQG DSSUR[LPDWH WLS GHIOHFWLRQ LV DW PRVW ��� 6XFK

UHVXOWV MXVWLI\ WKH XVH RI WZR VLPSOLI\LQJ DVVXPSWLRQV LQ WKH FDOFXODWLRQV IRU WKH ILUVW WKUHH EHDP

PRGHOV� FRLQFLGHQFH RI WKH D[HV &3$ DQG ($$� DQG WKH XVH RI (T� ���� IRU FDOFXODWLQJ ,D�[�� 7KHVH

VLPSOLI\LQJ DVVXPSWLRQV ZHUH QRW XVHG� KRZHYHU� IRU WKH ODVW WZR GLVFUHWH EHDP PRGHOV�

&RQVLGHU WKH ILUVW WZR EHDP PRGHOV� WKH RQH RI D ULJLG SHUIHFWO\ SODVWLF �53� PDWHULDO DQG WKH

RWKHU RI D OLQHDU HODVWLF SHUIHFWO\ SODVWLF �(3� PDWHULDO� 8VLQJ (TV� ���� DQG ����� WKH HIIHFW RI β RQ

WKH JURVV SODVWLF FROODSVH ORDG )*3 DQG WKH FRUUHVSRQGLQJ ORFDWLRQ RI WKH SODVWLF KLQJH [S ZHUH

FRPSXWHG DQG DUH VKRZQ LQ )LJV� ��D� DQG ��E�� UHVSHFWLYHO\� ,QFOXGHG LQ )LJV� � DUH DOVR WKH UHVXOWV

IRU WKH IRXUWK EHDP PRGHO� DQ HODVWLF SHUIHFWO\ SODVWLF PRGHO EDVHG RQ (3)5$0(� D FRPSXWHU

SURJUDP IRU HODVWLF SHUIHFWO\ SODVWLF SODQH IUDPH DQDO\VLV �/HH DQG *RHO ������ )RU WKLV ODWWHU

SURJUDP� WKH WDSHUHG EHDP ZDV GLVFUHWL]HG WR ��� XQLIRUP EHDP HOHPHQWV� ZKHUH WKH IXOO\ SODVWLF

PRPHQW RI HDFK HOHPHQW� ZLWKRXW QRUPDO FRPSUHVVLYH ORDGV �N�  ��� ZDV FDOFXODWHG DW WKH PLG�

OHQJWK RI WKH HOHPHQW� 7KH QXPHULFDO UHVXOWV VKRZQ LQ )LJV� � DUH VXPPDUL]HG� )LUVW� )*3 DQG [S IRU

WKH 53 PRGHO �N� ��� DUH LQ YHU\ JRRG DJUHHPHQW ZLWK WKRVH RI (3)5$0(� 7KH VPDOO GLIIHUHQFHV�

)LJ� � /LQHDU HODVWLF GHIOHFWLRQ FXUYHV IRU E � DQG �� GHJUHHV� LQ ZKLFK ([DFW GHQRWHV WKH UHVXOWV XVLQJ
0$7+(0$7,&$ DQG $SSUR[LPDWH GHQRWHV WKH UHVXOWV XVLQJ (T� ����

)LJ� � &RPSDULVRQ RI VHYHUDO EHDP PRGHOV VKRZLQJ WKH HIIHFW RI E RQ� �D� SODVWLF FROODSVH ORDG� �E� SODVWLF
KLQJH ORFDWLRQ



��� -DPHV )� :LOVRQ DQG 1D\HU $� (O�(VQDZ\

HVSHFLDOO\ IRU [S� DUH SUREDEO\ GXH WR WKH GLVFUHWL]DWLRQ RI WKH EHDP PRGHO� 6HFRQG� LQ )LJ� ��D� LQ

ZKLFK WKH ORDG LV QRUPDOL]HG ZLWK UHVSHFW WR )U )*3 RI WKH 53 PRGHO �N� � DQG β ��� )*3

GHFUHDVHV PRQRWRQLFDOO\ DV β LQFUHDVHV� $OVR� WKH LQIOXHQFH RI WKH QRUPDO FRPSUHVVLYH IRUFH RQ )*3

IRU WKH 53 PRGHO LV VPDOO DQG GHFUHDVHV DV β LQFUHDVHV� )*3 IRU WKH (3 PRGHO LV OHVV WKDQ IRU WKH 53

PRGHO� ZKHUH WKLV GLIIHUHQFH GHFUHDVHV IURP DERXW ��� IRU β � WR OHVV WKDQ ��� IRU β �� GHJUHHV�
7KLUG� LW LV REVHUYHG LQ )LJ� ��E� WKDW WKH UHODWLRQ EHWZHHQ β DQG [S LV DOPRVW OLQHDU IRU WKH 53

PRGHO DV ZHOO DV IRU WKH (3 PRGHO� $V WKH ORDG DQJOH LQFUHDVHV [S� PRYHV WRZDUG WKH IL[HG HQG�

$OVR� [S IRU WKH 53 PRGHO DSSURDFKHV WKH IL[HG HQG DW D VPDOOHU β FRPSDUHG WR WKDW IRU WKH (3

PRGHO� ,Q WKH FDOFXODWLRQV IRU )LJV� �� WKH FUXVK ORDG UDWLR DW WKH SODVWLF KLQJH ZDV λ�[S� ≤
��−�η�� ������ ZKLFK MXVWLILHV WKH XVH RI (TV� ���� DQG ���� LQ ZKLFK WKH HIIHFW RI WKH VKHDU IRUFH

RQ )*3 ZDV LJQRUHG�

6KRZQ LQ )LJV� ��D� DQG ��E�� UHVSHFWLYHO\� DUH WKH HIIHFWV RI WKH LQLWLDO EHDP©V WLS GLVSODFHPHQW RQ

WKH SODVWLF FROODSVH ORDG DQG RQ WKH ORFDWLRQ RI WKH SODVWLF KLQJH� IRU β YDOXHV LQ WKH UDQJH RI � WR ��

GHJUHHV� DOO EDVHG RQ WKH (3 EHDP PRGHO� 1RWH WKDW IRU WKH KLJK UDQJH RI β� WKH FRQWULEXWLRQ RI WKH

WUDQVYHUVH IRUFH FRPSRQHQW RI WKH WLS ORDG WR 0�[� LV ODUJHU WKDQ WKDW RI WKH ORQJLWXGLQDO IRUFH

FRPSRQHQW DQG WKH HIIHFW RI GE LV WKHUHIRUH UHGXFHG� 1RWH WKDW LQ )LJ� ��E�� H[FHSW IRU β �� [S PRYHV
DZD\ IURP WKH IL[HG HQG DV GE LQFUHDVHV� +RZHYHU� [S LV VOLJKWO\ DIIHFWHG E\ GE IRU VPDOO β�DQJOHV�

)LJ� � 5HVXOWV IRU WKH HODVWLF SHUIHFWO\ SODVWLF �(3� EHDP PRGHO VKRZLQJ WKH HIIHFW RI LQLWLDO WLS GLVSODFHPHQW
RQ� �D� SODVWLF FROODSVH ORDG� �E� SODVWLF KLQJH ORFDWLRQ

)LJ� � 5HVXOWV IRU WKH HODVWLF SHUIHFWO\ SODVWLF �(3� EHDP PRGHO VKRZLQJ WKH HIIHFW RI DQJOH RI FRUUXJDWLRQ RQ�
�D� SODVWLF FROODSVH ORDG� �E� SODVWLF KLQJH ORFDWLRQ



