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1. Introduction 
 

In many applications such as aeronautics, automotive, 

railway or building, the ratio between mechanical rigidity in 

flexion and mass is paramount. When it comes to flat 

components, the sandwich structure is a very relevant 

solution because of their high rigidity and low weight as 

well as their energy absorption capacity. Sandwich panels, 

because of their high stiffness compared to their lightness, 

are more and more used in high performance products. 

Sandwich plates can be utilized to fabricate light structures 

with high strength / stiffness / weight ratios, noise, vibration 

and “hardness insulation”, “thermal insulation”, or 

construction of structures with discrete functional layers 

(Vinson 2001, Vinson 2005, Lindström and Hallström 2010, 

Dean et al. 2011). There are several types of sandwich 

structures. The most used structure is the sandwich structure 

with homogeneous faces and a homogeneous core (Librescu 

and Hause 2000). With the development of advanced 

materials, functionally graded materials (FGM) are 

materials in the family of engineering composites fabricated 

from a mixture of metal and ceramic (Meziane et al. 2014,  
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Zidi et al. 2014, Hamidi et al. 2015, El-Haina et al. 2017, 

Sekkal et al. 2017a, Menasria et al. 2017, Mahmoudi et al. 

2017, Hellal et al. 2019, Meksi et al. 2019).  

The idea of FGM was initiated in 1984 by some 

materials investigators, in Sendai, Japan, for thermal 

barriers (Koizumi 1997). Currently, materials specialists are 

developing novel processing techniques to include 

compositional gradients  into  various material systems 

(Kirigulige et al. 2005, Pollien et al. 2005, Gupta 2007, 

Yaghoobi et al. 2014, Houari et al. 2016, Bouderba et al. 

2016, Bennoun et al. 2016, Zidi et al. 2017, Bellifa et al. 

2017a, Hachemi et al. 2017, Ait Atmane et al. 2017, Sekkal 

et al. 2017b, Mohammadimehr et al. 2018, Benchohra et al. 

2018, Belabed et al. 2018, Chaabane et al. 2019, Zarga et 

al. 2019). FGMs are currently exploring in the design of 

sandwich plates. Two novel kinds of sandwich structures 

with “FGM face plates” and a “homogeneous core” 

(Zenkour 2005, Shen and Li 2008, Zenkour and Sobhy 

2010, Sobhy 2013, Fazzolari 2015) or with homogeneous 

facial leaves and an FGM core (Fazzolari 2015, Kashtalyan 

and Menshykova 2009,  Alibeigloo and Liew 2014, Liu et 

al. 2016) have been proposed and studied. In a typical FGM 

plate, the properties of the material vary continuously and 

smoothly in thickness by mixing two different materials, 

depending on the volume fraction of the constituent 

materials (Miyamoto et al. 1999) in order to eliminate 

mechanically and thermally induced stresses by the 
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disagreement of the properties of the materials at the 

interfaces, which is an important problem in “conventional 

sandwich structures” (Swaminathan et al. 2015, Thai and 

Kim 2015, Dai et al. 2016). As a result, many researchers 

have paid close attention to the mechanical, thermal and 

thermomechanical behavior of functional graded sandwich 

structures (FG). In addition, the effect of material 

composition on mechanical behaviors of FG structures has 

been studied by many researchers (Alshorbagy et al. 2011, 

Eltaher et al. 2013 and 2014, Attia et al. 2015, Hamed et al. 

2016, Abdelaziz et al. 2017, Eltaher et al. 2018ab, Attia et 

al. 2018ab). 

Therefore, the increase in FGM applications requires the 

development of theoretical and numerical formulations for 

the investigation of this type of FGM shells and plates 

(Avcar and Mohammed 2018, Soliman et al. 2018, Selmi 

and Bisharat 2018,  Aldousari 2017, Kolahchi et al. 2016,  

Kar and Panda 2015, Ahmed 2014, Li and Batra 2013, 

Chih-Ping and Hao-Yuan 2010, Ying et al. 2009, Lü et al. 

2009 a,b, Wu and Huang 2009, Vel and Batra 2004).  

