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1. Introduction 
 

Graphene has been discovered as a carbon nanostructure 

and two-dimensional single-atom layer in 2004 (see 

Novoselov et al. 2004). Graphene has shown excellent 

thermal and electrical conductivity. Its manufacturing is 

more cost-effective compared to other nanostructures based 

on carbon, i.e. nanotube. Furthermore, superior mechanical 

properties of such structure have attracted the attention of 

scientists and researchers. In this regard, numerous articles 

illustrate the research of scientists to find the excellent 

specifications of graphene (Reddy et al. 2006, Scarpa et al. 

2009, cadelano et al. 2009, zhang et al. 2011). In this paper, 

the potential of graphene as a suitable reinforcement for 

nanocomposites and its application in the vibration 

phenomenon will be investigated. 

According to reports in the open literature, graphene has 

much higher stiffness than many industrial materials such as 

s ta in less  s tee l .  The  Young’s  modulus  of  these 

nanostructures is reported about 1Tpa. The conduction 

capacity of graphene is known to be a prominent feature of 

these materials as it is higher than copper and silver. In 

addition, the scientists demonstrated that a slight increase in 

graphene content of the composite will significantly 

improve the mechanical, electrical, and thermal properties  
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of the composite structure (Rafiee et al. 2009, Zhao et al. 

2010). Because of the flat surface of graphene compared to 

the geometry of carbon nanotubes, these nanostructures as 

nanofillers could have better interactions with the polymer 

matrix. The other unique features of these nanostructures 

can be studied in the open literature (Stankovich et al. 2006, 

Potts et al. 2011). 

Some experimental studies demonstrate introducing 

graphene even to a small extent on nanocomposite 

structures has been shown to improve the vibrational 

characteristics. Rafiee et al. (2009) found the enhanced 

stiffness and strength due to adding 0.1 w.t.% (weight 

fraction) of graphene platelets, is equivalent to 

incorporation 1 w.t.% of carbon nanotubes (CNTs). 

Theoretical analyses showed that the introducing of 

graphene either in sheets or platelets forms will increase the 

natural frequency of the structure compared to the 

graphene-free structure. For instance, Song et al. (2017) 

reported that adding only 1.2 wt.% graphene will enhance 

the natural frequency of the rectangular plate by 160 %. 

Chandra et al. (2012) investigated the impact of different 

models of nanocomposite fabrication on their vibration 

characteristic and indicated the key role of graphene sheets 

dimensions in improving the natural frequency of the 

structure. However, it should be noted that, the weight 

fraction of graphene reinforcement agent cannot be 

increased arbitrarily because higher weight fraction of 

graphene nanofillers will results in unsightly results 

(Kulkarni et al. 2010). 
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Abstract.  Present research is aimed to investigate the free vibration behavior of functionally graded (FG) nanocomposite conical 

panel reinforced by graphene platelets (GPLs) on the elastic foundation. Winkler-Pasternak elastic foundation surrounds the 

mentioned shell. For each ply, graphaene platelets are randomly oriented and uniformly dispersed in an isotropic matrix. It is 

assumed that the Volume fraction of GPLs reainforcement could be different from layer to layer according to a functionally graded 

pattern. The effective elastic modulus of the conical panel is estimated according to the modified Halpin-Tsai rule in this 

manuscript. Cone is modeled based on the first order shear deformation theory (FSDT). Hamilton’s principle and generalized 

differential quadrature (GDQ) approach are also used to derive and discrete the equations of motion. Some evaluations are provided 

to compare the natural frequencies between current study and some experimental and theoretical investigations. After validation of 

the accuracy of the present formulation and method, natural frequencies and the corresponding mode shapes of FG-GPLRC conical 

panel are developed for different parameters such as boundary conditions, GPLs volume fraction, types of functionally graded and 

elastic foundation coefficients. 
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As embedded reinforcement, graphene can be classified 

in two classes: graphene sheets (GRC) and graphene 

platelets (GPLRC). In the first class, thermo-mechanical 

properties are obtained based on the modified micro-

mechanical rule that is provided by the calculated 

information of molecular dynamics simulations. Changes in 

the weight fraction of graphene sheets are considered in the 

range 3-11 percent and both the reinforcement and matrix 

are supposed temperature-dependent. Studies on the 

vibrations of graphene-reinforced structures are well 

documented in the open literature. Wang et al. (2019a) 

implemented the hybrid Kantorovich-Galerkin method to 

study the free vibration of nanocomposite beam embedded 

with graphene sheets. In the mentioned problem, two 

dimensional elasticity based on the plane-stress is used to 

model each layer of the beam. Natural frequencies of a 

functionally graded GRC beams on a two parameter elastic 

foundation in thermal environment are obtained by Shen et 

al. (2017a). In another work, Shen et al. (2019a) 

investigated large amplitude free vibration of a graphene 

reinforced post-buckled beam with considering the 

geometrical nonlinearity based on the von Kármán type. 

Linear and nonlinear free vibration of FG-GRC plates with 

and without considering elastic foundation are analyzed by 

Shen et al. (2019b) and Shen et al. (2017b). In these papers 

it is assumed that the thermal environment affected the 

natural frequencies which can be obtained using two-step 

perturbation technique. Kiani (2018) examined the 

nonlinear vibration characteristics of FG-GRC plates in 

thermal environment implementing NURBS based 

isogeometric finite element method. Using the mentioned 

method this Author examined the post-buckling of a FG-

GPLRC plate (Kiani and Mirzaei 2019). It is revealed that 

among the three types of functionally graded patterns (FG-

X,U,O) for graphene sheets, FG-X pattern results in the 

highest natural frequency while the nonlinear to linear 

frequency factor is the lowest for the mentioned pattern. A 

few papers are available on the vibration response of FG-

GRC shells. Shen et al. (2017c) and Shen et al. (2018) 

explored the vibration behavior of cylindrical panels and 

shells. Influences of graphene sheets weight fraction and 

piece-wise pattern on the fundamental frequency are studied.  

In another novel class, graphene platelets are introduced 

as fillers in the matrix of the composite structure and such 

structure is briefly called GPLRC. In this model of 

reinforced composites, thermo-elastic properties can be 

obtained using the Halpin-Tsai micromechanical rule. The 

weight fraction of graphene platelets in this class is less 

than 1% and material properties are independent of the 

temperature. The major works on the vibration analysis of 

structures embedded with graphene platelets are introduced 

as follows. Kitipornchai et al. (2017) analyzed vibrational 

behavior of functionally graded porous GPLRC beams 

implementing Ritz technique. Furthermore, nonlinear 

vibration using the Ritz method are investigated for FG-

GPLRC beams by Feng et al. (2017). Wang et al. (2019b) 

studied the dynamic response of a higher order composite 

beam with graphene platelets reinforcements under two 

concentrated successive moving masses. Because of the 

nature of such problem, a Hybrid Navier-Newmark method 

is used to solve the equations of motion. Anirudh et al. 

(2019) conducted a comprehensive study on the bending, 

free vibration and buckling of FG-GPLRC deep arches. In 

their study, they used finite element approximation to obtain 

the response of relative equations based on the 

trigonometric refined arch theory. Using the Navier method, 

vibrations of graphene platelets based nanocomposites were 

assessed for the first time by Song et al. (2017). Zhao et al. 

(2017) developed a refined analytical method to calculate 

the natural frequency of FG-GPLRC trapezoidal plates. 

Free vibration of nanocomposite plates reinforced by 

graphene platelets with quadrilateral shapes are analyzed 

utilizing IMLS-Ritz by Gua et al. (2018). Refined Halpin-

Tsai micromechanical rule was developed for the mentioned 

paper. Nonlinear forced (Gholami and Anari 2018) and free 

vibration (Gao et al. 2018) analysis of functionally graded 

rectangular plates are explored in the open literature. The 

variation differential quadrature approach are introduced by 

Gholami and Ansari (2019) to analyze the effects of 

functionally graded patterns on the natural frequency of 

GPLRC plates. Malekzadeh et al. (2018) used the 

conformal mapping technique and generalized differential 

quadrature method to investigate the natural frequencies of 

an eccentric annular plates. Also, in this paper, it is assumed 

that the plate is embedded with two piezoelectric layers 

under the closed circuit condition. Influences of 

piezoelectric layers and supersonic flow on the vibrational 

response of FG-GPLRC plates are studied by Saidi et al. 

(2019). 

Dong et al. (2018a) and Dong et al. (2018b) indicated 

the nonlinear free vibration analysis of FG-GPLRC 

cylindrical shells. The effect of the initial stresses caused by 

the spinning motion on the shell natural frequency is 

outlined. Utilizing an analytical approach and applying a 

three dimensional elasticity theory, Liu et al. (2018) 

examined the free vibration of an initially stressed FG-

GPLRC composite cylindrical shell. Wang et al. (2018) 

proposed Navier solution to obtain the natural frequency of 

doubly curved shallow nanocomposite shells reinforced 

with graphene platelets. 
The free vibrations of isotropic (Civalek 2007), 

Sandwich (Rahmani et al. 2019) and composite (Civalek 
2006, Javed et al. 2016) conical panels and shells are 
evaluated in the open literature; However, the free vibration 
study of graphene platelets-reinforced conical panel has not 
been addressed. 

