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Abstract. The stability and dynamic performance of a flapper-nozzle servo valve depend on several factors, such as the motion of
the armature component and the deformation of the spring tube. As the only connection between the armature component and the
fixed end, the spring tube plays a decisive role in the dynamic response of the entire system. Aiming at predicting the vibration
characteristics of the servo valves to combine them with the control algorithm, an innovative dynamic stiffness based on a
distributed parameter model (DPM) is proposed that can reflect the dynamic deformation of the spring tube and a suitable discrete
method is applied according to the working condition of the spring tube. With the motion equation derived by DPM, which includes
the impact of inertia, damping, and stiffness force, the mathematical model of the spring tube dynamic stiffness is established.
Subsequently, a suitable program for this model is confirmed that guarantees the simulation accuracy while controlling the time
consumption. Ultimately, the transient response of the spring tube is also evaluated by a finite element method (FEM). The
agreement between the simulation results of the two methods shows that dynamic stiffness based on DPM is suitable for predicting
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the transient response of the spring tube.
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1. Introduction

Electro-hydraulic servo valves have been one of the
critical components in the hydraulic control system for
more than half a century because the working performance
of the entire system always relies on the characteristics of
the servo valves. As one of the most widely used servo
valves, the flapper-nozzle servo valve possesses many
advantages, such as high-speed responsibility and output
pressure. According to the special structure of the pilot
stage and the high-frequency working condition, self-
exciting oscillation is frequently induced during its
operation, which is an important factor limiting the servo
valve’s wider application by breaking the spring tube. Thus,
investigating the inducement of self-excited oscillation and
suppressing the self-exciting oscillation are crucially
significant to performance improvement of the entire servo
valve.

To improve performance and avoid the self-excited
oscillation of the hydrodynamic system, some researchers
have already made achievements (Zhu et al. 2016),
Amirante et al. (2014), Qiu et al. (2016)). Mchenya et al.
(2012) simulated the flow field of the flapper-nozzle pilot
stage with various inlet conditions, and the form of the flow
field is obtained. Aung et al. (2013a, b, 2014) investigated
the velocity and pressure distribution of the flow field
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by an LES simulation model, compared the experiment and
numerical simulation results of the location where the
cavitation generated, and also analyzed the inducement of
cavitation occurrences. Since both of them focused on flow
field observation, the intensity of the cavitation had not
receded until Zhang et al. (2015a, b) discovered an
innovative structure of the flapper, which is a rectangular
instead of elliptical. The new flapper can reduce the
cavitation volume generated near the nozzle and flapper.
Meanwhile, Peng et al. (2014) used the magnetic fluid as a
linear spring and damper, and the resonance amplitudes of
the torque motor can be reduced significantly after a
magnetic fluid is applied. However, most of these
researchers focused on the suppression of the servo valve
self-excited phenomenon by changing the element of the
servo valve, and none of them established any mathematical
model to explain the inhibition of self-excited vibration.
Some other studies established a mathematical model
(Valdés et al. 2007, Mu et al. 2011, Mesropyan and
Sharipov (2016) to interpret transient motion characteristics.
Somashekhar et al. (2007) developed a mathematical model
for a jet pipe servo valve by using MATLAB and a finite
element model (FEM), and an experiment was also carried
out to ensure that the mathematical model was precise
enough. Karunanidhi and Singaperumal (2010) designed
and analyzed the multilayer piezoelectric actuator with an
amplifier by the methods of finite element analysis and an
experiment, and a one-dimensional mathematical model
was also established to elucidate the relationship between
various sections of the servo valve. Liu et al. (2014)
investigated a seventh-order model of the servo valve that
can reflect more physical behavior than the classical low-
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order mathematical model. Compared with the AMESim
simulation model, the seventh-order model was more
suitable for the linear control design approach. Li (2016)
developed a new mathematical model that can reflect the
physical mechanism of a jet-pipe/deflector-jet valve and
according to the model, the suitable diameter of the
receiving hole is confirmed. Numerical simulation and
experiments were also conducted, and the pressure and
velocity were compared with the theoretical model, which
was very approximate. As we can see, in the research field
of servo valves, most of the mathematical model research
has focused on one-dimensional models that can reflect the
operation characteristics of servo valves. However, the
limitation of a one-dimensional model is that the dynamic
response of the servo valve is ignored, which is the core
issue affecting self-excited oscillation.

