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1. Introduction 
 

Galloping is a phenomenon caused by aerodynamic 

instability. As ice or wet snow accreting on transmission 

conductor in winter, it is expected that the conductor 

galloping may occur under strong wind. This phenomenon 

may lead to short circuit or ground fault of the transmission 

conductor, and resulting in instantaneous voltage drop. If 

galloping lasts for a long time, the supporting parts may be 

fatigued and broken, leading serious accident that the 

transmission conductor may fall down(Desai et al. 1995; 

Van Dyke and Laneville 2008). Due to the damage effect 

caused by the transmission conductor failure, it has a great 

impact on the power supply, which will cause serious 

damage. When iced conductors is under strong wind 

excitation, excessive vibration will occur due to self-weight 

and the tension of the conductor. The frequency of 

galloping phenomenon is relatively low, which is about 0.1 

Hz ~3 Hz. The amplitude of galloping phenomenon is larger, 

which can be more than 1 times of its sag. The amplitude of 

galloping isdetermined by span, stiffness, tension of 

transmission conductor, icing shape and weight. 

The galloping of iced transmission conductor was first 

described as one-degree-of-freedom model by Den 
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Hartog(1932) in which the important conclusion was given 

that instability of the transmission conductor will occur if 

the slope of the lift is greater than the drag. Irvine and 

Caughey (1974) assumed that the horizontal cable has a 

parabolic shape in the equilibrium and studied the free 

vibration characteristics of the cable by using the linear 

theory. The twist freedom has been considered and it play a 

significant role as vertical freedom do for the initiation of 

galloping both in the work of Nigol’s two-degree-of-

freedom vertical and torsional galloping mechanism(Nigol 

and Buchan 1981) and Yu’s three-degree-of-freedom model 

with eccentrically inertial coupling (Yu, Shah and 

Popplewell 1992). Based on those proposed mechanisms, 

some 3DOF analytical galloping models (Wang et al 1998; 

Yu et al 1993, Lou et al 2014) have been further developed 

to assess the stability of conductors and to obtain explicit 

expressions for the periodic and quasi-periodic solutions of 

galloping. In practice, the galloping problem always 

become more complicated such as involving geometric 

nonlinearities and nonlinear aeroelastic forces. 

The effects of wind on cooling tower (Zhang et al 2019), 

suspension bridges (Petrini et al 2019) and super-tall 

buildings (Zhi et al 2015) have been studied widely in 

recent years. In order to simplify the study, the wind model 

is usually taken as uniform wind. In fact, the real wind 

should be regarded as turbulence wind and be treated as 

random process. Due to the complexity of the turbulence 

wind, numerical calculation and experimental methods are 

usually used in those studies (Choi et al 2015, Lin et al 

2017). Usually only the uniform wind is concerned when it 

comes to galloping. But it is shown that turbulence in the 

wind affects galloping behavior significantly (Chadha and 

Jaster 1975). In order to study the influence of wind 

randomness on conductor’s galloping, the stability and 
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response of the iced transmission conductor under both 

uniform and turbulence wind are studied in this paper. 

Analytical results are obtained under turbulence wind are 

compared with those results under uniform wind. The 

galloping stability and amplitude are also verified through 

the galloping simulation under both uniform wind and the 

turbulence wind. 
 

 

2. The motion equation of galloping iced conductor 
 

The schematic configuration of a galloping iced 

transmission conductor under transverse horizontal 

(unidirectional) wind is shown in Fig. 1, where X and Y are 

span-wise coordinate and vertical coordinate of the iced 

conductor, respectively. Generally, galloping of iced 

conductor can be decomposed into three translational 

components in longitudinal, vertical and transverse 

horizontal motions and one torsional motion about the axis 

of the conductor. The motion in vertical direction is usually 

the most important according the observations and previous 

studies on galloping iced conductor. For simplicity, only the 

vertical displacement v(x,t) was considered in the following. 

Supposing that the static equilibrium configuration is 

represented through the parabolic profile: 

𝑦(𝑥) =
𝑀𝑔𝐿2

2𝑇
(

𝑥

𝐿
−

𝑥2

𝐿2
) (1) 

where T = the tension of the conductor in the static state 

along the axial direction; L= the span of the conductor and 

M = the mass per unit length of the iced conductor. 

Function y(x) is a catenary function representing the initial 

cable configuration in its static equilibrium state (Nayfeh et 

at. 2002). 

Lagrange’s equation of motion under generalized 

coordinate system is given by 

𝑑

𝑑𝑡
(

𝜕𝑇

𝜕�̇�𝑦

) −
𝜕𝑇

𝜕𝑞𝑦

+
𝜕𝑉

𝜕𝑞𝑦

+
𝜕𝐷

𝜕�̇�𝑦

= 𝐹𝑦 (2) 

where T, V and D = kinetic energy, potential energy and 

dissipative energy of the system, respectively; and 𝐹𝑦 = 

generalized aerodynamic force; 𝑞𝑦 =generalized 

displacement. The total kinetic energy is calculated by 

integration along the line span as 

𝑇 = ∫
1

2
𝑀�̇�2

𝐿

0

𝑑𝑥 (3) 

The total potential energy of the iced conductors can be 

expressed in terms of elastic strains 

𝑉 = ∫
1

2
𝐸𝐴𝜀𝑠

2
𝐿

0

𝑑𝑥 + ∫ 𝑇𝜀𝑠

𝐿

0

𝑑𝑥 + 𝑉𝑔 (4) 

where EA=axial stiffness of the conductor; 𝜀𝑠 = nonlinear 

axial strain. The transmission conductor is a typical flexible 

structure such that Lagrange’s strain without considering 

bending stiffness is usually used to describe the nonlinear 

axial deformation when galloping occurs(Yu et al. 1993). 

Because only the vertical motion is considered, the axial 

nonlinear strain of the line can be approximated written in 

 
Fig. 1 Configuration of iced conductor 

 

 

terms of vertical components as 

𝜀𝑠 ≈
𝑑𝑦

𝑑𝑥

𝜕𝑣

𝜕𝑥
+

1

2
(

𝜕𝑣

𝜕𝑥
)

2

 (5) 

The gravitational potential energy 𝑉𝑔 can be expressed as 

𝑉𝑔 = ∫ −𝑀𝑔𝑣
𝐿

0

𝑑𝑥 (6) 

The dissipative function D represents the actions of 

dissipative forces on the system. Assuming a linear 

damping mechanism for the iced conductors leads to the 

following expression 

𝐷 =
1

2
∫ 2𝑀𝜔𝑦𝜉𝑦�̇�2

𝐿

0

𝑑𝑥 (7) 

where 𝜉𝑦= the viscous damping ratio of the conductor and 

𝜔𝑦= the associated free vibration frequencies.  

The displacement v(x,t) in the vertical direction can be 

expressed as the product of the generalized displacement 

𝑞𝑦(𝑡) and associated mode shapes 𝜙(𝑥). For simplicity, 

we assume that the iced conductor is dominated only by one 

vertical mode. According to the Galerkin method, the 

vertical displacement v(x,t) can be written in the form 

𝑣(𝑥, 𝑡) = 𝜙(𝑥)𝑞𝑦(𝑡). (8) 

Substituting Eqs.(3-8) into Eq. (2), the equation of motion 

for the iced conductor are obtained as: 

𝑎1�̈�𝑦(𝑡) + 𝑎2�̇�𝑦(𝑡) + 𝑎3𝑞𝑦(𝑡) + 𝑎4𝑞𝑦(𝑡)2 + 𝑎5𝑞𝑦(𝑡)3

= 𝐹𝑦(𝑡) (9) 

where 𝑎1, … , 𝑎5 = coefficients given in the appendix; 

𝐹𝑦(𝑡) = the generalized aerodynamics forces, which can be 

conducted by the following processes.  

Suppose that the wind is in the transverse horizontal 

direction. According to the quasi-steady assumption, the 

aerodynamic force 𝑓𝑦(𝑥, 𝑡)  per unit length of the iced 

conductor are described by 

𝑓𝑦(𝑥, 𝑡) =
1

2
𝜌𝑈2𝐷𝐶𝑦(𝛼) (10) 

where ρ = air density, D and 𝐶𝑦(𝛼) = the diameter and 

vertical aerodynamics coefficient of the iced conductor, 

respectively. U = the uniform wind velocity.  

The aerodynamic force of the iced conductor depends on 

the instantaneous wind attack angle, which can be written as 

𝛼 = 𝜃0 − 𝛼0 = 𝜃0 −
�̇�

𝑈
 (11) 
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with 

𝛼0 =
�̇�

𝑈
 (12) 

where 𝜃0 is the initial wind attack angle and �̇� means the 

vibration velocity in the vertical direction. The vertical 

aerodynamics coefficient of the iced conductor 𝐶𝑦(𝛼) can 

be obtained as 

𝐶𝑦(𝛼) = 𝐶𝐿(𝛼) 𝑐𝑜𝑠(𝛼0) − 𝐶𝐷(𝛼) 𝑠𝑖𝑛(𝛼0) (13) 

with 𝐶𝐿(𝛼)  and 𝐶𝐷(𝛼)  =lift and drag coefficients, 

respectively, which are available by the wind tunnel 

experiments at each wind angle 𝛼0. 

It is convenient to rewrite the aerodynamics coefficient 

𝐶𝑦(𝛼0) in the following form: 

𝐶𝑦(𝛼0) = ℎ0 + ℎ1𝛼0 + ℎ2𝛼0
2 + ℎ3𝛼0

3 (14) 

The coefficients ℎ0−3 can be obtained by wind tunnel 

experiments or computer simulations. The aerodynamics 

coefficient 𝐶𝑦(𝛼0) is affected by initial wind attack angle 

and configures of ice on the conductor. 

The generalized aerodynamics forces 𝐹𝑦(𝑡) in Eq. (9) 

can be given as the form 

𝐹𝑦(𝑡) = ∫ 𝑓𝑦(𝑥, 𝑡) 𝜙(𝑥)
𝐿

0

𝑑𝑥 (15) 

The term associated with h0 can only cause static 

figuration, so we omitted its effects. Let y(t)= qy(t), Eq. (9) 

is rewritten as 

�̈� + 𝑐�̇� + 𝑘1𝑦 + 𝑘2𝑦2 + 𝑘3𝑦3 = 𝑏1�̇� + 𝑏2�̇�2 + 𝑏3�̇�3 (16) 

All coefficients in Eq. (16) are given in the appendix. 

By introducing the state space variable vector 𝒚 =
[𝑦1 , 𝑦2]𝑇 = [𝑦, �̇�]𝑇, Eq. (16) can be rewritten in the form of 

first-order differential equations as 

�̇�1 = 𝑦2 (17) 

�̇�2 = −𝑐𝑦2 − 𝑘1𝑦1 − 𝑘2𝑦1
2 − 𝑘3𝑦1

3 + 𝑏1𝑦2 + 𝑏2𝑦2
2

+ 𝑏3𝑦2
3 (18) 

These dynamic equations are obtained in the case that 

the wind is regard as uniform wind, that is, only the mean 

wind velocity is considered. In fact, the turbulent wind 

model is more realistic and it can account for the fluctuating 

effects of wind. The turbulent wind velocity can usually be 

decomposed into its mean wind velocity and fluctuating 

apart. The turbulent wind velocity 𝑈(𝑡) is a time-variable 

random process (Lin and Cai 1995) and modelled as 

𝑈(𝑡) = 𝑈(𝑡) + 𝑢(𝑡) = 𝑈(𝑡)(1 + 𝑊(𝑡)) (19) 

In which, 𝑈(𝑡) denotes the mean wind velocity, and 𝑢(𝑡) 

is the random fluctuation wind velocity. The fluctuation 

wind velocity is simplified as Gaussian white noise 𝑊(𝑡) 

with intensity 𝛾2. Parameter 𝛾2 should be small enough to 

ensure the turbulent wind velocity 𝑈(𝑡) remains positive, 

which means the wind has an invariable direction.  

Since the root-mean square value of the turbulence 

rarely exceeds 30 percent of the mean velocity, it is 

reasonable to have the following approximation: 

1/�̃�(𝑡) = (1 − 𝑊(𝑡))/𝑈(𝑡) (20) 

Substituting the uniform wind velocity U in Eq. (10) by 

random turbulent wind velocity 𝑈(𝑡)  in Eq. (19), the 

dynamic equation (16) can be written as the following 

dynamic equation: 

�̈� + 𝑐�̇� + 𝑘1𝑌 + 𝑘2𝑌2 + 𝑘3𝑌3

= 𝑏1�̇� + 𝑏2�̇�2 + 𝑏3�̇�3 + 𝑏1�̇�𝑊(𝑡)

− 𝑏3�̇�3𝑊(𝑡) 
(21) 

where Y(t) is a random process representing the vertical 

displacement. Considering new state space variable 𝒀 =

[𝑌1, 𝑌2]𝑇 = [𝑌, �̇�]𝑇 , the dynamic equation for 𝒀  can be 

written as 

�̇�1 = 𝑌2 (22) 

�̇�2 = −𝑐𝑌2 − 𝑘1𝑌1 − 𝑘2𝑌1
2 − 𝑘3𝑌1

3 + 𝑏1𝑌2 + 𝑏2𝑌2
2

+ 𝑏3𝑌2
3 + 𝑏1𝑌2𝑊(𝑡) − 𝑏3𝑌2

3𝑊(𝑡) (23) 

Eqs. (22) and (23) can be regard as Stratonovich 

differential equations of the system. Introducing the Wong-

Zakai correction terms, the Itô differential equations can be 

derived as: 

𝑑𝑌1 = 𝑌2𝑑𝑡, (24) 

𝑑𝑌2 = (−(𝑐 − 𝑏1)𝑌2 − 𝑘1𝑌1 − 𝑘2𝑌1
2 − 𝑘3𝑌1

3 +

𝑏2𝑌2
2 + 𝑏3𝑌2

3 +
1

2
𝛾2(𝑏1𝑌2 + 𝑏3𝑌2

3)(𝑏1 + 3𝑏3𝑌2
2)) 𝑑𝑡 +

√𝑏1
2𝛾2𝑌2

2 + 𝑏3
2𝛾2𝑌2

6𝑑𝐵(𝑡), 

(25) 

where 𝐵(𝑡)  is a standard unit Wiener process. It is 

convenient to analyze the stability and responses of the iced 

conductor using Itô differential equations (24) and (25). 

 
 
3. Stability and response of iced conductor under 
uniform wind 
 

The stability and response of iced conductor under 

uniform wind are studied in this section. 

 
3.1 Stability analysis 

 

For system as described in Eqs.(17) and (18), the 

stability depends on it’s linear system(Macdonald and 

Larose 2006). Obviously, the state space variable 𝒀 = 0 is 

an equilibrium point of the dynamical system. The 

linearized system on the equilibrium point can be written as 

�̇� = 𝑨𝐲, 𝑨 = [
0 1

−𝑘1 −𝑐 + 𝑏1
] (26) 

Based on the Lyapuov first-order approximation theory, 

the initial stability of a nonlinear system is governed by the 

eigenvalues of linearized matrix A. If the real part of all 

eigenvalue of A is negative, the system remains stable; 

otherwise, the system becomes unstable. Generally 

speaking, it is difficult to obtain analytical solution of 
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eigenvalues associated with a multi-dimensional matrix A. 

The Routh-Hurwitz stability criterion can be used to derive 

stability criterion, which is stated in terms of the 

coefficients of the characteristic equation instead of the 

eigenvalues associated with the linearized matrix. The 

characteristic equation of the linearized matrix A is 

𝜆2 + (𝑐 − 𝑏1)𝜆 + 𝑘1 = 0 (27) 

where 𝜆 is the eigenvalue of matrix A. The eigenvalues is 

easily obtained as 

𝜆 = (−
𝑐 − 𝑏1

2
) ±

√(𝑐 − 𝑏1)2 − 4𝑘1

2
 (28) 

The sufficient and necessary condition for stability of 

the dynamical system in Eqs. (17) and(18) is given by 

𝑐 − 𝑏1 > 0 (29) 

Considering coefficients 𝑐 and 𝑏1, the criterion mean 

wind velocity 𝑈𝑟  can be conducted as 

𝑈𝑟 =
𝑐

1
2

𝜌𝐷ℎ
1

∫ 𝑠𝑖𝑛2(
𝜋𝑥
𝐿

)𝑑𝑥
𝐿

0

=
4𝑀𝜔𝑦𝜉𝑦

𝜌𝐷ℎ
1

 (30) 

If the uniform wind velocity 𝑈 < 𝑈𝑟 , the iced 

conductor is stable; otherwise, if the wind velocity 𝑈 > 𝑈𝑟, 

the galloping occurs. The result coincides with that of the 

Den Hartog theory. 

 
3.2 Response of the iced conductor galloping 
 

When wend velocity exceeds the criterion wend velocity, 

the iced conductor will oscillate seriously with large 

amplitude. The occurrence of galloping could cause large 

dynamics tension acting on transmission conductors and 

towers and may bring damage of fittings, illustrator strings, 

tower components, and even the collapse of whole tower. 

For nonlinear system the multi-scale method(Nayfeh and 

Mook 1995) is a powerful analytical method to obtained 

response amplitude. 

Based on the observation of Galloping, the oscillation 

the iced conductors usually form a limited circle. For one-

degree-of-freedom system described in Eq. (16), it can be 

written as the following weak nonlinear form: 

�̈� + 𝜔𝑦
2𝑦 = −𝑘2𝑦2 − 𝑘3𝑦3 + (𝑏1 − 𝑐)�̇� + 𝑏2�̇�2

+ 𝑏3�̇�3 = 𝜀𝑓(𝑦, �̇�) (31) 

where a dimensionless perturbation parameter 𝜀 ≪ 1  is 

introduced. New independent variables 𝑡,𝜀𝑡,𝜀2𝑡, are the 

different time scales, and introduce the following new 

variables: 

𝑇𝑛 = 𝜀𝑛𝑡 (32) 

The derivatives with respect to t become expansions in 

terms of the partial derivatives with respect to the 𝑇𝑛 

according to  

𝑑

𝑑𝑡
=

𝑑𝑇0

𝑑𝑡

𝜕

𝜕𝑇0

+
𝑑𝑇1

𝑑𝑡

𝜕

𝜕𝑇1

+ ⋯ = 𝐷0 + 𝜀𝐷1 + ⋯ (33) 

𝑑2

𝑑𝑡2
= 𝐷0

2 + 2𝜀𝐷0𝐷1 + ⋯ (34) 

The solution y can be represented by an expansion as 

𝑦(𝑡) = 𝑦0(𝑇0, 𝑇1,⋅⋅⋅) + 𝜀𝑦1(𝑇0, 𝑇1,⋅⋅⋅) +⋅⋅⋅ (35) 

Substituting those equations into Eq. (16) and equating 

the coefficient of 𝜀0 and 𝜀1 to zero, we have 

𝐷0
2𝑦0 + 𝜔𝑦

2𝑦0 = 0 (36) 

𝐷0
2𝑦1 + 𝜔𝑦

2𝑦1 = −2𝐷0𝐷1𝑦0 + 𝑓(𝑦0, 𝐷0𝑦0) (37) 

It is convenient to write the general solution of Eq. (36) 

in the complex form 

𝑦0 = 𝐴(𝑇1) exp(𝑖𝜔𝑦𝑇0) + �̅�(𝑇1) exp(−𝑖𝜔𝑦𝑇0) (38) 

The function A is still arbitrary at this level of 

approximation, and it can be determined by eliminating the 

secular terms at the higher levels of approximation. 

Substituting 𝑦0 into Eq. (37) leads to  

𝐷0
2𝑦1 + 𝜔𝑦

2𝑦1 = −2𝑖𝜔𝑦𝐷1𝐴 exp(𝑖𝜔𝑦𝑇0)

− 𝑘2[𝐴2 exp(2𝑖𝜔𝑦𝑇0) + 𝐴�̅�] 

−𝑘3[𝐴3 exp(3𝑖𝜔𝑦𝑇0) + 3𝐴2�̅� exp(𝑖𝜔𝑦𝑇0)]

+ (𝑏1 − 𝑐)𝑖𝜔𝑦𝐴 exp(𝑖𝜔𝑦𝑇0) 

+𝑏2[−𝜔𝑦
2𝐴2 exp(2𝑖𝜔𝑦𝑇0) + 𝜔𝑦

2𝐴�̅�] 

+𝑏3[−𝑖𝜔𝑦
3𝐴3 exp(3𝑖𝜔𝑦𝑇0) + 3𝑖𝜔𝑦

3𝐴2�̅� exp(𝑖𝜔𝑦𝑇0)]

+ 𝑐𝑐. 

(39) 

where cc denotes the complex conjugate of the preceding 

terms. Any particular solution of (39) has a secular term 

containing the factor 𝑇0 exp(𝑖𝜔𝑦𝑇0) unless 

2𝑖𝜔𝑦𝐷1𝐴 = −𝑘3(3𝐴2�̅�) + (𝑏1 − 𝑐) 𝑖𝜔𝑦𝐴

+ 𝑏3(3𝑖𝜔𝑦
3𝐴2�̅�) (40) 

In solving equations having the form of (40), we find it 

convenient to write A in the polar form 

𝐴 =
1

2
𝑎(𝑇1) exp(𝑖𝛽(𝑇1)) (41) 

where 𝑎 and 𝛽 are real functions of 𝑇1. Substituting Eq. 

(41) into Eq. (40) and separating the result into real and 

imaginary parts, we obtain 

𝑎′ =
1

2
(𝑏1 − 𝑐)𝑎 +

3

8
𝑏3𝜔𝑦

2𝑎3 

 

(42) 

𝛽′ =
3

8

𝑘3

𝜔𝑦

𝑎2 (43) 

where the prime denotes the derivative with respect to 𝑇1. 

It follows that 

𝛽 =
3

8

𝑘3

𝜔𝑦

𝑎2𝑇1 + 𝛽0 (44) 

where 𝛽0 is a constant. If the iced conductor can vibrate 

with a limited stationary amplitude, the amplitude can be 
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obtained by setting 𝑎′ = 0. The amplitudes are 

𝑎 = 0; ±√𝑟 , 𝑟 =  4(𝑐 − 𝑏1)/3𝑏3𝜔𝑦
2 (45) 

It is seen that the amplitude a depends on the value of 𝑟. 

when 𝑟 < 0, the amplitude a is 0. It means the system is 

stable if 𝑟 < 0 . Meanwhile the nonzero amplitude √𝑟 

exists only if 𝑟 > 0. Considering the stability condition in 

Eq. (29), the galloping occurs with limited amplitude only 

under the condition 𝑏3 < 0. That is, the galloping with 

limited amplitude occurs only if the coefficient ℎ3 < 0 in 

Eq. (14). 

Returning to Eq. (41), we find that 

𝐴 =
1

2
𝑎 exp (𝑖

3

8

𝑘3

𝜔𝑦

𝑎2𝑇1 + 𝑖𝛽0) (46) 

The first approximation of y is 

𝑦0 = 𝑎 cos(𝜙) , 𝜙 = 𝜔𝑦𝑡 +
3

8

𝑘3

𝜔𝑦

𝑎2𝑡 + 𝛽0 (47) 

With secular term is zero, 𝑦1 can also be solved from Eq. 

(39) as  

𝑦1 = −
𝑘2[3𝐴�̅� − 𝐴2 exp(2𝑖𝜔𝑦𝑇0)]

3𝜔𝑦
2

−
𝑘3[−𝐴3 exp(3𝑖𝜔𝑦𝑇0)]

8𝜔𝑦
2

 

+𝑏2𝜔𝑦
2

[3𝐴�̅� + 𝐴2 exp(2𝑖𝜔𝑦𝑇0)]

3𝜔𝑦
2

+ 𝑏3𝜔𝑦
3

[𝑖𝐴3 exp(3𝑖𝜔𝑦𝑇0)]

8𝜔𝑦
2

+ 𝑐𝑐 

(48) 

Considering Eq. (35), the second order approximation of 

y is 

𝑦 = 𝑎 cos(𝜙) −
𝑘2

𝑘1

[
1

2
𝑎2 −

1

6
𝑎2 cos(2𝜙)]

−
𝑘3

𝑘1

[−
1

32
𝑎3 cos(3𝜙)] 

+𝑏2 [
1

2
𝑎2 +

1

6
𝑎2 cos(2𝜙)] + 𝑏3 [−

1

32
𝜔𝑦 𝑎3 sin(3𝜙)] 

(49) 

It is seen that the solution contains harmonic vibrations 

and two constant terms. Those terms about 𝑦2 and �̇�2 can 

make the midpoint of the motion drifted with respect to the 

initial configuration.  

 

 

4. Stability and response of iced conductor under 
turbulent wind 

 

The turbulent wind velocity can be decomposed as mean 

wind velocity and fluctuant wind velocity as shown in Eq. 

(19). In this Section, the effects of fluctuating wind on 

stability and response of iced conductor galloping are 

discussed.  

 

4.1 Stability analysis 
 

The equilibrium point of the random dynamical system 

(21) is 𝒀 = 0. The linearized system on this equilibrium 

point can be written as 

�̈� + (𝑐 − 𝑏1)�̇� + 𝑘1𝑦 − 𝑏1�̇�W(t) = 0 (50) 

Considering the Wong-Zakai correction terms, The Itô 

differential equations associated with Eq. (50) are 

{

𝑦1
′ = 𝑦2

𝑑𝑦2
′ = (−𝜔𝑦

2𝑦1 − (𝑐 − 𝑏1 −
1

2
𝑏1

2𝛾2)𝑦2)𝑑𝑡 + √𝑏1
2𝛾2𝑦2

2𝑑𝐵(𝑡)
 (51) 

Let 

𝑦1 = 𝐴(𝑡)cos𝜃, 𝑦2 = −𝐴(𝑡)𝜔𝑦 sin 𝜃 , 𝜃 = 𝜔𝑦𝑡 + 𝜑(𝑡) (52) 

The amplitude A(t) can then be expressed as 

𝐴(𝑡) = √𝑦1
2 + 𝑦2

2/𝜔𝑦
2 (53) 

and the following partial derivatives are obtained  

𝜕𝐴

𝜕𝑦1

= cos𝜃,
𝜕𝐴

𝜕𝑦2

=
cos𝜃

𝜔𝑦

 ,
𝜕2𝐴

𝜕𝑦2
2 =

cos2𝜃

𝐴𝜔𝑦
2

 (54) 

Using Itô differential rule to obtain an Itô equation for 

amplitude A(t), and applying the time averaging for the drift 

and diffusion coefficients, we obtain the averaged Itô 

equation (Cai and Zhu 2017) 

𝑑𝐴 = 𝑚(𝐴)𝑑𝑡 + 𝜎(𝐴)𝑑𝐵(𝑡) (55) 

with 

𝑚(𝐴) =
1

2𝜋
∫ [− (𝑐 − 𝑏1 −

1

2
𝑏1

2𝛾2) 𝐴𝑐𝑜𝑠2𝜃
2𝜋

0

+
1

2
𝑏1

2𝛾2𝐴𝑠𝑖𝑛2𝜃𝑐𝑜𝑠2𝜃] 𝑑𝜃 

=−
1

2
(𝑐 − 𝑏1)𝐴 +

5

16
𝑏1

2𝛾2𝐴 

(56) 

𝜎2(𝐴) =
1

2𝜋
∫ [𝑏1

2𝛾2𝐴2sin4𝜃]𝑑𝜃
2𝜋

0

=
3

8
𝑏1

2𝛾2𝐴2 (57) 

Based on the Oseledect multiplicative ergodic theorem, 

the necessary and sufficient condition for the asymptotic 

stability with probability one of the trivial solution of the 

system is that the largest Lyapunov exponent of the 

linearized equation of the system is negative. The Lyapunov 

exponent of the linearized equation is derived as 

𝜆 = 𝑚′(0) +
1

2
[𝜎′(0)]2 = −

1

2
(𝑐 − 𝑏1) +

1

8
𝑏1

2𝛾2 (58) 

Thus, the necessary and sufficient condition for the 

asymptotic stability with probability one of the trivial 

solution of system can be obtained approximately by letting 

the Lyapunov exponent in Eq. (58) to be negative, it is 

2(−√1 + 𝛾2𝑐 − 1)

𝛾2
< 𝑏1 <

2(√1 + 𝛾2𝑐 − 1)

𝛾2

≈ 𝑐 −
𝛾2𝑐2

4
 

(59) 

for small values of 𝛾2 and 𝑐. It is shown that the random 

fluctuation wind with weak intensity 𝛾2 has little effect on 

iced conductor galloping. The critical galloping velocity of 

mean wind is 
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𝑈𝑟 ≈
𝑐(1 −

𝛾2𝑐
4

)

1
2

𝜌𝐷ℎ
1

∫ 𝑠𝑖𝑛2(
𝜋𝑥
𝐿

)𝑑𝑥
𝐿

0

 (60) 

Because 𝛾2𝑐 ≪ 1 in Eq. (60), the effect of fluctuating 

wind on critical mean wind velocity is also small. 
 

4.2 Response of the iced conductor Galloping 
 

It is assumed that the equation of motion governed by 

Eqs.(24) and (25) are described in the form: 

𝑑𝑌𝑖 = 𝑎𝑖(𝑌𝑖)𝑑𝑡 + 𝑏𝑖(𝑌𝑖)𝑑𝐵(𝑡), 𝑖 = 1,2 (61) 

with the following drift coefficient 𝑎𝑖  and diffusion 

coefficient 𝑏𝑖: 

𝑎1 = 𝑌2, 𝑏1 = 0, 𝑏2 = √𝑏1
2𝛾2𝑌2

2 + 𝑏3
2𝛾2𝑌2

6, 

𝑎2 = −(𝑐 − 𝑏1)𝑌2 − 𝑘1𝑌1 − 𝑘2𝑌1
2 − 𝑘3𝑌1

3 + 𝑏2𝑌2
2 +

𝑏3𝑌2
3 +

1

2
𝛾2(𝑏1𝑌2 + 𝑏3𝑌2

3)(𝑏1 + 3𝑏3𝑌2
2). 

In which, 𝑌1 and 𝑌2 are the 2-dimensional state vector 

processes, and 𝐵(𝑡) is a standard unit Wiener process. For 

solving Eq. (61), the following high accuracy Runge- Kutta-

Maruyama approximation is adopted: 

𝑌𝑖 = 𝑌𝑡′ + 𝑟(𝑌𝑡′)𝛥𝑡 + 𝑏(𝑌𝑡′)𝛥𝐵𝑡′ (62) 

where 𝑡 = 𝑡′ + 𝛥𝑡 . Since the Winner process has 

independent increments, it follows from (62) that the 

sequence 𝑌𝑛𝛥𝑡 is a Markov chain. For sufficiently small 

𝛥𝑡, this Markov chain will approximate the continuous time 

Markov process solution of the Itô differential Eq. (61).  

The Path Integral (PI) method (Naess A. and Moe v. 

2000) is based on the fact that the state vector 𝑌𝑖 obtained 

as a solution of Eq. (61) is a Markov vector process. This 

makes it possible to use a time stepping procedure to 

produce the joint probability density function 𝑝(𝑌1, 𝑌2, 𝑡) 

as a function of time t by exploiting the fundamental 

equation: 

𝑝(𝑌1, 𝑌2, 𝑡)

= ∫𝑝(𝑌1, 𝑌2, 𝑡|𝑌′1, 𝑌′2, 𝑡 ′)
𝑅

𝑝(𝑌′1, 𝑌′2, 𝑡 ′)𝑑𝑌′1𝑑𝑌′2 (63) 

where 𝑝(𝑌1, 𝑌2, 𝑡|𝑌′1, 𝑌′2, 𝑡 ′)  denotes the conditional 

probability density function of Y given that 𝑌𝑡′ = 𝑌′. For 

small time increments 𝛥𝑡 = 𝑡 − 𝑡′,  𝑝(𝑌, 𝑡|𝑌′, 𝑡 ′) will be 

referred to as the short time transition probability density. 

