
Structural Engineering and Mechanics, Vol. 75, No. 6 (2020) 713-722 

DOI: https://doi.org/10.12989/sem.2020.75.6.713                                                                 713 

Copyright © 2020 Techno-Press, Ltd. 
http://www.techno-press.com/journals/sem&subpage=7                                     ISSN: 1225-4568 (Print), 1598-6217 (Online) 

 

1. Introduction 
 

During last decades, functionally graded materials 

(Trough space-plane project in Japan in 1984, new class of 

composite material known as functionally graded material 

(FGM) was used for the first time as a thermal barrier, 

Alshorbagy (2011). FGMs are formed by mixing two or 

more different material constituent phases with a volume 

fraction that varies gradually with respect to spatial 

coordinates, thus combining the desired material properties 

to obtain a superior performance, Moleiro et al. (2020). 

FGMs are utilized extensively in many disciplines, such as 

aerospace technology, automobiles, electronics, optics, 

chemistry, biomedical, nuclear and mechanical engineering, 

Nowadays, FGMs are employed in micro/nanoelectro-

mechanical system (MEMS/NEMS) and atomic force 

microscopes (AFMs) to achieve high sensitivity and desired 

performance, Eltaher et al (2014).  

Recently, lots of attention is given to study the free and 

forced vibrational and dynamical behaviors of FGM beam 

structures. Kiani et al. (2013) and Khalili et al. (2013) 

studied low velocity impact response of thick FGM beams 

with general boundary conditions in thermal field. Sedighi  
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et al. (2014) exploited strain gradient elasticity theory to 

study size-dependent dynamic pull-in instability of 

vibrating MEMS structure. Sedighi et al. (2015a) presented 

non-linear dynamic instability of a double-sided nano-

bridge considering centrifugal force and rarefied gas flow. 

Sedighi et al. (2015b&2016) studied dynamic instability of 

FG nano-bridges considering Casimir attraction and electric 

filed actuation. Seguini and Nedjar (2017) presented the 

nonlinear structures response of deep beam resting on linear 

and nonlinear random soil. Akbas (2017) illustrated the 

dynamic free and forced responses of cracked and 

uncracked FGM damped microbeam by using modified 

couple stress. Eltaher et al. (2018) presented the 

applicability of FGM in the natural gas transmission 

pipeline subjected to internal high fluctuated pressure and 

unsteady temperature. Soliman et al. (2018) presented 

nonlinear transient analysis of FG pipe subjected to internal 

pressure and unsteady temperature by using finite element 

method. Song et al. (2018) studied dynamic responses of 

aerothermoelastic FG CNT reinforced composite panels in 

supersonic airflow subjected to low-velocity impact. Wu et 

al. (2018) exploited A finite element method to study free 

and forced vibration of FG porous beam type structures. 

She et al. (2018) predicted wave propagation behaviors of 

FG porous nanobeams based on higher-order shear 

deformation beam theory in conjunction with the non-local 

strain gradient theory. Emam et al. (2018) investigated the 

postbuckling and free vibration response of geometrically 

imperfect multilayer nanobeams subjected to a pre-stress 

compressive load.  

Hamed et al. (2019) presented the effects of porosity 
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models on static behavior of size dependent FG nanobeam 

by using nonlocal elasticity. Bedia et al. (2019) developed 

new hyperbolic two-unknown beam model to study bending 

and buckling of a nonlocal strain gradient nanobeams. 

Ebrahimi et al. (2019) studied frequency response of curved 

magneto-electro-viscoelastic FG nanobeams resting on 

viscoelastic foundation. She et al. (2019) studied snap-

buckling behaviors of FG porous curved nanobeams resting 

on three parameters elastic foundations. Esmaeili and Beni 

(2019) examined the buckling and vibration behaviors of 

FG flexoelectric nanobeam. Tlidji et al. (2019) developed a 

quasi-3D beam theory to study free vibration of FG 

microbeams by using modified coupled stress theory. 