3ODVWLF FROODSVH RI WDSHUHG� WLS�ORDGHG FDQWLOHYHUHG EHDPV ���

)RU PRGHUDWH DQG ODUJH β�DQJOHV� WKH SODVWLF KLQJH RFFXUV DZD\ IURP WKH IL[HG HQG �[S!�� LI GE
H[FHHGV D FULWLFDO YDOXH� 7KLV FULWLFDO YDOXH LV� IRU H[DPSOH� �� RI /E IRU β  � GHJUHHV DQG ��� RI

/E IRU β  �� GHJUHHV� $V GE LQFUHDVHV EH\RQG WKH FULWLFDO YDOXH� WKH HIIHFW RI GE RQ [S LV LQLWLDOO\

VLJQLILFDQW DQG WKHQ GHFUHDVHV�

6KRZQ LQ )LJV� ��D� DQG ��E�� UHVSHFWLYHO\� DUH WKH HIIHFWV RI WKH WLS FRUUXJDWLRQ DQJOH α� RQ )*3

DQG RQ [S� ERWK IRU WKH (3 EHDP PRGHO �N�  �� DQG IRU ILYH YDOXHV RI β� $V H[SHFWHG� )*3 GHFUHDVHV

DV α� GHFUHDVHV VLQFH WKH IXOO\ SODVWLF PRPHQW RI WKH :�VHFWLRQ RI WKH EHDP GHFUHDVHV� )LJ� ��D��

)RU YHU\ VPDOO β �DQJOHV� WKH GHFUHDVH LQ )*3 LV ODUJHU WKDQ WKDW IRU PRGHUDWH DQG ODUJH β �DQJOHV�
)RU β  �� WKH GHFUHDVH LQ )*3 IRU α�  ���� LV DERXW ��� ZKHQ FRPSDUHG WR α�  ����� ZKLOH WKLV

GHFUHDVH LV RQO\ DERXW �� IRU β  �� GHJUHHV� )RU α�  ���� WKH WDSHU UDWLR κ LV ����� DQG WKH

GLIIHUHQFH EHWZHHQ WKH H[DFW DQG DSSUR[LPDWH VHFRQG DUHD PRPHQW LV DW PRVW ��� EXW WKHVH YDOXHV

IRU α�  ���� DUH ������ DQG ����� UHVSHFWLYHO\� 7KXV� IRU VPDOO WDSHU UDWLRV RI OHVV WKDQ ���� WKH

DVVXPSWLRQ RI VPDOO HODVWLF GHIRUPDWLRQV PD\ QRW EH DGHTXDWH DV WKH EHDP XQGHUJRHV UHODWLYHO\

ODUJH HODVWLF GHIRUPDWLRQV� ,W LV QRWHG WKDW [S PRYHV DZD\ IURP WKH IL[HG HQG DV α� GHFUHDVHV� )LJ�

��E�� 7KH SODVWLF KLQJH RFFXUV DZD\ IURP WKH IL[HG HQG �[S!�� LI α� LV OHVV WKDQ D FULWLFDO YDOXH� )RU

H[DPSOH� WKLV FULWLFDO YDOXH LV ���� IRU β  � GHJUHHV DQG ���� IRU β  �� GHJUHHV� $V α� GHFUHDVHV

EHORZ WKH FULWLFDO YDOXH� WKH HIIHFW RI α� RQ [S LV LQLWLDOO\ VPDOO DQG WKHQ LQFUHDVHV VLJQLILFDQWO\�

HVSHFLDOO\ IRU ODUJH β �DQJOHV�
&RQVLGHU QRZ WKH WKLUG EHDP PRGHO 53*� WKH HODVWLF SHUIHFWO\ SODVWLF PRGHO LQ ZKLFK WKH FKDQJH

RI EHDP JHRPHWU\ GXULQJ HODVWLF ORDGLQJ LV LQFRUSRUDWHG VR WKDW WKLV HIIHFW RQ WKH SODVWLF FROODSVH

ORDG )*3 PD\ EH GLVFHUQHG� 'HILQH WKLV FROODSVH ORDG DV WKDW DW WKH SRLQW RI LQWHUVHFWLRQ RI WKH

HODVWLF EXFNOLQJ FXUYH DQG WKH ULJLG SHUIHFWO\ SODVWLF PHFKDQLVP FXUYH RI D EHDP�FROXPQ� 7R

GHWHUPLQH WKLV SRLQW RI LQWHUVHFWLRQ� WKH ILUVW VWHS ZDV WR FRPSXWH WKH HODVWLF EXFNOLQJ FXUYH� )E YV�

\�E� 7KLV FXUYH ZDV GHULYHG E\ VROYLQJ WKH JRYHUQLQJ GLIIHUHQWLDO HTXDWLRQ �:LOVRQ DQG 6WURQJ

������ XVLQJ WKH VWDWHG UHIHUHQFH SDUDPHWHUV� ,D�[� RI (T� ����� DQG WKH QXPHULFDO PHWKRGV RI

0DWKHPDWLFD� 6HFRQG� WKH ULJLG SHUIHFWO\�SODVWLF PHFKDQLVP FXUYH ZDV GHULYHG EDVHG RQ WKH

PHFKDQLVP VKRZQ LQ )LJ� �� )RU VPDOO SODVWLF KLQJH URWDWLRQV� 0)3 �[� DW WKH SODVWLF KLQJH DQG β
ZHUH DVVXPHG WR EH FRQVWDQW DQG 1�[� ZDV LJQRUHG� ,W IROORZV WKDW WKH ULJLG SHUIHFWO\�SODVWLF

PHFKDQLVP FXUYH� )P YV� \�P � FDQ EH H[SUHVVHG DV

����)P

0)3 [S( )

\�P \R [S( )–( ) βFRV β /E [S–( )� GE \R [S( )–( )� \�P \R [S( )–( )�–+VLQ+
����������������������������������������������������������������������������������������������������������������������������������������������������������������������������=

)LJ� � 5LJLG SHUIHFWO\ SODVWLF PHFKDQLVP RI WKH LQLWLDOO\ FXUYHG� FDQWLOHYHUHG EHDP
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ZKHUH 0)3 �[� LV JLYHQ E\ (T� ��E� DQG \R�[� LV JLYHQ E\ (T� ���� 7KH UHVXOWV RI WKHVH FDOFXODWLRQV

IRU β  � DQG �� GHJUHHV DUH VKRZQ LQ )LJ� �� 7KH SRLQW RI LQWHUVHFWLRQ RI WKHVH WZR FXUYHV )*3 LV

IRU WKH (3* PRGHO� D YDOXH WKDW LV VRPHZKDW KLJKHU WKDQ WKH ¦WUXH§ SODVWLF FROODSVH ORDG EHFDXVH

WKH VSUHDG RI WKH SODVWLF ]RQH DORQJ WKH EHDP ZDV LJQRUHG LQ WKH PRGHO� 7KH HODVWLF EXFNOLQJ FXUYHV

RI )LJ� � DSSURDFK DV\PSWRWLFDOO\ WKH H[SHFWHG HODVWLF EXFNOLQJ ORDGV� )RU ERWK YDOXHV RI β� WKH
HODVWLF EXFNOLQJ ORDGV DUH KLJKHU WKDQ )*3 RI WKH (3* PRGHO� ZKLFK LQGLFDWHV WKDW WKH EHDP IDLOV

SODVWLFDOO\�

6KRZQ LQ WKH WRS WZR FXUYHV RI )LJ� �� DV D IXQFWLRQ RI β� DUH FRPSDULVRQV RI WKH SODVWLF FROODSVH
ORDGV )*3 IRU WKH VHFRQG �(3� DQG WKLUG �(3*� EHDP PRGHOV� 7KHVH UHVXOWV VKRZ WKDW WKH HIIHFW RI

