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Abstract. Passive control technologies are commonly used in several areas to suppress structural vibrations by the addition of
supplementary damping, and some modal damping may be heavy beyond critical damping even for regular structures with energy
dissipation devices. The design of passive control structures is typically based on (complex) mode superposition approaches.
However, the conventional mode superposition approach is predominantly applied to cases of under-critical damping. Moreover,
when any modal damping ratio is equal or close to 1.0, the system becomes defective, i.e., a complete set of eigenvectors cannot be
obtained such that some well-known algorithms for the quadratic eigenvalue problem are invalid. In this paper, a generalized
complex mode superposition method that is suitable for under-critical, critical and over-critical damping is proposed and expressed
in a unified form for structural displacement, velocity and acceleration responses. In the new method, the conventional algorithm for
the eigenvalue problem is still valid, even though the system becomes defective due to critical modal damping. Based on the modal
truncation error analysis, modal corrected methods for displacement and acceleration responses are developed to approximately
consider the contribution of the truncated higher modes. Finally, the implementation of the proposed methods is presented through
two numerical examples, and the effectiveness is investigated. The results also show that over-critically damped modes have a
significant impact on structural responses. This study is a development of the original complex mode superposition method and can
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be applied well to dynamic analyses of non-classically damped systems.
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1. Introduction

Over-critical damping is normally considered quite
unfamiliar in civil structures even if equipped with
additional devices. However, it should be noted that an
under- or over-critical damping entirely depends on the
modal damping ratio. Damping in the fundamental mode is
not very high typically, yet it is expected that in higher
modes, a building experiences more flexural and shear
deformation, which may contribute to higher damping. For
instance, Uriz and Whittaker (2001) adopted the first-mode-
based procedure (FEMA 273 1997) to retrofit a 3-story steel
moment-resisting frame and increased the first modal
damping ratio as high as 40% such that a substantial
reduction in displacements could be obtained. Meanwhile,
over-critical damping occurred in higher modes, resulting in
a significant increase of floor acceleration and story shears
(Occhiuzzi 2009, Suarez and Gaviria 2015). Whittle et al.
(2012) compared the effectiveness of five commonly used
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viscous damper placement techniques and demonstrated
that all these methods achieve over-critical damping.
Moreover, the level of modal damping heavily depends on
the selected optimization objective in an optimal approach
of damper distribution. In the study conducted by Liu et al.
(2005), over-critical damping occurs in the second mode
when inter-story drift is considered as the optimization
objective and in the third mode when the acceleration is
considered as the optimization objective. On the other hand,
the calculation of modal damping ratios is always based on
undamped modes with ignoring the off-diagonal elements
of the generalized damping matrix in the undamped mode
space such that the modal damping ratio is underestimated
(Zhou et al. 2004).

Structures with supplemental dampers are typical
systems with non-classical damping, and the dynamic
analysis required for the design can be usually
accomplished by carrying out several cumbersome
numerical integrations (Clough and Penzien 1995). A more
efficient choice is the complex modal analysis (Veletsos
and Ventura 1986, Singh 1980), and its primary limitation
lies in the solution of a corresponding n-dimensional
quadratic eigenvalue problem. Fortunately, the quadratic
eigenvalue problem can be hugely deflated to an equivalent
linear eigenvalue problem with small dimensions, based on
the projection technology, and solved using the QZ
algorithm developed by Moler and Stewart (1973).
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Recently, Mentrasi (2012) introduced the homotopy
analysis method to solve the quadratic eigenvalue problem
directly after deflation without approximations, which can
significantly increase computation efficiency. Furthermore,
based on the complex mode superposition approach, many
researchers comprehensively studied the response spectrum
analyses for non-classically damped systems. For instance,
Zhou et al. (2004) provided a refined complex complete
quadratic combination (CCQC) rule for modal response
peaks; Yu et al. (2005) and Yu and Zhou (2008) extended
this rule to multiple-component and multiple-support
excitations; Chen et al. (2017a) added the contribution of
truncated higher modes. At present, dynamic analyses of
non-classical damping systems can be conducted well in
practice. However, the contribution of over-critically
damped modes is always neglected for the convenient
application of the complex mode superposition method,
potentially resulting in significant errors (Takewaki 2004).
Even though Chu et al. (2009) considered the contribution
of the over-critically damped modes to the structural
response, under- and over-critically damped modes cannot
be unified well in the aforementioned method. Liu ez al.
(2016) proved that the present complex mode superposition
method was suitable for the over-critically damped modes
but a slight revision required. In addition, some modes may
have critical damping, and the contribution of these modes
must be taken into consideration as well. However, few
researchers have addressed this issue.

It is often difficult, and even unnecessary, to obtain all
the eigenpairs of a large-scale model, implying that the
modal truncation scheme is generally used, and the modal
truncation error is therefore introduced. As a result, the
quality of the calculated structural response may be
adversely affected. The corrections to the modal truncation
scheme of the (real or complex) mode superposition method
have been investigated by several researchers. Static
correction methods or mode acceleration methods (MAMs)
(Maddox 1975, Hansteen and Bell 1979, Cornwell et al.
1983) approximate the contribution of (unavailable) higher
modes to dynamic responses in terms of a pseudo-static
term. Since MAMs neglect the contribution of both velocity
and acceleration terms to dynamic responses, they can be
considered as state approximation methods. Traill-Nash
(1981) and Singh and McCown (1986) proposed MAMs for
non-classically damped systems respectively. However, the
former is only suitable for the loading with analytical law,
and the latter requires complex operations. These methods
have been applied widely in response spectrum analyses
(Singh and McCown 1986, Der Kiureghian and Nakamura
1993, Dhileep and Bose 2008) and random vibration studies
(Cacciola et al. 2007, Benfratello and Muscolino 2001).
Dynamic correction methods or modal truncation
augmentation methods (MTAMS) (Dickens and Pool 1992,
Dickens et al. 1997, Besselink et al. 2013), which were
developed to improve the accuracy of the MAMs, include
the contribution of higher modes by the particular solution
of reduced differential equations of motion. Force
derivative methods (FDMs) (Camarda et al. 1987, Akgu
1993) reduce the modal truncation error by considering the
higher-order derivatives of the forcing function, implying

that the forcing function should be described by analytical
laws. Hybrid expansion methods (HEMs) (Liu et al. 1996,
Huang et al. 1997, Li et al. 2014, Li et al. 2013, Qu 2000,
Qu and Selvam 2000, Xiao et al. 2017) are another type of
correction schemes that combine the mode superposition of
the (available) lower modes with a power-series expansion
of dynamic responses in terms of system matrices, which
are applied widely in the frequency-domain analysis. It is
important to highlight that all the aforementioned correction
methods are suitable for under-critically damped systems
and need to be developed further for the dynamic analysis
of passive control structures due to heavy damping in some
modes.