Berghouti et al. (2019) investigated the vibration behavior 

of nonlocal porous FG nanobeams takes into the effect of 

shear deformation. Javani et al. (2019) obtained natural 

frequencies of circular deep FG arches based on the 

unconstrained higher-order shear deformation theory 

considering the depth change, complete effects of shear 

deformation, and rotary inertia. Hussain et al. (2019), 

Semmah et al. (2019) and Asghar et al. (2020) studied 

buckling and vibration characteristics of chiral and zigzag 

double-walled carbon nanotubes by nonlocal elasticity 

model. Khan et al. (2020) exploited refined third-order 

beam theory to study free and forced vibration of FG thick 

beams using finite element model. Li et al. (2020) studied 

the free vibration of the variable thickness beam made of 

FGMs and submerged in fluid by using differential 

quadrature method.  

For FG plate structures, Balubaid et al. (2019) and 

Boutaleb et al. (2019) studied free vibration of FG 

nanoscale plate using nonlocal two variables integral 

refined plate theory and quasi 3D HSDT. Draoui et al. 

(2019) investigated static and dynamic behavior of 

nanotubes-reinforced sandwich plates using first order shear 

deformation. Belbachir et al. (2019) and Draiche et al. 

(2019) investigated bending of composite laminated plates 

under nonlinear thermal and mechanical loadings. Chikr et 

al. (2019) proposed a new higher-order shear and normal 

deformation theory for the buckling analysis of new type of 

FGM sandwich plates. Karami et al. (2019b&c) explored 

wave propagation of FG anisotropic nanoplates resting on 

Winkler-Pasternak foundation. Karami et al. (2019d) 

studied resonance behavior of FG polymer composite 

nanoplates reinforced with graphene nanoplatelets. Karami 

et al. (2019e) predicted elastic bulk wave characteristics of 

doubly curved FG nanoshell by using nonlocal strain 

gradient theory. Addou et al. (2019) and Kaddari et al. 

(2020) presented the effect of porosity on static and 

dynamic behaviors of FG and sandwich plate modeled by 

3D HSDT. Boukhlif et al. (2019) and Boulefrakh et al. 

(2019) exploited 3D HSDT to study dynamic behavior of 

thick plate with and without viscoelastic foundation. 

Abualnour et al. (2019), Zarga et al. (2019), Tounsi et al 

(2020), and Boussoula et al. (2020) presented a simple four-

variable trigonometric integral shear deformation model to 

study static and dynamic behavior of FG plates rested on 

elastic foundation and subjected to a nonlinear hygro-

thermo-mechanical load. Bellal et al. (2020) presented 

buckling behavior of a single-layered graphene sheet resting 

on viscoelastic medium via nonlocal four-unknown integral 

model.  

The modelling and analysis of layered FGM have 

gained lots of researcher’s attention over the last years. 

Apetre et al. (2006) investigated low-velocity impact 

response of sandwich beams with FG core by combining 

static contact problem and dynamic of sandwich panel 

obtained via a simple nonlinear spring-mass model. Avila 

(2007) studied experimentally the failure mode of sandwich 

beams with functionally graded core. Etemadi et al. (2009) 

analyzed low velocity impact behavior of sandwich beams 

with FG core using 3D finite element method. Gardner et 

al. (2012) illustrated the performance of FG sandwich 

composite beams under shock wave loading. Yang et al. 