Meanwhile, many scholars have established a
mathematical model for some similar structures to obtain a
dynamic response (Rihuan et al. 2018, Mohammadnejad
and Kazemi 2018, Zhao et al. 2019). Chen and Yang (2016)
investigated the free and forced vibration characteristics of
functionally graded porous beams with the DPM. The
relationship between the material slenderness ratio, natural
frequency, and dynamic deflection of the beam was derived
and the optimal distribution structure of the materials was
inferred. Akbarov et al.(2019) studied the dynamics of the
oscillating moving load acting in the interior of the hollow
cylinder. The corresponding 3D dynamic modal is obtained
by employing the moving coordinate system and the
exponential Fourier is transformed and presented with the
Fourier series, which establishes the link between the load
oscillation, critical velocity, and the interface stress. Tlidji et
al. (2019) developed a quasi-3D beam theory for free
vibration analysis of functionally graded microbeams. The
equation of motion was derived by using the DPM method
and Hamilton’s principle. Numerical results showed the
relationship between the function distribution, power index,
material scale parameter, and the fundamental frequencies
of microbeams.

For establishing the relationship between the driving
signal and dynamic response and finding methods to
overcome the oscillations, a mathematical model based on
distributed parameters is needed rather than the one-
dimensional model for mechanical system. Liu ef al. (2012a,
2012b) deduced the DPM of a manipulator handling a
flexible load, and the system vibration amplitude was
suppressed efficiently by the load-position control
algorithm that was extracted by the DPM. Whalley R et al.
(2015) considered a mathematical model of gas pipelines by
a DPM, and a closed-loop regulation strategy for
optimization was proposed. The transient response of the
output that was affected by the input signals and load
disturbance was presented. Babaei and Antonios (2015)
built an output feedback controller for physicochemical
systems by a DPM. The dynamic observer of the
physicochemical systems was also designed by adaptive
proper orthogonal decomposition method, which confirmed
the model’s precision. Omidi et al. (2016) investigated a
DPM control method based on the integral consensus
control method, and the superiority of distributed parameter
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model control was verified by the cantilever beam vibration
control experiment.

It can be seen that DPM systems have been widely used
in mechanical systems with simple structures, but the
application of this model has encountered some difficulties
in complex structures. Thus, to guarantee a certain
calculation accuracy while reducing the simulation time, a
mathematical model of a servo valve spring tube based on
the DPM is established to calculate the dynamic stiffness of
the spring pipe. Here, the DPM numerical simulation results
are obtained using MATLAB2016, and the FEM numerical
simulation results are achieved by ANSYS Workbench 19.2.

2. Working principle of the servo-valve

The typical structure of a two-stage electro-hydraulic
servo valve using a flapper-nozzle pilot stage is shown in
Fig. 1. It consists of three major parts, including the torque
motor, pilot stage, and main spool. The electrical signal is
converted into the mechanical motion by the torque motor,
which makes the armature generate an angle of rotation.
The pressure acting on the flapper by the symmetrical
nozzles will be different due to the rotation of the armature.
Since the two nozzles and the main spool are connected by
the channel of oil, the pressure difference is delivered to the
ends of the main spool. This pressure difference makes the
spool move and the feedback rod also starts to distort. The
deformation of the feedback rod and the pressure difference
provided by the two nozzles prompt the armature to rotate
back to the original position. Ultimately, the closed-loop
precision control system is established by the force-
displacement feedback loop.

The classical mathematical model of the armature
transient dynamic response is expressed as (Aung 2015):

2
T, :Jasz+Ba%+Ka0+TL1+TL2 (1)
where T, is the electromagnetic torque provided by a torque
motor; 77, is the jet torque of two symmetric nozzles; 77> is
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Fig. 2 Spring tube motion discrete process

the feedback torque, which is due to the movement of the
main spool; J, and B, are the inertia moment and
viscous damping coefficient of the armature; and K, is the
stiffness coefficient of the spring tube.

