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'HSDUWPHQW RI &LYLO (QJLQHHULQJ� ,VWDQEXO 7HFKQLFDO 8QLYHUVLW\� ����� 0DVODN�,VWDQEXO� 7XUNH\

$EVWUDFW� ,Q WKLV VWXG\� D QHZ IXQFWLRQDO EDVHG RQ WKH 5HLVVQHU WKHRU\� IRU WKLFN SODWHV RQ D :LQNOHU
IRXQGDWLRQ LV REWDLQHG� 7KLV IXQFWLRQDO KDV JHRPHWULF DQG G\QDPLF ERXQGDU\ FRQGLWLRQV� ,Q GHULYLQJ WKH
QHZ IXQFWLRQDO� WKH *kWHDX[ GLIIHUHQWLDO LV XVHG� 7KLV IXQFWLRQDO ZKLFK LV LQ SRODU FRRUGLQDWHV LV DOVR
WUDQVIRUPDEOH LQWR WKH FODVVLFDO SRWHQWLDO HQHUJ\ HTXDWLRQ� %HQGLQJ DQG WRUVLRQDO PRPHQWV� WUDQVYHUVH
VKHDU IRUFHV� URWDWLRQV DQG GLVSODFHPHQWV DUH WKH EDVLF XQNQRZQV RI WKH IXQFWLRQDO� 7ZR GLIIHUHQW VHFWRULDO
HOHPHQWV DUH GHYHORSHG ZLWK �×� GHJUHHV RI IUHHGRP �6(&��� DQG �×� GHJUHHV RI IUHHGRP �6(&���� 7KH
DFFXUDF\ RI WKH 6(&�� DQG 6(&�� HOHPHQWV WRJHWKHU DUH YHULILHG E\ DSSO\LQJ WKH PHWKRG WR VRPH
SUREOHPV WDNHQ IURP OLWHUDWXUH�

.H\ ZRUGV� VHFWRULDO HOHPHQW� 5HLVVQHU SODWH� PL[HG�ILQLWH HOHPHQW�

�� ,QWURGXFWLRQ

3ODWHV DV VWUXFWXUDO HOHPHQWV ILQG PDQ\ DUHDV RI DSSOLFDWLRQ LQ HQJLQHHULQJ ILHOGV� 7KHUHIRUH SOHQW\
RI UHVHDUFK H[LVW LQ OLWHUDWXUH� 7R SURYLGH D PRUH UHOLDEOH UHSUHVHQWDWLRQ RI VWUXFWXUDO EHKDYLRXU�
VHYHUDO UHILQHG WKHRULHV KDYH DWWHPSWHG WR LQFOXGH WKH HIIHFWV RI WUDQVYHUVH VKHDU VWUDLQ� ZKLFK
EHFRPHV LPSRUWDQW DV WKH UDWLR RI SODWH WKLFNQHVV WR FKDUDFWHULVWLF OHQJWK �K��D� GHFUHDVHV� 0LQGOLQ
DQG 5HLVVQHU SODWH WKHRULHV VDWLVI\ WKHVH UHTXLUHPHQWV �5HLVVQHU ����� 5HLVVQHU ����� 0LQGOLQ
������ 7KH ILQLWH HOHPHQW IRUPXODWLRQ EDVHG RQ WKHVH PHWKRGV UHTXLUHV & � FRQWLQXLW\� $ SUREOHP
NQRZQ DV ¦6KHDU /RFNLQJ§ LV HQFRXQWHUHG ZKHQ WKH SODWH WKLFNQHVV DSSURDFKHV ]HUR� WKHUHE\ JLYLQJ
LQFRUUHFW UHVXOWV IRU WKLQ SODWHV� 6KHDU ORFNLQJ PHFKDQLVP ZDV VWXGLHG DQG H[SODLQHG E\ QXPHUHRXV
DXWKRUV �=LHQNLHZLF] HW DO� ����� 3XJK HW DO� ������ :H ZLOO QRW DWWHPSW WR PDNH D GHWDLOHG UHYLHZ�
,QWHUHVWHG UHDGHUV PD\ ILQG DGGLWLRQDO LQIRUPDWLRQ LQ OLWHUDWXUH �=LHQNLHZLF] ����� *DOODJKHU �����
%DWKH ����� 5HGG\ ������ 7R WKH EHVW RI RXU NQRZOHGJH� ZH FDQ FLWH WKH IROORZLQJ WZR EDVLF
DSSURDFKHV LQ OLWHUDWXUH WR UHPHG\ WKH VLWXDWLRQ�
,Q WKH ILUVW DSSURDFK� D TXDGULODWHUDO HOHPHQW IRU WKLQ DQG WKLFN SODWHV KDV EHHQ GHYHORSHG E\

=LHQNLHZLF] HW DO� ������� ,Q WKLV IRUPXODWLRQ WKH WUDQVYHUVH GLVSODFHPHQW DQG WZR URWDWLRQV DUH
VHOHFWHG DV LQGHSHQGHQW SDUDPHWHUV ZKLFK UHTXLUH RQO\ & � FRQWLQXLW\ LQ WKH VKDSH IXQFWLRQ� +XJKHV
HW DO� ������ KDYH H[SODLQHG WKH VKHDU ORFNLQJ SKHQRPHQRQ DQG KDYH GHYHORSHG D YHU\ HIILFLHQW
IRUP RI ELOLQHDU IRXU�QRGH HOHPHQW LQ ZKLFK UHGXFHG�VHOHFWLYH LQWHJUDWLRQ DUH XVHG� %HO\WVFKNR HW DO�
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������ KDYH GHYHORSHG D VWDELOL]DWLRQ PDWUL[� 7KLV FRQFHSW ZDV ILUVW SURSRVHG E\ .DYDQDJK DQG
.D\ ������� ,Q WKLV DSSURDFK WKH QHFHVVLW\ IRU D IUHH SDUDPHWHU PD\ EH D GLVDGYDQWDJH�
7KH VHFRQG DSSURDFK WR WDFNOH WKHVH SUREOHPV LV WKH GLVFUHWH .LUFKKRII SODWH WKHRU\ �'.7�� 7R