In the “classical plate theory” (CPT), which is based on 

the Kirchhoff hypothesis, gives only acceptable results for 

thin plate analysis. This is the result of neglecting the 

transverse shear strains. However, the accuracy of the First 

Order Shear Deformation (FSDT) theory (Reissner 1945, 

Mindlin 1951, Reissner 1944) explains the effect of shear 

deformation by means of the linear variation of plane 

displacements across the thickness and depends on the shear 

correction factor. Higher order shear deformation (HSDT) 

theories provide better accuracy for transverse shear 

stresses without the need for a shear correction factor, they 

have been proposed for plate analysis by Levinson (1980), 

Ambartsumian (1958), Touratier (1991), Soldatos (1992), 

Karama et al. (2003) and Reddy (2004). It should be 

indicated that the 2-D plate theories mentioned above (i.e. 

CPT, FSDT and HSDT) do not consider the impact of 

thickness stretching assuming a constant transverse 

displacement through thickness, leading to shear 

deformation theories that neglect stretching 0= zz . This 

assumption is appropriate for thin or medium-thick 

functional dimpled plates (FG), but is inadequate for thick 

FG plates (Qian et al. 2004). The importance of stretching 

effect in FG plates has been emphasized in the work of 

Carrera et al. (2011), using finite element approximations. 

Since the quasi-3D theory takes into account a higher order 

variation of plane and transverse displacements across the 

thickness, the shear deformation effect and the stretching 

effect of thickness are taken into account 0zz  . Many 

quasi-3D theories have been proposed in the literature 

(Matsunaga 2009, Chen et al. 2009, Talha and Singh 2010, 

Ferreira et al. 2011, Reddy 2011, Neves et al. 2012a, Neves 

et al. 2012b, Neves et al. 2013). These theories are 

cumbersome and expensive because of many unknowns 

such as the theories of Talha and Singh (2010) with thirteen 

unknowns; Chen et al. (2009) and Reddy (2011) with 

eleven unknowns and Ferreira et al. (2011) and Neves et al. 

(Neves et al. 2012a, Neves et al. 2012b, Neves et al. 2013) 

with nine unknowns. Although some well-known quasi-3D 

theories developed by Zenkour (2007) and recently by  

 

 

Mantari and Guedes Soares (2012, 2013) have six 

unknowns, they are even more complicated than the FSDT. 

It is therefore necessary to develop a simple quasi-3D 

theory. 

The phenomenon of buckling and postbuckling of 

structures is a considerable topic for structural engineering 

and many authors examined these problems in the open 

literature such as (Emam and Eltaher 2016, Emam et al. 

2018, Eltaher et al. 2019ab, Mohamed et al. 2019). Thus, it 

is more interesting to consider this topic in new researches. 

Using these theories, although much work has been 

done for FG plates (Carrera et al. 2011, Jha et al. 2012, 

Bessaim et al. 2013, Belabed et al. 2014, Hebali et al. 2014, 

Akavci 2016, Benahmed et al. 2017). More recently, Tounsi 

and his colleagues (Hebali et al. 2016, Meftah et al. 2017, 

Krenich et al. 2017, Besseghier et al. 2017) have developed 

a new theory of refined plates for the mechanical behavior 

of simply supported plates with only four unknowns. These 

theories have a new field of displacement that introduces 

indeterminate integral variables. As opposed to five or more 

numbers, in the case of other shear deformation theories 

higher. It should be noted that the thickness stretching effect 

is ignored in these new four-variable theories and that the 

transverse displacement is considered constant in the 

thickness direction, as in the thin-plate theories of type 

Kirchhoff-Love. This seems quite insufficient because the  

 

Fig. 1 Geometry of the FGM sandwich plate (Dongdong 

et al. 2017) 
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FGM plates are characterized by a strong variation of the 

properties of the material in the direction of the thickness. 

In this paper, the goal is to improve the new theory of 

normal shear and normal deformation of higher order with 

only five unknowns developed by Tounsi and his colleagues 

(Akavci 2016, Benahmed et al. 2017, Hebali et al. 2016, 

Meftah et al. 2017). The highlight of this work is that, in 

addition to including the effect of thickness stretching (𝜀𝑧 ≠
0), new type of FGM sandwich plates are considered as a 

practical design. Using this theory, we studied the buckling 

analysis of a new type of FGM sandwich plate composed of 

FGM faceplates and a FGM core. The governing equations 

are deduced from the principle of virtual work and solved 

by the Navier method. Comparative studies are conducted 

to verify the accuracy and efficiency of the current theory. 
 