The objective of this study is to address the critical
damping issue in dynamic analyses and develop a
generalized dynamic analysis method based on complex
modes. Due to defectiveness of system resulting from
critical modal damping, the calculation of the generalized
eigenvectors and the orthogonal conditions are introduced
firstly in Section 2. Then, a generalized complex mode
superposition method is developed in Section 3, which is
expressed in a unified form without the limit of modal
damping. In practice, the modal truncation scheme is
always used to reduce large computation. In Section 4, the
modal truncation error of the proposed complex mode
superposition method is examined. Based on this error,
correction methods for structural displacement and
acceleration responses are developed in Section 5. Finally,
two numerical examples is used to demonstrate the
effectiveness of the analysis method proposed in this paper.

2. Basic equations

Consider a linear and non-classically damped structure
with n degrees of freedom (DOFs). When the system is
subjected to a loading f(t), the well-known equation of
motion is

Mii + Ca + Ku = f(t) = sf(t) (1)

in which, M, C and K are the symmetric mass, damping
and stiffness matrices of size nxn, respectively. Here, M
and K are particularly restricted to positive definite, while
C is positive semi-definite due to the non-classical damping
such that the conventional mode superposition method
becomes invalid. ii,  and u are respectively the time-
dependent acceleration, velocity and displacement vectors
relative to the ground. s denotes the spatial distribution of
the loading.

To decouple Eq. (1), it is necessary to transform the n
second-order differential equations to 2n first-order ones,
namely,

AV +Bv =T f(t) )

which is normally named as state equation. The state
variable v, the coefficient matrices A and B, and the
influence vector in state space T are
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By setting the right hand side of Eq. (2) to zero, the
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corresponding eigenvalue problem can be obtained as

Byy; = —AAY; 3

It should be noted that neither of A and B is positive
definite, although they are symmetric and invertible.
According to the linear algebra theory, the eigenvalue A;
and the relevant eigenvector {; are, in general, complex-
valued and occur in conjugate pairs when the amount of
damping in the system is not very high, otherwise, they are
real-valued but appear in pairs as well. To describe the
vibration behavior of structure, dived the eigenvector into
two parts, ie., ;=[x d;]T, where yx; and ¢,
respectively represent the first and last » elements of ;.
X: 1s associated with the structural velocity and the relation
Xi = A;¢; always holds in the cases of under-critical and
over-critical modal damping. ¢; reflects the structural
deformation, which is called complex mode in this study.

Referring to the case with classical damping, a pair of
eigenvalue (1;,A;) can be expressed in terms of natural
frequency w; and modal damping ratio &; as

A i = —§w; T w; /flz -1 4)

From Eq. (4), it is apparent that the forms of A; and A;
depend directly upon the amount of &;: (1) when &; <1,
A A = —§w; £iw;/1— &2, where i=+/-1, in such
case both (4;,4;) and (Y;, ;) are complex conjugate
pairs; (2) when & =1, A; = 4] = —w;, (Y;, P;) are real-
valued. Note that the eigenvalue is repeated and the system
may be defective (Friswell et al. 2005, Yu et al. 2012),
which will be discussed in detail in the following section;
(3) when & >1, A,4 =—-§w; tw/é# —1, both
(A, 47) and (P, P;) are real-valued pairs.

However, the conventional complex mode superposition
method is based on under-critical modal damping. As the
damping increases, some eigenvalues and eigenvectors may
become real-valued and this is very possible in a structure
with dampers. It is necessary to improve the method to be
suitable for different damping levels. The key step in
carrying out the complex mode superposition method is to
solve a corresponding eigenvalue problem. Therefore, the
calculation and orthogonality condition of eigenvectors,
especially eigenvectors with respect to the repeated
eigenvalue, are first presented in the following section.

3. Eigenvalue problem with multiple modal
damping levels

3.1 Usual eigenvectors and generalized eigenvectors

As a modal damping ratio increases to a value very
close to 1, the imaginary parts in the pair of eigenvalues
presented in Eq. (4) constantly decreases to a value very
close to 0 such that the eigenvalues almost become real-
valued and repeated, namely,

lim A; = lim 4] = —w;
i1 $i—1

In the associated pair of eigenvectors, ¢; = o; + it;
and ¢; =o; —it;, where o; and T; are real-valued

vectors. Similarly,

gll_r?l ¢; = gll_r?l ¢ =o0;

Hence, it can be concluded that the pair of eigenvectors
will become linear dependent with the modal damping ratio
being equal or close to 1 due to the existence of computer
rounding errors in practice. In other words, A and B become
defective such that the independent eigenvectors for the
repeated eigenvalues cannot be obtained using the QZ
algorithm alone without the special process. Due to the loss
of one eigenvector, the obtained eigenvectors cannot span a
complete space. As a result, the structural response in the
space cannot be expressed in terms of these eigenvectors.