WKH FKDQJH RI EHDP JHRPHWU\ GXULQJ ORDGLQJ RQ )*3 LV UHODWLYHO\ KLJK IRU VPDOO β �DQJOHV �DQ ��

GLIIHUHQFH IRU β  ��� EXW LV VPDOO IRU PRGHUDWH β �DQJOHV �OHVV WKDQ �� IRU β � GHJUHHV DQG OHVV

WKDQ ���� IRU β  �� GHJUHHV�� 6KRZQ LQ WKH ORZHU WZR FXUYHV RI )LJ� � DUH FRPSDULVRQV RI WKH

ORDGV DW ILUVW \LHOG DW WKH SODVWLF KLQJHV� RU )\ � IRU WKH ILUVW �53� DQG VHFRQG �(3� EHDP PRGHOV�

7KHVH ODWWHU WZR \LHOG ORDGV ZHUH FDOFXODWHG XVLQJ FODVVLFDO EHDP WKHRU\ LQ ZKLFK WKH FRPSUHVVLYH

QRUPDO IRUFH ZDV LQFOXGHG� 7KH GLIIHUHQFH EHWZHHQ )*3 RI WKH (3 PRGHO DQG )\ RI WKH 53 PRGHO LV

DW PRVW ��� IRU β  �� ZKLOH WKDW GLIIHUHQFH LV KLJKHU� EXW DW PRVW ��� IRU β  �� GHJUHHV�

)LJ� � (ODVWLF EXFNOLQJ DQG ULJLG SHUIHFWO\ SODVWLF PHFKDQLVP FXUYHV IRU E � DQG �� GHJUHHV

)LJ� � &RPSDULVRQ RI SODVWLF FROODSVH ORDGV DQG ORDGV IRU ILUVW \LHOG IRU VHYHUDO EHDP PRGHOV� �D� IRU WKH (3
EHDP� �E� IRU WKH (3* EHDP� �F� )\ IRU WKH 53 EHDP� �G� )\ IRU WKH (3 EHDP
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7KH JURVV SODVWLF FROODSVH ORDGV RI WKH WKLUG EHDP PRGHO �(3*� ZHUH DOVR FRPSDUHG WR WKRVH

FRPSXWHG XVLQJ D ILIWK EHDP PRGHO EDVHG RQ ILQLWH HOHPHQWV �)(�� )RU WKH ODWWHU VWXGLHV� WKH

1,.(�' FRGH ZDV XVHG �0DNHU HW DO� ������ LQ ZKLFK DQ HODVWLF SHUIHFWO\ SODVWLF PDWHULDO ZDV

DVVXPHG DQG JHRPHWU\ FKDQJHV GXULQJ ORDGLQJ ZHUH LQFOXGHG� )RU HDFK EHDP HOHPHQW� ��� LQ DOO�

HDFK PLGOHQJWK KDG D UHFWDQJXODU FURVV�VHFWLRQDO DUHD $�[� DQG D VHFRQG DUHD PRPHQW ,�[� HTXDO�

UHVSHFWLYHO\� WR WKDW EDVHG RQ WKH UHIHUHQFH SDUDPHWHUV� 7KH SODVWLF FROODSVH ORDG ZDV FRPSXWHG E\

ILUVW DSSO\LQJ DQ LQFUHPHQWDO WLS GLVSODFHPHQW δD LQ WKH GHVLUHG GLUHFWLRQ RI WKH WLS ORDG� RU WKH

TXDVL�VWDWLF GLVSODFHPHQW FRQWURO PHWKRG� 7KHQ� WKH WLS ORDG�GLVSODFHPHQW KLVWRU\ FRUUHVSRQGLQJ WR

δD ZDV FRPSXWHG� $ W\SLFDO WLS ORDG�GLVSODFHPHQW KLVWRU\ REWDLQHG IURP WKLV ILQLWH HOHPHQW PRGHO LV

VKRZQ LQ )LJ� �� IRU WKH FDVH RI β  �� ,W LV REVHUYHG WKDW� DV δD LV LQFUHDVHG� WKH FRUUHVSRQGLQJ WLS

ORDG ) LQFUHDVHG GXULQJ HODVWLF ORDGLQJ� SHDNHG� DQG WKHQ GHFUHDVHG GXULQJ SODVWLF XQORDGLQJ� 7KH

SRLQW RI LQWHUVHFWLRQ RI WKH HODVWLF ORDGLQJ FXUYH DQG WKH SODVWLF XQORDGLQJ FXUYH �WKH SHDN� LV WKH

SODVWLF FROODSVH ORDG� 7KH WUDQVLWLRQ IURP WKH HODVWLF ORDGLQJ FXUYH WR WKH SODVWLF XQORDGLQJ FXUYH

RFFXUUHG VXGGHQO\ VLQFH WKH ILQLWH HOHPHQW EHDP PRGHO LV D VNHOHWDO UHSUHVHQWDWLRQ LQ ZKLFK WKH

VSUHDG RI WKH SODVWLF ]RQH LV QHJOHFWHG� +HUH� )*3 RI WKH )( PRGHO LV VWLOO KLJKHU WKDQ WKH ¦WUXH§

SODVWLF FROODSVH ORDG� 6XPPDUL]HG LQ 7DEOH �� IRU VHYHUDO DQJOHV β� DUH YDOXHV RI )*3 IRU WKH (3*

PRGHO� QRUPDOL]HG ZLWK UHVSHFW WR )*3 RI WKH )( PRGHO� 7KHVH UHVXOWV VKRZ WKDW )*3 RI WKH (3*

)LJ� �� 7LS ORDG�WLS GLVSODFHPHQW EHKDYLRU EDVHG RQ WKH ILQLWH HOHPHQW �)(� EHDP PRGHO DQG β  �

7DEOH � )*3 IRU WKH (3* EHDP PRGHO� QRUPDOL]HG ZLWK UHVSHFW WR )*3 RI WKH )( EHDP PRGHO

β �GHJUHHV� � � � � � �� �� ��

���� ���� ���� ���� ���� ���� ���� ����

7DEOH � 0HFKDQLFDO SURSHUWLHV RI WKH H[SHULPHQWDO VSHFLPHQV

7HVW � 7HVW �

<RXQJ
V PRGXOXV �*3D�
<LHOG VWUHVV �03D�
8OWLPDWH VWUHVV �03D�
,QLWLDO VWUHVV FRDW FUDFNLQJ �03D�

����
����
����
����

����
����
����
����

)*3 (3* PRGHO( )
)*3 )( PRGHO( )
������������������������������������������
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PRGHO DQG )*3 RI WKH )( PRGHO GLIIHU IURP �� WR ���

�� 7KH H[SHULPHQWV

([SHULPHQWV XVLQJ WZR W\SHV RI WDSHUHG� LQLWLDOO\ FXUYHG� DQG WUDQVYHUVHO\ FRUUXJDWHG FDQWLOHYHUHG

EHDPV ZHUH GHVLJQHG DQG LPSOHPHQWHG WR PHDVXUH ERWK VWDWLF SODVWLF FROODSVH ORDGV DQG ORZ VSHHG

LPSDFW FROODSVH ORDGV� WRJHWKHU ZLWK WKH FROODSVH ORFDWLRQV DORQJ WKH EHDPV� 7KHVH WHVW VSHFLPHQV

ZHUH GHVLJQHG DV KDOI�VFDOH YHUVLRQV RI SUDFWLFDO KLJKZD\ JXDUGUDLO WHUPLQDOV DQG WKHLU GHWDLOHG

HQJLQHHULQJ GUDZLQJV DUH DYDLODEOH LQ WKH UHSRUW RI :LOVRQ DQG (O�(VQDZ\ ������� 6KRZQ LQ )LJ�

���D� DQG ���E� DUH SKRWRJUDSKV RI WKHVH VSHFLPHQV� W\SH , ZLWK URXQGHG WRSV DQG W\SH ,, ZLWK IODW

WRSV RQ WKH RXWVLGH FRUUXJDWLRQV� )RU ERWK FRQILJXUDWLRQV� WKH XQFODPSHG OHQJWK ZDV ���� FP� WKH

ZDOO WKLFNQHVV ZDV ���� PP ��� JDJH VWHHO�� DQG ERWK KDG WKH VDPH WDSHU �VLGH YLHZ�� DQG WKH VDPH

LQLWLDO FXUYDWXUH �SODQ YLHZ��

,Q SUHOLPLQDU\ H[SHULPHQWV� WKH WHQVLOH SURSHUWLHV RI WKH VWHHO VKHHW XVHG IRU WKH FDQWLOHYHUHG

VSHFLPHQV ZHUH PHDVXUHG XVLQJ WHQVLOH VSHFLPHQV GHVLJQHG DFFRUGLQJ WR $670 VWDQGDUGV� 7KHVH

VSHFLPHQV� DV ZHOO DV WKH FDQWLOHYHUHG EHDP VSHFLPHQV� ZHUH SUHFRDWHG ZLWK 6WUHVV &RDW� D SDLQW

WKDW SURGXFHG VPDOO YLVLEOH FUDFNV DV WKH EHDP \LHOGHG� 7KH UHVXOWV RI WZR WHQVLOH WHVWV DUH VKRZQ LQ

7DEOH �� 7KH WKUHH PHFKDQLFDO SURSHUWLHV� <RXQJ©V PRGXOXV� \LHOG VWUHVV� DQG XOWLPDWH VWUHVV� DV ZHOO

DV WKH LQLWLDO VWUHVV DW ZKLFK FUDFNLQJ RI WKH 6WUHVV &RDW EHFDPH YLVLEOH� ZHUH TXLWH FRQVLVWHQW

EHWZHHQ WKH WZR VSHFLPHQV� 7KH IORZ VWUHVV IRU SODVWLF FROODSVH RI WKH FDQWLOHYHUHG EHDP VSHFLPHQV

ZDV WKHQ GHILQHG DV WKH PHDQ YDOXH RI WKH \LHOG VWUHVV DQG WKH XOWLPDWH VWUHVV PHDVXUHG LQ WKHVH

WHQVLOH H[SHULPHQWV� RU ��� 03D�

)RU HFRQRPLFDO UHDVRQV� WKH WZR W\SHV RI EHDP VSHFLPHQV XVHG LQ ERWK WKH VWDWLF DQG LPSDFW

H[SHULPHQWV ZHUH QRW GLH�VWDPSHG� DV WKH\ ZRXOG EH IRU PDVV SURGXFWLRQ� ,QVWHDG� WKH FRUUXJDWLRQV

ZHUH ILUVW IRUPHG LQ D PHFKDQLFDO ¦EUHDN§ DV D VWUDLJKW� XQLIRUP VHFWLRQ� VWDUWLQJ ZLWK D IODW�

UHFWDQJXODU VKHHW� 1H[W� XVLQJ D PHFKDQLFDO SUHVV� WKH FRUUXJDWLRQV ZHUH IODUHG E\ QRQXQLIRUP

IODWWHQLQJ DORQJ WKH OHQJWK� LQ ZKLFK WKH FRUUXJDWLRQV ZHUH ILOOHG ZLWK SRO\XUHWKDQH VWULSV VR WKDW

FRUUXJDWLRQ EXFNOLQJ ZDV DYRLGHG GXULQJ SUHVVLQJ� 7KH LQLWLDO FXUYDWXUH ZDV WKHQ DFKLHYHG E\ ILUVW

VDZLQJ WUDQVYHUVH FXWV HYHU\ VHYHQ FHQWLPHWHUV DSDUW� DERXW KDOI ZD\ WKURXJK WKH KHLJKW RI HDFK

FRUUXJDWLRQ� DQG WKHQ E\ EHQGLQJ WKH VSHFLPHQ� QHDUO\ FORVLQJ WKH JDSV WR WKH GHVLUHG FXUYDWXUH�

7KH FXWV ZHUH WKHQ FDUHIXOO\ ILOOHG ZLWK D ORZ WHPSHUDWXUH VWHHO�EURQ]H ZHOG WKDW KDG DSSUR[LPDWHO\

)LJ� �� /DERUDWRU\�VFDOH PRGHOV� W\SHV , DQG ,,� �D� SODQ YLHZV� DQG �E� VLGH YLHZV �7KH XQFODPSHG OHQJWK LV
���� FP� WKH IODUH RSHQV IURP OHIW WR ULJKW� DQG WKH WLS LV DW WKH ULJKW�
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WKH VDPH \LHOG VWUHQJWK DV WKDW RI WKH VWHHO EHDP� DQG WKH ZHOGV ZHUH SROLVKHG VPRRWK ZLWK WKH

VSHFLPHQ IDFH� 7KH ZHOGHG FXWV RQ WKH ILQDO PRGHOV DUH VHHQ LQ WKH SKRWRJUDSKV RI )LJV� ���

3KRWRJUDSKV IRU D W\SLFDO VWDWLF H[SHULPHQW ZLWK D GRXEOH VSHFLPHQ PRXQWHG LQ D XQLYHUVDO WHVWLQJ

PDFKLQH� DQG DOVR VWDQGLQJ DORQH� DUH VKRZQ LQ WKH SKRWRJUDSKV RI )LJV� ���D� DQG ���E�� 7KLV

)LJ� �� 9LHZV RI WKH GRXEOH VWDWLF VSHFLPHQ� �D� HGJH YLHZ DV PRXQWHG LQ WKH WHVWLQJ PDFKLQH� �E� VLGH YLHZ�
DQG �F� VLGH YLHZ VKRZLQJ VWDWLF EXFNOLQJ

7DEOH � 6WDWLF FROODSVH FKDUDFWHULVWLFV RI WKH H[SHULPHQWDO PRGHOV

6SHFLPHQ W\SH ,
�URXQGHG�WRS�

6SHFLPHQ W\SH ,,
�IODW�WRS�

(ODVWLF EXFNOLQJ ORDG �N1� $QDO\VLV − ����

3ODVWLF FROODSVH ORDG �N1� $QDO\VLV
([SHULPHQW

����
����

����
����

/RFDWLRQ IURP IL[HG HQG IRU
SODVWLF FROODSVH �LQFKHV�

$QDO\VLV
([SHULPHQW

�����
�����

�����
�����
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GRXEOH VSHFLPHQ FRQILJXUDWLRQ FRQVLVWV RI WZR LGHQWLFDO VLQJOH VSHFLPHQV VHFXUHO\ EROWHG WRJHWKHU DW