The transient response of the spring tube is reflected by
the stiffness of the spring tube K, , which means that the
spring tube is simplified into a single-span beam and that its
dynamic response is also replaced by the static torsional
deformation. For observing the dynamic characteristics of
spring tube deformation and analysing the relationship
between the deformation and input electrical signal in the
meantime, static simplification is undoubtedly far from
sufficient. Thus, the dynamic mathematical model for
investigating the mechanism of the armature component
vibrating is urgently needed. As the first step of
mathematical modelling, the spring tube, that is, the
connection between the clamping surface and armature, is
paramount to consider in the following section.

3. Spring tube dynamic stiffness distributed
parameter mathematical model

There are three kinds of loads acting on the armature,
electromagnetic force, jet force, and deformation force of
feedback spring, as shown in Fig. 2(a). The armature rotates
around the center of mass under the influences of these
loads, and then the deformation occurs in the spring tube.
For simplifying the mathematical model, the axial tensile
stress of the spring tube is the paramount consideration in
this paper. The spring tube is stretched and compressed
along the axial direction when the axial tensile stress acts on
the spring tube, as shown in Fig. 2(b). Due to the difference
between the spring tube deformation along the
circumference, the spring tube is dissociated into several
pieces in the process of mathematical modelling, as shown
in Fig. 2(c). The discrete unit of the spring tube is regarded
as a single-span beam whose one end is fixed and the
opposite is free. The driving forces acting on the beam unit

2.
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Fig. 3 Force acting on the spring tube microunit

can be divided into two categories, the force transmitted
from the armature f(t) and the adjacent beam units

6 (xt) (G (xt) is shown in Fig. 2(d)). Under the
influence of these external forces, the beam unit generates
the vibration along the axial direction.

The force equilibrium equation of the beam
microsegment when the axial free vibration is generated can
be expressed as (Clough et al. 1975):

N(xt)+ f (x,t)dx—[N (x,t)+%dx]—q(x,t)dx =0 (2)

where q(xt) is the external load, N(X,t) represents the
time-varying internal force along the axial direction, and
f.(x,t) denotes the inertia force. The complete stress
situation is shown in Fig. 3.

The first step of developing the DPM should be deriving
the undamped nature mode and frequency of the
microsegment vibration. According to Eq. (2), the axial free
vibration equation of the spring tube microsegment can be
simplified as

2
0 u(;(,t)_i{au(x,t) EA}:O
ot ox| ox

3)

where m, E, and A4 are respectively the mass, elasticity
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modulus, and cross-sectional area of the spring tube.

Besides, U(xt) is the axial displacement of the
microsegment that can be expressed as

u(xt)=¢(x)¥ (t) )
where #(x) and Y(t) are respectively the mass

normalized eigenfunction and modal mechanical response
expressions. The particular solution of #(X) can be
obtained as follows:

¢5(x):Clcos(a)\/ng+C2 sin(w\/gx] (5)

where C, and C, are constants whose algebraic
relationship can be obtained by the boundary condition of
the spring tube microsegment and @ represents the natural
frequency of the microsegment. The deflection of the
microsegment fixed end is zero, and the force acting on the
free end is also zero. Thus, we can obtain

#(0)=0 N(L)=EA$'(L)=0 (6)

After simplification, the formation function of spring
tube microsegment will be

#, =C, sin[%(Zn —1)} (7)

Here, C, can be an arbitrary value, but each value
corresponds to a unique amplitude function. To simplify the
calculation, C, takes the value of 1. The subscript n

denotes the nominal modes. The height of the
microsegment L is 5.533 mm. Finally, Eq. 7 turns into

¢, =sin[ 283.8959 x (2n-1)] ®)

With the material properties of the spring tube shown in
Table 1, the natural frequency of the microsegment could be
obtained. At the same time, to verify the validity of the
mathematical model for modal prediction, the nature
frequency could also be predicted by the FEM, and a
comparison of the results of the two methods is plotted in
Table 2. Moreover, the corresponding mode shapes are
given in Fig. 4, in which (a) to (d) denote the first four
modes, respectively. For the spring tube microsegment, the
mode predicted by the DPM showed little difference
compared with the FEM simulation results, and the
maximal relative error occurring in the first mode was
0.82%. The harmonic response simulated by the FEM is
plotted in Fig. 5, and the first three modes shapes predicted
by the DPM are marked. It is obvious that the DPM did not
miss any natural frequencies during the modal prediction
process.