FDSWXUH WKH EHKDYLRXU RI WKLQ SODWH WKHRU\� WKH FRQVWUDLQW RI ]HUR VKHDU VWUDLQV LV LPSRVHG DW GLVFUHWH
QXPEHU RI SRLQWV E\ .DWOOO �����D� E�� ,PSRVLWLRQ RI WKH .LUFKKRII FRQVWUDLQW DW D GLVFUHWH QXPEHU
RI SRLQWV OHDGV WR H[SUHVVLRQV IRU QRUPDO URWDWLRQV DQG VXEVHTXHQW RSHUDWLRQ SURFHGXUH LQ WKH
HOHPHQW VWLIIQHVV PDWUL[�
5HFHQWO\ (UDWOO DQG $N|] ������ KDYH GHYHORSHG 5(&�� DQG 75�� HOHPHQWV XVLQJ *kWHDX[

DSSURDFKHV� 7KLV PHWKRG ZDV WHVWHG LQ YDULRXV SUREOHPV� ,Q WKHVH SUREOHPV� VKHDU ORFNLQJ
SKHQRPHQRQ KDV QRW EHHQ HQFRXQWHUHG �,Q WHVW SUREOHP� K�U ZDV WDNHQ DV ������� 7R XQGHUVWDQG WKH
VKHDU ORFNLQJ SKHQRPHQRQ� LW LV KHOSIXO WR LQVSHFW WKH FODVVLFDO VWUDLQ HQHUJ\� 7KH VWUDLQ HQHUJ\ FDQ
EH VHSDUDWHG LQWR EHQGLQJ HQHUJ\ DQG VKHDU HQHUJ\� :KHQ WKLFNQHVV RI SODWH GHFUHDVHV� VKHDU WHUPV
EHFRPH WKH GRPLQDQW SDUW RI WKH HQHUJ\� 2Q GLVFUHWL]DWLRQ RI HQHUJ\ WHUP DQG VXEVHTXHQW
PLQLPL]DWLRQ� D V\VWHP RI HTXDWLRQV WKH IRUP�

>.E�β.V@ X  I ���

LV REWDLQHG� ,Q WKLQ SODWH VROXWLRQ� β LQFUHDVHV LQGHILQLWO\� 7KH PDWUL[ >.V@ FRUUHVSRQGV WR WKH VKHDU
HQHUJ\� 6XFK D VROXWLRQ ZLOO EH RYHU�FRQVWUDLQHG DQG DQ XQUHDOLVWLF DQVZHU ZLWK X→� ZLOO EH
REWDLQHG� 7KH LQVSHFWLRQ RI WKH HQHUJ\ IXQFWLRQDO �(UDWOO DQG $N|] ����� VKRZV WKDW ZKHQ SODWH
WKLFNQHVV GHFUHDVHV� WKH VKHDU HQHUJ\ DOVR GHFUHDVHV UHODWLYH WR EHQGLQJ HQHUJ\� 7KHUHIRUH� WKH VKHDU
ORFNLQJ LV HOLPLQDWHG LQ WKLV IRUPXODWLRQ�
,Q WKLV VWXG\� ILUVW� WKH SODWH HTXDWLRQV DUH GHULYHG LQ SRODU FRRUGLQDWHV IRU WKLFN SODWHV� 7KH SRODU

FRRUGLQDWHV DUH YHU\ VXLWDEOH IRU PDQ\ SUREOHPV� VXFK DV FLUFXODU SODWHV DQG VHFWRULDO SODWHV� 7KH
FORVHG IRUP HOHPHQW HTXDWLRQ LV REWDLQHG� ZKLFK HOLPLQDWHV WKH WLPH FRQVXPLQJ QXPHULFDO
LQWHJUDWLRQ GXULQJ )(0 DQDO\VLV� +DYLQJ WKH ILHOG HTXDWLRQV� +HOOLQJHU�5HLVVQHU� +X�:DVKL]X RU
*kWHDX[ GLIIHUHQWLDO DSSURDFKHV FDQ \LHOG D IXQFWLRQDO WKDW LV HVVHQWLDO IRU ILQLWH HOHPHQW
IRUPXODWLRQ� 7KHUH DUH FODVVLF OLWHUDWXUH IRU WKHVH PHWKRGV� 8VLQJ WKH +HOOLQJHU�5HLVVQHU RU +X�
:DVKL]X SULQFLSOHV WKH VWDWLRQDU\ IXQFWLRQDO LV FRQVWUXFWHG� E\ DGGLQJ HTXLOLEULXP RU NLQHPDWLF
HTXDWLRQV DQG VXLWDEOH ERXQGDU\ FRQGLWLRQV WR WKH Π�X� SRWHQWLDO HQHUJ\ RU Π�σ� FRPSOHPHQWDU\
HQHUJ\ E\ /DJUDQJH PXOWLSOLHU PHWKRG �:DVKL]X ����� '\P DQG 6KDPHV ����� 5HGG\ ����� 2GHQ
DQG 5HGG\ ������ ,Q *kWHDX[ GLIIHUHQWLDO DSSURDFKHV� ILUVW WKH ILHOG HTXDWLRQV PXVW EH SRWHQWLDO�
ZKLFK PHDQV WKHVH ILHOG HTXDWLRQV PXVW EH SURGXFHG H[WUHPL]LQJ WKH IXQFWLRQDO ZLWK UHVSHFW WR
LQGHSHQGHQW SDUDPHWHUV� ,Q WKLV VWXG\� *kWHDX[ GLIIHUHQWLDO DSSURDFK LV HPSOR\HG� 7KLV DSSURDFK LV
DGRSWHG DOVR IRU VRPH RWKHU VWXGLHV �$N|] ����� $N|] HW DO� ����� $N|] DQG 8]FDQ �(UDWOO� �����
2PXUWDJ DQG $N|] ����� (UDWOO DQG $N|]� $N|] DQG .DGORJáOX ������ %RWK +HOOLQJHU�5HLVVQHU DQG
*kWHDX[ DSSURDFKHV FDQ SURGXFH WKH VDPH IXQFWLRQDO� LW LV EHOLHYHG WKDW *kWHDX[ DSSURDFK KDV WKH
IROORZLQJ DGYDQWDJHV RYHU +HOOLQJHU�5HLVVQHU RU +X�:DVKL]X DSSURDFKHV�

97KH ILHOG HTXDWLRQ PXVW EH FRQVLVWHQW *ROGHQZHL]HU ������ DQG 0RUULV ������� *kWHDX[ GLIIHUHQWLDO
PHWKRG SURYLGHV FRQVLVWHQF\ RI ILHOG HTXDWLRQV �$N|] DQG g]�WRN ������

9 'XULQJ WKH SRWHQWLDO WHVW� ERXQGDU\ FRQGLWLRQV FDQ EH FRQVWUXFWHG�
9 $OO WKH ILHOG HTXDWLRQV DUH HQIRUFHG WR WKH IXQFWLRQDO E\ V\VWHPDWLF ZD\�

�� 7KH ILHOG HTXDWLRQV RI WKLFN SODWH LQ SRODU FRRUGLQDWHV

7KH HTXLOLEULXP HTXDWLRQV RI D SODWH HOHPHQW K U GU Gθ �)LJ� �� LQ SRODU FRRUGLQDWHV EDVHG RQ



$ VHFWRULDO HOHPHQW EDVHG RQ 5HLVVQHU SODWH WKHRU\ ���

5HLVVQHU WKHRU\ DUH WDNHQ DV IROORZV �3DQF ������

���

7KH SRVLWLYH GLUHFWLRQV RI LQWHUQDO IRUFHV DUH VKRZQ LQ )LJ� ��
DQG DUH WKH FRPSRQHQWV RI WKH URWDWLRQ RI FURVV�VHFWLRQ SODQH RI SODWH DORQJ

WKLFNQHVV� $YHUDJH URWDWLRQV DQG FDQ EH GHILQHG E\ HPSOR\LQJ HQHUJ\
DUJXPHQW DV IROORZV�

���

$VVXPLQJ OLQHDU VWUHVV GLVWULEXWLRQ �3DQF ����� ZH KDYH�

���

$QG LQVHUWLQJ (T� ��� LQWR (T� ���� ZH FDQ REWDLQ WKH IROORZLQJ HTXDWLRQ IRU DYHUDJH URWDWLRQV�
VLPLODU WR 3DQF �������
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7R REWDLQ VWUHVV GLVWULEXWLRQ WKURXJK WKLFNQHVV� WKH HTXLOLEULXP HTXDWLRQ LQ SRODU FRRUGLQDWHV ZLOO
EH XVHG� ,QVHUWLQJ OLQHDU VWUHVV GLVWULEXWLRQ LQWR HTXLOLEULXP HTXDWLRQV� LQWHJUDWLQJ WKHP DQG XVLQJ
WKH IROORZLQJ ERXQGDU\ FRQGLWLRQV�

)RU ���

ZH ZLOO JHW�

���

7R GHILQH WKH DYHUDJH GLVSODFHPHQW IRU WKH PLGGOH SODQH RI SODWH� ZH HPSOR\ HQHUJ\ DUJXPHQWV
DJDLQ VLPLODU WR 3DQF DSSURDFK ������ DV IROORZV�

���

,QVHUWLQJ WKH VWUHVV GLVWULEXWLRQ IRU τU] DQG τUθ LQWR (T� ���� ZH ZLOO REWDLQ WKH IROORZLQJ HTXDWLRQ IRU
DYHUDJH GLVSODFHPHQW Z�U�θ��

���

7R FRQVWUXFW WKH NLQHPDWLF DQG FRQVWXWLYH HTXDWLRQV WRJHWKHU� WKH 3DQF DSSURDFK ZLOO EH DFFHSWHG
�3DQF ������ $VVXPLQJ HQHUJ\ DUJXPHQWV ZH KDYH�

����

8VLQJ (T� ��� IRU VWUHVV GLVWULEXWLRQ DQG NLQHPDWLF UHODWLRQV DQG VXEVWLWXWLQJ�

����

LQWR (T� ���� DQG WDNLQJ LQWR DFFRXQW WKH GHILQLWLRQV ��� DQG ���� ZH HQG XS ZLWK�

����

6LPLODUO\ ZH REWDLQ�

����

7R REWDLQ WKH QH[W WKUHH MRLQW NLQHPDWLF DQG FRQVWLWXWLYH HTXDWLRQV ZH GLIIHUHQWLDWH (T� ��� DQG
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VXLWDEO\ FRPELQH VXFK WKDW ULJKW KDQG VLGHV PXVW SURGXFH εU� εθ � γUθ DV IROORZV�

����

,I ZH XVH VWUHVV�VWUDLQ HTXDWLRQV�

����

DQG LQWURGXFLQJ WKH VWUHVV GLVWULEXWLRQ (T� ��� LQWR (T� ���� DQG (T� ���� ZH REWDLQ�

���D�

���E�

���F�

7KHVH HTXDWLRQV FDQ EH VROYHG IRU 0U DQG 0θ DV IROORZV�

����

7KHVH DUH JHQHUDO UHODWLRQV� )RU D[LV\PPHWULF FDVH� VLPLODU UHODWLRQV DUH REWDLQHG E\ :DQJ DQG /HH
������ DQG 5HGG\ DQG :DQJ �������
,Q REWDLQLQJ (T� ���D� DQG (T� ���E�� WKH HIIHFW RI σ] RQ WKH EHQGLQJ PRPHQWV ZHUH LJQRUHG

EHFDXVH RI WKH WHUPV UHODWLQJ WKLV HIIHFW LV VPDOO FRPSDULQJ ZLWK UHPDLQLQJ WHUPV� 2WKHUZLVH WKHVH
ILHOG HTXDWLRQV ZRXOG QRW SDVV WKH *kWHDX[ SRWHQWLDO WHVW DV ZH ZLOO VHH ODWHU� 7KH QHFHVVLW\ RI WKH
QHJOHFWLRQ RI WKHVH WHUPV FDQ EH GHWHFWHG RQO\ E\ *kWHDX[ GLIIHUHQWLDO DSSURDFK DQG LW LV DQ
HYLGHQFH RI WKH SRZHU RI WKH PHWKRG DV VWDWHG LQ WKH LQWURGXFWLRQ� ,I ZH KDG XVHG +HOOLQJHU�
5HLVVQHU� +X�:DVKL]X RU ZHDN IRUPXODWLRQ WKHRULHV� ZH FRXOG KDYH QRW UHFRJQL]HG LQFRPSDWLELOLW\
RI WKLV WHUP�
,Q V\PEROLF IRUP� G\QDPLF ERXQGDU\ FRQGLWLRQV FDQ EH ZULWWHQ DV�
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����

DQG JHRPHWULF ERXQGDU\ FRQGLWLRQV DUH�

����

7KH H[SOLFLW IRUP RI WKH ERXQGDU\ FRQGLWLRQV ZLOO EH REWDLQHG DIWHU VRPH YDULDWLRQDO PDQLSXODWLRQV� ,Q
(T� ���� DQG (T� ���� TXDQWLWLHV ZLWK KDW DUH NQRZQ YDOXHV RQ WKH ERXQGDU\� 0� 4� Ω � Z DUH WKH
PRPHQW� IRUFH� URWDWLRQ DQG GHIOHFWLRQ YHFWRUV� UHVSHFWLYHO\� )LHOG HTXDWLRQV IRU 5HLVVQHU SODWH LQ
SRODU FRRUGLQDWHV FDQ EH ZULWWHQ LQ RSHUDWRU IRUP DV�

4 /\− I ����

7KH PDWUL[ IRUP RI WKH RSHUDWRU LV JLYHQ LQ $SSHQGL[ ,,�

�� )XQFWLRQDO IRU WKLFN SODWHV LQ SRODU FRRUGLQDWHV

,I WKH RSHUDWRU 4 LQ (T� ���� LV SRWHQWLDO� WKH HTXDOLW\

����

PXVW EH VDWLVILHG �2GHQ DQG 5HGG\ ������ DQG DUH *kWHDX[ GHULYDWLYHV RI WKH
RSHUDWRU LQ GLUHFWLRQV RI DQG \ ZKLFK DUH FRQVWDQW HOHPHQWV LQ WKH GRPDLQ� *kWHDX[ GHULYDWLYH RI
WKH RSHUDWRU LV GHILQHG DV�

����

ZKHUH τ LV D VFDODU� 8VLQJ WKLV GHILQLWLRQ� DIWHU VRPH VLPSOH PDQLSXODWLRQV LW FDQ EH VKRZQ WKDW WKH
(T� ���� KROGV DQG WKH RSHUDWRU 4 LV D SRWHQWLDO RSHUDWRU� 7R VDWLVI\ WKLV HTXDOLW\ WKH H[SOLFLW IRUPV
RI WKH ERXQGDU\ FRQGLWLRQV PXVW EH DV IROORZV�

����

6LQFH WKH RSHUDWRU LV SRWHQWLDO WKHQ WKH IXQFWLRQDO FRUUHVSRQGLQJ WR WKH ILHOG HTXDWLRQV LV REWDLQHG DV�

����

ZKHUH V LV D VFDODU TXDOLW\� )XQFWLRQDO ,�\� FDQ EH REWDLQHG DIWHU VRPH PDQLSXODWLRQV DV�
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$ VHFWRULDO HOHPHQW EDVHG RQ 5HLVVQHU SODWH WKHRU\ ���

����

7KH EUDFHV ZLWK WKH σ LQGH[ DQG ε LQGH[ DUH YDOLG RQ WKH ERXQGDU\ ZKHUH WKH G\QDPLF ERXQGDU\
FRQGLWLRQV DQG WKH JHRPHWULF ERXQGDU\ FRQGLWLRQV DUH SUHVFULEHG� UHVSHFWLYHO\� :KHUH > � @ LV WKH
LQQHU SURGXFW DQG GHILQHG DV IROORZV�

����

,I WKH YDULDWLRQDO GHULYDWLYH RI WKH IXQFWLRQDO LQ (T� ���� LV WDNHQ� DOO WKH ILHOG HTXDWLRQV DQG
ERXQGDU\ FRQGLWLRQV FDQ EH UHSURGXFHG�
7KH VDPH IXQFWLRQDO FDQ EH REWDLQHG E\ +HOOLQJHU�5HLVVQHU SULQFLSOH� ,Q WKLV IXQFWLRQDO WKH ILUVW

ILYH WHUPV FRPH GLUHFWO\ E\ DGGLQJ NLQHPDWLF (T� ���� XVLQJ /DJUDQJH PXOWLSOLHUV WR WKH VWUDLQ
HQHUJ\ ZKHUH 4U� 4θ � 0U � 0θ � 0Uθ SOD\ WKH /DJUDQJH PXOWLSOLHU UROH� 7KH VXP RI RWKHU WHUPV LQ
WKH IXQFWLRQDO UHSUHVHQW WKH VWUDLQ HQHUJ\ RI WKH SODWH LQ SRODU FRRUGLQDWHV�

�� )LQLWH HOHPHQW IRUPXODWLRQ IRU VHFWRULDO JHRPHWU\

/HW Z EH WKH GLVSODFHPHQW LQ ]�GLUHFWLRQ� Ω U DQG Ωθ EHLQJ WKH URWDWLRQV RI WKH FURVV�VHFWLRQV
QRUPDO WR LQ U ] DQG θ ] SODQHV� 4U� 4θ DUH VKHDU IRUFHV LQ SRODU FRRUGLQDWHV� DQG 0U� 0θ � 0Uθ DUH
WKH EHQGLQJ DQG WRUVLRQDO PRPHQWV LQ SRODU FRRUGLQDWHV� 7KH\ DUH WKH QRGDO XQNQRZQV RI WKH
JHQHUDWHG ILQLWH HOHPHQW DQG H[SUHVVHG E\ VKDSH IXQFWLRQ ψL LQ WKH HOHPHQW� )RU H[DPSOH� Z ∑ZL ψL�
ZKHUH ZL DUH WKH QRGDO YDOXHV DQG L ������ Q �Q QXPEHU RI QRGHV RI WKH HOHPHQW�� ,Q WKH VROXWLRQ RI
WKLFN SODWHV� WZR GLIIHUHQW HOHPHQWV DUH GHYHORSHG� 2QH RI WKHP LV 6(&�� ZKLFK KDV DQ HOHPHQW
ZLWK �� GHJUHHV RI IUHHGRP� DQG ZLWK � GHJUHHV RI IUHHGRP SHU QRGH� 7KH RWKHU RQH LV 6(&��
ZKLFK KDV �� GHJUHHV RI IUHHGRP HOHPHQW ZLWK � GHJUHHV RI IUHHGRP SHU QRGH� 7KH VKDSH IXQFWLRQV
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����

ZKHUH�

����

)RU 6(&�� HOHPHQW �)LJ� ���

����
ZKHUH�

����

− �
�*K
����������� 4U�4U[ ]� 4θ�4θ[ ]{ }��

�
��� NZ�Z[ ]− T�Z[ ]− Ω ΩÅ–( )� 0[ ]ε− Z ZÅ–( )� 4[ ]ε− 0Å �Ω[ ]σ− 4Å �Z[ ]σ

I�J[ ] I∫∫ U�θ( )J U�θ( )UGUGθ

ψ� � V–( )

ψ� V � η–( )

ψ� Vη

V 
U

U�
���� � η 

θ θ�–
∆θ

��������������

ψ� � V–( ) � η–( )

ψ� V � η–( )

ψ� Vη

ψ� � V–( )η

V 
U U�–

∆U
������������ � η 

θ θ�–
∆θ

��������������



��� $� <DOoOQ $N|] DQG 1LKDO (UDWOO
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$ VHFWRULDO HOHPHQW EDVHG RQ 5HLVVQHU SODWH WKHRU\ ���

7KH H[SOLFLW IRUP RI WKH VXEPDWULFHV >N�@��� >N�@��� >N�@��� >N�@��� >N�@��� >N�@��� >N�@��� >N�@�� DUH JLYHQ
LQ $SSHQGL[ ,,�

�� 1XPHULFDO H[DPSOHV

7KH DSSOLFDELOLW\ DQG DFFXUDF\ RI WKH SURSRVHG VHFWRULDO PL[HG ILQLWH HOHPHQW IRUPXODWLRQ RI WKLFN
SODWHV DUH VKRZQ RQ WKH IROORZLQJ SODWH SUREOHPV�

���� ([DPSOH �� 7KH VLPSO\ VXSSRUWHG � FODPSHG FLUFXODU SODWHV DQG VKHDU ORFNLQJ WHVW

7KH IRUPXODWLRQ REWDLQHG IRU WKLFN SODWHV LV DSSOLHG WR WKLQ SODWH �K�D ���� DQG WKHQ 7KH VLPSO\
VXSSRUWHG DQG FODPSHG FLUFXODU WKLFN SODWHV VXEMHFWHG XQLIRUP ORDGLQJ DUH DQDO\]HG ZLWK GLIIHUHQW
PHVKHV� $V WKH SODWH WKLFNQHVV DSSURDFKHV ]HUR� VKHDU ORFNLQJ PLJKW KDYH EHHQ HQFRXQWHUHG� EXW
HIILFLHQF\ RI WKH IRUPXODWLRQ REWDLQHG LQ WKLV VWXG\ SUHYHQWV VKHDU ORFNLQJ SKHQRPHQRQ DQG )LJ� �
VKRZV WKH PDQQHU LQ ZKLFK WKH VHFWRULDO HOHPHQWV EHKDYH IRU D JLYHQ PHVK VXEGLYLVLRQ �1(/ ����
LQ IXOO SODWH DV K�D GHFUHDVHV� 7KH WKLFNQHVVHV RI SODWH DUH WDNHQ DV K ������ K ���� K �� K ��
UHVSHFWLYHO\� 7KH FRQYHUJHQFH RI GLVSODFHPHQW Z� PRPHQW 0U DW WKH FHQWHU DUH VKRZQ IRU VLPSO\
VXSSRUWHG DQG FODPSHG SODWHV LQ 7DEOH �� �� DQG 7DEOH �� �� UHVSHFWLYHO\� ([DFW UHVXOWV LQ WKHVH
7DEOHV DUH WDNHQ IURP .DWOOO ������� 0RPHQW SDUDPHWHU VKRXOG WDNH WKH VDPH YDOXH� LUUHVSHFWLYH RI
UDGLXV WR WKLFNQHVV UDWLR� $OVR� WKH FRQYHUJHQFH RI PRPHQW 0U LV VNHWFKHG LQ )LJ� �D� 7KH UHVXOWV
FRQYHUJH WR H[DFW YDOXH IURP DERYH DQG EHORZ GHSHQGLQJ RQ HYHQ RU RGG QXPEHU RI HOHPHQW XVHG
LQ WKH FDOFXODWLRQ� 7KH UDGLDO 4U VKHDU IRUFH FRQYHUJH WR H[DFW YDOXH �4U TD � � ���� YHU\ UDSLGO\ DV
VKRZQ LQ )LJ� �E� ,Q FRPSDULVRQ ZLWK WKH RWKHU VWXGLHV �.DWOOO ����� 3DSDGRSRXORV DQG 7D\ORU �����
%DWR] DQG /DUGHXU ����� %DWR] DQG .DWOOO ����� IRU WKH VDPH GDWD� WKH UHVXOWV REWDLQHG LQ WKLV VWXG\
VKRZ WKDW WKH FRQYHUJHQFH RI UHVXOWV LV JRRG� 7KH UHVXOWV RI EHQGLQJ PRPHQW 0U � VKHDU IRUFH 4U

DQG GLVSODFHPHQW Z DORQJ UDGLDO GLUHFWLRQ DUH JLYHQ LQ )LJV� ����� 7\SLFDO FLUFXODU SODWH PHVK LV
VKRZQ LQ )LJ� ���

)LJ � %HKDYLRXU RI VROXWLRQ IRU GHFUHDVLQJ YDOXHV K�D IRU D JLYHQ 1(/ ���
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7DEOH � &HQWUDO GLVSODFHPHQWV IRU WKH VLPSO\ VXSSRUWHG SODWH XQGHU XQLIRUP ORDGLQJ �Y ����
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$ VHFWRULDO HOHPHQW EDVHG RQ 5HLVVQHU SODWH WKHRU\ ���

���� ([DPSOH �� 7KH DQQXODU SODWH

)LJ� �� VKRZV DQ DQQXODU SODWH XQGHU XQLIRUP ORDGLQJ ZLWK VLPSO\ VXSSRUWHG RXWHU HGJH U D� IUHH
LQQHU HGJH U E� 7KH VROXWLRQ RI DQQXODU SODWH LV REWDLQHG E\ XVLQJ 6(&�� DQG FRPSDUHG ZLWK
WKHRUHWLFDO VROXWLRQ� 7KH UHVXOWV DUH JLYHQ LQ 7DEOH �� 7KHRUHWLFDO UHVXOWV DUH REWDLQHG XVLQJ JHQHUDO
VROXWLRQ RI DQQXODU SODWH JLYHQ LQ 3DQF ������ IRU DERYH GHILQHG ERXQGDU\ FRQGLWLRQV DQG WKH
FRQVWDQWV RI LQWHJUDWLRQ FDOFXODWHG ZLWK JHQHUDO VROXWLRQ DUH JLYHQ LQ $SSHQGL[ ,,,�

���� ([DPSOH �� 7KH VHFWRULDO SODWH

7KH DERYH REWDLQHG VHFWRULDO HOHPHQWV FDQ EH DOVR DSSOLHG WR VHFWRULDO SODWHV LQ EHQGLQJ� 7KH
QXPHULFDO VROXWLRQV IRU VLPSO\ VXSSRUWHG VHFWRULDO SODWH �)LJ� ��� FDUU\LQJ D XQLIRUPO\ GLVWULEXWHG

7DEOH � &HQWUDO PRPHQW 0U IRU WKH FODPSHG SODWH XQGHU XQLIRUP ORDGLQJ �Y ����

1(/ D�K �� D�K � D�K ���
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0XOWLSOLHU TD�

)LJ� � &RQYHUJHQFH RI 0U � 4U LQ VLPSO\ VXSSRUWHG FLUFXODU SODWH IRU GLIIHUHQW PHVKHV
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)LJ� � 0U EHQGLQJ PRPHQWV DORQJ UDGLXV IRU VLPSO\
VXSSRUWHG FLUFXODU SODWH

)LJ� � 4U VKHDU IRUFHV DORQJ UDGLXV IRU VLPSO\
VXSSRUWHG FLUFXODU SODWH

)LJ� � Z GLVSODFHPHQWV DORQJ UDGLXV IRU VLPSO\ VXSSRUWHG FLUFXODU SODWH

)LJ� � 0U EHQGLQJ PRPHQWV DORQJ UDGLXV IRU FODPSHG
FLUFXODU SODWH

)LJ� �� 4U VKHDU IRUFHV DORQJ UDGLXV IRU FODPSHG
FLUFXODU SODWH



$ VHFWRULDO HOHPHQW EDVHG RQ 5HLVVQHU SODWH WKHRU\ ���

ORDG DUH SUHVHQWHG LQ 7DEOHV � DQG �� 7KH H[FHOOHQW DJUHHPHQW FDQ EH REVHUYHG E\ FRPSDULQJ WKH
QXPHULFDO UHVXOWV ZLWK WKH WKHRUHWLFDO VROXWLRQV �7LPRVKHQNR DQG :RLQRZLVN\�.ULHJHU ������ 7KH