In this regard, the present work applied the FSDT shell 
hypothesis and modified Halpin-Tsai micromechanical rule 
to research the free vibration characteristics of FG-GPLRC 
conical panel. Moreover, the GDQ method is implemented 
to discrete the governing motion equations in the two 
dimensional panel domain into a system of algebraic 
equations. The natural frequencies of laminated graphene 
platelet reinforced-composite conical panels on the 
Winkler-Pasternak elastic foundation are tabulated. Also, 
various functionally graded patterns are considered for 
graphene reinforcements into the formulation. The 
influence of other parameters are investigated on the natural 
frequencies and mode shape for free vibration phenomena. 

𝑟(𝑥) = 𝑥𝑠𝑖𝑛(𝛽) (1) 
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Fig. 1 Geometry of a conical panel. 

 
 
2. Geometry and material properties of spherical 
shell 

 

A functionally graded GPL conical panel of evenly 

thickness ℎ, with angle of embrace 𝜃0, finite length 𝐿, and 

vertex half angle 𝛽 whose properties are graded along 𝑧 

direction is demonstrated in Figure (1). The coordinates 

along the meridional and circumferential directions are 

indicated by 𝑥 and 𝜃 , respectively. Furthermore, 𝑧  is 

measured from mid-surface across the thickness, positive 

outward. The radius of the shell at circumferential edges is 

equal to 𝑅0, 𝑅1 and the distance from each point to the axis 

of revolution is denoted by 𝑟(𝑥) which can be obtained 

using the following formula  

In the present work, the laminated GPLRC conical panel 

is assumed to be completely bonded to each layer with the 

equal thickness. Each layer of the aforementioned 

composite consists of the combination of the isotropic 

matrix and graphene nanofillers which are uniformly and 

randomly embedded in the matrix. Therefore, the changes 

in the volume fraction of the platelets can be considered 

based on a step layer-wise model along the thickness. 

The even number is selected for the number of layers 

𝑁𝐿  of the laminated composite structure. In order to 

distribute the nanoplatelets in the thickness direction, three 

functionally graded models can be used which are FG-O, 

FG-X, and UD. An isotropic and homogeneous shell can be 

modeled by choosing the uniform type (UD) model in 

which it is assumed that the volume fraction of graphene 

platelets is constant along the 𝑧  direction. In the step 

functionally graded distributions, the GPL volume fraction 

linearly changes from ply to ply. For the case of X-GPLRC, 

the top and bottom layers are nanofillers rich while O-

GPLRC indicates vice versa so that the middle layers are 

GPL-rich. Distribution of volume fraction for each layer is 

according to the following relation (see Wu et al. 2017)  

U − GPLRC ∶   𝑉𝐺𝑃𝐿
(𝑘)
= 𝑉𝐺𝑃𝐿

∗  

(2) X − GPLRC ∶   𝑉𝐺𝑃𝐿
(𝑘)
= 2𝑉𝐺𝑃𝐿

∗ |2𝑘 − 𝑁𝐿 − 1|/𝑁𝐿  

O − GPLRC ∶   𝑉𝐺𝑃𝐿
(𝑘)
= 2𝑉𝐺𝑃𝐿

∗ (1 − |2𝑘 − 𝑁𝐿 − 1|/𝑁𝐿) 

In the above relations, 𝑉𝐺𝑃𝐿
(𝑘)

 shows the volume fraction 

of platelets in the 𝑘-th layer of the composite. In Eq. (2) 𝑘 

varies from 1 to 𝑁𝐿. Also 𝑉𝐺𝑃𝐿
⋆  denotes the total volume 

fraction of the GPLs in the conical panel and this parameter 

can be calculated in terms of the graphene platelets weight 

fraction 𝑊𝐺𝑃𝐿  in the structure.  

𝑉𝐺𝑃𝐿
∗ =

𝑊𝐺𝑃𝐿

𝑊𝐺𝑃𝐿 + (
𝜌𝐺𝑃𝐿
𝜌𝑚

) (1 −𝑊𝐺𝑃𝐿)
 (3) 

𝜌𝐺𝑃𝐿  and 𝜌𝑚 are mass density of the graphene platelets 

and isotropic matrix. Some researches has shown that the 

size and geometry of nanoplatelets are determining factors 

in the calculation of the mechanical properties of the 

composite. The micromechanical Halpin-Tsai rule is used to 

obtain the effective Young’s modulus. This is a widely 

approved law in calculating the elasticity modulus of the 

composites that reinforced with graphene platelets (Affdl 

and Kardos 1976). Using this law, we can achieve the 

elasticity modulus of the composite structure by taking into 

the geometry and dimensions of the nanofillers in the 

following form: 

𝐸(𝑘) =
3

8

1 + 𝜉𝐿𝜂𝐿𝑉𝐺𝑃𝐿
(𝑘)

1 − 𝜂𝐿𝑉𝐺𝑃𝐿
(𝑘)

× 𝐸𝑚 +
5

8

1 + 𝜉𝑇𝜂𝑇𝑉𝐺𝑃𝐿
(𝑘)

1 − 𝜂𝑇𝑉𝐺𝑃𝐿
(𝑘)

× 𝐸𝑚 (4) 

where 𝜂𝐿 and 𝜂𝑇 are the auxiliary parameters expressed 

as 

𝜂𝐿 =
(
𝐸𝐺𝑃𝐿
𝐸𝑚

) − 1

(
𝐸𝐺𝑃𝐿
𝐸𝑚

) + 𝜉𝐿

,    𝜂𝑇 =
(
𝐸𝐺𝑃𝐿
𝐸𝑚

) − 1

(
𝐸𝐺𝑃𝐿
𝐸𝑚

) + 𝜉𝑇

 (5) 

In Eq. (5), 𝐸𝑚  and 𝐸𝐺𝑃𝐿  illustrate the Young’s 

modulus of the isotropic matrix and GPLs, respectively. The 

geometrical factors of the platelets are determined in terms 

of the GPLs thickness, 𝑡𝐺𝑃𝐿, width, 𝑏𝐺𝑃𝐿  and length, 𝑎𝐺𝑃𝐿 

as follows 

𝜉𝐿 = 2(
𝑎𝐺𝑃𝐿
𝑡𝐺𝑃𝐿

),    𝜉𝑇 = 2(
𝑏𝐺𝑃𝐿
𝑡𝐺𝑃𝐿

) (6) 

The effective Poisson’s ratio of the composite shell 𝜈 

and The mass density of the composite shell 𝜌 may be 

simply calculated utilizing the poisson’s ratio and mass 

density of each constituents and deployment of the Voigt 

rule of mixtures. Accordingly one may write 

𝜌(𝑘) = 𝜌𝐺𝑃𝐿𝑉𝐺𝑃𝐿
(𝑘)
+ 𝜌𝑚𝑉𝑚

(𝑘)
 

𝜈(𝑘) = 𝜈𝐺𝑃𝐿𝑉𝐺𝑃𝐿
(𝑘)
+ 𝜈𝑚𝑉𝑚

(𝑘)
 

(7) 

In Eq. (7), the subscripts 𝑚  and 𝐺𝑃𝐿  indicate the 

matrix and graphene platelets nanofiller, respectively. The 

volume fraction of polymer 𝑉𝑚 can be obtain using this 

relation 𝑉𝑚 = 1 − 𝑉𝐺𝑃𝐿. 

 

 

3. Theoretical formulations 
 

Love was the first researcher that presented a successful 

thin shell hypothesis based upon the classical linear 
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elasticity. This theory doesn’t consider the shear 

deformation and rotary inertia. This theory is devided to 

two types. Firstly is named as the Love’s first 

approximation and eliminates the thickness-to-radius ratio 

against the unit. Another one considers this ratio and is 

known as Low's second approximation. To apply the shear 

deformation effects along the thickness and rotary inertia 

influence, the first order shear deformation shell theory 

(FSDT) is implemented (Reddy 2006). Based on the FSDT, 

displacements field (𝑢1, 𝑢2, 𝑢3) of a supposed point in the 

conical panel domain are written as 

𝑢1(𝑥, 𝜃, 𝑧, 𝑡) = 𝑢1
0(𝑥, 𝜃, 𝑡) + 𝑧𝜓1(𝑥, 𝜃, 𝑡) 

(8) 𝑢2(𝑥, 𝜃, 𝑧, 𝑡) = 𝑢2
0(𝑥, 𝜃, 𝑡) + 𝑧𝜓2(𝑥, 𝜃, 𝑡) 

𝑢3(𝑥, 𝜃, 𝑧, 𝑡) = 𝑢3
0(𝑥, 𝜃, 𝑡) 

where 𝑢1
0 , 𝑢2

0 , and 𝑢3
0  are the displacements of the 

reference surface (𝑧 = 0)  along the 𝑥 , 𝜃 , and 𝑧 

directions, respectively. Moreover, 𝜓1  and 𝜓2 

demonstrate the transverse normal rotations of the reference 

surface about the 𝜃 and 𝑥 axes, respectively. 𝑡 indicates 

the time variable. 