(2014) considered mesh free boundary-domain integral 

equation method to studied free vibration of FG sandwich 

beams. Nguyen et al. (2016) obtained an analytical solution 

using a quasi-3D beam theory for buckling and free 

vibration of (FG) sandwich beams having various boundary 

conditions. Şimşek and Al-Shujairi (2017) examined static, 

free and forced vibration of FG sandwich beams under 

double moving harmonic loads travelling with constant 

velocities using Timoshenko beam theory (TBT). Ebrahimi 

and Farazmandnia (2018) studied thermo-mechanical 

vibration of sandwich beams with a stiff core and face 

sheets made of FG-CNTRC by using TBT. Fan et al. (2018) 

presented an investigation on the low-velocity impact 

response of FG graphene reinforced composite laminated 

beam rested on viscoelastic foundation and subjected to a 

transverse impact load. Sucharda and Konecny (2018) 

recommended to model reinforced-concrete beam tests by 

3D non-linear model analysis. Belabed et al. (2018) 

presented new 3-unknown hyperbolic shear deformation 

theory for analysis of vibration of FG sandwich plate.  

Akbas (2018&2019) analyzed forced vibration of 

sandwich deep beams made of sandwich FGM including 

porosity effects. Lai et al. (2019) studied experimentally 

and numerically the penetration of three -layer FG 

cementitious composite subjected to multiple projectile 

impacts. Dash et al. (2019) derived FE solutions of 

deflection and corresponding in-plane stress of the FG 

sandwich shell via a higher-order polynomial shear 

deformation kinematics. Medani et al. (2019) investigated 

static and dynamic behaviors of FG-CNT reinforced porous 

sandwich plate by using first order shear deformation 

theory. Sahla et al. (2019) presented a simple four-variable 

trigonometric shear deformation model with undetermined 

integral terms to consider the influences of transverse shear 

deformation on the dynamic analysis of anti-symmetric 

laminated composite and soft-core sandwich plates. Moleiro 

et al. (2020) addressed the modelling and analysis of 

multilayered plates with embedded FGM layer(s) under 

hygro-thermo-mechanical loadings. Daikh et al. (2020) 

examined the inf luence  of  thickness rat io ,  the 

inhomogeneity parameter and the thermal loading kinds on 

the thermal buckling response of various types of FG 

sandwich beams. Huang and Ouyang (2020) derived exact 

analytical solutions for bending behavior of 2D FGM beam 

based on the TBT. Hamed et al. (2020) investigated 

buckling and stability analysis of sandwich beams rested on  
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Fig. 1. A cantilever thick beam with three functionally 

graded layers under a pulse load 
 

 

elastic foundation and subjected to varying axial loads by 

using differential quadrature method. Eltaher and Akbas 

(2020) studied dynamic response of 2D FG thick under a 

dynamic load by using finite element method.  

According to previous studies and authors’ knowledge 

the damped dynamic response of 2D layered FG thick 

beams under pulse load has not been studied previously. So, 

this article tends to fill this gap. The article is structured as 

follows: - Section 2 presents the mathematical formulation 

(including the constitutive equations and equation of 

motion), numerical formulations (included element matrices 

and force vectors), and numerical Newmark implicit time 

integration procedure.  Section 3 is devoted to validation 

and parametric studies to present effects gradation 

parameter and stacking sequences on the time response of 

cantilever layered FG thick beam. Main remarks and 

conclusion points are highlighted and summarized in 

Section 4. 
 

 

2. Problem formulation 
 

2.1 Mathematical formulation 
 

A cantilever thick beam with three functionally graded 
layers under a pulse load P(t) at free end is shown in Fig. 1.  
The beam has a length of L through the axial direction x-
axis, and thickness h through the transverse z-axis. The 
functionally graded layers are located as symmetry 
according to mid-plane axis. The height of each layer is 
equal. Each layer has a graduation material property (i.e.; 
Young modulus E, Poisson’s ratio ν, and density ρ) through 
transverse direction, those can be described by a power-law 
distribution as 

𝐸(𝑧) = (𝐸𝑇 − 𝐸𝐵) [
𝑧

ℎ
+

1

2
]
𝑛

+ 𝐸𝐵  (1.a) 

𝜈(𝑧) = (𝜈𝑇 − 𝜈𝐵) [
𝑧

ℎ
+

1

2
]
𝑛

+ 𝜈𝐵  (1.b) 