 

2. Theoretical formulation 
 

Three types of sandwich plate as shown in Fig. 1 are 

considered in this study: (1) Type A: sandwich plate with 

FGM face sheets and homogeneous core and, (2) Type B: 

sandwich plate with homogeneous face sheets and FGM 

core and (3) Type C: sandwich plate with FGM faces sheets 

and FGM core. Rectangular Cartesian coordinates (x, y, z) 

are used to describe infinitesimal deformations of a three-

layer sandwich elastic plate occupying the region [0, a]×[0, 

b] ×[-h/2, h/2] in the unstressed reference configuration. 

The mid-plane is defined by z=0 and its external bounding 

planes being defined by z=±h/2. The vertical positions of 

the bottom surface, the two interfaces between the core and 

faces layers, and the top surface are denoted, respectively, 

by h0 = −h/2, h1, h2and h3=h/2. 

In the present study, the sandwich plate is subjected to 

compressive in-plane forces acting on the mid-plane of the 

plate. 𝑁𝑥
0 and 𝑁𝑦

0 denote the in-plane loads perpendicular 

to the edges x=0and y=0 respectively, and 𝑁𝑥𝑦
0  denotes the 

distributed shear force parallel to the edges x=0 and 

y=0respectively (see Fig. 2). 

 

 

2.1 Material properties of the face sheets 
 

The bottom face sheet varies from a metal-rich surface 

(z= h0 = −h/2)) to a ceramic-rich surface while the top face 

sheet varies from a ceramic-rich surface to a metal-rich 

surface (z=h3=h/2). The volume fraction of the face sheets 

follows a power-law function through the thickness 
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where V(n), (n=1,3), denotes the volume fraction 

function of layer n; p is the volume fraction index (0 ≤
𝑝 ≤ +∞) , which dictates the material variation profile 

through the thickness.  

Note that any isotropic material can be obtained as a 

particular case of the power-law function by setting p=0. 

The volume fraction for the metal phase is given as Vm=1− 

Vc. 

The effective material properties for nth layer, like the 

Young’s modulus E(n) and the Poisson’s ratio v(n) can be 

determined by the linear rule of mixture as 

( ) ( ) ( )n

mcm

n VPPPzP −+=)(
 

(2) 

where subscripts m and c represent metal and ceramic 

respectively  

 

2.2 Material properties of the sandwich core 
 

The volume fraction of the sandwich core is given as 
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Fig. 2 Rectangular plate subjected to in-plane forces (Neves et al. 2012) 
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where k is the inhomogeneity parameter which takes 

values greater than or equal to zero. 

The effective material properties of the FGM core are 

assumed to vary exponentially along the thickness direction 

( ) ( )( )
m

c
m

P

P
VPP ln,exp 22 == 

 

(4) 

where P(2) represents the effective material properties of 

the FGM core. Pm and Pc refer to the effective material 

properties of metal and ceramic, respectively 

 

2.3 Different types of f symmetric sandwich plates  
 

According to various layer thickness ratios, sandwich 

plates can be classified into (2-1-2), (1-1-1), (1-2-1), (1-3-1) 

sandwich plates and so on. 

Several kinds of sandwich plates are presented in Fig.3 

showing the through-the-thickness variation of the volume 

fraction of the above four kinds of symmetric FGM 

sandwich plates for various values of p={0.5, 1, 2, 5} and 

k={0, 1, 2, 5}. 

 
 
2.3.1 The (2-1-2) sandwich plate 
In this state the core of the plate is half the face 

thickness (see Fig. 3a). Thus, 
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2.3.2 The (1-1-1) FGM sandwich plate  
As shown in Fig. 3b the plate is made of three equal-

thickness layers. So, one gets 
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2.3.3. The (1-2-1) FGM sandwich plate 
Here the core thickness is twice the face thickness (see Fig. 

3c). Then 
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Fig. 3 Variation of volume fraction function through plate thickness for various values of  5,2,1,5.0=p and

 5,2,1,0=k and different types of FGM sandwich plates: (a) 2-1-2, (b)1-1-1, (c)1-2-1,(d) 1-3-1 
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2.3.4 The (1-3-1) EGM sandwich plate 

In this state, as shown in Fig. 3d, the face layers are one 

third the core thickness layer. So, one gets 
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2.4 Kinematics and constitutive equations 
 

The aim of this paper is to develop a simple quasi-3D 

theory in which only five unknowns compared to other high 

order theory that uses six variables. The displacement field 

satisfying the conditions of transverse shear stresses (and 

hence strains) vanishing at a point (x, y, ±h/2) on the outer 

(top) and inner (bottom) surfaces of the plate, is given as 

follows (Boukhari et al. 2016, Younsi et al. 2018, 

Abualnour et al. 2018, Bouhadra et al. 2018, Tounsi et al. 