Donnell propounded a simply hypothesis to use 

kinematic relations. This theory is most common for the 

shallow shells. Sanders developed novel relationships 

between strains and displacement components where are 

more appropriate for deep shells. In this research Sanders’ 

theory are implemented to define the strain-displacement 

equations. According to the assumed theory, the in-plane 

strain components can be obtained using the linear 

functions of the thickness coordinate, while the out-of-plane 

shear strain components remain constant through the 

thickness. According to the given definitions, strains may be 

expressed in vector forms as (Reddy 2006) 

{𝜀} = {𝜀0} + 𝑧{𝜀1} (9) 

where 

{
 
 

 
 
𝜀1
0

𝜀2
0

𝜀4
0

𝜀5
0

𝜀6
0}
 
 

 
 

=

{
 
 
 
 

 
 
 
 
𝑢1,𝑥
0

1

𝑟(𝑥)
(𝑢2,𝜃

0 + sin(𝛽)𝑢1
0 + cos(𝛽)𝑢3

0)

1

𝑟(𝑥)
𝑢3,𝜃
0 −

cos(𝛽)

𝑟(𝑥)
𝑢2
0 + 𝜓2

𝑢3,𝑥
0 + 𝜓1

𝑢2,𝑥
0 +

1

𝑟(𝑥)
(𝑢1,𝜃

0 − sin(𝛽)𝑢2
0)

}
 
 
 
 

 
 
 
 

 (10) 

{
 
 

 
 
𝜀1
1

𝜀2
1

𝜀4
1

𝜀5
1

𝜀6
1}
 
 

 
 

=

{
 
 
 

 
 
 
𝜓1,𝑥
1

𝑟(𝑥)
(𝜓2,𝜃 + sin(𝛽)𝜓1)

0
0

𝜓2,𝑥 +
1

𝑟(𝑥)
(𝜓1,𝜃 − sin(𝛽)𝜓2)}

 
 
 

 
 
 

 (11) 

in which 𝜖1
0, 𝜖2

0, and 𝜖6
0 are the membrane strains of the 

middle surface; 𝜖1
1 , 𝜖2

1 , and 𝜖6
1  indicate the curvature 

variations of the conical panel; 𝜖4
0, 𝜖5

0 are the transverse 

shear strains. It is worth nothing that vanishing the 

−
cos(𝛽)

𝑟(𝑥)
𝑢2
0 term from the Eq. (10) converts the Sanders to 

Donnell theory.  

In the present work, the materials are considered elastic 

and linear; therefore, the constitutive law for every layer of 

the FG-GPLRC conical panel can be obtained based on the 

Hook’s law  

{
 
 

 
 
𝜎1
𝜎2
𝜎4
𝜎5
𝜎6}
 
 

 
 
(𝑘)

=

[
 
 
 
 
 
𝑄11 𝑄12 0 0 0
𝑄12 𝑄22 0 0 0
0 0 𝑄44 0 0
0 0 0 𝑄55 0
0 0 0 0 𝑄66

]
 
 
 
 
 
(𝑘)

{
 
 

 
 
𝜀1
𝜀2
𝜀4
𝜀5
𝜀6}
 
 

 
 

 (12) 

In the above equations, the reduced material stiffness 

coefficients 𝑄𝑖𝑗’s (𝑖, 𝑗 = 1,2,4,5,6) becomes  

𝑄11
(𝑘)
= 𝑄22

(𝑘)
=

𝐸(𝑘)

1 − 𝜈(𝑘)2
,      𝑄12

(𝑘)
=
𝜈(𝑘)𝐸(𝑘)

1 − 𝜈(𝑘)2
 

(13) 

𝑄66
(𝑘)
=

𝐸(𝑘)

2(1 + 𝜈(𝑘))
,      𝑄44

(𝑘)
= 𝑄55

(𝑘)
= 𝜅𝑄66

(𝑘)
 

where 𝜅  is the shear correction factor of FSDT which 

generally depends on the geometry, material properties and 

loading conditions. The approximate quantity of 𝜅 = 5/6 

or 𝜅 = 𝜋2/12 are widely used (Bao and Wang 2019). In 

this work, the shear correction factor is selected 𝜅 = 5/6. 

By measuring the stresses through the conical panel 

thickness by integration along its direction, the related 

stress resultants can be achieved as follows: 

(𝑁11, 𝑁22, 𝑁12) = ∑

𝑁𝐿

𝑘=1

∫
𝑧𝑘+1

𝑧𝑘

(𝜎1, 𝜎2, 𝜎6)
(𝑘)𝑑𝑧 

(𝑀11, 𝑀22, 𝑀12) = ∑

𝑁𝐿

𝑘=1

∫
𝑧𝑘+1

𝑧𝑘

𝑧(𝜎1, 𝜎2, 𝜎6)
(𝑘)𝑑𝑧 

(𝑄1 , 𝑄2) = ∑

𝑁𝐿

𝑘=1

∫
𝑧𝑘+1

𝑧𝑘

(𝜎5, 𝜎4)
(𝑘)𝑑𝑧 

(14) 

In the above equations 𝑁11 , 𝑁22 , and 𝑁12  are the 

membrane stress resultants, 𝑀11 , 𝑀22 , and 𝑀12  are the 

bending stress resultants and 𝑄1  and 𝑄2  indicate the 

membrane out-of-plane shear stress resultants. The shear 

membrane stress resultants 𝑁12 = 𝑁21 and bending stress 

resultants 𝑀12 = 𝑀21  are considered equal because of 

elimination of the contribution of 
𝑧

𝑟(𝑥)
 in kinematic 

equations. 

Hamilton’s principle is also employed to derive the 

motion equations of the functionally graded GPLRC conical 

panel. According to this rule, the motion equations of shell 

on the elastic foundation are derived when the following 

equation holds (Reddy 2006, Shi et al. 2015) 

∫
𝑡2

𝑡1

(𝛿𝑇 − 𝛿𝑉 − 𝛿𝑈)𝑑𝑡 = 0 (15) 
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where 𝛿𝑇, 𝛿𝑈, and 𝛿𝑉  show the first variation of the 

kinematic, strain and potential energy of the applied 

external loads, respectively. The strain energy 𝛿𝑈 for the 

composite media in the assumed shell domain can be 

written as 

𝛿𝑈 = ∫
𝜃0

0

∫
𝐿+

𝑅0
sin(𝛽)

𝑅0
sin(𝛽)

∫
+0.5ℎ

−0.5ℎ

𝜎𝑖𝛿𝜀𝑖𝑟(𝑥)𝑑𝑧 𝑑𝑥 𝑑𝜃,      

   𝑖 = 1,2,4,5,6 

(16) 

Potential energy 𝛿𝑉  due to the Winkler-Pasternak 

elastic foundation for the conical shell are computed as  

𝛿𝑉 = ∫
𝜃0

0

∫
𝐿+𝑅0/sin(𝛽)

𝑅0/sin(𝛽)

[𝑘𝑤𝑢3
0𝛿𝑢3

0 + 𝑘𝑔𝑢3,𝑥
0 𝛿𝑢3,𝑥

0

+
𝑘𝑔

𝑟(𝑥)2
𝑢3,𝜃
0 𝛿𝑢3,𝜃

0 ] 𝑟(𝑥) 𝑑𝑥 𝑑𝜃 

(17) 

where 𝑘𝑤 and 𝑘𝑔 are Winkler and Pasternak coefficients 

of elastic foundation. Also, kinetic energy is determined by 

the following equation  

𝛿𝑇 = ∫
𝜃0

0

∫
𝐿+𝑅0/sin(𝛽)

𝑅0/sin(𝛽)

∫
+0.5ℎ

−0.5ℎ

𝜌(𝑢̇1𝛿𝑢̇1 + 𝑢̇2𝛿𝑢̇2

+ 𝑢̇3𝛿𝑢̇3)𝑟(𝑥) 𝑑𝑧 𝑑𝑥 𝑑𝜃 

(18) 

where 𝜌 is the mass density calculated from Eq. (7) for 

each ply. Also, derivative with respect to time is 

demonstrated by a (    ̇ ) . Substituting the stress tensor 

components from Eq. (12) into (16) and employing the 

variational technique, the motion equations of the 

functionally graded graphene platelets reinforced composite 

conical panel resting on two-parameter elastic foundation in 

terms of the stress resultants are 

𝛿𝑢1
0    ∶     

1

𝑟(𝑥)
{sin(𝛽)(𝑁11 −𝑁22) + 𝑟(𝑥)𝑁11,𝑥

+𝑁12,𝜃} = 𝐼1𝑢̈1
0 

 

𝛿𝑢2
0    ∶     

1

𝑟(𝑥)
{2sin(𝛽)𝑁12 + 𝑟(𝑥)𝑁12,𝑥 + 𝑁22,𝜃

+ cos(𝛽)𝑄2} = 𝐼1𝑢̈2
0 

 

𝛿𝑢3
0    ∶     

1

𝑟(𝑥)
{sin(𝛽)𝑄1 + 𝑟(𝑥)𝑄1,𝑥 + 𝑄2,𝜃

− cos(𝛽)𝑁22−𝑟(𝑥)𝑘𝑤𝑢3
0

+ 𝑘𝑔sin(𝛽)𝑢3,𝑥
0 + 𝑟(𝑥)𝑘𝑔𝑢3,𝑥𝑥

0

+
𝑘𝑔

𝑟(𝑥)
𝑢3,𝜃𝜃
0 } = 𝐼1𝑢̈3

0 

(19) 