𝜌(𝑧) = (𝜌𝑇 − 𝜌𝐵) [
𝑧

ℎ
+

1

2
]
𝑛

+ 𝜌𝐵  (1.c) 

which n is the positive power exponent parameter and 

subscript T and B being the top and bottom properties of the 

layers. 
Based on the continuum mechanics, the thick beam is 

described by plane stress problem. Therefore, the kinematic 
strain-displacement relations are described by   

{

휀𝑥𝑥
휀𝑧𝑧
𝛾𝑥𝑧
} =

[
 
 
 
 
𝜕

𝜕𝑥
0

0
𝜕

𝜕𝑧
𝜕

𝜕𝑧

𝜕

𝜕𝑥]
 
 
 
 

{
𝑢
𝑤
}  (2) 

in which 𝑢, 𝑤 are the displacements in x and z directions, 

respectively. 휀𝑥𝑥 and 휀𝑧𝑧 are the normal in-plane strains, 

and 𝛾𝑥𝑧 is the shear in-plane strain. The constitutive stress-

strain equation with the Kelvin–Voigt viscoelastic 

constitutive model, in a case of FG layer, can be represented 

as 

{

𝜎𝑥𝑥
𝜎𝑧𝑧
𝜎𝑥𝑧

} = [

𝑄11(𝑧) 𝑄12(𝑧) 0

𝑄12(𝑧) 𝑄22(𝑧) 0

0 0 𝑄33(𝑧)
] {

휀𝑥𝑥
휀𝑧𝑧
𝛾𝑥𝑧
} +

  [

𝜂 𝑄11(𝑧) 𝜂𝑄12(𝑧) 0

𝜂 𝑄12(𝑧) 𝜂 𝑄22(𝑧) 0

0 0 𝜂 𝑄33(𝑧)
]

{
 
 

 
 
𝜕𝜀𝑥𝑥

𝜕𝑡
𝜕𝜀𝑧𝑧

𝜕𝑡
𝜕𝛾𝑥𝑧

𝜕𝑡 }
 
 

 
 

   

(3.a) 

  {𝜎} = [𝐶]{휀} + [𝐷]{휀̇} (3.b) 

where coefficients of the stiffness can be portrayed as 

functions of elasticity and Poisson’s ratio as following: 

𝐶11(𝑧) = 𝐶22(𝑧) =
𝐸(𝑧)

1−[𝑣(𝑧)]2
  ,   𝐶33(𝑧) =

𝐸(𝑧)

2 [1+𝑣(𝑧)]
    

; 𝐶12(𝑧) =
𝑣(𝑧)𝐸(𝑧)

1−[𝑣(𝑧)]2
  

(4) 

and η, presented in Eq. (3), denotes the damping ratio that 

can be evaluated by 

𝜂 =
𝑐

𝐸
   (5) 

where, c is the damping coefficient. The Strain energy (Ui), 

the kinetic energy (T), the dissipation function (R) and the 

potential energy of the external loads (𝑈𝑒) are presented as 

follows; 

𝑈𝑖 =
1

2
{𝑑}𝑇(∫ [𝐵]𝑇

𝑉
[𝐶][𝐵]){𝑑}𝑑𝑉  (6) 

𝑇 =
1

2
{�̇�}

𝑇
(∫ 𝜌(𝑧)
𝑉

){�̇�}𝑑𝑉  (7) 

𝑅 =
1

2
{�̇�}

𝑇
(∫ [𝐵]𝑇
𝑉

[𝐷][𝐵]){�̇�}𝑑𝑉  (8) 

𝑈𝑒 = −𝑃(𝑡)𝑣(𝑥𝑝 , 𝑡)  (9) 

in which {�̇�} is the velocity vector, 𝑥𝑝 is the coordinate of 

the applied load. The Lagrangian functional of the problem 

is presented as follows 

𝐼 = 𝑇 − (𝑈𝑖 + 𝑈𝑒)  (10) 

In the current analysis, the dynamic response of damped 

FG multilayered 2D thick beam has been studied.  The 

governing equations for this system can’t be analytically.  