)LJ� �� Z GLVSODFHPHQWV DORQJ UDGLXV IRU FODPSHG FLUFXODU SODWH

)LJ� �� 7\SLFDO FLUFXODU SODWH PHVK ZLWK � HOHPHQW )LJ� �� $QQXODU SODWH

7DEOH � $QQXODU SODWH XQGHU XQLIRUP ORDG �( ������ Y ���� D �� E ���� K ���� T ��
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)LJ� �� 6LPSO\ VXSSRUWHG VHFWRULDO SODWH
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VDPH SUREOHP LV VROYHG E\ ILQLWH VWULS PHWKRG DQG VLPLODU UHVXOWV DUH REWDLQHG �&KHXQJ DQG &KDQ
������

���� ([DPSOH �� 7KH IDQ VKDSH SODWH

7KH VLPSO\ VXSSRUWHG IDQ VKDSH SODWH �)LJ� ��� ZLWK XQLIRUP GLVWULEXWHG ORDG LV VROYHG DQG WKH
UHVXOWV DUH JLYHQ LQ 7DEOHV � DQG �� &RPSDULVRQ ZLWK �&KHXQJ DQG &KDQ ����� VKRZV WKDW DQ
H[FHOOHQW DJUHHPHQW LV REWDLQHG IRU PRPHQWV DQG UHDVRQDEOH DJUHHPHQW LV REWDLQHG IRU GLVSODFHPHQWV�

7DEOH � 'LVSODFHPHQWV DQG PRPHQWV DW SRLQWV DORQJ WKH UDGLDO FHQWHU OLQH RI VHFWRULDO SODWHV �Y ����

π�N
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7DEOH � 'LVSODFHPHQWV DQG PRPHQWV DW SRLQWV DORQJ WKH UDGLDO FHQWHU OLQH
RI VHFWRULDO SODWH IRU GLIIHUHQW WKLFNQHVVHV �Y ��� DQG α π���
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$ VHFWRULDO HOHPHQW EDVHG RQ 5HLVVQHU SODWH WKHRU\ ���

���� ([DPSOH �� 1RQV\PPHWULFDO ORDG

,Q WKLV VWXG\� WKH FLUFXODU SODWH XQGHU D OLQHDU ORDG YDU\LQJ ZLWK θ DFFRUGLQJ WR T T� U�DFRVθ �)LJ�
��� LV DOVR VROYHG DQG WKH UHVXOWV DUH JLYHQ LQ 7DEOH ��� 7KH UHDVRQDEOH DJUHHPHQW LV REWDLQHG DV
FRPSDUHG ZLWK WKH WKHRUHWLFDO VROXWLRQ �7LPRVKHQNR DQG :RLQRZLVN\�.ULHJHU ������

���� ([DPSOH �� 6LPSO\ VXSSRUWHG FLUFXODU SODWH RQ :LQNOHU IRXQGDWLRQ

$ IHZ VWXGLHV H[LVW IRU FLUFXODU WKLFN SODWH RQ :LQNOHU IRXQGDWLRQ� XVLQJ ERXQGDU\ HOHPHQWV �(O�
=DIUDQ\ HW DO� ����� $O�+RVDQL HW DO� ����� 5DVKHG HW DO� ������ 7KH VWXGLHV E\ ILQLWH HOHPHQW
PHWKRG ZHUH QRW DYDLODEOH WR FRPSDUH WKH UHVXOWV� 7R FKHFN WKH QXPHULFDO UHVXOWV� WKH FRHIILFLHQW N
LV WDNHQ ]HUR� ,Q WKLV OLPLW FDVH� QXPHULFDO YDOXHV FRQYHUJH RQ WKH FRUUHFW YDOXH DV H[SHFWHG� 7KH
UHVXOWV IRU VLPSO\ VXSSRUWHG FLUFXODU SODWH ZLWK XQLIRUP GLVWULEXWHG ORDG RQ :LQNOHU IRXQGDWLRQ DUH
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7DEOH �� 'LVSODFHPHQWV DQG 0U PRPHQWV IRU VLPSO\ VXSSRUWHG FLUFXODU SODWH XQGHU QRQV\PPHWULFDO ORDG �ν  ����
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)LJ� �� 'LVSODFHPHQWV DORQJ UDGLXV RI VLPSO\ VXSSRUWHG FLUFXODU SODWHV IRU GLIIHUHQW N YDOXHV