In tandem with the argument presented above, a non-
classically damped system with critical modal damping
must be defective. Under this circumstance, A and B cannot
be diagonalized simultaneously, and the complex
superposition method becomes invalid. Transforming the
generalized eigenvalue problem, Eq. (3), into a normalized
one, DY, =—-N¢;, where D=AB is more
convenient to study for a defective system. According to the
linear algebra theory, eigenvalue decomposition may not
exist for one matrix, but the Jordan decomposition always
exists. Therefore,

D= yjy-! (5)

wherein ¥ denotes the invertible transform matrix, and J
is the so-called Jordan matrix, which is a nearly diagonal
matrix with eigenvalues along its principal diagonal and a
number of unit elements in its super-diagonal line.

Supposing that one eigenvalue, A,, occurs twice due to
critical modal damping, i.e., A, = 4}, J has the following
form,

A
Pre-multiplying Eq. (5) by A and post-multiplying it by

Y leads to,

BY = -AVYJ (6)

If the columns of b 4 are called
G Y1 o W Y e Wy, P, thej-th (7 # 1) pair
of columns on both sides of Eq. (6) yields,

By = —AAY; (7.b)

confirming that §; and P are the usual eigenvectors of
A and B (for under-critical modal damping, “*” denotes a
complex conjugate, and for overcritical modal damping,
both are real-valued). Similarly, the -th pair of columns on
both sides of Eq. (6) result in,
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By, = — A Ay, (8.2)
(B +AA) ;. = —Ay, (8.b)

Therefore, it is evident that ;. is not an eigenvector,
because it does not satisfy an equation such as Eq. (7).
Instead, in this paper, Y, represents a generalized
eigenvector of A and B. In practice, eigenvalues are
typically obtained prior to eigenvectors using the QZ
algorithm. The corresponding eigenvectors can then be
calculated using back-substitution processes. However, a
generalized eigenvector can only be obtained from Eg. (8.b)
after ¢, is known. Using the definition of linear
independence of vectors and considering Eq. (8), it can be
easily proved that . and §; are linearly independent.
Furthermore, all the usual and generalized eigenvectors are
linearly independent as well, which can be proved using the
orthogonality conditions in the following section. These
vectors can then be used as a complete set of bases for the
2n-dementional space.

3.2 Orthogonality conditions

It can be proved that different usual eigenvectors
(including ,.), regardless of whether they correspond to
under- and over-critical modal damping have orthogonality
conditions with respect to A and B, namely,

YiAY; =0 Y/BY; =0 i#j (9.a)
W)HTAY; =0 (P)™BY; =0 i#r (9.b)

WDTAY; =0 (W)™BY; =0 ij#ri%j (90

Similarly, the generalized eigenvector, Py, and other
usual eigenvectors such as ; and j satisfy the
following conditions due to the difference in their
eigenvalues,

W)TAP; =0 (P)'BY; =0 j=*r (10.2)

W)TAY; =0 (P)BY; =0 j=7

In this study, we are concerned with the relationship
between W, and . Pre-multiplying Eq. (8.a) by ()T
and Eq. (8.b) by T leads to,

(‘IJ;)TB‘IH = - )\r(llj;)TAlIJr

(10.b)

(11.a)

WIBY; = —yTAY, — A, PTAY; (11.b)

Taking account of the symmetry of A and B, the above
equations yield,

FAY, = Y;BY, =0 (12.2)

WTAY; 20 @TBY; # 0 (12.b)

Therefore, Y. and P do not have the orthogonality
condition like the other eigenvectors. In addition, the above
conditions differ from those in a non-defective system with
independent eigenvectors for a repeated -eigenvalue

wherein,

7By, * 0

YrAY; = YrBY; =0

YrAY, # 0 (13.2)

(13.b)

4. Generalized complex mode superposition
approach

As well known, for under-critical modal damping,
eigensolutions appear in the form of complex conjugate
pairs, whereas for over-critical modal damping, they are
real-valued and appear in pairs. However, A and B cannot
be diagonalized simultaneously for critical modal damping
from Eq. (12).

Suppose that the damping of the system is high such that
under-critical, critical and over-critical modal damping exist
simultaneously. In this case, the system is defective, and
only the Jordan decomposition can be conducted. Even
though no orthogonality condition exists for ;. and .,
they are linearly independent. Therefore, all the usual and
generalized eigenvectors can construct a complete set of
bases for the 2n-dimensional space corresponding to A and
B such that the state vector v in the space can be expressed
in terms of these bases as,

v(t) = Pz(t) (14)

wherein z(t) = [z, 2z - 2z z} - z, z:|T is
a generalized coordinate vector.

Substituting Eq. (14) into Eq. (2), pre-multiplying by
WT and considering the conditions shown in Egs. (9), (10)
and (12) yields,

az(t) +bz(t) =0f(t) (15)

wherein 0 =¥'r=[0, 6; - 6, 67 - 6, 6:]T
and 0; = QIT, 8; = (P;)'T (including i = ). Coefficient
matrices a and b have the following forms,

",
a;
a— 0 a:
a, a:
an
an
b,
b;
0 B
b = "
Br by
by,
by
wherein a; = Y7AY; , a; = (U)TAY;, b; = P/BY;,

bi = (W)"BY;, a, = Y7AY; and B, = Y;BY;.
The elements of the matrices and vectors in Eq. (15) are
complex-valued or real-valued depending on the associated
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modal damping. Moreover, the -th pair of modal equations
of motion are evidently coupled. Therefore, the modal
equations of motion with under-critical, critical and
overcritical modal damping are addressed individually in
the consequent sections.