WKHLU IL[HG HQGV� 7KH PLGOHQJWK RI WKH GRXEOH VSHFLPHQ VLPXODWHG WKH IL[HG HQG� 6LQFH WKH H[WUHPH

HQGV ZHUH RQ UROOHU VXSSRUWV� HDFK VSHFLPHQ EHKDYHG DV IL[HG�IUHH EHDP ZKHQ WKH HQG ORDGV ZHUH

DSSOLHG E\ WKH XQLYHUVDO WHVWLQJ PDFKLQH�

2EVHUYDWLRQV RI WKH VWDWLF EHKDYLRU RI VSHFLPHQ W\SHV , DQG ,, DUH VXPPDUL]HG LQ 7DEOH �� )RU

W\SH , DQG ,, VSHFLPHQV� WKH FRPSXWHG HODVWLF EXFNOLQJ ZDV QHDUO\ WKH VDPH� ���� N1� ,Q WKH

H[SHULPHQWV� KRZHYHU� HODVWLF EXFNOLQJ GLG QRW RFFXU� *URVV SODVWLF FROODSVH RFFXUUHG DW ORDGV ORZHU

WKDQ ���� N1� RU DW ���� N1 IRU W\SH , DQG ���� N1 IRU W\SH ,, VSHFLPHQV� 7KH PDLQ UHDVRQ WKDW WKH

JURVV SODVWLF FROODSVH ORDG ZDV RQO\ DERXW RQH�WKLUG RI WKH SUHGLFWHG YDOXH IRU W\SH , ZDV WKDW

SUHPDWXUH EXFNOLQJ RFFXUUHG DW WKH ORZHU UROOHU VXSSRUW� 7KLV ZDV DYRLGHG LQ ODWHU WHVWV IRU W\SH ,,

VSHFLPHQV E\ DGGLQJ SRO\XUHWKDQH LQVHUWV DW WKH UROOHU VXSSRUWV� XQGHU WKH FRUUXJDWLRQV� 7KXV� W\SH

,, VSHFLPHQV FROODSVHG DW WKH KLJKHU ORDG RI ���� N1� ZKLFK ZDV FORVHU WR WKH SUHGLFWHG YDOXH RI

DERXW ���� N1� 7KHUH DUH WZR PDLQ UHDVRQV IRU WKLV ODWWHU GLIIHUHQFH� ��� WKH DFWXDO VSUHDG RI WKH

SODVWLF ]RQH DV FROODSVH ZDV DSSURDFKHG� REVHUYHG E\ WKH SURJUHVVLYH FUDFNLQJ RI WKH %ULWWOH &RDW

GXULQJ WKH H[SHULPHQWV� ZDV QRW DFFRXQWHG IRU LQ WKH DQDO\VLV� DQG ��� ODUJH FKDQJHV LQ JHRPHWU\

GXULQJ WKH DSSURDFK WR SODVWLF FROODSVH ZHUH DOVR QRW LQFOXGHG LQ WKH HODVWLF SHUIHFWO\ SODVWLF

DQDO\VLV� 7KH DQDO\VLV JDYH DQ XSSHU ERXQG IRU WKH FROODSVH ORDG� 7KH ODVW LPSRUWDQW REVHUYDWLRQ

)LJ� �� ,PSDFW H[SHULPHQWV VKRZLQJ� �D� VHWXS DQG WHVW FDU� �E� SODQ YLHZ RI WKH <� VSHFLPHQ FRQILJXUDWLRQ�
DQG �F� SODVWLF FROODSVH IURP LPSDFW RI D W\SH�,, VSHFLPHQ