𝛿𝜓1    ∶     
1

𝑟(𝑥)
{sin(𝛽)(𝑀11 −𝑀22) + 𝑟(𝑥)𝑀11,𝑥

+𝑀12,𝜃 − 𝑟(𝑥)𝑄1} = 𝐼3𝜓̈1 
 

𝛿𝜓2    ∶     
1

𝑟(𝑥)
{2sin(𝛽)𝑀12 + 𝑟(𝑥)𝑀12,𝑥 +𝑀22,𝜃

− 𝑟(𝑥)𝑄2} = 𝐼3𝜓̈2 
 

The obtained equations of motion in terms of the 

displacement components for the FG-GPLRC structure may 

be obtained through Eqs. (14) and (19). The resulting 

equations are  

𝐴11 (𝑢1,𝑥𝑥
0 +

sin(𝛽)

𝑟(𝑥)
𝑢1,𝑥
0 −

sin2(𝛽)

𝑟2(𝑥)
𝑢1
0

−              
sin(𝛽)

𝑟2(𝑥)
𝑢2,𝜃
0

−
sin(𝛽)cos(𝛽)

𝑟2(𝑥)
𝑢3
0)

+ 𝐴12 (
1

𝑟(𝑥)
𝑢2,𝑥𝜃
0

+               
cos(𝛽)

𝑟(𝑥)
𝑢3,𝑥
0 )

+ 𝐴66 (
1

𝑟2(𝑥)
𝑢1,𝜃𝜃
0 +

1

𝑟(𝑥)
𝑢2,𝑥𝜃
0

−               
sin(𝛽)

𝑟2(𝑥)
𝑢2,𝜃
0 ) = 𝐼1𝑢̈1

0 

(20) 

𝐴11 (
sin(𝛽)

𝑟2(𝑥)
𝑢1,𝜃
0 +

1

𝑟2(𝑥)
𝑢2,𝜃𝜃
0 +

cos(𝛽)

𝑟2(𝑥)
𝑢3,𝜃
0 )

+
𝐴12
𝑟(𝑥)

𝑢1,𝑥𝜃
0

+ 𝐴66 (
1

𝑟(𝑥)
𝑢1,𝑥𝜃
0 +

sin(𝛽)

𝑟2(𝑥)
𝑢1,𝜃
0

+ 𝑢2,𝑥𝑥
0 +

sin(𝛽)

𝑟(𝑥)
𝑢2,𝑥
0 −

sin2(𝛽)

𝑟2(𝑥)
𝑢2
0)

+ 𝐴55 (
cos(𝛽)

𝑟2(𝑥)
𝑢3,𝜃
0 −

cos2(𝛽)

𝑟2(𝑥)
𝑢2
0

+
cos(𝛽)

𝑟(𝑥)
𝜓2) = 𝐼1𝑢̈2

0 

(21) 

𝐴55 (𝑢3,𝑥𝑥
0 +

1

𝑟2(𝑥)
𝑢3,𝜃𝜃
0 +

sin(𝛽)

𝑟(𝑥)
𝑢3,𝑥
0 + 𝜓1,𝑥

+                
sin(𝛽)

𝑟(𝑥)
𝜓1 +

1

𝑟(𝑥)
𝜓2,𝜃

−
cos(𝛽)

𝑟2(𝑥)
𝑢2,𝜃
0 )

−               
𝐴11 cos(𝛽)

𝑟(𝑥)
(
1

𝑟(𝑥)
𝑢2,𝜃
0

+
sin(𝛽)

𝑟(𝑥)
𝑢1
0 +

cos(𝛽)

𝑟(𝑥)
𝑢3
0)

−             
𝐴12cos(𝛽)

𝑟(𝑥)
𝑢1,𝑥
0 − 𝑘𝑤𝑢3

0

+ 𝑘𝑔 (𝑢3,𝑥𝑥
0 +

sin(𝛽)

𝑟(𝑥)
𝑢3,𝑥
0

+                
1

𝑟2(𝑥)
𝑢3,𝜃𝜃
0 ) = 𝐼1𝑢̈3

0 

(22) 
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𝐷11 (𝜓1,𝑥𝑥 +
sin(𝛽)

𝑟(𝑥)
𝜓1,𝑥 −

sin2(𝛽)

𝑟2(𝑥)
𝜓1 −

sin(𝛽)

𝑟2(𝑥)
𝜓2,𝜃)

+ 𝐷12 (
1

𝑟(𝑥)
𝜓2,𝑥𝜃)

+ 𝐷66 (
1

𝑟2(𝑥)
𝜓1,𝜃𝜃 +

1

𝑟(𝑥)
𝜓2,𝑥𝜃

−
sin(𝛽)

𝑟2(𝑥)
𝜓2,𝜃) − 𝐴55(𝑢3,𝑥

0 + 𝜓1)

= 𝐼3𝜓̈1 

(23) 

𝐷11 (
sin(𝛽)

𝑟2(𝑥)
𝜓1,𝜃 +

1

𝑟2(𝑥)
𝜓2,𝜃𝜃) +

𝐷12
𝑟(𝑥)

𝜓1,𝑥𝜃

+ 𝐷66 (
1

𝑟(𝑥)
𝜓1,𝑥𝜃 +

sin(𝛽)

𝑟2(𝑥)
𝜓1,𝜃

+𝜓2,𝑥𝑥 +
sin(𝛽)

𝑟(𝑥)
𝜓2,𝑥 −

sin2(𝛽)

𝑟2(𝑥)
𝜓2)

− 𝐴55 (
1

𝑟(𝑥)
𝑢3,𝜃
0 −

cos(𝛽)

𝑟(𝑥)
𝑢2
0 + 𝜓2)

= 𝐼3𝜓̈2 

(24) 

𝐼1 and 𝐼3 are the inertia terms defined by  

(𝐼1, 𝐼3) = ∑

𝑁𝐿

𝑘=1

∫
𝑧𝑘+1

𝑧𝑘

𝜌(𝑘)(1, 𝑧2)𝑑𝑧 (25) 

Also, In the motion equations, the stretching stiffness 

coefficients 𝐴𝑖𝑗 and the bending stiffness coefficients 𝐷𝑖𝑗  

in the composite media are defined as follows  

(𝐴𝑖𝑗 , 𝐷𝑖𝑗) = ∑

𝑁𝐿

𝑘=1

∫
𝑧𝑘+1

𝑧𝑘

(𝑄𝑖𝑗
(𝑘)
, 𝑧2𝑄𝑖𝑗

(𝑘)
)𝑑𝑧,            𝑖, 𝑗

= 1,2,4,5,6 

(26) 

The equations of motion are accompanied by the 

boundary conditions. In the following, three kinds of 

appropriate boundary conditions which are widely used in 

the open literature are considered, namely the clamped edge 

boundary conditions (C), the simply supported edge 

boundary conditions (S) and the free edge boundary 

conditions (F). Equations describing the boundary 

conditions on the circumferential edges (𝑥 =
𝑅0

𝑠𝑖𝑛(𝛽)
    and 

    𝑥 =
𝑅0

𝑠𝑖𝑛(𝛽)
+ 𝐿) can be written as follows 

for  simply  supported  edges  (S) ∶  𝑢1
0  =  𝑢2

0  =  𝑢3
0  

=  𝑀11  =  𝜓2  = 0  

for  clamped  edges  (C) ∶  𝑢1
0  =  𝑢2

0  =  𝑢3
0  =  𝜓1  

=  𝜓2  = 0 (27) 

for  free  edges  (F) ∶  𝑁11  =  𝑁12  =  𝑄1  =  𝑀11  
=  𝑀12  = 0, 

 

Furthermore, equations describing the boundary conditions 

on the meridional edges (𝜃 = 0    and     𝜃 = 𝜃0) can be 

assumed 

for  simply  supported  edges  (S) ∶  𝑢1
0  =  𝑢2

0  =  𝑢3
0  

=  𝜓1  =  𝑀22  = 0  

for  clamped  edges  (C) ∶  𝑢1
0  =  𝑢2

0  =  𝑢3
0  =  𝜓1  

=  𝜓2  = 0 (28) 

for  free  edges  (F) ∶  𝑁12  =  𝑁22  =  𝑄2  =  𝑀12  
=  𝑀22  = 0,  

 

 

4. GDQ method 
 

There are many nodal point method to discrete the 

solution domain such as differential quadrature (DQ) 

method which needs to obtain weighted coefficients for 

every solution domain. (Shen 2009). Another discretization 

method that are more stronger but difficult to implement is 

discrete singular convolution (DSC) method (Civalek 2008, 

Civalek and Acar 2007, Civalek 2009, Akgoz and Civalek 

2011). The GDQ method is an approximate but efficient 

numerical tool for discretization the first, second and higher 

order derivatives of each point in the panel domain. 