2019, Boukhlif et al. 2019, Zaoui et al. 2019) 
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The coefficients k1 and k2 depend on the geometry and 

the f(z) is hyperbolic shape function in the form 
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and g(z) is given as follows 

( )zfzg ')( =
 (11) 

where (u,v,w) are the displacement components of a 

general point (x,y,z) in the FG plate, ( )zwvu  ,,,, 000  are 

only five unknown displacements of the mid-plane of the 

plate and h is the plate thickness. Using the displacement 

field in Eq. (9), the linear strains ɛij are given as:  
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and  
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dz

zdg
zg =)(' 

 
(14) 

The integrals used in the above equations shall be 

resolved by a Navier type method and can be written as 

follows: 
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where the coefficients 'A  and 'B  are expressed 

according to the type of solution employed, in this case by 

using Navier. Therefore, 'A  and 'B  are expressed as 

follows: 
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where α and β are defined in expression (31). 

The constitutive relations of a FG plate can be expressed 

as 





































































=











































xy

xz

yz

z

y

x

xy

xz

yz

z

y

x

C

C

C

CCC

CCC

CCC

66

55

44

332313

232212

131211

00000

00000

000000

000

000

000

 

(17) 

where (σx, σy, σz, τyz, τxz, τxy) and (εx, εy, εz, γyz, γxz, γxy) are 

stress and strain components, respectively.  

The computation of the elastic constants Cij depends on 

which assumption of εz are considered. If εz = 0, then Cij are 

the plane stress-reduced elastic constants 

,
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If  𝜀𝑧 ≠ 0 (thickness stretching), then Cij are 3D elastic 

constants, given by 
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Where 𝜆(𝑧) = [𝑣𝐸(𝑧)]/[(1 − 2𝑣)(1 + 𝑣)]and 𝜇(𝑧) =
𝐺(𝑧) = 𝐸(𝑧)/[2(1 + 𝑣)] = Lame’s coefficients. 

The module E and G and the elastic coefficients Cij vary 

through the thickness, according to Eqs.(2) and (4). 

 
2.5 Governing equations 
 

The principle of virtual displacements is used herein to 

derive the governing equations (Tounsi et al. 2013, Yahia et 

al. 2015). 

The principle can be stated in an analytical form as 

(Bouderba et al. 2013, Bousahla et al. 2014, Bourada et al. 

2015, Beldjelili et al. 2016, Bellifa et al. 2016, Fahsi et al. 

2017, Benadouda et al. 2017, Zine et al. 2018, Fourn et al. 

2018) 

0=+ VU   (20) 

Where δU is the virtual strain energy and δV is the 

virtual work done by external loads. The virtual strain 

energy is expressed by 
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where A is the top surface and the stress resultants N, M, 

S and Q are expressed by 
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The external virtual work due to in-plane forces and 

shear forces applied to the plate is given as:  
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𝑁𝑥
0 and 𝑁𝑦

0 are in- plane loads perpendicular to the 

edges x=0 and y=0 respectively, and 𝑁𝑥𝑦
0  and 𝑁𝑦𝑥

0  are the 

distributed shear forces parallel to the edges x=0 and y=0 

respectively. 

Substituting the expressions for δU and δV from Eqs. 

(21) and (23) into Eq. (20) and integrating by parts and 

collecting the coefficients of  ,,, 000 wvu  and z , 

the following equations of motion of the plate are obtained 

as 
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with 
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By substituting Eq. (9) into Eq. (12) and the subsequent 

results into Eq. (22), the stress resultants are obtained as  
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By substituting Eq. (26) into Eq. (24), the equations of 

motion can be expressed in terms of displacements 

( )zwvu  ,,,, 000  as 
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where dij.dijl and dijlm are the following differential 

operators 
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3. Analytical solution of simply supported FG 
sandwich plate 

 

Consider a simply supported rectangular sandwich plate 

with length a and width b and subjected to an in-plane 

loading in two directions

( )0/,, 00000 ==−=−= xyxycrycrx NandNNNNNN as 

shown in Fig. 2. The simply supported boundary conditions 

are given as follows 
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In this section, an analytical solution for buckling is 

presented for a simply supported rectangular sandwich 

plate. Based on the Navier approach, the solutions are 

assumed as 

( )
( )
( )
( )
( )

( ) ( )
( ) ( )
( ) ( )
( ) ( )
( ) ( )




=



=





























==





























1 1

0

0

0

sin sin

sin sin

sin sin

cos sin

sin cos

,

,

,

,

,

m n

mn

mn

mn

mn

mn

z yx

yx

yxW

yxV

yxU

yx

yx

yxw

yxv

yxu















 

(31) 

where mnmnmnmnmn WVU  ,,,, are Fourier coefficients 

to be determined for each pair of m and n. 

with 

am =
, 

bn =
. (32) 

Substituting Eqs. (31) into Eq. (28), the analytical 

solutions can be obtained from the following equations 
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4. Numerical results and discussions 
 

To illustrate the proposed approach, a new type of FGM 

sandwich plates, namely, both FGM face sheets and FGM 

hard core are used for the buckling analysis of simply 

supported functionally graded sandwich plates. The 

combination of materials consists of alumina and 

aluminum. The Young’s modulus and the Poisson’s ratio 

were selected to be Em=70E0 and vm = 0.3 for aluminum; 

and Ec=380E0 and vc = 0.3 for alumina being E0=1GPa, 

respectively.  

For convenience, following non-dimensional critical 

buckling load is used in presenting the numerical results in 

graphical and tabular forms 

0

3

2

100 Eh

aN
N cr

cr =

 

(35) 

 
4.1 Critical buckling load of sandwich plate with 

FGM face sheets and homogeneous core (Type A) 
 

In this example, a simply supported square sandwich 

plate with FGM face sheets and homogeneous core is 

subjected to compressive in-plane forces acting on the mid-

plane of the plate. It can be considered as a special case of 

the present study, where k=0. 

Numerical results are given in Tables 1 and 2 using the 

present refined five-variable plate theory. The critical 

buckling loads obtained from the present theory with εzz ≠ 0 

and εzz = 0 with aspect ratio of a/h=10 are tabulated and 

compared with quasi-3D hyperbolic sine shear deformation 

theory (Neves et al. 2012) for various power-law exponents 

p and thickness ratios. Both tables include results obtained 

from classical plate theory (CLPT), first-order shear 
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deformation plate theory (FSDT, K=5/6 as shear correction 

factor), Reddy’s third-order shear deformation plate theory 

(TSDPT) and sinusoidal shear deformation plate theory 

(SSDPT) (Zenkour 2005). Table 1 refers to the uniaxial  

 

 

buckling load and Table 2 refers to the bi-axial buckling 

load. However, the TSDPT and the SSDPT (Zenkour 2005), 

which omit the thickness-stretching effect, slightly 

overestimate the critical buckling loads. It is worth noting  

Table 1 Comparison of nondimensional critical buckling load of square FG sandwich plates with FGM face sheets 

and homogeneous core subjected to uniaxial compressive load (γ=0, a/h=10) 