The DPM system has an infinite number of modes.
According to the principle of shape superposition, the
prediction of the DPM system will be accurate enough by
only using several modes whose frequencies are close to the
actual working condition. The first natural frequency of the
microsegment is 174938 Hz, which is much higher than the
actual operating frequency. Thus, the process of vibration is

Table 1 Armature component material properties

. . Density p Poisson’s
Section Material (ke/m3) E(GPa) ratio 1
Spring tube  QBel.9 8230 125 0.35

Table 2 Numerical comparison of the nature frequency
prediction

Nature Frequency(Hz)
Mode Matlab Ansys Relative Error
1 174938 176380 0.82%
2 524814 528830 0.76%
3 874690 880380 0.65%
4 1224566 1230300 0.47%
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Fig. 5 The spring tube microsegment harmonic response

mainly constituted by the first-order mode. For saving the
simulation resources, only the first and third mode of
vibration were considered in the subsequent simulation
process. Finally, the relationship between time, coordinate
position, and the deflection of spring tube at any position
could be expressed as

3

u(xt)=2 4 (x)Y;(t) ©)

i=1
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Considering the influence of viscous damping, the time-
varying internal force turns into
N(x,t)=A(x)o(xt)=(e(xt)+as(xt)) EA(x) =
au(x,t) _ dlu(xt)
[ PV EA(x)

With the resistance to the longitudinal speed, which is
given as

(10)

fo (X,t)dx = aom(x)au(xvt)

dx (11)

where a, and a, are constant.
With the external force, Eq. 3 turns into

m azl;z('t) + aom(x)iaugt(’t) dx —
(é)zu(x,t)Jr aBu(X’t)JEAzq(xt) (12)
ox’ oxat ’

Assuming that the deflection of the n-th mode can be
expressed as

v, (x,t) =4, (x)p,sin(at+4,) (13)
Them, with Eq. 13, Eq. 3 turn into
2 __dlgadd
aim(x)¢, (x)= dX[EA o } (14)

By substituting Eq. (9) and (14) into Eq. (12), we obtain

iz;:m(x)ﬁ (X)YI (t)+Yi (t)(aol'ﬂ¢I (X)+alma)|2¢I (x))
mafd (x)Y, (t)=a(xt)

15

Each item is multiplied by ¢,(X) and integrated. Due

to the orthogonality of different modes, the product of
different frequency modes is 0. With the generalized mass
and generalized load that can be obtained by

M, :LLm(x)¢,f(x)dx (16a)

P, :IOL¢n(x)q(x,t)dx (16b)

Then we obtain the axial motion equation of the spring
tube microsegment that can be expressed as

MY, () +Y, (t)(a +ael )M, + &MY, () =R, (t)  (17)

Assuming that &, is the Rayleigh damping ratio of the
n-th mode, then it can be expressed by
_ & aW,
o= w2 (18)

n

and &
experience. By Eq. (18), we obtain &, =0.217 and &
=0.135. Then, Eq. (17) becomes

where & are valued as 0.45 according to

MY, (1) + @, &MY, () + @MY, (1) =P, () (19)

The generalized load contains two forces, the shear
forces transmitted from adjacent sides and the axial force
transmitted by the armature, which can be expressed as

R :J'OLQ(X,t)%(X)dX:beO X¢H(L)+
(6 ()Y, (6) = (XY, 4 (8) + N (20)
) [[(ﬁn(X)Yn(t)—qﬁm(x)vw(t) ] G )]d

where b is 1 when the mode is odd and -1 when the mode is
even, @ (X)Y,(t)—=d . (X)Y,,(t)is the relative displacement
of target and adjacent microsegments at the height of x, G is
the shear modulus of elasticity which can be obtained by

G=E/(2(1+x)), and # is the Poisson’s ratio of the spring

tube.
Then, Eq. (19) turns into a second-order differential

equation by which Y,(t) can be solved. With the function
of mode shape #(X) and u(xt) obtained by Eq. (14), the

movement equation of the spring tube microsegment is
obtained. After the time step is properly dispersed, the
dynamic response of the spring tube microsegment based on
the DPM dynamic stiffness can be calculated. Finally, by
using the software MATLAB, the dynamic response of each
microsegment and the entire spring tube can be obtained.

4. Numerical simulation

4.1 Numerical simulation verification of the spring
tube microsegment based on the DPM

To verify the dynamic stiffness mathematical model of
the spring tube microsegment, the dynamic response of the
microsegment under different transient external loads was
simulated. Meanwhile, the result was also obtained by the
FEM numerical simulation as plotted in Fig. 6, which
shows the deformation response curve of the microsegment
above. The external load was tentatively a sinusoidal signal
with an amplitude of 0.2 N and a frequency of 800 Hz. The
two simulation results show little difference. The
deformation curve predicted by the DPM had a certain lag
behind the FEM prediction result, and the amplitude of the
DPM deformation curve was also smaller than the FEM by
13.5%, which may be caused by the setting error of the
damping coefficient.

The verification of another common input signal square
wave is represented in Fig. 7 with the same amplitude but a
higher frequency of 2500Hz. It shows that, after changing
the direction of the input signal, the dynamic response of
the DPM was delayed compared with the FEM by 0.04 ms
when the spring tube displacement reached a stable
position. Due to the limitation of the working environment,
the vibration frequency of the spring tube would not exceed
5000 Hz, which ensures that the mathematical model
simulation result reached the equilibrium position before
the signal transformation. This phenomenon may be
improved if the Rayleigh damping ratio is increased to an
appropriate value. The equilibrium position predicted by the
mathematical model simulation was lower than that of FEM
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by 22%, which may be induced by the calculation error of a
higher generalized stiffness (calculated by @ M, ). Since
the natural frequency of spring tube was verified in
previous work, the cause of this error was mainly caused by
the calculation process of generalized mass.

4.2 Dynamic stiffness numerical simulation based on
DPM

The numerical simulation program was Wwritten
depending on the structure of the spring tube, as shown in
Fig. 8. The length L of the spring tube was 5.533 mm and
the horizontal section was a ring with a 2.472 mm inner
diameter (d2) and 2.6 mm outer diameter (d/). The driving
force transmitted by the armature was simplified to a
dynamic load acting on the top side of spring tube with the
expression p(x,t)=ax-sin(b-t) , x is the horizontal distance
between the load location and the rotation center of spring
tube, a is the load amplitude with the value 12693822475, b
is the frequency whose value is 5000, and the coefficient ¢ is
the simulation time set according to previous works (Peng
2015b).

Aiming at seeking a suitable program, different types of
simulation programs were attempted. To reduce the time
consumption of numerical simulation, the spring tube
structure involved in the calculation was first simplified.
Since the spring tube deformation is symmetrical along the
armature rotation plane, it was only necessary to simulate
half of the spring tube. Two methods of simplification were
attempted that involved half and a quarter spring tube. The
spring tube microsegment located in the max positive
deformation place was named the No.l microsegment. As
the circumferential distance from the maximum point to the

Fig. 8 Spring tube structure
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Fig. 9 Simulation area comparison

microsegment increased, the spring tube number decreased,
and the subsequent microsegment was named after this. The
displacement curves of the different spring tube
microsegments are plotted in Fig. 9, where lines a and ¢
respectively represent the first and fourth segment end
displacement simulated by a quarter spring tube programs,
and b and d belong to programs with half spring tube. The
distinction between the two curves is tiny while the time
consumption of the half spring tube simulation was almost
twice that the hours of the one quarter method. Therefore,
only a quarter of the spring tubes were simulated in the
following numerical simulation program.