Applying this method to governing equations is simpler 

rather than other techniques. This method relies on 

converting any unknown function 𝐮 derivative at any point 

into a linear sum of weighting coefficients and function 

values at some defined distributed points in the domain. For 

instance applying the GDQ approach to the first and second 

order derivatives given as follow (Tornabene et al. 2009, 

Javani et al. 2019) 

𝐮,𝑥|𝑥=𝑥𝑝,𝜃=𝜃𝑞 = ∑

𝑁𝑥

𝑝′=1

∑

𝑁𝜃

𝑞′=1

𝐶𝑝𝑝′
𝑥 𝛿𝑞𝑞′

𝜃 𝐮|𝑥=𝑥𝑝′,𝜃=𝜃𝑞′ 

𝐮,𝜃|𝑥=𝑥𝑝,𝜃=𝜃𝑞 = ∑

𝑁𝑥

𝑝′=1

∑

𝑁𝜃

𝑞′=1

𝛿𝑝𝑝′
𝑥 𝐶𝑞𝑞′

𝜃 𝐮|𝑥=𝑥𝑝′ ,𝜃=𝜃𝑞′ 

𝐮,𝑥𝜃|𝑥=𝑥𝑝,𝜃=𝜃𝑞 = ∑

𝑁𝑥

𝑝′=1

∑

𝑁𝜃

𝑞′=1

𝐶𝑝𝑝′
𝑥 𝐶𝑞𝑞′

𝜃 𝐮|𝑥=𝑥𝑝′,𝜃=𝜃𝑞′ 

𝐮,𝑥𝑥|𝑥=𝑥𝑝,𝜃=𝜃𝑞 = ∑

𝑁𝑥

𝑝′=1

∑

𝑁𝜃

𝑞′=1

𝐶𝑝̅𝑝′
𝑥 𝛿𝑞𝑞′

𝜃 𝐮|𝑥=𝑥𝑝′,𝜃=𝜃𝑞′ 

𝐮,𝜃𝜃|𝑥=𝑥𝑝,𝜃=𝜃𝑞 = ∑

𝑁𝑥

𝑝′=1

∑

𝑁𝜃

𝑞′=1

𝛿𝑝𝑝′
𝑥 𝐶𝑞̅𝑞′

𝜃 𝐮|𝑥=𝑥𝑝′,𝜃=𝜃𝑞′ ,    𝑝

= 1,2, . . . , 𝑁𝑥 , 𝑞 = 1,2, . . . , 𝑁𝜃 

 

(29) 

in which 𝑁𝜑 and 𝑁𝜃 are the number of grid points in the 

𝜑 and 𝜃-directions, respectively. 𝛿𝑝𝑝′
𝜑

 and 𝛿𝑞𝑞′
𝜃  are set to 

one when 𝑝 = 𝑝′  and 𝑞 = 𝑞′ . Also, 𝐶𝑝𝑝′
𝜑

 and 𝐶𝑞𝑞′𝜃  
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indicate the weighting coefficients of the first order and 

𝐶𝑝̅𝑝′
𝜑

 and 𝐶𝑞̅𝑞′
𝜃  denote the weighting coefficients of the 

second order derivatives, respectively. Using the Lagrange 

interpolated polynomials, and its derivatives the weighting 

coefficients can be calculated 

𝐶𝑝𝑝′
𝑥 =

(

 
 
 

Π(𝑥𝑝)

(𝑥𝑝 − 𝑥𝑝′)Π(𝑥𝑝′)
    𝑤ℎ𝑒𝑛    𝑝 ≠ 𝑝′

− ∑

𝑁𝑥

𝑘=1,𝑘≠𝑝

𝐶𝑝𝑘
𝑥         𝑤ℎ𝑒𝑛    𝑝 = 𝑝′

 

𝐶𝑞𝑞′
𝜃 =

(

 
 
 

Π(𝜃𝑞)

(𝜃𝑞 − 𝜃𝑞′)Π(𝜃𝑞′)
    𝑤ℎ𝑒𝑛    𝑞 ≠ 𝑞′

− ∑

𝑁𝜃

𝑘=1,𝑘≠𝑞

𝐶𝑞𝑘
𝜃         𝑤ℎ𝑒𝑛    𝑞 = 𝑞′

 

𝑝, 𝑝′ = 1,2, . . . , 𝑁𝑥                   𝑞, 𝑞′ = 1,2, . . . , 𝑁𝜃 

(30) 

in which 

Π(𝑥𝑝) = ∏

𝑁𝑥

𝑘=1,𝑘≠𝑝

(𝑥𝑝 − 𝑥𝑘), 

Π(𝜃𝑞) = ∏

𝑁𝜃

𝑘=1,𝑘≠𝑞

(𝜃𝑞 − 𝜃𝑘) 

(31) 

and 

(
𝐶̅𝑝𝑝′
𝑥 = 2(𝐶𝑝𝑝

𝑥 𝐶𝑝𝑝′
𝑥 −

𝐶𝑝𝑝′
𝑥

(𝑥𝑝 − 𝑥𝑝′)
)

𝑝, 𝑝′ = 1,2,… , 𝑁𝑥

,    𝑝 ≠ 𝑝′ 

(
𝐶𝑝̅𝑝
𝑥 = − ∑

𝑁𝑥

𝑘=1,𝑘≠𝑝

𝐶𝑝̅𝑘
𝑥

𝑝 = 1,2, . . . , 𝑁𝑥

,    𝑝 = 𝑝′,   

(
𝐶𝑞̅𝑞′
𝜃 = 2(𝐶𝑞𝑞

𝜃 𝐶𝑞𝑞′
𝜃 −

𝐶𝑞𝑞′
𝜃

(𝜃𝑞 − 𝜃𝑞′)
)

𝑞, 𝑞′ = 1,2, . . . , 𝑁𝜃

,    𝑞 ≠ 𝑞′ 

   (
𝐶𝑞̅𝑞
𝜃 = − ∑

𝑁𝜃

𝑘=1,𝑘≠𝑞

𝐶𝑞̅𝑘
𝜃

𝑞 = 1,2, . . . , 𝑁𝜃

,    𝑞 = 𝑞′ 

(32) 

Type of the grid point distribution plays a significant 

role in the accuracy of this method. The conical panel 

domain must be discrete base on a specific grid 

dispensation. In the current research, the Gauss-Chebyshev-

Lobatto grid distribution is applied owing its stability and 

accuracy. In this type dispensation, the discrete points in the 

𝑥 and 𝜃-directions are written as 

𝑥𝑝 = 𝐿 (
1

2
−
1

2
cos (

𝑝 − 1

𝑁𝑥 − 1
𝜋)) +

𝑅0
sin(𝛽)

, 

𝑝 = 1,2, … , 𝑁𝑥  

(33) 

𝜃𝑞 = 𝜃0 (
1

2
−
1

2
cos (

𝑞 − 1

𝑁𝜃 − 1
𝜋)),     

        𝑞 = 1,2, … , 𝑁𝜃 

(34) 

The discretized equations of motion and associated 

boundary conditions after implementing the GDQ method 

are not given here for the sake of brevity; meanwhile, one 

may refer to the other available works, e.g. (Tornabene et al. 

2009, Javani et al. 2020). In the following formula the 

matrix form of derived algebraic eigenvalue is 

demonstrated 

𝐌]{𝑢̈} + [𝐊]{𝑢} = 0 (35) 

where {𝑢}  is the displacement vector which has 

(5 × 𝑁𝑥 × 𝑁𝜃)  components and includes unknown 

displacements constituents (𝑢1𝑝𝑞
0 , 𝑢2𝑝𝑞

0 , 𝑢3𝑝𝑝
0 , 𝜓1𝑝𝑞 , 𝜓2𝑝𝑞) . 

Moreover, [𝐌] denotes the mass matrix and [𝐊] is the 

stiffness matrix. Since the free vibration analysis of the FG-

GPLRC conical panel on the two parameter elastic 

foundation is a harmonic motion, one may suppose the 

following periodic relation for the displacement functions 

𝑢1
0(𝑥, 𝜃, 𝑡) = 𝑈1

0(𝑥, 𝜃)sin(𝜔𝑡 + 𝛼) 

𝑢2
0(𝑥, 𝜃, 𝑡) = 𝑈2

0(𝑥, 𝜃)sin(𝜔𝑡 + 𝛼) 

𝑢3
0(𝑥, 𝜃, 𝑡) = 𝑈3

0(𝑥, 𝜃)sin(𝜔𝑡 + 𝛼) 

𝜓1(𝑥, 𝜃, 𝑡) = Ψ1(𝑥, 𝜃)sin(𝜔𝑡 + 𝛼) 

𝜓2(𝑥, 𝜃, 𝑡) = Ψ2(𝑥, 𝜃)sin(𝜔𝑡 + 𝛼) 

(36) 

Applying Eq. (36) into (35), the matrix form of 

algebraic eigenvalue equations for the natural frequencies 

and the corresponding mode shapes of the conical panel can 

be obtained  

(𝐊 − 𝛚𝟐𝐌)𝐔 = 0 (37) 

where 𝛚  and 𝐔  are the natural frequency and the 

corresponding mode shape. 

 

 

5. Results and discussion 
 
The extended procedure in the previous section is exerted 

here to study the free vibration characteristics of FG-

GPLRC conical panel resting on Winkler-Pasternak elastic 

foundation. Unless otherwise mentioned, the 

nanocomposite is constructed by mixing the isotropic epoxy 

matrix and graphene platelets. The mechanical properties 

for these constituents are listed in Table 1. 

 

 

Table 1 mechanical properties of the matrix and GPLs. (Wu 

et al. 2017) 

Properties Epoxy GPL 

Elasticity 

modulus(𝐸)[GPa] 

3.0 1010 

Mass density (𝜌) [kg/m 3] 1200 1062.5 

Poisson’s ratio (𝜈) 0.34 0.186 

7



 

Arameh Eyvazian et al. 

 

 

Several types of boundary conditions with the 

combination of clamped (C), simply-supported (S), and free 

(F) are utilized at the meridional and circumferential edges 

of conical panels. For example, the FCSF boundary 

condition illustrate a panel is free at 𝜃 = 0, clamped at 

𝑥 =
𝑅0

sin(𝛽)
+ 𝐿, simply-support at 𝜃 = 𝜃0  and eventually, 

free at 𝑥 =
𝑅0

sin(𝛽)
. 

In the present manuscript, to study the influences of 

elastic coefficients on natural frequencies of the panel, the 

nondimensional Winkler and Pasternak coefficients are 

setup according to as  

𝐾𝑤 =
𝑘𝑤𝑅0

4(1 − 𝜈𝑚
2 )

𝐸𝑚ℎ
3

 

𝐾𝑔 =
𝑘𝑔𝑅0

2(1 − 𝜈𝑚
2 )

𝐸𝑚ℎ
3

 

(38) 

Also, the nondimensional natural frequencies of the 

introduced structure are defined as 

Ω𝑖 = 𝜔𝑖𝑅0
2√
𝜌𝑚(1 − 𝜈𝑚

2 )

𝐸𝑚ℎ
2

 (39) 

 

 

Length of graphene platelets is set 𝑎𝐺𝑃𝐿 = 2.5𝜇m, its 

width 𝑏𝐺𝑃𝐿 = 1.5𝜇m and finally, its thickness is assumed 

𝑡𝐺𝑃𝐿 = 1.5nm in all of the numerical results. 

 

5.1 Convergence and Comparison Study 
 

A convergence analysis is provided on the free vibration 

characteristics to optimize the number of layers and the 

required number of grid points to reach the converged 

natural frequencies. In the current example, the number of 

grid points in the meridional direction and in the 

circumferential direction are the same 𝑁𝑥 = 𝑁𝜃. 

Table 2 gives the converged first three dimensionless 

natural frequencies of a FG-GPLRC conical panel with 

geometrical parameters of 
ℎ

𝑅0
= 0.2, 

𝐿

𝑅0
= 4, 𝛽 = 45∘ and 

𝜃0 = 120∘. For developing the numerical results of this 

Table, the weight fraction of GPLs is assumed 𝑊𝐺𝑃𝐿 =
0.5%, moreover X-type functionally graded pattern is 

selected. In this study, two types of boundary conditions 

FSFS and CCCC are assumed to model the shell. As it can 

be seen, the results converged for 21 grid points in each 

direction specially for CCCC panel. Another result of this 

study is a small difference between the natural frequencies 

Table 2 Convergence test of the first three dimensionless frequency for X-GPLRC conical panel with different boundary 

conditions 

 𝑁𝐿 

B.Cs. mode 𝑁𝑥=𝑁𝜃 4 6 8 10 12 20 40 

FSFS 

 

Ω1 

15 0.6630 0.6687 0.6706 0.6715 0.6720 0.6727 0.6730 

17 0.6625 0.6682 0.6702 0.6711 0.6716 0.6723 0.6726 

19 0.6623 0.6680 0.6700 0.6709 0.6714 0.6721 0.6724 

21 0.6622 0.6679 0.6698 0.6707 0.6712 0.6720 0.6723 

Ω2 

15 0.7689 0.7782 0.7813 0.7828 0.7836 0.7848 0.7852 

17 0.7691 0.7784 0.7816 0.7830 0.7838 0.7850 0.7855 

19 0.7692 0.7785 0.7817 0.7832 0.7839 0.7851 0.7856 

21 0.7693 0.7786 0.7817 0.7832 0.7840 0.7852 0.7856 

Ω3 

15 1.3301 1.3352 1.3369 1.3378 1.3382 1.3389 1.3391 

17 1.3302 1.3353 1.3371 1.3379 1.3383 1.3390 1.3393 

19 1.3303 1.3353 1.3371 1.3379 1.3384 1.3390 1.3393 

21 1.3303 1.3354 1.3371 1.3380 1.3384 1.3391 1.3393 

CCCC 

Ω1 

15 1.9076 1.9280 1.9350 1.9383 1.9400 1.9426 1.9437 

17 1.9076 1.9280 1.9350 1.9383 1.9401 1.9426 1.9437 

19 1.9076 1.9280 1.9350 1.9383 1.9401 1.9426 1.9437 

21 1.9076 1.9280 1.9350 1.9383 1.9401 1.9426 1.9437 

Ω2 

15 2.0228 2.0358 2.0403 2.0423 2.0434 2.0450 2.0457 

17 2.0228 2.0358 2.0403 2.0423 2.0434 2.0450 2.0457 

19 2.0228 2.0358 2.0403 2.0423 2.0434 2.0450 2.0457 

21 2.0228 2.0358 2.0403 2.0423 2.0434 2.0450 2.0457 

Ω3 

15 2.6849 2.7163 2.7271 2.7321 2.7349 2.7388 2.7405 

17 2.6849 2.7163 2.7271 2.7321 2.7349 2.7388 2.7405 

19 2.6849 2.7163 2.7271 2.7321 2.7349 2.7388 2.7405 

21 2.6849 2.7163 2.7271 2.7321 2.7349 2.7388 2.7405 
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at 𝑁𝐿 = 10  and 𝑁𝐿 > 10 ; Hence a laminated GPLRC 

panel consists 10 layers could offer adequate accuracy to 

design an appropriate functionally graded panel with 

smooth changes between material compositions and 

properties. In the parametric studies the number of layers is 

selected 𝑁𝐿 = 10. 

To validate the formulations and employed method, the 

free vibration of conical, cylindrical panels and sector plates 

may be considered. Table 3 compares the results of this 

study for a pure isotropic panel and plate, where 𝐸 =
2.1 × 1011Pa, 𝜌 = 7800𝑘𝑔/𝑚3 and 𝜈 = 0.3, with those 

addressed in (Tornabene et al. 2009). Table 3 indicates the 

first ten natural frequencies 𝑓(Hz) versus the boundary 

conditions (FCFC, SFSF, FSSF). The geometrical 

parameters of each structure are given as follow 

•  Conical panel: 𝑅0 = 0.5 m, ℎ = 0.1 m, 𝐿 =
2/cos(𝛽)m, 𝛽 = 40∘, 𝜃0 = 120∘ 

•  Cylindrical panel: 𝑅0 = 1m, ℎ = 0.1m, 𝐿 = 2m, 

𝛽 = 0∘, 𝜃0 = 120
∘ 

•  Sector plate: 𝑅0 = 0.5 m, ℎ = 0.1 m, 𝐿 = 1.5 m, 

𝛽 = 90∘, 𝜃0 = 120
∘ 

Close agreement is observed between the obtained 

results and those reported based on the GDQ method by 

Tornabene et al. (2009). 

A second comparison analysis is performed in Table 4 

between calculated results of this manuscript and those 

reported based on the experimental and theoretical study by 

Bardell et al. (1998) and Ritz method by Kiani et al. (2018). 

The mechanical properties of the isotropic homogeneous  

 

 

Aluminium conical panel are 𝐸 = 70Gpa, 𝜌 = 2700𝑘𝑔/
𝑚3  and 𝜈 = 0.3. The comparison is examined for two 

panels; The first panel is introduced with 𝑅0 = 16cm, ℎ =
2mm, 𝐿 = 112cm, 𝛽 = 26. 5∘  and 𝜃0 = 180

∘  while the 

other one had following parameters 𝑅0 = 34cm, ℎ = 2mm, 

𝐿 = 114cm, 𝛽 = 3. 8∘ and 𝜃0 = 130∘. It can be seen that 

the determined first ten natural frequencies 𝑓(Hz) in the 

present paper are well compared with the literature. 

As mentioned in the introduction section, no paper has 

yet reported the free vibration of FG-GPLRC conical panels. 

Therefore, to carry out a comparison evaluation, the present 

problem is restricted to the case of a closed FG-GPLRC 

annular plate. The conical panel can be reduce to the 

annular plate considering 𝛽 = 90∘  and applying 

kinematical and physical compatibility conditions for the 

straight edges. This structure is analyzed by Malekzadeh et 

al. (2018) by means of the transformed differential 

quadrature method. For the sake of comparison, a conical 

panel with 𝑅0 = 0.25m, ℎ = 0.1m, 𝐿 = 0.75m and 𝜃0 =
360∘ is considered. The results are compared in terms of 

fundamental frequency parameter 𝜆 = 𝜔ℎ√𝜌𝑚/𝐸𝑚  for 

four functionally graded patterns and three types of 

boundary conditions (CC, CS, CF) at the inner and outer 

circumferential edges, respectively, in Table 5. It is 

concluded that good agreement between the results of this 

study and those obtained by Malekzadeh et al. (2018) which 

guarantees the accuracy and efficiency of the proposed 

formulations and method. 

Table 3 Comparison of the frequency parameters Ω = 𝜔𝑅√𝜌(1 − 𝜈2)/𝐸 for an isotropic FS hemispherical shell (𝜑𝑖𝑛 = 0, 

𝜑𝑜𝑢𝑡 = 90
∘ and 𝑅 = 1m) 

 conical cylindrical annular 

modes FCFC SFSF FSSF FCFC SFSF FSSF FCFC SFSF FSSF 

Present 122.742 74.271 90.919 204.906 168.111 76.197 235.467 13.519 57.677 

Tornabene et al. (2009) 122.73 74.28 90.92 204.87 168.18 76.18 235.47 13.52 57.68 

Present 135.298 125.316 170.080 223.034 364.305 188.044 249.301 76.326 150.273 

Tornabene et al. (2009) 135.28 125.33 170.04 222.97 364.40 188.14 249.30 76.326 150.27 

Present 241.427 224.779 232.290 383.357 407.053 232.304 307.526 159.111 233.133 

Tornabene et al. (2009) 241.48 224.79 232.33 383.58 407.33 232.26 307.53 159.11 233.13 

Present 256.546 258.795 272.365 440.777 421.556 285.348 424.246 167.867 288.568 

Tornabene et al. (2009) 256.59 258.79 272.43 441.11 421.67 285.37 424.25 167.87 288.57 

Present 287.244 288.676 312.849 468.076 634.226 428.674 592.675 287.650 401.527 

Tornabene et al. (2009) 287.24 288.70 312.85 467.98 634.29 428.84 592.67 287.65 401.53 

Present 293.441 327.003 324.563 474.874 651.573 467.638 628.392 315.231 456.916 

Tornabene et al. (2009) 293.42 327.04 324.61 474.78 651.69 467.63 628.39 315.23 456.92 

Present 381.132 360.895 374.648 714.702 717.979 537.115 648.642 399.784 588.038 

Tornabene et al. (2009) 381.19 360.93 374.71 715.01 717.89 537.52 648.64 399.78 588.04 

Present 421.566 388.159 411.080 718.619 780.625 573.671 729.722 434.010 619.547 

Tornabene et al. (2009) 421.65 388.22 411.13 719.14 781.15 573.73 729.72 434.01 619.55 

Present 463.562 444.377 454.818 724.986 792.691 673.315 795.338 505.973 650.908 

Tornabene et al. (2009) 463.67 444.46 454.88 725.44 792.79 673.55 795.34 505.97 650.91 

Present 494.978 480.373 488.313 737.303 806.677 731.644 876.766 604.968 763.197 

Tornabene et al. (2009) 494.98 480.42 488.36 736.76 806.95 731.76 876.77 604.97 763.19 

9



 

Arameh Eyvazian et al. 

 

 
 

5.2 Parametric study 
 

After providing the comparison analysis with the open 

literature, in this section, novel numerical results from the 

present study are illustrated. 

The first five dimensionless natural frequencies of the 

FG-GPLRC conical panels for three types of functionally 

graded patterns with various GPL weight fraction are 

presented in Table 6. The results are obtained for a conical 

panel with 
ℎ

𝑅0
= 0.2,𝐿/𝑅0 = 4, 𝛽 = 45∘  and 𝜃0 = 120∘ . 

This Table lists the natural frequencies for three different 

boundary conditions including CCCC, CSCS and CCFF.  

The results exhibit that for X-GPLRC, the natural 

frequencies have the highest value. Inversely, the 

functionally graded O pattern feature the lowest natural 

frequencies. Moreover, it is demonstrated that an increased 

GPL enrichment from 𝑊𝐺𝑃𝐿 = 0.1%  to 𝑊𝐺𝑃𝐿 = 1% , 

yields an enhancement in the natural frequency for all the 

boundary conditions. Finally, it is seen that, the stiffer edges 

result in the stiffer structure and hence higher frequency 

parameters.  

To investigate the influence of elastic foundation and 

length-to-radius ratio of X-GPLRC conical panels, a 

parametric analysis is conducted and the first five 

nondimensional natural frequencies are illustrated in Table 

7. For each values of the Length-to-radius ratio, the 

frequency parameters are given for three values of the semi-

vertex angle. Fully clamped (CCCC) nanocomposite  

 

 

 

conical panel with angle of embrace 𝜃0 = 90∘  and 

thickness-to-radius ratio ℎ/𝑅0 = 0.2  is considered. The 

weight fraction of graphene platelets is assumed 𝑊𝐺𝑃𝐿 =
1% . The numerical results reveal the key role of the 

Winkler-Pasternak coefficients in enhancing the 

nondimensional natural frequencies. As the numerical 

results demonstrate, higher 𝐿/𝑅0  and 𝛽  led to lower 

nondimensional natural frequencies of clamped conical 

panel due to the less rigidly. 

The subsequent parametric study is examined to analyse 

the effect of the shell thickness on the fundamental 

frequency as shown in Table 8. In this example, the 

fundamental dimensionless frequency is obtained for 

various angle of embrace and different boundary conditions. 

Other geometrical parameters are 𝐿/𝑅0 = 4 and 𝛽 = 45∘. 
To develop this study X-GPLRC conical panel with 1% 

nanofiller weight fraction on an elastic foundation with 

nondimensional Winkler-Pasternak (𝐾𝑤 , 𝐾𝑔) = (200,20) 

is considered. It is seen that higher thickness-to-radius ratio 

produce looser frequency parameters. It is worth noting that 

the increase in the thickness-to-radius ratio makes the more 

stable structure; hence the natural frequency will be 

increased, but the non-dimensional frequency decreases. 

Table 8 shows that the dimensionless frequency of any 

boundary conditions decrease with increasing the angle of 

embrace 𝜃0 except for the FCFC and FSFS. 

Fig. 2 indicates the variation of fundamental 

dimensionless frequency versus semi-vertex angle 𝛽 for 

Table 4 Comparison of the first ten frequencies f(Hz) for isotropic conical panel with FFFF boundary condition 

Present 
Bardell et al. 

(1998) (Exp.) 

Bardell et al. 

(1998) 

Kiani et al. 

(2018) 
Present 

Bardell et al. 

(1998) (Exp.) 

Bardell et al. 

(1998) 

Kiani et al. 

(2018) 

4.437 4.5 4.65 4.274 6.697 7.5 7.21 6.568 

8.437 8.9 8.75 8.203 12.628 12.7 12.32 12.595 

11.357 11.5 11.32 11.123 19.048 18.2 18.21 18.807 

20.911 20.9 20.85 20.695 35.314 35.6 34.40 35.246 

22.286 21.7 22.63 21.724 45.767 46.0 44.32 45.579 

32.841 33.2 33.06 32.888 69.252 59.5 67.78 68.829 

46.751 46.6 47.83 47.434 75.825 70.4 75.43 75.963 

47.482 47.4 47.87 48.309 76.041 43.1 76.05 77.311 

62.984 58.6 63.51 66.261 90.181 90.4 87.80 88.522 

67.228 63.7 67.95 68.261 116.288 - 113.65 116.545 

Table 5 Comparison of natural frequency parameter 𝜆 = 𝜔ℎ√𝜌𝑚/𝐸𝑚 for a FG-GPLRC annular plate with weight fraction of 

reinforcements 𝑊𝐺𝑃𝐿 = 1% 

 B.Cs. 

Graded type Source CC CS CF 

U-GPLRC Present 0.2207 0.1526 0.0344 

 Malekzadeh et al. (2018) 0.22095 0.15274 0.03445 

X-GPLRC Present 0.2485 0.1740 0.0398 

 Malekzadeh et al. (2018) 0.24454 0.17090 0.03899 

O-GPLRC Present 0.1829 0.1246 0.0277 

 Malekzadeh et al. (2018) 0.19038 0.13001 0.02898 
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X-GPLRC conical panel with 1% reinforcements weight 

fraction 𝑊𝐺𝑃𝐿  and different elastic foundation coefficients 

(𝐾𝑤 , 𝐾𝑔) . This figure is provided for SSSS boundary 

condition. figure is drawn for three non-dimensional 

parameters 𝐿/𝑅0 = 2,4,6 . In this subsequent section 

thickness-to-radius ratio ℎ/𝑅0 = 0.1  and embrace angle 

𝜃0 = 90∘ is assumed. The mentioned figure presents that 

the fundamental frequency of nanocomposite conical panel 

decreases as the semi-vertex increases from 𝛽 = 0 to 𝛽 =
90∘.  

Furthermore, it is observed that the effect of elastic 

foundation decreases as the semi-vertex angle and length-

to-radius ratio increase. 

Influences of the angle of embrace on the fundamental 

dimensionless frequency of X-GPLRC conical panel are 

drawn in Fig. 3-4. The numerical results are depicted for 

various thickness-to-radius ratios ℎ/𝑅0 = 0.05,0.1,0.5. 

Fig. 3 is related to SSSS panel and Fig. 4 represent the 

case for FSFS panel. Each figure consists four sub-figure 

that are provided for various semi-vertex angle 𝛽 = 

 

 

0,30∘, 60∘, 90∘. For developing the current example, length-

to-radius ratio 𝐿/𝑅0 = 4  and nanofiller weight fraction 

𝑊𝐺𝑃𝐿 = 1%  is considered. As seen from these figures, 

higher embrace angle produces lower frequency parameter 

and decreases the effect of thickness-to-radius ratio for 

SSSS conical panel; while it gives rise to higher frequency 

parameter and increases the effect of thickness-to-radius 

ratio for FSFS conical panel. Also, the effect of thickness-

to-radius ratio is diminished, when semi-vertex angle 𝛽 

increases. 

Fig. 5 aims to investigate the influence of reinforcement 

weight fraction 𝑊𝐺𝑃𝐿  on the fundamental natural 

frequency. In this study, GPLRC laminated conical panel is 

examined with ℎ/𝑅0 = 0.05, 𝐿/𝑅0 = 4, 𝛽 = 45∘ , 𝜃0 =
120∘ and (𝐾𝑤 , 𝐾𝑔) = (100,10), at different functionally 

types. Four type of boundary conditions are supposed. It 

can be concluded that for all selected boundary conditions, 

the natural frequency of the shell increases by augmentation 

the GPL weight fraction. Also, it is verified that among the 

various functionally graded patterns, FG-X type results in 

Table 6 First five dimensionless frequency of FG-GPLRC conical panel respect to various reinforcement weight fraction and 

FG pattern with different boundary conditions 

 mode 

B.Cs. 𝑊𝐺𝑃𝐿  Graded type Ω1 Ω2 Ω3 Ω4 Ω5 

CCCC 

0.1 

U 1.267 1.373 1.776 2.061 2.160 

X 1.310 1.405 1.840 2.114 2.243 

O 1.221 1.336 1.710 2.004 2.071 

0.5 

U 1.791 1.941 2.510 2.913 3.052 

X 1.938 2.042 2.732 3.094 3.333 

O 1.621 1.785 2.278 2.697 2.716 

1 

U 2.283 2.474 3.199 3.713 3.890 

X 2.511 2.628 3.545 3.994 4.323 

O 2.011 2.212 2.836 3.343 3.363 

CSCS 

0.1 

U 1.145 1.249 1.602 1.865 1.937 

X 1.180 1.276 1.657 1.907 2.010 

O 1.108 1.217 1.547 1.820 1.860 

0.5 

U 1.618 1.766 2.264 2.636 2.738 

X 1.740 1.850 2.455 2.778 2.985 

O 1.481 1.630 2.073 2.448 2.465 

1 

U 2.063 2.251 2.886 3.360 3.489 

X 2.251 2.378 3.183 3.579 3.872 

O 1.843 2.022 2.588 3.024 3.081 

CCFF 

0.1 

U 0.434 0.875 1.049 1.252 1.550 

X 0.450 0.906 1.077 1.295 1.597 

O 0.417 0.840 1.018 1.208 1.497 

0.5 

U 0.614 1.237 1.482 1.770 2.190 

X 0.667 1.341 1.576 1.918 2.347 

O 0.549 1.102 1.362 1.612 1.978 

1 

U 0.783 1.577 1.890 2.256 2.792 

X 0.864 1.736 2.033 2.488 3.033 

O 0.677 1.357 1.692 2.006 2.440 
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the highest natural frequency while the O-distribution type 

results in the lowest natural frequency. 

The first six mode shapes of X-GPLRC conical panel 

with FCFC boundary condition are given in Fig. 6. This 

study is performed for clarify the vibration response of the 

mentioned nanocomposite structure without elastic 

foundation. The nanofillers fraction is 𝑊𝐺𝑃𝐿 = 1% ; 

Furthermore, the geometrical parameters ℎ/𝑅0 = 0.05 , 

𝐿/𝑅0 = 4, 𝛽 = 45∘ and 𝜃0 = 120
∘ are considered. 

 

 

In Fig. 7 the effect of elastic foundation on the 

fundamental frequency and corresponding mode shape of a 

X-GPLRC fconical panel with two types of boundary 

conditions (FCFC, FFCC) is depicted. The thickness ratio 

ℎ/𝑅0 = 0.05, the length ratio 𝐿/𝑅0 = 4, the semi-vertex 

angle 𝛽 = 30∘  and the embrace angle 𝜃0 = 120∘  are 

considered. As can be observed, the magnitudes of the 

Winkler-Pasternak coefficients have an important affect the 

frequencies and corresponding mode shapes. 

Table 7 First five dimensionless frequency of CCCC X-GPLRC conical panel respect to various length-to-radius ratio and 

semi-vertex angle with different Winkler-Pasternak coefficients 

 mode 

(𝐾𝑤 , 𝐾𝑔) 𝐿/𝑅0 𝛽 Ω1 Ω2 Ω3 Ω4 Ω5 

(0,0) 

2 

30 6.872 8.337 11.174 12.889 13.316 

45 5.731 7.299 10.385 10.883 12.388 

60 4.901 6.641 9.684 9.905 11.804 

4 

30 3.873 4.123 5.255 6.246 6.587 

45 2.839 3.227 4.234 4.937 5.258 

60 2.101 2.718 3.552 4.104 4.681 

6 

30 2.519 2.670 3.521 3.833 4.021 

45 1.868 1.870 2.635 2.832 3.035 

60 1.316 1.504 2.040 2.249 2.585 

(200,0) 

2 

30 14.548 15.487 17.398 17.834 18.165 

45 14.081 15.079 16.555 17.066 17.472 

60 13.818 14.848 15.813 16.861 16.967 

4 

30 10.068 10.213 12.093 14.266 14.812 

45 9.054 9.584 11.065 13.699 14.158 

60 8.395 9.349 10.491 12.952 13.755 

6 

30 7.320 7.801 9.141 11.517 11.678 

45 6.658 6.803 8.054 10.355 10.579 

60 6.057 6.557 7.495 9.392 9.972 

(0,20) 

2 

30 11.787 14.491 17.639 18.093 19.227 

45 10.741 13.620 16.055 17.312 18.547 

60 10.074 13.213 14.753 17.144 18.064 

4 

30 7.175 9.135 9.784 10.678 11.490 

45 6.086 8.096 9.165 9.745 9.904 

60 5.455 7.597 8.707 8.820 9.480 

6 

30 5.281 6.719 7.022 7.777 8.488 

45 4.343 5.795 6.371 7.031 7.046 

60 3.821 5.357 6.018 6.230 6.648 

(200,20) 

2 

30 15.640 17.604 18.397 19.837 22.126 

45 14.632 17.235 17.808 18.993 20.642 

60 14.041 17.060 17.428 18.516 19.806 

4 

30 10.090 10.367 12.257 15.509 15.717 

45 9.101 9.600 11.109 14.183 14.533 

60 8.409 9.357 10.503 13.055 13.877 

6 

30 7.328 7.838 9.182 11.569 11.759 

45 6.668 6.809 8.065 10.382 10.606 

60 6.060 6.560 7.498 9.399 9.982 
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6. Conclusions 
 

In the present paper, the free vibration analysis of a 

functionally graded laminated conical panel reinforced with 

graphene platelets is examined. The equations of motion are 

derived using the first order shear deformation theory, the 

Sanders kinematic assumption and Hamilton’s principle. 

After discretization the motion equations by implementing  

 
 

the GDQ method, eigenvalue problem is solved. Based on 

the calculated natural frequencies and obtained 

corresponding mode shapes: 

•  Graphene platelets weight fraction and patterns 

ofdistribution in the thickness direction are two effective 

parameters on the free vibration characteristics of FG-

GPLRC conical panel. The higher reinforcement weight 

fraction produce the higher dimensionless natural 

frequencies. Moreover, a shell with FG-X pattern is 

associated most natural frequency along types of 

dispensation. 

•  Semi-vertex angle 𝛽 , length-to-radius 𝐿/𝑅0  ratio 

and thickness-to-radius ratio ℎ/𝑅0 rise result in decrease 

non-dimensional natural frequencies of the structure. 

• Embrace angle of the panel is an important factor in 

the free vibration behavior of the conical panel. 

• It is found that the boundary conditions of the conical 

panel plays a key role on the natural frequencies and 

associated mode shapes.  
• higher Winkler-Pasternak coefficients enhance the  

stability of the FG-GPL nanocomposite shell and so the 

natural frequency parameters tend to larger value. 
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Fig. 2 Fundamental dimensionless frequency of SSSS X-GPLRC conical panel with respect to semi-vertex angle for various 

elastic foundation coefficients . (a: 𝐿/𝑅0 = 2, b: 𝐿/𝑅0 = 4, c: 𝐿/𝑅0 = 6) 

Table 8 Fundamental dimensionless frequency of X-

GPLRC conical panel respect to thickness-to-radius ratio 

and embrace angle with different boundary conditions 

  B.Cs. 

(ℎ/
𝑅0) 

𝜃0 CCCC CSCS CFCF SCSC SSSS SFSF FCFC FSFS 

0.1 

60 16.580 16.467 13.452 16.430 16.328 13.404 8.171 8.171 

90 15.775 15.714 10.154 15.512 15.457 10.114 8.792 8.791 

120 13.977 13.950 8.251 13.853 13.824 8.204 9.087 9.087 

0.2 

60 11.158 11.158 6.930 11.153 11.152 6.927 4.087 4.087 

90 9.101 9.100 5.197 9.089 9.088 5.194 4.399 4.398 

120 7.581 7.580 4.257 7.574 7.573 4.252 4.547 4.547 

0.5 

60 4.472 4.472 2.779 4.472 4.472 2.779 1.637 1.636 

90 3.672 3.672 2.090 3.671 3.671 2.089 1.761 1.761 

120 3.059 3.059 1.718 3.058 3.058 1.717 1.820 1.820 
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Fig. 3 Fundamental dimensionless frequency of SSSS X-GPLRC conical panel with respect to embrace angle for various 

thickness-to-radius ratio. (a: 𝛽 = 0∘, b: 𝛽 = 30∘, c: 𝛽 = 60∘, d: 𝛽 = 90∘) 
 

  

  

Fig. 4 Fundamental dimensionless frequency of FSFS X-GPLRC conical panel with respect to embrace angle for various 

thickness-to-radius ratio. (a: 𝛽 = 0∘, b: 𝛽 = 30∘, c: 𝛽 = 60∘, d: 𝛽 = 90∘) 
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Fig. 5 Fundamental dimensionless frequency of FG-GPLRC conical panel with respect to GPL weight fraction for various 

types of grading. (a: CCCC, b: CFCF, c: CCFF, d: CFFF) 

 

  

  

  

Fig. 6 First six dimensionless frequencies and corresponding mode shapes of X-GPLRC conical panel. 
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