4.1 Under-critical modal damping

For the modes with under-critical damping, the modal
equations of motion OCCUr in complex conjugate pairs.
From Eq. (15), the i-th pair of modal equations of motion
corresponding to under-critical modal damping are,

2;(t) — Aiz;(t) = n;f (£)
zi(t) = 4z (t) = ;£ (£)

wherein the superposed bar denotes the complex conjugate;
n; =6;/a; and 7; = 0;/a; are the i-th pair of modal
participation factors. Eq. (16) is a set of first-order
differential equations that can be solved easily using
classical mathematical methods. However, it is more useful
to associate z;(t) with the equation of motion for a
normalized SDOF system,

Gi(8) + 2§0G;(8) + wiq; (1) = f () (17)
Recalling the derivative of the Duhamel integration

(Chen et al. 2017b), z;(t) can be expressed by q;(t) and
q;(t) as,

z;(t) = n;[q; (&) + (§w; +iwp;)q;(2)] (18)

The structural displacement corresponding to the i-th
pair of complex conjugate eigenvectors is given by,

u;(0) = &z, () + iz (1) = plq; () + @fq;(®)  (19)

wherein p? = 2Re(¢;n;) and @ = —2Re(A;¢p;n;) with
Re(-) denoting the real part of a complex value. The modal
responses q;(t) and q;(t) can be calculated using many
well-known numerical methods in the time domain. If all
modal damping is under-critical, the conventional complex
mode superposition method can be obtained by combining
all the displacement responses represented by Eq. (19).

(16.2)

(16.b)

4.2 Critical modal damping

Pre-multiplying Eqg. (8.b) by (W;)T and considering
Eq. (11) yields the following relations,
by + Aay = —ay Br =—\a, (20)

For the critical damping mode, the associated modal
equations of motion can be expressed from Eq. (15) as,

Zr - Arzr = Z: + erf(f) (213)

Zr = Aezy =17 f(0) (21.b)

wherein n,. and n; are the r-th pair of modal participation
coefficients for the critical damping mode, namely,

_ (lll; - a:/ar‘pr)Tr % _ ﬁ

‘]7 =
r ar T ar

Eq. (21) is coupled, which is very different from the

normal modal equations of motion in Eq. (16). Considering
the superposition principle of solutions for a linear
differential equation, the unknown z, in Eq. (21.a) can be
divided into two components,

z =2z 4 2P 22)

wherein z” and z* are solutions to,
AR WA (23)
22 = 1,27 =0, () (24)

respectively. Differentiating Eq. (23) with respect to time ¢
using Egs. (21.b) and (23) yields,
7V = 22,20 + 22V = i f () (25)

The solutions of Egs. (24) and (25) can be obtained
through Laplace integral transformation,

(20 = | F@)(E — T)expld, (¢ — D]de

0, (26)

2% =, | f@explne - Dlde
0

Introducing the Duhamel integration of a critically-
damped SDOF system represented by Eq. (17) and its

derivative into Eq. (26) or utilizing the Laplace
transformation directly yields,
zp = (y + wpny)qr (8) + gy ()
X p . 27
z; = np[wrq.(t) + ¢-(8)]

wherein q,(t) and ¢,(t) denote displacement and
velocity respectively of the SDOF system with respect to
critical damping. The expressions of z, and z,; above are
evidently independent such that the displacement responses
corresponding to the usual and generalized eigenvector can
be given by,

u,(t) = ¢,z,.(t) + yz:(t) = pt4,(¢) + @lq,(t)  (28)

wherein pf =n,¢, +n,¢; and (p? =y — 410 —
Anyrdy. Here, ¢, and ¢; are the second n elements of
P, and ;. respectively, and ¢, can be called the
generalized mode vector.

4.3 Over-critical modal damping

For over-critically damped eigenvectors, both the modes
and the corresponding eigenvalues are real-valued and
appear in pairs—(¢;,¢;) and (4;,4;). Based on the
orthogonalization conditions in Section 3, the decoupled
modal equations of motion relevant to a pair of over-
critically damped eigenvectors are,

wherein z; and Z; are a pair of real-valued generalized
coordinates. n; = 6;/a; and 7; = éj/dj are the j-th pair
of modal participation factors, and they are real-valued. In
addition, for the over-critically damped mode, Aj,ij =

(29)
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—¢;w; + @pj, wherein @p; = w; /g‘f —1 and §; > 1. Eq.

(29) is a set of first-order linear ordinary differential
equations, and their solutions can be obtained easily,

(Z]- = n]-f f(‘r)exp[/lj(t — T)]d‘r
0 (30)

t
z; =1; f f@exp[4;(t — 1)]dr
0
Similarly, introducing the Duhamel integration of an

over-critically damped SDOF system is represented by Eq.
(17) and its derivative, Eq. (29) can be rewritten as,

{Zj =1,[4;(©) + (§0; + @p;)q;(©)]
7= 1[40 + (0 = D), (©)]

Finally, the displacement response corresponding to a
pair of over-critically damped mode vectors can be given

by,
u;(t) = ¢jz(t) + a)jij(t) = P?Qj(t) + (P?Qj(t) (32)

€2))

wherein  pf =n;¢; +7;¢; and @f =—Am;P; -
Ajﬁj&)j. Chu et al. (2009) provided an expression for over-
critically damped responses. However, in their study, all the
over-critically damped modes were handled individually
instead of being grouped in pairs as shown in Egs. (29) and
(32), which is useful to derive a unified form for the
improved complex modal superposition method, as shown
in the consequent section.

4.4 Structural responses

Based on the preceding discussions, we can conclude
that the same expression for the displacement response exist
for different modal damping levels represented by a pair of
mode vectors. Therefore, regardless of the damping level of
the non-classically damped system, the total structural
displacement can be obtained by combining all the modal
displacements from Egs. (19), (28) and (32), namely,

u(®) = ) [p£d:©) + @fa(©) (33)

However, it should be noted that the calculations for the
coefficient vectors p¢ and ¢ differ depending upon the
modal damping ratio, and they are summarized as follows,

{p;’l =i + 0 b, @f = —Aimid; — Aim d; §#1
Pl =md + 1 d;, @ = (0 — Am)b; —Amid; & =1

Since &; # 1, including two cases, i.e., under- and over-
critical modal damping, ¢; and ¢; are a usual mode pair
obtained directly from eigensolutions, and the modal
participation coefficients are given by uniform expressions,
n;=0;/a; and n; =6 /a;. In case =1, ¢; is a
generalized mode calculated by Eq. (8.b) after the usual
mode ¢; has been obtained, and the associated modal
participation coefficients need to be calculated particularly
using the expressions presented in Section 4.2.