Thus, numerical solution, such as, Bubnov-Galerkin and 

Energy Balance Method (Sedighi et al. (2012)), asymptotic 

approximate approaches (Sedighi et al. (2013)),  

homotopy perturbation method (Sedighi et al. (2014)),  

Galerkin's approach (Karami et al. (2019a)), differential 

Quadrature Method (Eltaher and Mohamed (2020) and 

Eltaher et al. (2020b)), and finite element method (FEM) 

(Akbas (2019), Alimirzaei et al. (2019) and Eltaher et al. 

(2020a)) can be used.  Since, the FEM is more accurate 

and simpler in analysis of complex structures. So, the 

proposed model is solved by using finite element method 

with Twelve-node 2D-plane element model, as illustrated in 

Fig. 2 
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Fig. 2 Twelve –node 2D plane element and finite element 

model 

 

 

where Lx and Ly are element lengths in X and Z directions 

respectively. The displacement vector ({𝑑}) for Twelve-

node plane element is expressed as: 

{𝑑} = [Ø]{𝑑𝑛} (11.a) 

[Ø] = [Ø1 Ø2… .Ø12] (11.b) 

where {𝑑𝑛} indicates the node displacement vector. 

{𝑑𝑛} =

{
 
 
 
 

 
 
 
 
𝑢1
𝑢2
.
.
𝑢12
𝑤1
𝑤2
.
.
𝑤12}

 
 
 
 

 
 
 
 

 (8) 

where {𝑑𝑛}  is the node displacement vector and its 

components are ui and vi are the displacement components 

for i node. The displacement of any generic element can be 

represented by its nodal values and corresponding functions 

as, 

𝑢 = (𝑢1∅1 + 𝑢2∅2 + 𝑢3∅3 + 𝑢4∅4 + 𝑢5∅5 +
𝑢6∅6 + 𝑢7∅7 + 𝑢8∅8 + 𝑢9∅9 + 𝑢10∅10 + 𝑢11∅11 +

𝑢12∅12)                 
(13.a) 

𝑤 = (𝑤1∅1 + 𝑤2∅2 + 𝑤3∅3 + 𝑤4∅4 + 𝑤5∅5 + 𝑤6∅6
+ 𝑤7∅7 + 𝑤8∅8 +𝑤9∅9 + 𝑤10∅10
+ 𝑤11∅11 +𝑤12∅12) 

 

(13.b) 

where ∅𝑖  is the nonlinear interpolation shape functions, 

which can be represented as follows; 

∅1 =
1

32
(1 −

2𝑋

𝐿𝑥
) (1 −

2𝑍

𝐿𝑧
) (−10 + 9 (

4𝑋2

𝐿𝑥
2 +

4𝑍2

𝐿𝑧
2)), 

 ∅2 =
9

32
(1 −

2𝑋

𝐿𝑥
) (1 −

4𝑍2

𝐿𝑧
2) (1 −

6𝑍

𝐿𝑧
) 

∅3 =
9

32
(1 −

2𝑋

𝐿𝑥
) (1 −

4𝑍2

𝐿𝑧
2) (1 +

6𝑍

𝐿𝑧
) , 

∅4 =
1

32
(1 −

2𝑋

𝐿𝑥
) (1 +

2𝑍

𝐿𝑧
) (−10 + 9 (

4𝑋2

𝐿𝑥
2 +

4𝑍2

𝐿𝑧
2))  

(17) 

∅5 =
9

32
(1 −

2𝑍

𝐿𝑧
) (1 −

4𝑋2

𝐿𝑥
2) (1 −

6𝑋

𝐿𝑥
) , 

∅6 =
9

32
(1 +

2𝑍

𝐿𝑧
) (1 −

4𝑋2

𝐿𝑥
2) (1 −

6𝑋

𝐿𝑥
) 