p  Theory 
crN  

1-0-1 2-1-2 1-1-1 1-2-1 

0 

CLPT 13.73791 13.73791 13.73791 13.73791 

FSDT 13.00449 13.00449 13.00449 13.00449 

Zenkour (2005) (TSDT) 13.00495 13.00495 13.00495 13.00495 

Zenkour (2005) (SSDT) 13.00606 13.00606 13.00606 13.00606 

Neves et al. (2012c) εzz = 0 13.00532 13.00532 13.00532 13.00532 

Neves et al. (2012c) εzz ≠ 0 12.95304 12.95304 12.95304 12.95304 

Present   εzz = 0 13.00552 13.00552 13.00552 13.00552 

Present   εzz ≠ 0 12.98429 12.98429 12.98429 12.98429 

0.5 

CLPT 7.65398 8.25597 8.78063 9.61525 

FSDT 7.33732 7.91320 8.41034 9.19517 

Zenkour (2005) (TSDT) 7.36437 7.94084 8.43645 9.21681 

Zenkour (2005) (SSDT) 7.36568 7.94195 8.43712 9.21670 

Neves et al. (2012c) εzz = 0 7.18707 7.74315 8.22141 8.97351 

Neves et al. (2012c) εzz ≠ 0 7.16191 7.71617 8.19283 8.94221 

Present   εzz = 0 7.36380 7.94046 8.43647 9.21757 

Present   εzz ≠ 0 7.35541 7.93147 8.42681 9.20640 

1 

CLPT 5.33248 6.02733 6.68150 7.78406 

FSDT 5.14236 5.81379 6.43892 7.48365 

Zenkour (2005) (TSDT) 5.16713 5.84006 6.46474 7.50656 

Zenkour (2005) (SSDT) 5.16846 5.84119 6.46539 7.50629 

Neves et al. (2012c) εzz = 0 5.07825 5.73007 6.33558 7.34408 

Neves et al. (2012c) εzz ≠ 0 5.06123 5.71125 6.31501 7.32025 

Present   εzz = 0 5.16629 5.83941 6.46450 7.50719 

Present   εzz ≠ 0 5.16191 5.83465 6.45911 7.49996 

5 

CLPT 2.73080 3.10704 3.65732 4.85717 

FSDT 2.63842 3.02252 3.55958 4.71475 

Zenkour (2005) (TSDT) 2.65821 3.04257 3.57956 4.73469 

Zenkour (2005) (SSDT) 2.66006 3.04406 3.58063 4.73488 

Neves et al. (2012c) εzz = 0 2.64662 3.01870 3.54145 4.66071 

Neves et al. (2012c) εzz ≠ 0 2.63658 3.00819 3.53014 4.64707 

Present   εzz = 0 2.65679 3.04141 3.57874 4.73463 

Present   εzz ≠ 0 2.65398 3.04023 3.57873 4.73404 

10 

CLPT 2.56985 2.80340 3.25924 4.38221 

FSDT 2.46904 2.72626 3.17521 4.26040 

Zenkour (2005) (TSDT) 2.48727 2.74632 3.19471 4.27991 

Zenkour (2005) (SSDT) 2.48928 2.74844 3.19456 4.38175 

Neves et al. (2012c) εzz = 0 2.48179 2.73094 3.16842 4.21795 

Neves et al. (2012c) εzz ≠ 0 2.47199 2.72089 3.15785 4.20550 

Present   εzz = 0 2.48574 2.74498 3.19373 4.27964 

Present   εzz ≠ 0 2.48217 2.74301 3.19359 4.28002 
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that the developed theory consists of five unknowns, while 

the number of unknowns in the TSDPT (Zenkour 2005), 

SSDPT (Zenkour 2005) and quasi-3D theory(Neves et al. 

2012) is five and six, respectively. Consequently, it may be 

concluded that the presentquasi-3D theory is not only more 

 

 

accurate than the higher order shear deformation theory 

(TSDPT and SSDPT) having the same five unknowns, but 

also comparable with the quasi-3D theory having more 

number of unknowns. 

 

Table 2 Comparison of non-dimensional critical buckling load of square FG sandwich plates with FGM face shee

ts and homogeneous core subjected to biaxial compressive load (γ=1, a/h=10) 