$ VHFWRULDO HOHPHQW EDVHG RQ 5HLVVQHU SODWH WKHRU\ ���

JLYHQ LQ 7DEOH ��� )LJ� �� VKRZV GLVSODFHPHQWV DORQJ UDGLXV IRU GLIIHUHQW N YDOXHV�

�� &RQFOXVLRQV

7KH GHYHORSPHQW RI D ILQLWH HOHPHQW IRU WKH DQDO\VLV RI WKLFN SODWH VWUXFWXUHV RQ :LQNOHU
IRXQGDWLRQ LQ SRODU FRRUGLQDWHV KDV EHHQ SUHVHQWHG LQ WKLV SDSHU� 7R REWDLQ DQ HIIHFWLYH IRUPXODWLRQ
IRU WKLFN SODWHV� WKH ILHOG HTXDWLRQV DUH ZULWWHQ LQ SRODU FRRUGLQDWHV IRU WKH 5HLVVQHU SODWH� ,Q WKHVH
ILHOG HTXDWLRQV� URWDWLRQV ΩU� Ωθ DUH LQWURGXFHG VLPLODU WR 3DQF DSSURDFK �3DQF ������ 8VLQJ ILHOG
HTXDWLRQV� D QHZ IXQFWLRQDO KDV EHHQ REWDLQHG IRU WKLQ RU PRGHUDWHO\ WKLFN SODWHV RQ :LQNOHU
IRXQGDWLRQ EDVHG RQ *kWHDX[ GLIIHUHQWLDO DSSURDFK� 7KLV IXQFWLRQDO KDV ERXQGDU\ WHUPV ZKLFK SOD\
LPSRUWDQW UROHV LQ QXPHULFDO VROXWLRQV IRU VRPH VLQJXODU ORDGV� 7KHVH HIIHFWV DUH WR EH WKH VXEMHFW RI
DQRWKHU SDSHU� $ VHFWRULDO ILQLWH HOHPHQW LV REWDLQHG ZKLFK KDV IRXU QRGHV DQG �� GHJUHHV RI
IUHHGRP DQG LW LV FDOOHG 6(&��� 7KLV HOHPHQW LV VLQJXODU DW WKH FHQWHU RI WKH FLUFOH� 7R HOLPLQDWH WKH
VLQJXODULW\ DQRWKHU HOHPHQW LV GHYHORSHG ZKLFK KDV WKUHH QRGHV DQG �� GHJUHHV RI IUHHGRP FDOOHG
6(&��� 7KH SURSHUWLHV RI WKLV IRUPXODWLRQ EULHIO\ DUH�

9 *kWHDX[ GLIIHUHQWLDO PHWKRG KDV EHHQ XVHG� 7KH IXQFWLRQDO LV REWDLQHG E\ HQIRUFLQJ DOO ILHOG
HTXDWLRQV LQ VWUDLJKWIRUZDUG PDQQHU�

9 7KH FORVHG IRUP RI HOHPHQW HTXDWLRQ LV REWDLQHG ZKLFK HOLPLQDWH WKH WLPH�FRQVXPLQJ QXPHULFDO
LQYHUVLRQ RI WKH HOHPHQW PDWUL[�

9 7KLV IRUPXODWLRQ DYRLGV WKH VKHDU ORFNLQJ� FRQYHUJHV WR WKH .LUFKKRII VROXWLRQ DV WKH SODWH
WKLFNQHVV JRHV WR ]HUR�

9 )RU WKH DFFXUDF\ RI VROXWLRQ� RQH RI WKH UHTXLUHPHQWV LV� 7KH ZHOO�SURSRUWLRQHG HOHPHQWV PXVW EH
XVHG �+XHEQHU ������ )LYH�QRGH HOHPHQWV PD\ EH KHOSIXO WR REWDLQ ZHOO�SURSRUWLRQHG HOHPHQW�

9 7KLV IRUPXODWLRQ SURYLGHV DFFXUDWH DQG VWDEOH VROXWLRQV�
9 7KLV IRUPXODWLRQ LV YHU\ VXLWDEOH IRU WKH SUREOHP ZKLFK KDV V\PPHWU\ LQ ODWHUDO GLUHFWLRQ� )RU WKLV
SUREOHP D IHZ HOHPHQWV DUH VXIILFLHQW WR REWDLQ VDWLVIDFWRU\ UHVXOWV IRU HQJLQHHULQJ SXUSRVHV�

9 7KLV IRUPXODWLRQ LV DOVR DSSOLFDEOH WR DQ\ VWUXFWXUH LI LWV GRPDLQ FDQ EH UHSUHVHQWHG E\ VHFWRULDO
HOHPHQW�

9 7KLV IRUPXODWLRQ LV DOVR VXLWDEOH IRU WKH G\QDPLF SUREOHPV ZKLFK DUH XQGHU VWXG\�
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$SSHQGL[ ,

1RWDWLRQ

0U� 0θ� 0Uθ � EHQGLQJ PRPHQWV
4U� 4θ � VKHDU IRUFHV
T � GLVWULEXWHG ORDG
N � PRGXOXV RI VXEJUDGH UHDFWLRQ
Z � GLVSODFHPHQW RI SODWH
ΩU� Ωθ � WKH FRPSRQHQWV RI WKH URWDWLRQ RI D QRUPDO WR WKH PLGGOH SODQH RI WKH SODWH� UHVSHFWLYHO\
D � UDGLXV RI SODWH
K � WKLFNQHVV RI SODWH
(� Y� * � PRGXOHV RI HODVWLFLW\� 3RLVVRQ
V UDWLR DQG VKHDU PRGXOHV RI HODVWLFLW\ UHVSHFWLYHO\
, � \� � IXQFWLRQDO
� � !�> � @ � LQQHU SURGXFW
> � @ε � JHRPHWULF ERXQGDU\ FRQGLWLRQ
> � @σ � G\QDPLF ERXQGDU\ FRQGLWLRQ
ψL � VKDSH IXQFWLRQV �L �� ���� � IRU 6(&�� RU L �� ���� � IRU 6(&���
V� η � QRQGLPHQVLRQDO FRRUGLQDWHV RI D PDVWHU HOHPHQW
>N@�� � >N@�� � 6(&�� DQG 6(&�� ILQLWH HOHPHQW PDWULFHV
/ � FRHIILFLHQW PDWUL[
I � ORDG YHFWRU
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