∅7 =
9

32
(1 −

2𝑍

𝐿𝑧
) (1 −

4𝑋2

𝐿𝑥
2) (1 +

6𝑋

𝐿𝑥
) , 

∅8 =
9

32
(1 +

2𝑍

𝐿𝑧
) (1 −

4𝑋2

𝐿𝑥
2) (1 +

6𝑋

𝐿𝑥
) 

 ∅9 =
1

32
(1 +

2𝑋

𝐿𝑥
) (1 −

2𝑍

𝐿𝑧
) (−10 + 9 (

4𝑋2

𝐿𝑥
2 +

4𝑍2

𝐿𝑧
2)) ,  

∅10 =
9

32
(1 +

2𝑋

𝐿𝑥
) (1 −

4𝑍2

𝐿𝑧
2) (1 −

6𝑍

𝐿𝑧
) 

∅11 =
9

32
(1 +

2𝑋

𝐿𝑥
) (1 −

4𝑍2

𝐿𝑧
2) (1 +

6𝑍

𝐿𝑧
) , 

∅12 =
1

32
(1 +

2𝑋

𝐿𝑥
) (1 +

2𝑍

𝐿𝑧
) (−10 + 9 (

4𝑋2

𝐿𝑥
2 +

4𝑍2

𝐿𝑧
2))  

Substituting equations (13), into the energy Eqs. (6-9) 

and Lagrange’s equations, and then Lagrange’s equations 

are presented as following:  

∂I

∂q
k
(e) −

∂

∂t

∂I

∂q̇
k
(e) + QDk = 0,     

QDk = −
∂R

∂q̇
k
(e) , 𝑘 = 1,2,3, … 12  

(15) 

where QDk  is generalized damping load. After using the 

Lagrange procedure, the dynamic equilibrium equation is 

writeen as follows: 

[𝐾]{𝑑𝑛} + [𝐶]{𝑑�̇�} + [𝑀]{�̈�𝑛} = {𝐹} (16) 

where [𝐾], [𝐶], [𝑀], {𝐹}, {𝑑𝑛}, {𝑑�̇�} and {�̈�𝑛} are the 

stiffness matrix, damping matrix, mass matrix, load vector, 

displacement vector, velocity vector and  acceleration 

vector respectively. The expansions of finite element 

matrices are represented as 

[𝐾] = 𝑏 ∫ [𝐻]𝑇[𝑄][𝐻]𝑑𝐴
𝐴

  (17.a) 

[𝐶] = 𝑏 ∫ 𝜂[𝐻]𝑇[𝑄][𝐻]𝑑𝐴
𝐴

  (17.b) 

[𝑀] = 𝑏 ∫ 𝜌(𝑧)[Ø]𝑇[Ø]𝑑𝐴
𝐴

  (17.c) 

{𝐹} = ∫ {𝛿𝑑𝑛}
𝑇[Ø]𝑇𝑃(𝑡)𝑑𝛤

𝛤
  (17.d) 

where 

[𝐻] =

[
 
 
 
 
𝜕

𝜕𝑋
0

0
𝜕

𝜕𝑌
𝜕

𝜕𝑌

𝜕

𝜕𝑋]
 
 
 
 

[Ø]  (18) 

The pulse point load 𝑃(𝑡) is assumed to be sinusoidal 

form in time domain as following. 