Intuitively, the structural velocity responses can be

obtained directly by using the derivative of Eq. (33) with
respect to the time variable ¢. This approach appears simple
and has been used by researchers such as Takewaki (2004).
However, the formulation requires the incorporation of an
additional modal response §;(t) in the expression. A
simpler expression for the structural velocity response can
be derived by considering Eq. (17) after using the time
derivative of Eq. (33), which can be expressed as,

n
a(e) = ) [pFar(®) + 9 ai(0)] (34)
i=1
wherein  p? = @% — 2§ w;p? and @Y = —w?p? . In
addition, in the above derivation, another relation,
Lipd =X (ndi + b)) =0, is used, and this
relation can be proved easily,

n
-_ M_:l * *
A= (M SE = e+ i) (35)
i=1
wherein  n; and 1n; are aforementioned modal

participation coefficients. Due to the completeness of the
vector bases constructed by the usual and generalized
eigenvectors, the above equation always holds.

Similarly, using the time derivative of Eq. (34),
introducing Eq. (17) and considering the following relation
from Eq. (35), Xi;pf =X (nxi +nix)) =M's,
wherein x; and X; represent the first n elements of ;
and P respectively. For under- and over-critically
damped modes, x; = 4;¢; and x; = A;p;; for critically
damped modes, x; = A;p; and X = 4;p; +¢; . The
equivalent structural acceleration can be given by,

n

iia(©) = ) [p(0) + 97q:(0)] (36)

=1

wherein,  pf = @} —2§w;p! . @f =—wip! and
i, (t) =ii(t) — M 1sf(t). When the excitation refers to
acceleration input, 1ii,(t) represents the absolute
acceleration response.

5. Modal truncation error estimate

In the dynamic analysis of a structure with a large
number of DOFs, the usual practice is to consider only the
first m (m<<n) modes and ignore the contribution of high
vibration modes to improve the computational efficiency,
namely,

y() = Z[Pifli(t) + @;q;(0)] (37

i=1

which can be called the complex mode displacement
method (CMDM). However, the truncation error may be too
large to be ignored in some cases. In this section, the source
of the modal truncation error is analyzed.

The displacement and velocity responses correspond to
the only m low modes that can be obtained respectively,
utilizing Eq. (14) as,
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m

Wn(6) = ) [dzi(®) + $iz (O] = pzn(®)  (38)

i=1

() = ) 620 + K% (O] = Bplnzn(®)  (39)
i=1

Note that w,,(t) and u,(t) are approximations to
true responses. Therefore, the true equation of the motion of
the system, i.e., Eq. (1), corresponds to u(t) and u(t)
rather than u,,(t) and ,,(t). Another equation of motion
associated with wu,,(t) and 0,,(t) exists, which can be
expressed as,

Mii,, + Cu,, + Ku,, = f,,(t) (40)

wherein, f,,(t) is the external loading corresponding to
u,,(t) and u,,(t), which differ from the actual applied
loading, f(t).

To obtain the expression f,,(t), the above equation of
motion is rewritten as,

AV, + Bvy, = pp(8) (41)
pn® = {0}

Vm = {32} f,,(t)

wherein f,,(t) = M®,,a,,'®] f(t), which is obtained by
subtracting Eq. (39) from the first-time derivative of Eq.
(38). Substituting v,,(t) = ¥,,z,,,(t) into Eq. (41), pre-
multiplying by W, and recalling the first m pairs of
equations in Eq. (6), we obtain,

Zy = JmZm = ar_nllpglpm(t) (42)

For the purpose of comparison, the first m pairs of
equation of motion in Eq. (15) are written again as follows,

2y (1) — Jon Z () = a3t @ £(E) (43)

The comparison between Eg. (42) and Eg. (43),
according to the first m sets of eigenvalue equations in Eg.
(6), yields,

pm(t) = (‘Prrl)_lcb‘r'lr‘lf(t) = Alpmar_nlq);[r;f(t)

wherein,

M®,a, '@ 44
= f (44)
[—mml#a:nwz ©
f,,(t) canthen be given by,

£ (t) = s f(t) (45)

wherein s, = —K®&,, Jla;ldls.

Considering the orthogonality conditions in Section 3.2,
it can be observed that p,,(t) is orthogonal to the
truncated vibration modes. In other words, the inaccuracies
in the truncated mode superposition analysis are caused by
load components that are normal to the modes included in
the analysis, and the force error vector can be expressed as,

€m = f(t) — m(t) =1+ chm]r_nlar_nl(bg‘l]f(t) (46)

wherein I represents an identity matrix of order n. A more
practical form of the modal truncation error can be

expressed in terms of the Euclidean norm (x|, = VxTx),

e, — |f(t) - m(t)lz — |S - Sm|2
" NP sl

According to Eqgs. (A2) and (A4) in the Appendix A,
e, ranges from 0, denoting no modes used, to 1, if all
modes are included in the analysis. Therefore, it can be used
as an indicator to evaluate the modal truncation error. In the
case of large errors, corrected methods are proposed in the
following section to improve the results.

(47)

6. Corrected methods for modal truncation
6.1 Corrections for structural displacement

It is widely known that the response of higher frequency
modes can be calculated using static analysis, since their
inertial effects are negligible (Clough and Penzien 1995),
i.e., ignoring the acceleration and velocity terms on the left
hand side of Eq. (17). In order to take advantage of this fact,
the mode displacement superposition equation presented by
Eq. (33) needs to be divided into two parts: the sum of the
lower mode contribution and the sum of the remaining
higher modes for which the dynamic amplification effects
may be neglected. Thus, Eq. (33) becomes,

m
u(®) = > [pddu(® + 9ai()]

i=1

£ e +efq@] @9
i=m+1

= ug(t) + u,(t)

wherein the subscript d identifies the response from the
modes that are subjected to dynamic amplification effects,
while the subscript s denotes the response that can be
approximated by static analysis.