3ODVWLF FROODSVH RI WDSHUHG� WLS�ORDGHG FDQWLOHYHUHG EHDPV ���

ZDV WKDW SODVWLF FROODSVH RFFXUUHG DZD\ IURP WKH IL[HG HQG� DW WKH ��� DQG WKH ��� SRLQWV �����

FP DQG ���� FP� UHVSHFWLYHO\�� ZKHUHDV WKH DQDO\VLV SUHGLFWHG WKDW SODVWLF FROODSVH ZRXOG RFFXU DW

DERXW WKH ��� SRLQWV ����� FP DQG ���� FP�� IRU W\SHV , DQG ,, VSHFLPHQV� UHVSHFWLYHO\� $

SKRWRJUDSK RI SODVWLF EXFNOLQJ IRU D W\SH ,, VSHFLPHQ� ZKLFK ZDV VLPLODU LQ FKDUDFWHU WR WKDW RI W\SH

, VSHFLPHQ� LV VKRZQ DW WKH ERWWRP RI )LJ� ���

7KH H[SHULPHQWDO VHWXS IRU WKH G\QDPLF LPSDFW H[SHULPHQWV LV VKRZQ LQ WKH )LJ� ���D�� DQG D

FORVHXS SODQ YLHZ RI D OLNH SDLU RI WHVW VSHFLPHQV� D <�FRQILJXUDWLRQ� LV VKRZQ LQ )LJ� ���E�� 7KH

WHVW FDU RI ���� NJ PDVV ZKHQ IXOO\ ORDGHG� ZDV ILWWHG ZLWK D VWHHO SODWH RYHU D ZRRG SODQN WKDW

UHSODFHG WKH IURQW EXPSHU IRU VSHFLPHQ LPSDFW� 7KH WHVW FDU IUHHO\ UROOHG GRZQ DQ LQFOLQH DQG LWV

VSHHG MXVW SULRU WR LPSDFW ZDV WUDFNHG ZLWK D YLGHR FDPHUD WKDW UHFRUGHG DW HYHU\ ����WK RI D

VHFRQG WKH ORFDWLRQ RI WKH SRLQWHU RQ WKH EXPSHU DORQJ WKH GLVWDQFH VFDOH RQ WKH URDG� 6HH )LJ�

���D�� 7KH FDU
V VKRFN DEVRUEHUV ZHUH EORFNHG VR WKDW WKH\ ZHUH QRW RSHUDWLRQDO� $Q DFFHOHURPHWHU

DWWDFKHG WR WKH FDUV FKDVVLV DW WKH PDVV FHQWHU� ZDV FRXSOHG WR DQ RQERDUG VLJQDO FRQGLWLRQHU DQG

UHFRUGHU� DQG ZDV XVHG WR PHDVXUH WKH FDUV GHFHOHUDWLRQ GXULQJ LPSDFW ZLWK VSHFLPHQV� 7KH OLNH SDLU

RI WKH <�FRQILJXUHG EHDP VSHFLPHQV ZHUH EROWHG EDFN�WR�EDFN WR WKH IODQJH RI D 7�EHDP� ZKLFK LQ

WXUQ ZDV EDQGHG WR D IL[HG VWHHO SRVW WKDW VHUYHG DV WKH EDFNXS FRQVWUDLQW� 7KH ZRRG EUHDNDZD\

SRVW QHDU WKH IURQW IODUH RI HDFK VSHFLPHQ RI WKLV <�FRQILJXUDWLRQ KHOSHG WR KROG WKH FRQILJXUDWLRQ

LQ SODFH EHIRUH LPSDFW� EXW FRQWULEXWHG QRWKLQJ WR WKH VSHFLPHQ©V EHQGLQJ VWLIIQHVV� 'XULQJ LPSDFW�

ZKLFK ZDV DOZD\V VRPHZKDW HFFHQWULF �HDFK RI WKH <�SDLU ZDV QHYHU LPSDFWHG VLPXOWDQHRXVO\��

RQO\ RQH RI WKH WZR EXFNOHG SODVWLFDOO\� WKH RQH WKDW ZDV LPSDFWHG ILUVW� -XVW DIWHU LPSDFW� WKH <�

DVVHPEO\ WKHQ URWDWHG VRPHZKDW DURXQG WKH EDFNXS SRVW� $Q H[DPSOH RI SODVWLF FROODSVH IRU D W\SH

,, LPSDFWHG VSHFLPHQ LV VKRZQ LQ )LJ� ���F��

7KH UHVXOWV IRU WKH G\QDPLF LPSDFW H[SHULPHQWV DUH VXPPDUL]HG LQ 7DEOH �� 7KHVH UHVXOWV DUH IRU

WHVW FDU VSHHGV MXVW SULRU WR LPSDFW RI ��� NP�K� IRU PHDVXUHG SHDN LPSDFW GHFHOHUDWLRQV IRU WKH

UHVSHFWLYH VSHFLPHQ W\SHV , DQG ,, RI ���J DQG ���J� DQG IRU LPSDFW GXUDWLRQV RI DERXW ��� V� 7KH

ILUVW VHW RI UHVXOWV DUH WKH UHVSHFWLYH SODVWLF FROODSVH ORDGV IRU VSHFLPHQV , DQG ,,� ���� N1 DQG ����

N1� )RU W\SH ,, VSHFLPHQ� WKH PHDQ ORDG RYHU WKH LPSDFW WLPH ZDV DERXW ��� N1� ZKLFK ZDV FORVH

WR WKH VWDWLF SODVWLF FROODSVH ORDG RI ���� N1 UHSRUWHG LQ 7DEOH �� ,W LV QRWHG WKDW W\SH , VSHFLPHQV

DUH VWURQJHU WKDQ W\SH ,, VSHFLPHQV� ZKLFK ZRXOG EH H[SHFWHG VLQFH WKH FXUYHG WRS FRUUXJDWLRQV RI

W\SH , VSHFLPHQV RIIHU D KLJKHU WUDQVYHUVH EHQGLQJ VWLIIQHVV WKDQ WKH IODW WRS FRUUXJDWLRQV RI W\SH ,,

VSHFLPHQV� 7KH VHFRQG VHW RI UHVXOWV DUH WKDW WKHUH DUH WKUHH SRLQWV RI SODVWLF FROODSVH DORQJ HDFK

VSHFLPHQ� YDU\LQJ IURP DERXW �� FP WR DERXW �� FP IURP WKH IL[HG HQG� GHSHQGLQJ ZKHWKHU WKH

FROODSVH LV DW WKH WRS HGJH� DW WKH FHQWHU� RU DW WKH ERWWRP HGJH RQ WKH WUDQVYHUVH VHFWLRQ� 7KXV� VLQFH

WKH XQFRQVWUDLQHG OHQJWKV LI WKH WHVW VSHFLPHQV ZHUH ���� FP� SODVWLF FROODSVH RFFXUUHG EHWZHHQ

��� DQG ��� RI WKH VSHFLPHQV OHQJWK IURP WKH IL[HG HQG� 7KHVH UHVXOWV DUH LQ FRQWUDVW WR WKRVH IRU

VWDWLF SODVWLF FROODSVH ZKHUH WKH FRXQWHUSDUW ORFDWLRQV ZHUH DW WKH ��� DQG WKH ��� SRLQWV� PXFK

FORVHU WR WKH IL[HG HQG�

7DEOH � 0HDVXUHG G\QDPLF FKDUDFWHULVWLFV RI WKH H[SHULPHQWDO PRGHOV

7\SH ,
�URXQGHG�WRS�

7\SH ,,
�IODW�WRS�

3HDN ORDG IRU SODVWLF FROODSVH �N1� ���� ����

/RFDWLRQ RI SODVWLF FROODSVH PRGHV�
DW WRS� DW FHQWHU� DW ERWWRP HGJH �FP�

����� ����� ���� ����� ����� ����
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7KH H[SHULPHQWDO UHVXOWV RQ KDOI�VFDOH VSHFLPHQV PD\ EH VFDOHG WR WKRVH IRU IXOO�VFDOH RU