𝑃(𝑡) = 𝑃0𝑠𝑖𝑛( 𝑡)        0 ≤ 𝑡 ≪ 𝑡0            

Sin Pulse 
(19) 
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where, 𝑃0 is the amplitude of the dynamic load, 𝑡0 is the 

time duration of the load and  is the frequency of the 

dynamic load. The governing equation of motions Eq. (16), 

is solved numerically by using implicit Newmark average 

acceleration (𝛼 = 0.5 , 𝛽 = 0.25) method in the time 

domain. By this procedure, the dynamic problem is 

transferred to system of static problem in each step as 

following:- 

[𝐾(𝑡, 𝑋)]{𝑑𝑛}𝑗+1 = {�̅�(𝑡)}     (20) 

in which 

[𝐾(𝑡, 𝑋)] = [𝐾] +
1

𝛽∆𝑡2
[𝑀] +

𝛼

𝛽∆𝑡
[𝐶]    (21.a) 

{�̅�(𝑡)} = {𝐹(𝑡)}𝑗+1 + 𝐵1{𝑑𝑛}𝑗 + 𝐵2{�̇�𝑛}𝑗 + 𝐵3{�̈�𝑛}𝑗  (21.b) 

and constant coefficients can be evaluated by  

𝐵1 =
1

𝛽∆𝑡2
[𝑀] +

𝛼

𝛽∆𝑡
[𝐶] , 

    𝐵2 =
1

𝛽∆𝑡
[𝑀] + [𝐶] (

𝛼

𝛽
− 1) ,  

𝐵3 = [𝑀] (
1

2𝛽
− 1) + [𝐶] (

𝛼

2𝛽
− 1)      

(22) 

After evaluating {𝑑𝑛}𝑗+1  at a time 𝑡𝑗+1 = 𝑡𝑗 + ∆𝑡  , the 

acceleration and velocity vectors can be evaluated by  

{�̈�𝑛}𝑗+1 =
1

𝛽∆𝑡2
({𝑑𝑛}𝑗+1 − {𝑑𝑛}𝑗) −

[𝑀]

𝛽∆𝑡
{�̇�𝑛}𝑗 −

(
𝛼

2𝛽
− 1) {�̈�𝑛}𝑗    

(23.a) 

{�̇�𝑛}𝑗+1 = {�̇�𝑛}𝑗 + ∆𝑡 
(1 − 𝛼){�̈�𝑛}𝑗 + ∆𝑡 𝛼 {�̈�𝑛}𝑗+1 (23.b) 

 
 

3. Numerical results 
 

In the numerical study, effects of graduation parameter, 

geometrical and stacking sequence of layers on the time 

response of thick multilayer FG beams under pulse load 

with damped effects. The materials of functionally graded 

layers are considered as Aluminium (Al; E=70 GPa, ν=0.3, 

ρ=2702 kg/m3) and Zirconia (E=151GPa, ν=0.3, ρ=3000 

kg/m3). The bottom surface of the FG layer is Zirconia, the 

top surface material of the FG layer is Aluminium. The 

dimensions of the FG thick beam are considered as follows: 

b= 0.15 m, h = 0.15 m and the length of beam varied 

according to aspect ratio L/h=4, 5, 7 in the numerical 

process. The height of each layer is equal. It is noted that 

the following parameters are used in the numerical results: 

P0=1000 kN, =2 rad/s, 𝑡0 = 0.05 𝑠 , 𝜂 = 0.0001 . The 

Gaussian integration rule with five integration points is used 

for calculation of the integration. In the numerical process, 

the finite element number is taken as 30 in both X and Z 

directions. 

In the numerical results, three different stacking 

sequences of layers are considered. The stacking sequences 

of layers used are stacking sequence 1: FGM-

Homogeneous Aluminum -FGM, stacking sequence 2: 

Homogeneous Zirconia - FGM-Homogeneous Aluminum 

layers and stacking sequence 3: FGM - FGM - FGM layers 

as shown figure 3. 