The number of spring tube microsegments dispersed in a
quarter spring tube has a serious impact on the accuracy of
the simulation results. Therefore, different microsegments
numbers involved in a quarter spring were simulated by
diverse programs. The displacement curves of the first
microsegment end that were obtained by these programs are
shown in Fig. 10(a) (the microsegment numbers are 1, 3, 5,
10, and 20, separately). Under the excitation of the
sinusoidal driving force, the deformation curve of the micro
segment end is in the form of a sinusoid. The vibration
period of different curves is equivalent while the amplitude
of those curves is different. The difference between these
curves can be easily detected in Fig. 10(b) during the
physical time from 9.4ms to 10ms. The vibration
amplitudes with only one segment and three segments are
significantly different from the amplitudes of the other
segment numbers. The amplitude of one segment is 0.2361
um, that of the three segments is 0.2706 um, and the
amplitude of the remaining curves is basically the same
with about 0.2612 um. The amplitude numerical values and
computational time consumption of the diverse
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Fig. 11 Spring tube microsegment end displacement of different time step

Table 3 Simulation numerical result of different

microsegment numbers

microsegment 3 5 10 20
number

amplitude(um) 0.2361  0.2706  0.2603  0.2611  0.2612
relative error  9.61%  3.62%  0.33%  0.02% /
simulation 5 071718 3063 8113 208.68
time(min)

microsegments numbers programs are listed in Table 3, and
the relative error of the different programs is listed showing
a comparison with the results of the program with 20
microsegments. As shown, the time consumption increased
significantly while the number of microsegments increased,
and the relative error decreased sharply before the
microsegment number reached 5. Hence, to guarantee the
simulation accuracy while controlling the time
consumption, the microsegment was determined by 5 pieces
in the following program.

Furthermore, the time step size of the simulation
program was also one of the key factors affecting the
accuracy of the numerical simulation. Since the choice of
time step depends on the period of the excitation force,
different time steps (1/5, 1/10, 1/30, 1/60, and 1/120 of the
excitation force period) were attempted to seek the suitable
proportion by the various programs. The displacement
curves of the first spring tube microsegment end are plotted
in Fig. 11(a). All the displacement curves of the different
time steps are sinusoidal waves, and the distinction between
the amplitude of the different curves is also pimping. The

displacement curves are magnified in Fig. 11(b) during the
physical time between 0 ms - 0.7 ms, and the curves of the
time step are 1/5 and 1/10 of the driving force period, which
are different compared with the remaining curves caused by
the lack of an intermediate amount. After the time step
declined to 1/30 of the driving force period, only a slight
difference can be seen. Meanwhile, the computational time
was approximately inversely proportional to the time step.
Hence, to seek a balance between the numerical accuracy
and computational recourses, the time step of 1/30 of the
driving force period was selected for all the following
simulation programs.

4.3 Numerical simulation verification

For confirming the validity of the dynamic stiffness
model based on the DPM, the numerical simulation results
were obtained by the FEM under the same condition as the
previous numerical simulation. The verification was
conducted by comparing the DPM and FEM numerical
simulation results. The 3-dimensional geometry of the
spring tube is shown in Fig. 12. The mesh had 12519 cells
in total with a basic element size of 1 mm.

According to the working conditions of the servo valve,
the bottom of the spring tube base was set as a fixed
support. The driving force transmitted by the armature was
the same as the previous simulation program, as shown in
Fig. 13. Since the electromagnetic signals appeared in a
sinusoidal and square waveform during the operation of the
servo valve, the form of the driving force in the simulation
process was only the sinusoidal and square wave signal.
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The other simulation environment was set according to the
previous simulation program, including the material
properties of the spring tube and so on.

The numerical simulation results obtained by the two
different methods with the sinusoidal driving force were
compared to determine the validity of the mathematical
model, as shown in Fig. 14. Fig. 14(a) represents the
deformation comparison results of the first spring tube
microsegment end and Fig. 14(b) and (c) show the results of
the third and fifth microsegments. All the deformation
curves present a regular sine wave determined by the
sinusoidal driving force while the amplitude of the curves
has a certain difference.

A verification of different simulation methods with the
driving force in the square wave was also conducted. The
frequency of the square wave rose to 5000 Hz, which is the
upper limit of the servo-valves working frequency. Fig.
14(d), (e), and (f) respectively present the first, third, and
fifth spring tube microsegment deformations. After the step
signal intervened in the system, the response of the DPM
was faster than that of the FEM, the time consumption of
the DPM for reaching the equilibrium position was also
less, and the static position predicted by the two methods
shows a good agreement while the relative error was 5.98%.