SURWRW\SH VL]H� SURYLGHG WKDW WKH GHVLJQV UHPDLQ JHRPHWULFDOO\ VLPLODU� RU QHDUO\ VR� )RU VFDOLQJ

SXUSRVHV� WKH GLPHQVLRQOHVV V\VWHP SDUDPHWHUV GHILQHG E\ (TV� ��������� VKRXOG UHPDLQ LQYDULDQW�

DQG DOO RI WKHVH H[FHSW (T� ���� DUH DXWRPDWLFDOO\ LQYDULDQW LI JHRPHWULF VLPLODULW\ LV PDLQWDLQHG� )RU

H[DPSOH� IRU D SURWRW\SH JHRPHWULFDOO\ VLPLODU WR PRGHO W\SH ,� WKH SRLQW RU UHJLRQ RI SODVWLF

FROODSVH ZLOO RFFXU DW DERXW ��� WKH RYHUDOO OHQJWK IURP WKH IL[HG HQG� (T� ����� ZKLFK GHILQHV WKH

QRQGLPHQVLRQDO SODVWLF FROODSVH ORDG� PXVW DOVR UHPDLQ LQYDULDQW� DQG WKLV HTXDWLRQ PD\ EH XVHG WR

FRPSXWH WKH SODVWLF FROODSVH ORDG IRU WKH SURWRW\SH ZKRVH PDWHULDO LV WKH VDPH EXW ZKRVH VL]H�

WKLFNQHVV� DQG \LHOG VWUHVV PD\ EH GLIIHUHQW IURP WKH PRGHO� )RU H[DPSOH� VXSSRVH WKH KDOI�VFDOH

ZLGWK IDFWRU V �DQG WKHUHIRUH WKH RYHUDOO JHRPHWU\ H[FHSW WKLFNQHVV W� LQFUHDVHV E\ D IDFWRU RI WZR�

WKH WKLFNQHVV W LQFUHDVHV E\ D IDFWRU RI ���� DQG WKH \LHOG VWUHQJWK UHPDLQV WKH VDPH IURP WKH PRGHO

WR WKH SURWRW\SH� 7KHQ IRU VSHFLPHQ W\SH ,,� 7DEOH �� WKH SODVWLF FROODSVH ORDG ZRXOG LQFUHDVH IURP

���� N1 WR �������������� ����� N1 IRU WKH SURWRW\SH� ,W LV IXUWKHU K\SRWKHVL]HG WKDW WKH SHDN

G\QDPLF RU LPSDFW ORDG ZRXOG DOVR LQFUHDVH E\ WKLV VDPH IDFWRU RI WKUHH� IURP ���� N1 PHDVXUHG

IRU WKH W\SH ,, PRGHO� WR ���� N1 IRU WKH IXOO�VFDOH SURWRW\SH� 7KLV ODVW FDOFXODWLRQ GRHV QHHG IXUWKHU

YHULILFDWLRQ WKURXJK G\QDPLF DQDO\VLV DQG IXOO�VFDOH WHVWLQJ�

�� &RQFOXVLRQV

1XPHULFDO SDUDPHWULF VWXGLHV WKDW HPSOR\HG VHYHUDO VWDWLF SODVWLF FROODSVH WKHRULHV IRU WLS�ORDGHG�

WDSHUHG� DQG LQLWLDOO\ FXUYHG FDQWLOHYHUHG EHDPV RI FRUUXJDWHG FURVV VHFWLRQV� OHDG WR VRPH FRPPRQ

FRQFOXVLRQV� )LUVW� IRU VKDOORZ DQJOHV RI WKH WLS ORDG� WKH ORFDWLRQ RI WKH SODVWLF KLQJH �WKH ORFDWLRQ

RI WKH SODVWLF FROODSVH ORDG� IURP WKH IL[HG HQG ZDV HVSHFLDOO\ VHQVLWLYH WR WKH W\SH RI WDSHULQJ

�RXWZDUG IURP WKH IL[HG HQG�� EXW WKH PDJQLWXGH RI WKH FROODSVH ORDG ZDV OHVV VHQVLWLYH WR VXFK

WDSHULQJ� 6HFRQG� DV WKH FRUUXJDWLRQ DQJOH DW WKH ORDGHG HQG ZDV GHFUHDVHG� WKH SODVWLF KLQJH PRYHG

DZD\ IURP WKH IL[HG HQG DQG WKH SODVWLF FROODSVH ORDG ZDV UHGXFHG� 7KLUG� DV WKH LQLWLDO WUDQVYHUVH

WLS GLVSODFHPHQW ZDV LQFUHDVHG EH\RQG D FULWLFDO YDOXH� WKH SODVWLF KLQJH PRYHG DZD\ IURP WKH IL[HG

HQG� DQ HIIHFW WKDW ZDV PRUH SURQRXQFHG IRU LQFUHDVLQJ DQJOHV RI WKH WLS ORDG� KRZHYHU� DQ LQFUHDVH

LQ WKLV LQLWLDO WLS GLVSODFHPHQW DOZD\V HIIHFWHG D VLJQLILFDQW GHFUHDVH LQ WKH SODVWLF FROODSVH ORDG�

7KHVH JHQHUDO FRQFOXVLRQV ZHUH IRXQG WR EH YDOLG UHJDUGOHVV RI WKH VWDWLF PRGHO XVHG LQ WKH

FDOFXODWLRQV� 7KH QXPHULFDO UHVXOWV VKRZHG RQO\ VPDOO GLIIHUHQFHV LQ WKH SODVWLF FROODSVH ORDGV DQG

WKHLU ORFDWLRQV ZKHQ WKH UHVXOWV RI WKH IROORZLQJ ILYH PRGHOV ZHUH FRPSDUHG� FORVHG IRUP VROXWLRQV

EDVHG RQ ULJLG SHUIHFWO\ SODVWLF WKHRU\ �53�� VROXWLRQV EDVHG RQ HODVWLF SHUIHFWO\ SODVWLF WKHRU\�

ZLWKRXW �(3� DQG ZLWK �(3*� WKH LQFRUSRUDWLRQ RI ODUJH HODVWLF JHRPHWULF FKDQJHV GXULQJ ORDGLQJ�

DQG WZR SDFNDJHG FRPSXWHU SURJUDPV� DQ HODVWLF SHUIHFWO\ SODVWLF EHDP IUDPH PRGHO �(3)5$0(�

DQG DQ HODVWLF SHUIHFWO\ SODVWLF ILQLWH HOHPHQW �)(� PRGHO� 7KRVH GLIIHUHQFHV DUH VXPPDUL]HG� )LUVW�

IRU WLS ORDGLQJ DQJOHV XS WR �� GHJUHHV� WKH SODVWLF FROODSVH ORDGV IRU WKH 53 PRGHO ZHUH ZLWKLQ

��� WR ��� RI WKRVH ORDGV FRPSXWHG IURP WKH (3 DQG (3* PRGHOV� 6HFRQG� WKH SODVWLF FROODSVH

ORDGV GLIIHUHG E\ OHVV WKDQ ��� ZKHQ WKH UHVXOWV FRPSXWHG IURP WKH LQWHUVHFWLRQ RI WKH HODVWLF

EXFNOLQJ DQG 53 PHFKDQLVP FXUYHV ZHUH FRPSDUHG WR WKH UHVXOWV REWDLQHG XVLQJ WKH (3 PRGHO ZLWK

OLQHDU HODVWLFLW\� 7KHVH ORDG GLIIHUHQFHV GHFUHDVHG� KRZHYHU� DV WKH DQJOH RI WKH WLS ORDG DSSURDFKHG

]HUR� 7KLUG� WKH SODVWLF FROODSVH ORDGV EDVHG RQ WKH (3* PRGHO ZHUH ZLWKLQ ��� RI WKRVH SUHGLFWHG

E\ WKH (3)5$0( SURJUDP DQG E\ WKH )( SURJUDP� IRU ZKLFK WKH ODWWHU LQFOXGHG WKH ODUJH HODVWLF

JHRPHWULF FKDQJHV GXULQJ ORDGLQJ�



3ODVWLF FROODSVH RI WDSHUHG� WLS�ORDGHG FDQWLOHYHUHG EHDPV ���

7KH H[SHULPHQWDO UHVXOWV� ERWK VWDWLF DQG ORZ YHORFLW\ LPSDFW� FRPSOHPHQWHG WKH UHVXOWV RI WKHRU\�

7KHVH H[SHULPHQWV ZHUH SHUIRUPHG RQ EHDP PRGHOV WKDW ZHUH KDOI�VFDOH JHRPHWULFDOO\ FRPSDUHG WR

WKRVH FRQVLGHUHG DSSOLFDEOH WR IXWXUH KLJKZD\ JXDUGUDLO WHUPLQDOV� 7KHVH UHVXOWV DUH VXPPDUL]HG�

)LUVW� DOO RI WKH ILYH WKHRUHWLFDO PRGHOV LQYHVWLJDWHG KHUHLQ JDYH D UHDVRQDEOH XSSHU ERXQG IRU WKH

VWDWLF SODVWLF FROODSVH ORDG� 6HFRQG� WKH ORFDWLRQ RI WKH FRPSXWHG VWDWLF SODVWLF FROODSVH SRLQW ZDV DW

��� RI WKH EHDPV OHQJWK IURP WKH IL[HG HQG� ZKLFK FRPSOHPHQWHG WKH PHDVXUHG YDOXHV RI ��� DQG

��� LQ WZR GLIIHUHQW VSHFLPHQV� 7KLUG� WKH ORZ YHORFLW\ LPSDFW H[SHULPHQWV VKRZHG WKDW WKH SRLQWV

RI SODVWLF FROODSVH PRYHG IURP WKH VWDWLFDOO\ SUHGLFWHG ��� SRLQW IURP WKH IL[HG HQG WR EHWZHHQ WKH

��� DQG ��� SRLQWV� )RXUWK� WKH PHDQ LPSDFW ORDGV IRU SODVWLF FROODSVH ZHUH DERXW WKH VDPH IRU

WKH VWDWLF DQG G\QDPLF H[SHULPHQWV� EXW WKH SHDN G\QDPLF ORDGV DW SODVWLF FROODSVH H[FHHGHG WKRVH

RI WKH VWDWLF FDVHV E\ DERXW D IDFWRU RI VL[� )LIWK� VLPLOLWXGH UXOHV EDVHG RQ VWDWLF WKHRU\� WRJHWKHU

ZLWK WKH UHVXOWV RI LPSDFW H[SHULPHQWV DQG QHFHVVDU\ IXUWKHU GHYHORSPHQWV RI WKH G\QDPLF WKHRU\�

ZLOO JUHDWO\ DGYDQFH SURWRW\SH GHVLJQV RI SURSHUO\ WDSHUHG� LQLWLDOO\ FXUYHG� FRUUXJDWHG EHDPV IRU

VDIHU� QRQ�YHKLFOH SHQHWUDWLQJ JXDUGUDLO WHUPLQDOV IRU WKH ZRUOG©V KLJKZD\V�

$FNQRZOHGJHPHQWV

7KLV UHVHDUFK ZDV VXSSRUWHG LQ SDUW E\ WKH 1DWLRQDO $FDGHP\ RI 6FLHQFHV XQGHU FRQWUDFW

1&+53��� WR 'XNH 8QLYHUVLW\� 7KH ILQLWH HOHPHQW FRGH 1,.(�' ZDV VXSSOLHG E\ /DZUHQFH

/LYHUPRUH 1DWLRQDO /DERUDWRU\ XQGHU WKH 0HWKRGV 'HYHORSPHQW *URXS &ROODERUDWRUV 3URJUDP�

5HIHUHQFHV

$O�*DKWDQL� +�-� ������� ¦([DFW VWLIIQHVVHV IRU WDSHUHG PHPEHUV§� -RXUQDO RI 6WUXFWXUDO (QJLQHHULQJ� ��������
����������

'LQQLN� $� ������� ¦'HVLJQ RI FROXPQV RI YDU\LQJ FURVV�VHFWLRQ§� 7UDQVDFWLRQV RI $SSOLHG 0HFKDQLFV� ���$30�
������� ��������

(O�(VQDZ\� 1�$� ������� ¦$QDO\VLV DQG GHVLJQ RI WDQGHP YHKLFOHV DQG JXDUGUDLO EUHDNDZD\ FDEOH WHUPLQDOV IRU
VDIHU KLJKZD\V§� 3K�'� 'LVVHUWDWLRQ� 'HSDUWPHQW RI &LYLO DQG (QYLURQPHQWDO (QJLQHHULQJ� 'XNH 8QLYHUVLW\�
'XUKDP� 1RUWK &DUROLQD�

(UPRSRXORV� -�&� ������� ¦%XFNOLQJ RI WDSHUHG EDUV XQGHU VWHSSHG D[LDO ORDGV§� -RXUQDO RI 6WUXFWXUDO
(QJLQHHULQJ� ������� ����������

+RUQH� 0�5� ������� 3ODVWLF 7KHRU\ RI 6WUXFWXUHV� �QG HG�� 3HUJDPRQ 3UHVV� 1HZ <RUN�
+RUQH� 0�5� DQG 0RUULV� /�-� ������ 3ODVWLF 'HVLJQ RI /RZ�5LVH )UDPHV� 0,7 3UHVV� &DPEULGJH� 0DVVDFKXVHWWV�
.DUDEDOLV� '�/� DQG %HVNR� '�(� ������� ¦6WDWLF� G\QDPLF� DQG VWDELOLW\ DQDO\VLV RI VWUXFWXUHV FRPSRVHG RI
WDSHUHG EHDPV§� &RPSXWHUV DQG 6WUXFWXUHV� ������ ��������

/HH� +� DQG *RHO� 6� ������� ¦3URJUDP (3)5$0(� (ODVWLF�SODVWLF DQDO\VLV RI SODQH IUDPHV§� 'HSDUWPHQW RI
&LYLO DQG (QYLURQPHQWDO (QJLQHHULQJ� 8QLYHUVLW\ RI 0LFKLJDQ� $QQ $UERU� 0, �XQSXEOLVKHG��

0DNHU� %�1�� )HUHQF]� 5�0� DQG +DOOTXLVW� -�2� ������� 1,.(�'� $ 1RQOLQHDU� ,PSOLFLW� 7KUHH�'LPHQVLRQDO
)LQLWH (OHPHQW &RGH IRU 6ROLG DQG 6WUXFWXUDO 0HFKDQLFV�8VHU
V 0DQXDO� 8QLYHUVLW\ RI &DOLIRUQLD� /DZUHQFH
/LYHUPRUH 1DWLRQDO /DERUDWRU\� 5HSW� 8&5/�0$��������

3LJPDQ� -�*� DQG $JHQW� .�5� ������� ¦3HUIRUPDQFH HYDOXDWLRQ RI EUHDNDZD\�FDEOH�WHUPLQDO HQG WUHDWPHQWV§�
7UDQVSRUWDWLRQ 5HVHDUFK 5HFRUG ����� 75%� 1DWLRQDO 5HVHDUFK &RXQFLO� �����

6LJLQHU� $� ������� ¦%XFNOLQJ RI FROXPQV RI YDULDEOH IOH[XUDO ULJLGLW\§� -RXUQDO RI (QJLQHHULQJ 0HFKDQLFV�
������� ��������

7LPRVKHQNR� 6�3� DQG *HUH� -�0� ������� 7KHRU\ RI (ODVWLF 6WDELOLW\� 0F*UDZ�+LOO %RRN &RPSDQ\� ,QF�� 1HZ
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<RUN�
:LOOLDPV� )�:� DQG $VWRQ� *� ������� ¦([DFW RU ORZHU ERXQG WDSHUHG FROXPQ EXFNOLQJ ORDGV§� -RXUQDO RI

6WUXFWXUDO (QJLQHHULQJ� ������� ����������
:LOVRQ� -�)� DQG (O�(VQDZ\� 1�$� ������� ¦7KH KLJKZD\ JXDUGUDLO LQIUDVWUXFWXUH� VDIHU WHUPLQDO GHVLJQ§� )LQDO
5HSRUW� &RQWUDFW 1R� 1&+53���� 7UDQVSRUWDWLRQ 5HVHDUFK %RDUG� 1DWLRQDO $FDGHP\ RI 6FLHQFHV� �����

:LOVRQ� -�)� DQG 6WURQJ� '�-� ������� ¦(ODVWLF EXFNOLQJ RI HQG�ORDGHG WDSHUHG FDQWLOHYHUHG EHDPV ZLWK LQLWLDO
FXUYDWXUH§� 6WUXFWXUDO (QJLQHHULQJ DQG 0HFKDQLFV� ����� ��������

:ROIUDP� 6� ������� 0DWKHPDWLFD� $ 6\VWHP IRU 'RLQJ 0DWKHPDWLFV E\ &RPSXWHU� �QG HG�� $GGLVRQ�:HVOH\
3XEOLVKLQJ &RPSDQ\� ,QF�� 1HZ <RUN�

$SSHQGL[

�$��

�$��

�$��

�$��

�$��

*
�

α[( ) �η�

� αFRV [–( )
α[

��������������������������� η
�

α[VLQ+=

*
�

α[( )
η
�

�η�–( )η
�

� η
�

η
�

–( )η
�

+[ ]
�

������������������������������������������������������������������������ α[VLQ η
�

�
αVLQ [ α[+( )
α[

�
�����������������������������+=

�
�η� �η� �η

�
η
�

++ +( )
�

������������������������������������������������������� *
�

α[( )+

*
�

α[( ) �η� �η� ���η� ��η�+ + +( )*
�

� α[( )���η�

� αVLQ [ α[–( )
α[

�
����������������������������*

�
α[( )=

� �� η
�

η
�

–( )η
�

� η
�

�η�–( )η
�

+[ ] α[VLQ *
�

α[( )

� � η
�

� η
�

�+( ) � η
�

η
�

–( )�η
�

��� η
�

�η�–( )�η
�

+ +[ ]VLQ�α[

���η�

� α[

�
����α[ �α[( )VLQ �VLQ

�α[ � αVLQ [ α[–( )�+–[ ]
α[

�
��������������������������������������������������������������������������������������������������������������� �η�

� γVLQ
�

[( ) ��*�

� α[( )–+

*
�

α[( ) η
�

� αFRV [–( )
α[

���������������������������
�η� �η�−�+( )

�
���������������������������������� α[VLQ+ 

 =

*
�

α[( )
�η���η�−�( )� � � �η�–( )� �η� �η� �–+( )� � �η� η

�
–( )η

�
+ + +[ ]

��
�������������������������������������������������������������������������������������������������������������������������������������������������������������� α[VLQ=

� �η� ����η�–( )*� α[( )� � �η�– η�– η�–( )*� α[( )��η�

� VLQα[ α[–( )
α[

�
�����������������������������




