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1. Introduction 
 

As an important part of the railway transportation 

system, the condition of the rails directly affects the safety 

of railway operation. Since the rail directly bears the 

pressure from the wheel, rail fracture caused by fatigue 

cracks and defects will lead to major accidents such as 

derailment and overturning of the train (Chen and Zhang 

2017, Panunzio et al. 2018, Lu et al. 2018, Zhang et al. 

2015). If the rail damage can be detected and located in the 

early stage, the occurrence of major accidents can be 

avoided. With the increase of the railway traffic density and 

the running speed, the load and impact of the rail increases, 

and the probability of rail failure increases, which further 

challenges the traditional rail damage detection and health 

monitoring technology. As a useful type of non-destructive 

testing technology, ultrasonic guided wave has particular 

advantages for large- scale rail defect detection due to its 

long propagation distance and high detection efficiency 

(Chen 2018, Dziedziech et al. 2016, Uyar and Babayigit 

2016). Therefore, guided wave detection technology for rail 

is also a hot issue in the field of non-destructive testing in 

the world. 

In order to find rail defects in time and ensure the safety 

of railway transportation, extensive researches have been  
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undertaken on rail nondestructive testing. Rose et al. 

(2004a) studied the propagation of guided waves at the rail 

head using ABAQUS finite element simulation software. 

Also, the 60 kHz Lamb wave and SH wave were excited by 

the pulse hammer-air coupling ultrasonic transducer and 

EMAT transducer at the rail head. The detection of track 

head damage by the one-sending-one-receiving method and 

the pulse echo method was studied. Coccia et al. (2011) 

analyzed the guide wave dispersion characteristics of the 

rail head and the guided wave modes excited by symmetric 

and asymmetric loading modes by the SAFE method. Rizzo 

et al. (2010) used a laser-air coupled ultrasonic transducer 

to excite guided waves at the rail head and received echoes. 

Then the discrete wavelet transform algorithm was used to 

achieve the feature extraction of the echo signals. Cemiglia 

et al. (2012) studied the relationship between the 

propagation characteristics of guided waves at the rail 

bottom and those in the plate structure by experimental 

methods. Bartoli et al. (2006) investigated the attenuation 

laws of different modal guided waves in rails in detail by 

the SAFE method. Gharaibeh et al. (2011) studied the 

characteristics of different modes of guided waves in rail, 

and designed piezoelectric transducer array to realize the 

excitation of specific modes of guided waves. Ramatolo et 

al. (2018) proposed a coupling method of semi analytical 

method and three-dimensional finite element to simulate the 

propagation of guided wave in rail. In the existing studies, 

the I-shaped rails commonly used in high-speed railways, 

ordinary-speed railways and heavy-duty railways are 

typically considered, while the research on the 59R2 

grooved rails commonly used in modern trams is limited. 

Also, the influence of rail pad on the dispersion curve of 
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guided wave has not been investigated in most studies. 

Therefore, it is of great engineering and practical 

significance to study the dispersion curves and propagation 

characteristics of guided waves for 59R2 grooved rails. 

In this paper, the analytical model of 59R2 grooved rail 

is constructed by the SAFE method, and the dispersion 

curves of guided wave phase velocity and group velocity in 

free rail and supported rail are obtained. The effects of rail 

elastic modulus on low-frequency and high-frequency 

guided wave phase velocity and group velocity are analyzed 

in detail. Based on the frequency selection factor, the 

optimal excitation frequency of rail guided wave is 

determined, and the guided wave mode, the optimal 

excitation point and the excitation direction suitable for on-

site detection are selected by modal analysis. Finally, the 

sinusoidal signal modulated by the Hanning window is used 

as the excitation source, and the propagation characteristics 

of the high-frequency ultrasonic guided wave in the rail are 

analyzed. 
 

 

2. Semi-analytical finite element model 
 

2.1 Governing equations 
 

The SAFE method is a semi-analytical method for 

solving the dispersion problem in a complex cross-section 

waveguide medium. When this method is used to solve the 

dispersion solution, only the cross section of the waveguide 

medium needs to be discretized by the finite element 

method, and the displacement along the propagation 

direction of the waveguide medium is represented by the 

vibration of the simple harmonic wave (Duan et al. 2017, 

Hayashi et al. 2003, Li et al. 2015). The prism element is 

used to discrete the elastic body, which consists of small 

quadrilaterals on the x-y plane and straight edges in the z 

direction. According to the principle of virtual work, the 

governing equation is as follows 

( )T T T

V V
d dV dV   


 = +  u t u u ε σ

 
(1) 

where 𝒖, 𝜺, 𝝈, and t are displacement vector, strain vector, 

stress vector, and external load vector , respectively, of the 

element; 𝜌 is material density; ∫ • 𝑑𝛤
𝛤

 and ∫ • 𝑑𝑉
𝑉

 

represent the area and volume integral of prismatic 

elements, respectively. 

Furthermore, it is assumed that any point on the elastic 

body is subjected to simple harmonic vibration, then the 

displacement vector of a point on the elastic body can be 

written as 

( ) ( ) ( ), exp ijx y z t= −u N U
 

(2) 

where 𝑵(𝑥, 𝑦)is interpolation function; 𝑼𝑗(𝑧) is the nodal 

displacement vector of the jth element.; and 𝑖 = √−1. 

Since 𝑼𝑗(𝑧) is only a function of z, according to the 

inverse Fourier transform, 𝑼𝑗(𝑧) can be rewritten as 

( ) ( )exp ij jz z d 
+

−
= U U

 
(3) 

At a certain wave number 𝜉, the nodal displacement 

vector of any point on the jth element can be expressed as 

( ) ( ) ( ), exp i ijx y z z t = −u N U
 

(4) 

The strain vector ε  can be given by the displacement 

vector as 

x y z
x y z

   
= + + 

   
ε L L L u

 

(5) 

1 0 0

0 0 0

0 0 0

0 0 0

0 0 1

0 1 0

x

 
 
 
 

=  
 
 
 
  

L

, 

0 0 0

0 1 0

0 0 0

0 0 1

0 0 0

1 0 0

y

 
 
 
 

=  
 
 
 
  

L

, 

0 0 0

0 0 0

0 0 1

0 1 0

1 0 0

0 0 0

z

 
 
 
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 
 
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. 

(6) 

Substituting Eq. (4) into Eq. (5) yields 

( ) ( )1 2 expji i z i t  = + −ε B B U
 

(7) 

1 , ,x x y y= +B L N L N
, 2 z=B L N

. (8) 

where 𝑵,𝑥  and 𝑵,𝑦 are partial derivatives of the 

interpolation function 𝑵 for x and y, respectively. 

According to the stress-strain relationship of linear 

elastic materials, the stress vector 𝝈 can be expressed as 

=σ Dε  (9) 

where 𝑫 is elastic matrix. 

Similar to the displacement vector 𝒖 in Eq. (4), the 

external load vector 𝒕 can be represented by the nodal 

traction vector 𝑻̄𝑗 as 

( )exp i ij z tt ΝT  = −
 

(10) 

Substituting Eq. (4), Eq. (7), Eq. (9), and Eq. (10) into 

Eq. (1), leads to 

( )2 2

1 2 3ij j j j j j j
f K K K U M U  = + + −

 
(11) 

𝑲1
𝑗

= ∫ ∫𝑩1
𝑇𝑫𝑩1𝑑𝑥𝑑𝑦

𝑥𝑦

, 𝑲2
𝑗

= ∫ ∫(𝑩1
𝑇𝑫𝑩2 − 𝑩2

𝑇𝑫𝑩1)𝑑𝑥𝑑𝑦
𝑥𝑦

, 𝑲3
𝑗

= ∫ ∫𝑩2
𝑇𝑫𝑩2𝑑𝑥𝑑𝑦

𝑥𝑦

. 

(12) 

436



 

Propagation characteristics of ultrasonic guided waves in tram rails 

 

T T, .j j j

y x
d dxdy


=  =  f N NT Μ N N

 
(13) 

where 𝑲1
𝑗
, 𝑲2

𝑗
 and 𝑲3

𝑗
 are the stiffness matrix of the jth 

element, respectively; 𝒇𝑗is the nodal force vector of the jth 

element; 𝜧𝑗 is the mass matrix of the jth element; 𝛤 ′ is 

the boundary of cross section. 

Through numerical integration, the stiffness matrices 

and the nodal force vector in Eqs. (12-13) can be obtained, 

then the related system matrices assembled by the 

corresponding matrices of each element can be given. Thus, 

the control equation of the whole system can be written as 

( )2 2

1 2 3iK K K M U f  + + − =
 

(14) 

where 𝑲1, 𝑲2, 𝑲3 and 𝜧are system stiffness and mass 

matrices with dimensional of the 𝑀 × 𝑀 (𝑀 is three times 

the total number of nodes); 𝒇 is the 𝑀 × 1 nodal force 

vector; 𝑼̄ is the unknown node displacement vector. 

 

2.2 Phase velocity and group velocity 
 

Assuming 𝒇 = 0 , the free vibration equation of the 

structure system is 

( )2 2

1 2 3i 0K K K M U  + + − =
 

(15) 

If 𝑼̄in Eq. (15) has a non-zero solution, the determinant 

of coefficient matrix must be zero, that is 

( )2 2

1 2 3det i 0K K K M  + + − =
 

(16) 

When the frequency 𝜔  is given, the corresponding 

eigenvalue 𝜉𝑚(𝑚 = 1,2 … ,2𝑀)  can be obtained by Eq. 

(16). From the mathematical point of view, Eq. (15) defines 

a quadratic eigenvalue problem in the complex number 

field. The number of feature pairs (eigenvalues and 

eigenvectors) is equal to twice the degrees of freedom of the 

structural system. These eigenvalues include the 

wavenumber of waves traveling in the positive z direction 

and waves traveling in the negative z direction, respectively. 

Since Eq. (15) contains imaginary terms 𝑖𝜉𝑲𝟐, in order 

to facilitate the solution of the characteristic equation, an 

auxiliary matrix T  is introduced, that is 

( )diag 1 1 i 1 1 iT =
 

(17) 

After introducing the auxiliary matrix 𝑻 , Eq. (15) 

becomes 

( )2 2

1 2 3
ˆ ˆ 0  + + − =K K K M U

 
(18) 

Furthermore, Eq. (18) can be written as a first-order 

eigenvalue problem, that is 

( ) 0− =A B Q
 

(19) 

𝑨 = [
0 𝑲1 − 𝜔2𝑴

𝑲1 − 𝜔2𝑴 𝑲̂2

], 𝑩 = [
𝑲1 − 𝜔2𝑴 0

0 −𝑲3
] 

𝑸 = [
𝑼̂

𝜉𝑼̂
]. 

(20) 

Since the imaginary number term has been eliminated in 

Eq. (19), the functions for solving the general first-order 

eigenvalue problem can be used, such as eig and eigs 

functions in MATLAB. By solving Eq. (19), the left 

eigenvalue vector 𝑼̂𝐿 (1 × 2𝑀) and the right eigenvalue 

vector 𝑼̂𝑅 (2𝑀 × 1) can be obtained, respectively. 

At a given frequency 𝜔, the phase and group velocity of 

the mth mode is defined as 

pm

m

c



=

 

(21) 

The formula for calculating the group velocity of the 

mth mode is calculated from 

( )T

2 3 R

T

R

ˆ ˆ ˆ2
=

ˆ ˆ2

L

g

L

c


 

+
=


U K K U

U MU
 

(22) 

When the characteristic Eq. (19) is solved, 𝜔, 𝜉, 𝑼̂𝑅 

and 𝑼̂𝐿  can be obtained, and then the group velocity 

dispersion curves of ultrasonic guided wave are obtained by 

using Eq. (22). 
 

2.3 Displacement field 
 

When the excitation signal is located at 𝑧 = 𝑧𝑠, all the 

propagation modes inside the rail can be expressed as 

( ) ( )
2

i

1

, , m s

LM
z zRupm

d m

m m

x y f e
Φ p

U Φ
B

 − 

=

= −
 

(23) 

L R

m m m=B Φ BΦ
 

(24) 

where 𝑓is the frequency; m is the number of ultrasonic 

guided wave modes at frequency f, with a total of 2M 

modes; 𝒑̃ is the amplitude of the excitation signal; 𝜱𝑚
𝐿  is 

the left eigenvector of the mth modal ultrasonic guided 

wave; 𝜱𝑚
𝑅𝑢𝑝

 is the upper half of the right eigenvector 𝜱𝑚
𝑅  

of the mth modal ultrasonic guided wave. 

First, the Fourier transform is performed on the 

excitation signal 𝐹(𝑡), that is, 

( ) ( ) i2ˆ ftF f F t e dt
+

−

−
=   

(25) 

Then, by convoluting with the nodal displacement 

vector, the excitation response function of position 𝑧𝑠 is 

( ) ( ) ( )ˆ, , , ,dx y f F f x y f= V U
 

(26) 

Finally, the time domain response obtained by the 

inverse Fourier transform is 

( ) ( ) i2, , , , ftx y t x y f e dfV V


+

−
=   

(27) 

 

 

3. Rail dispersion relations 
 

3.1 Free rail 
 

The rail profile used in this paper is a standard 59R2 

section commonly used in ballastless track of modern 

trams. The three-node triangular element is used to  
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discretize the cross section of the rail. Each element has 3 

nodes and each node has three translational degrees of 

freedom. There are two different finite element meshes 

used, i.e. Model 1 and Model 2, as shown in Fig. 1. The 

element sizes of model 1 and model 2 are 0.01m and 

0.006mm, respectively. Model 1 has 132 elements and 327 

degrees of freedom, and Model 2 has 291 elements and 621 

degrees of freedom. The rail is considered to be an isotropic 

material with density of 7800 kg/m3, elastic modulus of 210 

GPa, and Poisson's ratio of 0.3. It should be pointed out that 

the width of the rail web is 0.012m. 

On the basis of the SAFE method introduced in Section 

2, the dispersion curves of phase velocity and group 

velocity of ultrasonic guided waves in two cases of mesh 

rails are obtained, respectively. The results show that the 

phase velocities and group velocities obtained by the two 

finite element meshes are generally identical, and the 

deviation of the results is within 0.5%. Therefore, the coarse 

finite element mesh Model 1 is used in the subsequent 

analysis. The phase and group velocity dispersion curves 

are shown in Fig. 2. 

 

 
Fig. 3 Model mesh for supported rail 

 

It can be seen from Fig. 2 that there are many complex 

guided wave modes in the rail due to the complex cross  
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Fig. 1 Two model meshes for free rail 
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Fig. 2 Guided wave dispersion curves of free rail 
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section shape of 59R2 grooved rail. The rail has 9 guided 

wave modes at a frequency of 5 kHz and 44 guided wave 

modes at a frequency of 50 kHz. Therefore, as the 

frequency increases, the number of guided wave modes also 

gradually increases, and the propagation speed of different 

guided wave modes changes with the frequency, which 

indicates that the guided wave propagation in the 59R2 

grooved rail has obvious multimodal and dispersion 

characteristics. 

 

3.2 Supported rail 
 

In the actual track structure, the rail is generally fixed by 

the rail pad with periodic discrete support. Therefore, the 

effect of the elastic pad on the dispersion curve of the rail 

guided wave is analyzed in this section. Due to the periodic 

discrete support characteristics of the rail pad, there is no 

guided wave propagating in the longitudinal direction in the 

rail pad. In order to simulate this phenomenon, the rail pad 

is considered as an orthotropic material (Nilsson et al. 2009, 

Ryue et al. 2008). In the elastic matrix, only the vertical 

elastic modulus of the rail pad is considered, and the shear 

 

 

modulus and the elastic modulus in other directions are all 

taken as zero. The rails are still simulated with isotropic 

materials. The finite element model is shown in Fig. 3. The 

finite element mesh has 194 elements and 426 degrees of 

freedom. 

The material of the rail pad is rubber. The vertical elastic 

modulus of the rail pad is 4MPa, the density is 1000kg/m3, 

and the Poisson's ratio is 0.45. The parameters used in the 

rail are the same as the above section. The dispersion curve 

of phase velocity and group velocity of the supported rail is 

shown in Fig. 4. 

It can be seen from Fig. 4 that in the high frequency 

range of 5kHz-40kHz, the phase velocity and group 

velocity dispersion curve shapes of the supported rail and 

the free rail are very similar, but there is a certain speed 

deviation. However, in the low frequency band below 4kHz, 

the dispersion curves of the phase velocity and group 

velocity of the supported rail appear a little change. 

Therefore, the rail pad has a relatively little influence on the 

rail guide wave dispersion curves in the high frequency 

band, and a relatively large influence on the guide wave 

dispersion curves in the low frequency band below 4 kHz. 

  
(a) Phase velocity (b) Group Velocity 

Fig. 4 Guided wave dispersion curves of free rail (A) and supported rail (B) 

  
(a) Phase velocity (b) Group velocity 

Fig. 5 Effect of rail elastic modulus on phase velocity and group velocity 
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3.3 Effects of rail elastic modulus 
 

Rail temperature change of 1°C leads to elastic modulus 

change of 0.05GPa (Wang et al. 2018). It is assumed that 

the rail elastic modulus is 210 GPa at room temperature of 

 

 

20°C. If the rail temperature varies from -20°C to 60°C, the 

elastic modulus varies from 208GPa to 212GPa. Fig. 5 

shows the effect of elastic modulus variations on the phase 

and group velocities of the third-order guided wave mode 

for a 59R2 grooved rail. 

   
(a) Mode 1 (b) Mode 2 (c) Mode 3 

   
(d) Mode 4 (e) Mode 5 (f) Mode 6 

   
(g) Mode 7 (h) Mode 8 (i) Mode 9 

   
(g) Mode 10 (k) Mode 11 (l) Mode 12 

Fig. 6 Mode shapes of partial rail guided waves at 25kHz 
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It can be seen from Fig. 5 that with the increase of rail 

elastic modulus, both the phase velocity and group velocity 

of guided waves increase at the frequencies of 1kHz and 

25kHz. The amplitudes of phase velocity variation in low 

and high frequency bands are 0.64% and 0.74%, 

respectively. The changes of group velocity in the low and 

high frequency bands are 0.82% and 0.51%, respectively. 

The results show that the phase velocity is greatly affected 

by the elastic modulus change in the high frequency range, 

while the group velocity is more affected by the elastic 

modulus change in the low frequency range. 

 

 

4. Propagation characteristics of guided waves 
 

4.1 Selection of mode and optimal excitation 
position 

 

The eigenvector obtained by solving the rail guided 

wave dispersion curves represent the displacements at the 

rail cross-section nodes, that is, the mode shape of the 

guided wave mode. When selecting the guided wave mode 

for practical damage detection, the dispersion 

characteristics of the guided wave propagation in the 

waveguide structure and the modal displacements should be 

considered at the same time. Therefore, the mode shape is 

one of the important reference factors for the mode 

selection in guided wave detection (Rose et al. 2004b). The 

typical 12th-order mode shapes of rail guide wave at 25kHz 

are shown in Fig. 6. 

It can be seen from the results in Fig. 6 that the 

maximum amplitude positions of various modes are quite 

different. Some of them have large amplitude at the rail 

head, some at the rail bottom, some at the rail head, rail web 

and rail bottom. When the guided waves of different modes 

propagate, the energy distribution in different positions of 

the rail is different. Therefore, the mode shape of the 

selected mode should have displacements in the direction of 

the damaged position, which is more suitable for detecting  

 

 

the damage or stress in the rail structure (Hayashi 2018, Yao 

et al. 2017, Shi et al. 2019). 

The displacements of mode 1, mode 2, mode 5 and 

mode 6 are mainly concentrated at the rail bottom. 

Considering the actual situation of continuous welded rail, 

the rail bottom is constrained by the fastener, thus its 

propagation distance will be greatly reduced. The mode 

shapes of modes 7-12 are complex. If these modes are 

selected for rail detection, multiple guided wave modes may 

be excited at the same time, which is not conducive to the 

later signal processing. The mode shapes of mode 3 and 

mode 4 are relatively simple, and the displacements are 

concentrated at the rail web and rail head, respectively. 

Since the position of the rail head is not convenient to 

install the ultrasonic guided wave transducers, the mode 3 is 

selected as the preferred mode in the damage detection of 

the 59R2 grooved rail. 

Because the nodes inside the rail cross-section cannot be 

excited in reality, only the nodes outside the rail cross-

section can be selected as alternative excitation points. 

There are 84 nodes in total, as shown in Fig. 7(a). Each 

node has three degrees of freedom, and the displacements of 

the external nodes of the mode 3 in the three degrees of 

freedom are plotted, as shown in Fig. 7(b). 

The results in Fig. 7 shows that the displacement 

components of the mode 3 in the x and z directions are 

significantly larger than the displacement components in the 

y direction. The point with maximum displacement is the 

potential optimal excitation point. Therefore, the optimal 

excitation position of mode 3 is the x and z directions of 

node 28 and node 71. 

 

4.2 Frequency selection 
 

In the process of guided wave inspection, the excitation 

signal will cause energy dispersion due to multi-modality, 

and the dispersion characteristics of the guided wave will 

also increase the received signal bandwidth, which is not 

conducive to later signal processing and analysis (Xu et al.  

  

(a) All external excitation nodes (b) Displacement distribution of external nodes 

Fig. 7 Displacement of external nodes in the mode 3 
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Table 1 Frequency selection factor 

Frequency 22.5kHz 25kHz 30kHz 40kHz 

Mode number 21 22 26 35 

Velocity 

difference(m/s) 
773 967 723 952 

𝛼 1.33 1.59 1.01 0.98 

 

 

2018). Therefore, the following three factors need to be 

taken into account to select the appropriate detection 

frequency: 

(1) The propagation group velocity of the selected 

guided wave mode is quite different from that of other 

modes. When the propagation speed of the guided wave 

signal is similar to that of other modal signals, the time 

domain signals of different modes will be superimposed, 

which makes it difficult to extract the signal in the later 

stage. The obvious difference of propagation speed is 

helpful to realize the modal separation of the detection 

signal and improve the sensitivity of detection. 

(2) Guided wave modes should have good non-

dispersive properties at a specific frequency, that is, the 

dispersion curve is relatively smooth near the frequency. 

Frequency dispersion has a great influence on the 

propagation distance of ultrasonic guided waves in a 59R2 

grooved rail. When the guided wave signal propagates to a 

certain distance, the time domain signal amplitude will be 

significantly reduced, which will greatly reduce the 

sensitivity of damage or stress detection. 

(3) When points (1) and (2) are satisfied, the frequency 

with a relatively small number of modes and an excitation 

conditions should be selected. A large number of modes will 

cause the energy of the excitation signal to be dispersed, 

which will cause the signal-to-noise ratio of the detection 

signal to decrease and affect the detection sensitivity. 

By considering the number of modes and group velocity 

difference, the frequency selection factor 𝛼 is defined as 

follows 

 

 

max

max

i

i

n v

n v



= 


 

(28) 

where 𝑛𝑖  is the number of modes at the ith frequency; 

𝑛𝑚𝑎𝑥  is the maximum number of modes in 𝑛𝑖 ; 𝛥𝑣𝑖 

represents the difference between the speeds of the two 

fastest modal groups at the ith frequency; and 𝛥𝑣𝑚𝑎𝑥is the 

maximum value in 𝛥𝑣𝑖 . 

Based on the above conditions, results for the group 

velocity dispersion curves of the rail show that four 

frequencies of 22.5kHz, 25kHz, 30kHz, and 40kHz satisfy 

the conditions. The results for each frequency selection 

factor are shown in Table 1. 

From Table 1, at the frequency of 22.5 kHz and 30 kHz, 

the group velocity difference is small, which is not suitable 

for short-to-medium-range detection. The group velocity 

difference is large at the frequency of 40kHz, but there are 

too many modes, which is not conducive to the separation 

and extraction of modal signals. At the frequency of 25kHz, 

the number of guided wave modes is less, and the frequency 

selection factor is significantly greater than the other three 

frequencies. Therefore, 25kHz can be used as the optimal 

excitation frequency of rail guided waves for numerical 

simulations and experimental studies. 

 

4.3 Simulation results 
 

When the ultrasonic guided wave propagates in the rail, 

the dispersion characteristics of the rail will cause the signal 

to widen the wave packet as the propagation distance 

increases, and the signal amplitude will also rapidly decay, 

making it difficult to distinguish the signal in the time 

domain. Thus it is difficult to undertake long-distance 

detection and condition monitoring. In this paper, the 

sinusoidal signal modulated by the Hanning window is used 

as the excitation source. The energy of this signal is 

relatively concentrated, which can be used for long-distance 

propagation of the guided wave of the rail (Niu et al. 2019, 

Khalili and Khalili 2015). The signal is defined as follows 

 
Fig. 8 Excitation signal 
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Fig. 9 The results of excitation response in the z direction 

 

Table 2 Results for estimated group velocity 

Signal peak 

arrival 

time(s) 

Estimated 

group 

velocity(m/s) 

Actual group 

velocity(m/s) 
Error(%) 

Corresponding 

guided wave 

mode 

1.41E-03 3030 3093 1.94 Mode 12 

1.64E-03 2581 2580 0.04 Mode 10 

1.84E-03 2285 2260 1.11 Mode 3 

 

 

( ) ( )
21

1 cos sin 2
2

c
c

f t
f t f t

n




  
= −   

    

(29) 

where n is the number of signal cycles; and fc is the centre 

frequency of signal. 

A 25kHz, 5-cycle sinusoidal signal modulated by the 

Hanning window is employed here, as shown in Fig. 8. The 

peak value of the signal appears at 90μs. 

In order to excite the guided wave mode 3 at the 

frequency of 25kHz, the excitation signals are applied at 

node 28 and node 71 along the x and z directions of 59R2 

grooved rail, respectively. The theory introduced in Section 

2.3 is used to analyze the propagation characteristics of 

guided waves. After the inverse Fourier transformation, the 

time domain waveform of the excitation response at the 

position at 4m away from the excitation point can be 

obtained, as shown in Fig. 9. 

Three signal wave packets appear in Fig. 9, i.e. when 

excited at the positions of nodes 28 and 71 in the x and z 

directions, respectively, three guided wave modes will be 

excited in the rail. According to the time difference and 

propagation distance between the response signal and the 

excitation signal, the group velocities of three modes can be 

calculated, as shown in Table 2. 

As can be seen from Table 2, because the cross section 

of the 59R2 grooved rail has a relatively complicated shape, 

when the excitation is performed according to the optimal 

excitation position of Mode 3, Mode 10 and Mode 12 are 

also excited together with the target Mode 3. Therefore, it is 

impossible to excite a relatively single target mode in the 

rail by means of the single point excitation-single point 

reception method. A comb-shape transducer array with a 

number of transducers should be used for exciting the 

specific mode of the 59R2 grooved rail in order to 

effectively detect damage in the rail (Niu et al. 2018). 

 

 

5. Conclusions 
 

In this paper, the SAFE method is used to construct an 

analytical model for the 59R2 grooved rail commonly used 

in modern tram track structures. The dispersion curves of 

phase velocity and group velocity of free rails and 

supported rails are analyzed in detail, and the influence of 

rail elastic modulus on the dispersion curves of the guided 

waves is studied. It is found that the rail pad has a relatively 

little influence on the guide wave dispersion curve in the 

high frequency band, and a relatively large influence on the 

guide wave dispersion curve in the low frequency band 

below 4 kHz. In the high frequency band, the phase velocity 

is greatly affected by the rail elastic modulus, while the 

group velocity is more affected by the change in rail elastic 

modulus in the low frequency band. Based on the frequency 

selection factor, the optimal excitation frequency of rail 

guided wave is determined, and the guided wave mode, the 

optimal excitation point and the excitation direction suitable 

for on-site detection are selected by modal analysis. Finally, 

the sinusoidal signal modulated by the Hanning window 

with a central frequency of 25kHz is used as the excitation 

source, and the propagation characteristics of the high-

frequency ultrasonic guided wave in the rail are analyzed. 

The simulation results are reliable with an acceptable error 

and demonstrate the effectiveness of the ultrasonic guided 

wave mode selection and excitation method proposed in this 

paper. 
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