The responses ¢;(t) and q;(t) given by each of the
first m modes may be calculated by any standard SDOF
dynamic analysis procedure. For each of the ordinary
remaining n—m modes, the response ¢;(t) can be ignored
due to the negligible inertial effect, and q;(t) at any time ¢
may be obtained using ordinary static analysis. Recalling
the discussions in Section 5, the approximated structural
response of the first m modes, corresponding to the applied
loading f,,(t), can be improved by adding the static
response to the truncated loading f(t) — f,,(t). Using Eq.
(46), the static contribution of the remaining n—m modes to
the displacement can be given by,

ug(t) = K[f(t) — £,,(0)]
= (K™ + @, ) ay @) (1)

md
- (K—ls - %) [0 (49)

i=1 !

Note that the static responses associated with higher
modes is calculated using only the obtained lower modes,
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and the evaluation of the higher mode shapes is avoided in
order to reduce large computations.

The total response equation, including this static
correction, is obtained by substituting Eq. (49) into Eq. (48)
with the following final result,

u(t) = Z[p?qi(t) +@fq;(D)]

LN (50)
+ (K‘ls - Za)_l2> Ji6)

i=1

wherein the first term represents complex mode
displacement superposition analysis using m modes and the
other term is the corresponding static correction for the
higher (n—m) modes. A computer solution using this
formulation only requires the addition of the correction
term, which is given as the product of a constant vector and
the loading amplitude factor f(t), to the standard mode
displacement solution for m modes.

Following the derivation procedure of the conventional
mode acceleration method (MAM) (Clough and Penzien
1995), the complex mode acceleration method (CMAM),
which is an equivalent form of Eq. (50), can be expressed as

u() =Ksf(O) + ) [(p? Bt am
i=1 t (51)
- i 44 (t)
(L)lz (pl ql.

In this method, the response is represented by static
contribution as well as the dynamic amplification effect of
the applied loading having a negligible influence in
response to the higher modes.

Apparently, the methods proposed previously are the
development of the conventional mode superposition
method. When the damping matrix becomes classical and
the complex modes are normalized by the same rule as
undamped modes, the proposed methods can be
automatically reduced to the conventional method (see
Appendix B for more details).

6.2 Correction for structural acceleration

In practice, a system typically consists of a primary
structure and some secondary structures. Often, we are not
concerned only with the response of the primary structure
for life safety but also with secondary structures for
economic costs such as the damage of non-structural
components or equipment due to rocking, falling or slip
motions in an earthquake. Acceleration response refers to
an interested quantity for the design of secondary structures
(Lu et al. 2014, Lu et al. 2016, Chen et al. 2014, Pozzil and
Der Kiureghian 2015). To reduce the computation scale for
large practical structures, modal truncation is always
required in an acceleration analysis using Eq. (36). The
correction concept can be introduced into the process of
acceleration calculations to improve the final result.

According to the procedure of the static correction
method, neglecting the dynamic contributions of the higher

modes and considering Eg. (35), the improved mode
superposition method for the structural acceleration can be
expressed as,

m

1,0 = ) [pF4:(0) + @f ()]

- [M‘ls + Z%lf(t)
i=1 !

wherein, the second term on the right side continues to be
the static contribution from higher modes. Only the lower
modes are required to evaluate the acceleration response.
Egs. (50)-(52) have similar expressions and can be used
conveniently in practice. In this paper, both are uniformly
called CMAM due to the common assumption.

(52)

7. Application examples
7.1 Example 1

This example is taken from the paper of Liu et al.
(2005), which is a planar ten-story shear-type structure with
constant mass and stiffness coefficients for each story:
m=2.5x10%(kg), k=4.5x10° (kN/m). The inherent structure
damping ratios for all modes are assumed as & = 0.03.
Fifty linear viscous dampers with damping coefficients of
3.5x10%Ns/m) are installed in this building to reduce the
earthquake-induced response, and the optimized device
configuration (see the paper of Liu et al. (2005) for more
details regarding the optimization) is illustrated in Fig. 1.

()
[ m=2.5x10°g
| —— ki=4.5x10°N/m
[— Damper numbers
in each story:
|:'> ne=2
I:> ns=5
I:> n,=8
I:> n;=10
|:> n,=12
|:> n,;=13
Ug lizw\”

Fig. 1 Analysis model and structural parameters
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Table 1 Natural frequencies (w) and modal damping ratios
©
Mode 1 2 3 4 5 6 7 8 9 10
w(rad/s)6.5321.1441.0547.3449.1954.3964.68 67.8774.5980.47
¢ 0.230.27 0.34 096 0.20 1.79 2.67 0.07 3.63 0.038

Table 1 depicts the natural frequencies and modal
damping ratios of the structure with supplemental energy
dissipation devices. The first modal damping ratio can be
observed to be 0.23, which is in the range close to 0.20, as
suggested by Occhiuzzi (2009), and indicates that this
structure is a regular seismic protection system with an
appropriate added damping level. The forth modal damping
ratio is close to the critical damping, and the sixth, seventh
and ninth ratios exceed 1.0. This example also demonstrates
that the problem of over-critical damping may be very
common, since we always pay more attention to the lower
modes in practical designs.

The ground motions used in the study are obtained using
the simulation method suggested by Ruiz and Penzien
(1968). In this method, the ground acceleration records are
generated as samples of a filtered white-noise process
modulated by an intensity function. The intensity function
used here is defined by Amin and Ang (1968) and includes
a stationary strong-motion phase of 10s (between 10 and
20s). The filtered Kanai-Tajimi model suggested by Ruiz
and Penzien (1969) was selected as the power spectral
density (PSD) of the filtered white-noise process,

Si, (@)
wg +4&lwiw? w*

_s, ) “ (53)
(02 — 0?)" + 4€2wiw? (wf —w?) + 4&Fwfw?

wherein S, is a scale factor, w, and &, are the filter
parameters representing natural frequency and the damping
ratio of the soil layer respectively. w, and &, denote the
parameters of a secondary filter that are introduced to
ensure finite variance of the ground displacement. By
specifying the different parameters for Eq. (53), the input
can be regarded as a wide- or narrow-band excitation. For
instance, if we consider a firm soil site with the following
parameters w, = 15rad/s, wy = 1.5rad/s, §; = 0.6 and
&¢ = 0.6, this input can be considered as a wide-band input
(see Fig. 2). However, if we consider a soft soil site with
wgy = 5rad/s, wy = 0.5rad/s, {; = 0.2 and &y = 0.6, this
input can be more reasonably regarded as a narrow-band
excitation. The scale factor S, is selected such that a mean
peak ground acceleration of 0.4g is reached when the
duration of the record is 30s.