The short time transition probability density 

𝑝(𝑌1, 𝑌2, 𝑡|𝑌′1, 𝑌′2, 𝑡 ′)  can be always be given as an 

analytical and closed form expression. It is also observed 

from Eq. (61) that 𝑝(𝑌1, 𝑌2, 𝑡|𝑌′1, 𝑌′2, 𝑡 ′)  is a Gaussian 

probability density function. Here the following forms are 

used: 

𝑝(𝑌1, 𝑌2, 𝑡|𝑌′
1, 𝑌′

2, 𝑡 ′)

= 𝛿(𝑌1 − 𝑌1
′ − 𝑟1(𝑌′)𝛥𝑡)

⋅ 𝑝(𝑌2, 𝑡|𝑌′, 𝑡 ′) 
(64) 

where 𝛿(∙) denotes the Dirac delta function and 

𝑝(𝑌2, 𝑡|𝑌′, 𝑡 ′)

=
1

√2𝜋𝑏2(𝑌′)2𝛥𝑡
𝑒𝑥𝑝 {−

(𝑌2 − 𝑌2
′ − 𝑟2(𝑌′)𝛥𝑡)2

2𝑏2(𝑌′)2𝛥𝑡
} (65) 

Hence,  𝑝(𝑌1, 𝑌2, 𝑡|𝑌′
1, 𝑌′

2, 𝑡 ′)  is a degenerate 2-

dimensional Gaussian probability density function.  

If the initial probability density function 𝑝(𝑌, 0)  is 

given, then, Eq. (61) can be invoked repeatedly to produce 

the time evolution of 𝑝(𝑌1, 𝑌2, 𝑡). If the response exists a 

stationary probability density function 𝑝𝑠(𝑌1, 𝑌2) , 

𝑝(𝑌1, 𝑌2, 𝑡) will approach this stationary probability density 

function with sufficient time. If the displacement 𝑌1 are 

concerned, the transient displacement probability density 

function and stationary displacement probability density 

function for 𝑌1 can also be obtained as 

𝑝(𝑌1, 𝑡) = ∫ 𝑝(
∞

−∞

𝑌1, 𝑌2, 𝑡)𝑑𝑌2 (66) 

𝑝𝑠(𝑌1) = ∫ 𝑝𝑠(
∞

−∞

𝑌1, 𝑌2)𝑑𝑌2 (67) 

The response of the iced conductor can be predicted 

using its displacement probability density function. 

 

 

5. Example 
 

In this example, the structural parameters of the iced 

conductor were listed in table 1. For simplicity, the 

aerodynamics coefficients in Y direction was 𝐶𝑦(𝛼0) =

−0.531 + 3.544𝛼0 + 1.826𝛼0
2 − 3.329𝛼0

3  with initial 

wind attack angle 𝜃0 =  π/6  and the air density 𝜌 =
1.293𝐾𝑔/𝑚3. 

The critical wind velocity of the galloping iced 

conductor under uniform wind was conducted as 

Ur=1.76m/s. The result was confirmed with digital 

simulation where the fourth order Runge-Kutta method was 

used for computing Eq. (17)-(18). The vertical displacement 

with different wind velocities were shown in Fig. 1. Fig. 1(a) 

shows the vertical displacement with U=1.6m/s. It is shown 

that the amplitude of the conductor tends to zero in 

sufficient long time. The galloping do not occur when the 

wind velocity less than critical velocity. However, when the 

wind velocity is greater than critical velocity, as the result 

shown in Fig. 1(b) with U=1.9 m/s, the amplitude of 

vibration increases and tends to a limited value for 

sufficient long time. The iced conductor galloping occurs 

when wind velocity is greater than critical wind velocity. 

The approximate value of galloping amplitude was also 

derived analytically by using Multi scale method. The 

positive real amplitude is plotted in Fig.3. It is easy seen 

that the critical velocity of galloping is coincide with that 

obtained by stability analysis. If the wind velocity is less 

than critical wind velocity, the iced conductor is always 

stable with the vibration amplitude a=0. On the contrary, if 

wind velocity is great than the critical wind velocity, the 

iced conductor gossiping occurs with nonzero amplitude. 

With the increase of wind velocity, the galloping amplitude 
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Table 1 Parameters of the iced conductor 

Parameter Value Dimension Description 

L 126 m Span length 

D 0.03 m Diameter 

E 4.78E10 N/m2 Elastic Modulus 

M 2.99 Kg/m Mass per unit length 

𝜉𝑦 0.005 -- Damping ratio 

T 30000 N Initial tension 

 

 

increases. The analytical results in Fig. 3 can be verified by 

directly solving the equations of motion in the time domain. 

Two wind velocities, U=3.5m/s and U=7.0m/s, were 

selected to verify the galloping amplitude. The phase 

trajectories of the iced conductor for different wind velocity 

were calculated and presented in Fig. 4. It is shown that 

both phase trajectories in Fig.4 tend to limited cycles. When 

U=3.5m/s, the vibration amplitude is about 0.8m. When 

U=7.0m/s, the vibration amplitude is 2.0m. These results 

coincide with those in Fig. 3. It is also seen that the 

midpoint of the motion is drifted with respect to the initial  

 

 

configuration, as predicted in second order approximation 

in Eq. (49). The galloping response of the iced conductor 

can be accurately predicted by using multi-scale method. 

Some results were also obtained for iced conductor 

under turbulent wind. The fluctuation wind velocity was 

modelled as Gaussian white noise with intensity 𝛾2 = 0.04. 