 

 
Fig. 3 Stacking sequence distributions through the beam 

thickness 

 

 
Fig. 4 Comparison study: Time responses of the 

Homogeneous Zirconia/ Homogeneous Aluminum/ 

Homogeneous Zirconia beam under pulse load without 

damping effect for L/h=7, P0=1000 kN, =2 rad/s, 𝑡0 =

0.01 𝑠𝑛 
 

 

In order to validate proposed model, a comparison study 

is performed. In the validation study, the dynamic vertical 

displacements at free end of a Homogeneous Zirconia/ 

Homogeneous Aluminum/ Homogeneous Zirconia beam are 

obtained and compared with ANSYS Workbench 14 

program under pulse load without damping effect for 

L/h=7, P0=1000 kN, =5 rad/s, 𝑡0 = 0.01 𝑠, as shown in 

figure 4. It is noticed from figure 4, that results of this study 

are approximately identical with results of ANSYS 

Workbench 14. 

In figures 5, 6 and 7, the time response of the free end of 

thick cantilever FGM layered thick beam are presented with 

different stacking sequences for aspect ratio L/h=4, L/h=5 

and L/h=7, respectively. It is seen from these figures, after 

removing the load, the displacement decays in progress of 

time naturally because of damping and approach to a steady 

state value without any oscillations, for all stacking 

sequences.  
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Fig. 5 Time responses of thick FGM layered beam for 

L/h=4 with different n parameters for a) stacking sequence 

1, a) stacking sequence 2 and c) stacking sequence 3.   

 

 

 
 

 
 

 
 

 
 

Fig. 6 Time responses of thick FGM layered beam for 

L/h=5 with different n parameters for a) stacking sequence 

1, a) stacking sequence 2 and c) stacking sequence 3. 
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Damped dynamic responses of a layered functionally graded thick beam under a pulse load 

 

 
 

 
 

 
 

 
 

Fig. 7 Time responses of thick FGM layered beam for 

L/h=7 with different n parameters for a) stacking sequence 

1, a) stacking sequence 2 and c) stacking sequence 3. 

The gradation material parameter(n) has a significant 

influence on the dynamic response of beam and its 

amplitude. As shown in Fig. 5, by increasing the gradation 

parameter (n), the amplitude of displacement waves 

decreased for all stacking sequences. This observation due 

to increasing the content of Zirconia by increasing the 

gradation parameter (n), that leads to increase the stiffness 

of structure and hence decreasing the deflection. It is noted 

also, the number of waves increases by increasing the 

graduation distribution parameter (n).  

By comparing Figs. (5-7) for each other, it is observed 

that the increasing the aspect ratio (L/h) tends to decrease 

time period of oscillation and hence increase the number of 

the waves. In a case of hand, by fixing all conditions and 

changing the stacking sequences, it is observed that, the 

number of waves change according to the stacking 

sequences significantly.  

The number of waves in the stacking sequence 2 is 

bigger than the number of waves in other the stacking 

sequences, considerably.In designing process, if the beam 

designed based on the rigidity, the stacking sequence 1 is 

the best case. If the beam designed based on dynamic 

behavior, the stacking sequence 3 is preferred rather than 

others. 
 

 

4. Conclusions 
 

In the framework of 2D plane stress problem, the 
dynamic response of multilayered functionally graded thick 
beam with Kelvin–Voigt viscoelastic damped is 
investigated. Numerical finite element with twelve –node 
2D plane element and Newmark implicit constant average 
acceleration procedure are exploited to solve the equation of 
motion. Materials are gradated through the thickness by 
power law. The beam thickness composed from three 
different layers with different gradation. So, three different 
stacking sequences are studied. The proposed model is 
validated with ANSYS and an excellent agreement was 
obtained. The most findings of the current analysis can be 
summarized as: 

•  Because of damping, the displacement decays in 
progress of time naturally and approach to a steady state 
value without any oscillations. 

•  By increasing the gradation parameter (n), the 
amplitude of displacement waves decreased for all stacking 
sequences.  

•  The number of waves increases by increasing the 
graduation distribution parameter (n). 

•  The increasing the aspect ratio (L/h) tends to 
decrease time period of oscillation and hence increase the 
number of the waves. 

•  The presented mathematical model is useful in 
analysis and design of nuclear, marine, vehicle and 
aerospace structures those manufactured from functionally 
graded materials (FGM). 
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