Fig. 3 depicts the frequency response functions of the
first story under base acceleration excitations, which are
obtained by assuming f(t) in Eq. (1) as e!®t and using
Egs. (33) and (36). The amplitudes are normalized by the
exact maximum amplitude. The black solid line indicates
the function evaluated from the complex and real (over-
critically) damped modes, and the red dotted line depicts the
function evaluated from the complex modes alone. It can be
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Fig. 2 Power spectral density shapes for filtered white-
noise input
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Fig. 3 Amplitudes of the frequency response function of
the first

observed that the over-critically damped modes mainly
impact the displacement within the lower input frequency
range. In comparison with the displacement, the impact of
the over-critically damped modes on the absolute
acceleration is very significant within the whole range of
input frequencies. Therefore, it can be predicted that the
contribution of the over-critically damped modes to the
displacement is important for seismic excitations from the
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Fig. 5 Dynamic responses of the first story to a sample of simulated excitations from the firm soil site

soft soil site only. For seismic excitations from soft or firm
soil sites, the impact of the over-critically damped modes on
the absolute acceleration is never neglectable.

The conclusion above can be verified via a time-history
analysis based on the mode superposition method (Egs. (33)
and (36)). Two samples of the simulated excitations are
used in the dynamic analysis—one from the soft soil site
and the other from the firm soil site. Figs. 4-5 depict the
time-history responses of the first story to the two base

accelerations, and the responses are normalized by
corresponding the maximum response estimates from the
numerical integration method. From Fig. 4, it can be
observed that the over-critically damped modes have
significant effects on the displacement and the absolute
acceleration to the excitation of the soft soil site. However,
for the excitation of the firm soil site, the over-critically
damped modes have an ignorable impact on the
displacement, while the effect on the absolute acceleration
is still significant, as shown in Fig. 5.
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Fig. 6 Modal truncation errors for the applied loading
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Fig. 7 Comparisons between CMAM and CMDM under excitations from the soft soil site

Figs. 3-4 also show the responses of the over-critically
damped modes approximated by the corresponding static
responses. Apparently, the responses with the correction
can be improved significantly. Therefore, this scheme can
be viewed as an alternative to consider the contribution of
over-critically damped modes.

The impact of the added damping on the dynamic
properties of the structure is significant. In this study,
assume that each damper has a damping coefficient of

ax3.5x10%(Ns/m), where the modified factor « is selected as
0.5, 1.0 and 1.5, and the damper configuration retains the
same. Fig. 6 demonstrates the modal truncation errors for
applied loading with respect to the number of included
modes. For the sake of comparison, the modal truncation
errors for the uniform damper configuration is also
provided, wherein the structure is a classical damping
system. It is very evident that a large difference exists
between the classically and non-classically damped
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Fig. 8 Comparisons between CMAM and CMDM under excitations from the firm soil site

systems. For the optimized damper configuration (the non-
classically damped system), the level of the added damping
plays a significant role in the contribution of each mode to
the applied loading, and the convergence rate of the error is
exponentially slower than that of the classically damped
system.

To examine the accuracy of the proposed method in this
paper, Figs. 7-8 depict the comparisons of structural
responses using CMAM and CMDM. Two groups of
simulated ground motions are used in the dynamic analysis.
Each group consists of 100 samples: one group comes from
the soft soil site while the other corresponds to the firm soil
site. In each figure, each curve represents the mean value of
the maximum responses to 100 excitations as a function of
the number of modes included in the analysis. Three curves
with a solid line denote CMAM, and the other three with a
dotted line denote CMDM. Moreover, the square, diamond
and triangular symbols in these curves are used to represent
different added damping levels. Since the ground motions
of the soft soil site are narrow-band excitations and their
dominant frequencies are lower than the fundamental
natural frequency, the static correction of CMAM is very
effective, as depicted in Fig. 7, especially for the absolute
acceleration where only one mode can reach higher
accuracy in the CMAM. It can also be observed that
increasing the added damping level improves the
effectiveness of the CMAM due to an increase in the first

3.96m
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3.96m

3.96m

3.96m

3.96m

3.96m

5.49m

9.45m | 9.45m | 9.15m | 9.45m | 9.15m 3.65m

Fig. 9 The benchmark model and damper configuration

three natural frequencies. However, as seen in Fig. 8(a), the
effectiveness of CMAM for the first-story drift to the
excitations of the firm soil site is not well due to the wider
band of the inputs. Differing from the displacement, the
effectiveness of CMAM for the first-story absolute
acceleration in Fig. 8(b) gets insignificantly influenced by
the input frequency content.
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7.2 Example 2

This example is a nine-storey benchmark steel structure
(Ohtori et al., 2004). Viscous dampers are arranged in the
structure as shown in Fig. 9. The damping coefficients of
the dampers arranged in the first storey are 18x10°N/(m/s),
those in the second and third stories are 6x10°N/(m/s) and
the others are 3x10°N/(m/s). Considering the contribution
of these dampers, the first ten natural frequencies are 2.83
rad/s, 7.83 rad/s, 14.46 rad/s, 22.22 rad/s, 26.84 rad/s, 29.78

rad/s, 30.61 rad/s, 31.80 rad/s, 32.55 rad/s and 37.42 rad/s,
and the first ten modal damping ratios are 0.13, 0.31, 0.40,
0.44, 1.24, 0.02, 0.03, 0.17, 0.45 and 0.16. Evidently, the
fifth mode is over-critically damped. The effect of this
mode on the structural response is investigated in this
example by wusing the proposed complex mode
superposition method. The seismic excitations are the N-S
and U-P (vertical) components of El Centro acceleration
records with the peak accelerations of 0.35g and 0.21g.