The frequency-domain analysis results of the spring tube
microsegment deformation with the frequency between 0 to
6000 Hz, covering the operating frequency range of the
servo valves, is shown in Fig. 15. This figure shows the

Table 4 Numerical comparison of the simulation results

Spring tube Matlab(um) Ansys(um)  Relative Error
number
1 0.25899 0.20749 19.88%
2 0.24858 0.19716 20.68%
3 0.21473 0.16775 21.87%
4 0.15988 0.12184 23.79%
5 0.0891 0.06408 28.81%

comparative results of the first spring tube microsegment
end maximum deformation during the simulation, where the
sampling frequency was 200 Hz and the driving force was
sinusoidal. The program of dynamic stiffness mathematical
model was also adjusted according to the frequency-domain
analysis, which calculates the maximum deformation of the
microsegment end during the simulation. It is obvious that
the two curves remain almost unchanged, and the difference
in the driving force frequency had little effect on the
amplitude of deformation. The first microsegment
deformation amplitude of the mathematical model
simulation was smaller than that of the FEM by 19.88%,
and the distinction kept rising as the microsegment number
increased, which reached 28.81% at the fifth microsegment
(as shown in Table 4).

The driving force frequency that caused the spring tube
deformation was much lower than the first-order vibration
frequency calculated by the mathematical model, which
indicates that the spring tube mainly reflects the first-order
vibration mode when it vibrates. This is also confirmed by
the phenomenon that the harmonic response curves of the
DPM and FEM numerical simulation results nearly
remained constant. The error between the mathematical
model simulation and the FEM may be due to the
negligence of the tangential displacement of the spring tube
and the calculation error in establishing the mathematical
model. As the spring tube microsegment number increased,
the relative displacement on both sides of the spring tube
microsegment became larger and the shear stress increased
accordingly. Meanwhile, the difference between the other
terms in the mathematical model is indistinguishable. This
is the reason that the calculation error of relative force may
be the main inducement to increases in error as the spring
tube microsegment number rises.

Comparing the numerical simulation results of single
microsegment and the entire spring tube when the driving
force was a square force, the responding speed of the DPM
increased. This should also be the cause of the relative force
calculation error. A relatively small interaction force will
cause the microsegment to respond more quickly, and the
fluctuation when reaching the equilibrium position will also
disappear more quickly. Hence, correcting the interaction
force will be the main task in subsequent work.

5. Conclusions
An innovative dynamic stiffness mathematical model

based on distributed parameters is proposed to predict the
axial deformation of the flapper-nozzle servo-valve spring
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Fig. 14 Time-domain simulation results of the spring tube deformation
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Fig. 15 Amplitude comparison of spring tube deformation

tube. The spring tube is discrete into a plurality of
microsegments according to the external force transmitted
from the armature and the transient response equation is
derived by the method of a distributed parameter according
to the boundary condition and external load. For verifying
the mathematical model, a comparison of model prediction
was simulated results was conducted, which showed a good
agreement with the biggest error being 0.82%.

Subsequently, the simulation methods of the entire spring
tube were discussed and a suitable method that can balance
the calculation accuracy and calculation time was obtained.
Aimed at verifying the transient response prediction of
the spring tube predicted by the mathematical model, a
numerical simulation of the dynamic stiffness mathematical
model and finite element method was carried out, which
showed a good agreement when the driving force was
sinusoidal and a square wave signal. Meanwhile, the
sinusoidal driving forces at different frequencies were
simulated to test the validity of the mathematical models,
and the results showed that the first mode of spring tube
microsegment dominated the deformation process of the
spring tube. This was also confirmed by the theoretical
calculation result. The reason for the error was also
analyzed to include the neglect of tangential deformation,
calculation error, and so on. Thus, for optimizing the
mathematical model to match the simulation results of other
commercial software, the influence of the tangential
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deformation in the spring tube vibration and the
optimization of relative force calculation should be further
investigated in future work.
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