As described in Section 4.1, the fluctuation wind velocity 

has little effect on the critical galloping wind velocity. The 

Monte Carlo Simulation (MCS) method (Sun 2006) was 

used to verify the analytical results. The vertical 

displacements were shown in Fig.5. The vertical 

displacement with mean wind velocity U=1.6m/s is shown 

in Fig. 5(a). The vibration amplitude of the conductor tends 

to zero with sufficient long time. It means that galloping 

does not occur when the mean wind velocity is less than 

critical wind velocity. However, when the mean wind 

velocity is greater than critical wind velocity, as the result 

shown in Fig. 5(b) with U=1.9m/s, galloping occurs and the 

amplitude tends to a limited value. Its seen that the 

fluctuation wind have not significant effect on critical wind 

velocity when the intensity of random fluctuation wind is 

weak and damping ratio of the iced conductor is small. 

  
(a) (b) 

Fig. 2 Vertical displacement with different wind velocities: (a) U=1.6m/s; (b) U=1.9m/s 

 

 
Fig. 3 The amplitude of the iced conductor with different wind velocity 
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(a) (b) 

Fig. 4 Phase trajectory with different wind velocities: (a) U=3.5m/s; (b) U=7.0m/s 

 

  
(a) (b) 

Fig. 5 Vertical displacement with different wind speeds: (a) U=1.6m/s; (b) U=1.9m/s 

  
(a) (b) 

  
(c) (d) 

Fig. 6 Probability density of displacement at different time: (a)30s,(b)60s,(c)90s, (d)120s 
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The response of iced conductor under turbulent wind 

was calculated by using path integral method. The transient 

response and stationary response are shown in Fig.6 with 

mean wind velocity U=7.0m/s. Assuming that the iced 

conductor is in static state when t=0, the probability density 

of displacement Y1 is plotted in Fig. 6 with different time 

t=30s, 60s, 90s and 120s. The vibration amplitude is small 

in short time. As time becomes longer, the vibration 

amplitude grows larger. Eventually, the probability density 

of displacement Y1 reaches stationary state. It is shown that 

the galloping amplitude under turbulence wind exceeds the 

galloping amplitude under uniform wind. The tension of 

iced conductor under turbulence wind is larger than that 

under uniform wind. It can also be seen from these figures 

that the probability distribution of displacement is not 

symmetrical with respect to zero point. This asymmetry 

phenomenon corresponds to the drift of the midpoint of the 

motion respect to the initial configuration under uniform 

wind. The results obtained from Monte Carlo simulation 

are coincide with those obtained from path integral method. 
 

 

6. Conclusions 
 

The stability and response of iced conductor under both 
uniform wind and turbulent wind have been studied in this 
work. Considering that the initial configuration of an iced 
conductor is a suspension line, a nonlinear dynamic model 
is established to describe the motion of iced conductor 
galloping. In the case under uniform wind, the stability and 
critical wind velocity of iced conductor galloping have been 
derived by computing the eigenvalue of the linearized 
matrix; The first order and second order approximation of 
galloping amplitude have been obtained using multi-scale 
method. In the case under fluctuating wind, the necessary 
and sufficient conditions of the stability for iced conductor 
has been derived by using the Lyapunov exponent of the 
averaged system; The response the galloping conductor 
described by the probability density of displacement has 
been obtained by using the path integral method. The results 
in numerical example verify the effectiveness of the 
previous methods. The fluctuating characteristics of the 
wind have little influence on the stability of the iced 
conductor. Using the theory of uniform wind to study the 
stability of the iced conductor is accurate enough. However, 
the fluctuating wind has a great influence on the amplitude 
of the galloping of iced conductor, because the fluctuating 
wind may cause the iced conductor to vibrate greatly in a 
certain probability. Large vibration amplitude is easy to 
cause the damage of iced conductor. 
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Appendix 
 

𝑎1 = ∫ 𝑀𝜙2(𝑥)
𝐿

0
𝑑𝑥 , 𝑎2 = ∫ 2𝑀𝜔𝑦𝜉𝑦𝜙2(𝑥)

𝐿

0
𝑑𝑥 , 𝑎3 =

∫ (𝑇 + 𝐸𝐴𝑦𝑥
2)𝜙𝑥

2(𝑥)
𝐿

0
𝑑𝑥, 

𝑎4 =
3

2
∫ 𝐸𝐴𝑦𝑥𝜙𝑥

3(𝑥)
𝐿

0
𝑑𝑥 , 𝑎5 = ∫

1

2
𝐸𝐴𝜙𝑥

4(𝑥)
𝐿

0
𝑑𝑥 , 𝐹𝑦 =

∫ 𝑓𝑦(𝑥, 𝑡)𝜙(𝑥)
𝐿

0
𝑑𝑥, 

𝑏1 =
1

𝑎1
∫

1

2
𝜌𝐷𝑈ℎ

1
𝜙2(𝑥)

𝐿

0
𝑑𝑥 , 𝑏2 =

1

𝑎1
∫

1

2
𝜌𝐷ℎ

2
𝜙3(𝑥)

𝐿

0
𝑑𝑥 , 

𝑏3 =
1

𝑎1
∫

1

2𝑈
𝜌𝐷ℎ

3
𝜙4(𝑥)

𝐿

0
𝑑𝑥, 

𝑐 =
𝑎2

𝑎1

= 2𝜔𝑦𝜉𝑦 , 𝑘1 = 𝜔𝑦
2 =

𝑎3

𝑎1

, 𝑘2 =
𝑎4

𝑎1

, 𝑘3 =
𝑎5

𝑎1

.   
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