Fig. 10 illustrates the ratio of maximum internal force
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without the over-critically damped mode (the fifth mode) to
that with this mode. Each point in the figure represents an
individual member. Note that the ratio can be less and larger

than one. The value of rmaxys <1 implies that the internal
force induced by the over-critically damped mode has the
same direction as that of the total force, while rmaxs > 1 is

reverse. It can be seen that the effect of the over-critically
damped mode is very significant, particularly for the first
five storeys, e.g., the beam force can increase by 4% or
decrease by 2% and the maximum column shear and
moment in the fourth storey are respectively enlarged to 1.5
and 2.5 times. Figs. 11-12 show the maximum internal
forces of all beams and columns as a function of the number
of modes included in the analysis, normalized by the exact
responses computed using all mode vectors. It is clearly
observed that the CMAM has a better accuracy than that of
CMDM because of the contribution of the static correction
in CMAM with the same number of complex modes used.

8. Summary and conclusions

To conduct a dynamic analysis of heavily damped
systems, a generalized complex mode superposition method
that is suitable for systems with under-critical, critical and
over-critical modal damping is proposed and expressed in a
unified form for structural displacement, velocity and
acceleration responses. In this method, the conventional
algorithms of eigenvalue problems continue to be valid,
even though the system becomes defective due to critical
modal damping. The application of this method is
convenient in practice and not restricted by the damping
level. Based on the modal truncation error analysis,
corrected methods for displacement and acceleration
responses are developed to consider the contribution of the
truncated higher modes. These methods are very practical
for decreasing computations, particularly with respect to
large engineering structures. The method proposed in the
present paper is a development of the conventional complex
mode superposition method. When complex modes are
normalized by the same rule as undamped modes, the
proposed methods can automatically degenerate to
conventional methods. The numerical examples show that
the issue of over-critically damped modes always exists in
the commonly used passive control structures and the over-
critically damped modes play an important role in structural
responses. The numerical results also show that the
effectiveness of the CMAM proposed in this paper is
significant, particularly for the acceleration response and
internal forces of frame members. Through the studies
discussed in this paper, the application range of dynamic
analyses based on the mode superposition method can be
expanded significantly.
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Appendix A

Using Eq. (15), we have,
P®i(t) — @] z(t) = Pa 1PTf(¢) (A1)

From Egs. (38)-(39), two equivalent expressions can be
found for the wvelocity response: the first one is the
derivative of the displacement response, i.e., u(t) =
®z(t), and the second one corresponds to the first half of
the state vector v, i.e., u(t) = ®J z(t). Considering any
loading or time, ®a~'®Tf(t) = 0 always holds. We then
have,

Pa T =0 (A2)
Pre-multiplying Eq. (6) by WT and expanding it yields,
JTOT™™MP — dTKPJ ' =a (A3)
Pre-multiplying the above equation by @®a~! and
recalling Eq. (15) yields,
Pa JTe™ =1 (A4)
Then,
M ! =ddalJToT (AS)
Similarly, post-multiplying Eq. (A3) by a~'®T and
recalling Eq. (15) yields,
—K®J talpT =1 (A6)
Then,
K!=-d]JlalpT (A7)

Appendix B

When the damping matrix in Eq. (3) is the form of
Rayleigh damping, i.e., C = aM + SK, where a and S
are proportionality constants, the system described in the
state space still becomes defective if any modal damping
ratio is critical. In such case, the eigenvalue problem in Eq.
(6) can be transformed from the state space into the physical
space and expressed as

K® = -M&J? + o)A+ D71 (B1)

wherein I denotes an identity of order 2n. The sizes of ®
and J are n X 2n and 2n X 2n, respectively. Recalling
the different features of critical and non-critical damping
modes, it is convenient to expand Eq. (Bl) for each
individual mode.

For non-critical damping modes in pairs, the above
equation can be expanded as,

Kep, = — HATD o
A (B2)
* /’{i(/’{i +a) *

Ko =——Tpr Mo

For critical damping modes, even though ] is not
diagonal, similarly decoupled equations can be obtained due
to the proportional performance of the damping matrix,

namely,

{chr = 2Mé,

£ gx . (B3)
Ko; = Arqu)r

Obviously, both ¢, and ¢; satisfy the eigenvector
equation, which is very different from that in non-
classically damped systems.

Normalizing ¢; and ¢; with respect to the mass
matrix as well as the undamped mode R, the following
relationship can be obtained as,

¢ = = ¢} (B4)

Although ¢; = ¢;, the corresponding eigenvectors in
the state space, i.e., P = [Ai((bF)T, ((I)?)T] and ;T =
[A}‘((b?)T, ((b?)T], are linearly independent. However, if
A=A = —w,, P, and P; are linearly dependent such
that the classically damped system with critical modal
damping described in the state space are defective. In this
situation, the proposed eigenvectors, i.e., YI =
2 (@), (D], Wr" = [ + 220", (§F)T], should
be used, which can construct a complete set of vector bases
for the state space in conjunction with {; and ;.

When the damping matrix in Eq. (3) is the form of
Rayleigh damping, the eigenvalue can be written as,

Ap i = —§w;  w; /fLZ -1 (B5)

which is different from Eq. (4), since w; and &; herein are
the i-th undamped natural frequency and the modal
damping ratio of the classically damped system.

Utilizing the obtained relationships between ¢} and
Y; or P; as well as w; and A; or A, the factors
required in the complex mode superposition approach can
be given by,

Vi . Vi
== Mn="7" §i#1
ni="Yu ni =V §i=1
wherein  y; = (q)?)Ts/ [((I)f)TMd)?] refers to the
conventional modal participation coefficient. These factors

above can yield p? =0, =y;pR. The conventional
mode superposition method and MAM are then recovered.