p  Theory 
crN  

1-0-1 2-1-2 1-1-1 1-2-1 

0 

CLPT 6.86896 6.86896 6.86896 6.86896 

FSDT 6.50224 6.50224 6.50224 6.50224 

Zenkour (2005) (TSDT) 6.50248 6.50248 6.50248 6.50248 

Zenkour (2005) (SSDT) 6.50303 6.50303 6.50303 6.50303 

Neves et al. (2012c) εzz = 0 6.50266 6.50266 6.50266 6.50266 

Neves et al. (2012c) εzz ≠ 0 6.47652 6.47652 6.47652 6.47652 

Present   εzz = 0 6.50276 6.50276 6.50276 6.50276 

Present   εzz ≠ 0 6.49215 6.49215 6.49215 6.49215 

0.5 

CLPT 3.82699 4.12798 4.39032 4.80762 

FSDT 3.66866 3.95660 4.20517 4.59758 

Zenkour (2005) (TSDT) 3.68219 3.97042 4.21823 4.60841 

Zenkour (2005) (SSDT) 3.68284 3.97097 4.21856 4.60835 

Neves et al. (2012c)εzz = 0 3.59354 3.87157 4.11071 4.48676 

Neves et al. (2012c)εzz ≠ 0 3.58096 3.85809 4.09641 4.47110 

Present   εzz = 0 3.68190 3.97023 4.21823 4.60878 

Present   εzz ≠ 0 3.67770 3.96573 4.21340 4.60320 

1 

CLPT 2.66624 3.01366 3.34075 3.89203 

FSDT 2.57118 2.90690 3.21946 3.74182 

TSDPT (a) 2.58357 2.92003 3.23237 3.75328 

SSDPT (a) 2.58423 2.92060 3.23270 3.75314 

Neves et al. (2012c)εzz = 0 2.53913 2.86503 3.16779 3.67204 

Neves et al. (2012c)εzz ≠ 0 2.53062 2.85563 3.15750 3.66013 

Present   εzz = 0 2.58315 2.91970 3.23225 3.75359 

Present   εzz ≠ 0 2.58096 2.91732 3.22956 3.74998 

5 

CLPT 1.36540 1.55352 1.82866 2.42859 

FSDT 1.31921 1.51126 1.77979 2.35737 

Zenkour (2005) (TSDT) 1.32910 1.52129 1.78978 2.36734 

Zenkour (2005) (SSDT) 1.33003 1.52203 1.79032 2.36744 

Neves et al. (2012c) εzz = 0 1.32331 1.50935 1.77072 2.33036 

Neves et al. (2012c) εzz ≠ 0 1.31829 1.50409 1.76507 2.32354 

Present   εzz = 0 1.32839 1.52071 1.78937 2.36731 

Present   εzz ≠ 0 1.32699 1.52012 1.78936 2.36702 

10 

CLPT 1.28493 1.40170 1.62962 2.19111 

FSDT 1.23452 1.36313 1.58760 2.13020 

Zenkour (2005) (TSDT) 1.24363 1.37316 1.59736 2.13995 

Zenkour (2005) (SSDT) 1.24475 1.37422 1.59728 2.19087 

Neves et al. (2012c) εzz = 0 1.24090 1.36547 1.58421 2.10897 

Neves et al. (2012c) εzz ≠ 0 1.23599 1.36044 1.57893 2.10275 

Present   εzz = 0 1.24287 1.37249 1.59687 2.13982 

Present   εzz ≠ 0 1.24109 1.37150 1.59680 2.14001 
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Table 3 Effect of aspect ratio a/b on the critical buc

kling load of sandwich plate with FGM face sheets 

and homogeneous core subjected to uniaxial compres

sive load (b/h=10, p=2) 

Scheme Theory 
crN  

5.0=ab  1=ab  2=ab  

1-2-1 

CLPT 14.69209a 6.17302 2.41134 

FSDT 23.86154a 5.96539 2.21831 

Zenkour 

(2005) 

(TSDT) 

23.94786a 5.98697 2.23758 

Zenkour 

(2005) 

(SSDT) 

23.94721a 5.98680 2.23745 

Present  

 εzz = 0 
23.94924a 5.98731 2.23787 

Present  

 εzz ≠ 0 
23.93448a 5.98362 2.22756 

 

Table 4 Effect of aspect ratio b/a on the critical buc

kling load of sandwich plate with FGM face sheets 

and homogeneous core subjected to biaxial compressi

ve load (b/h=10, p=2) 

Scheme Theory 
crN  

5.0=ab  1=ab  2=ab  

1-2-1 

CLPT 7.71628 3.08651 1.92907 

FSDT 7.55199 2.98269 1.77464 

Zenkour 

(2005) 

(TSDT) 

7.56924 2.99348 1.79006 

Zenkour 

(2005) 

(SSDT) 

7.56911 2.99340 1.78996 

Present  

 εzz = 0 
7.56952 2.99365 1.79030 

Present  

 εzz ≠ 0 
7.57280 2.99181 1.78205 

 

 

Comparisons are given in Table 3 and 4on the basis of 

the symmetric (1-2-1) type of FG sandwich plates with 

FGM face sheets and homogeneous core. The critical 

buckling loads decrease with increasing aspect ratio (b/a) 

and γ. In general, the critical buckling loads obtained by the 

CLPT are much higher than those computed from the shear 

deformation theories. This implies the well-known fact that 

the results estimated by the CLPT are grossly in error for a 

thick plate. 

 

4.2 Critical buckling load of sandwich plate with 
homogeneous face sheets and FGM core (Type B) 

 

As a special case of the present study, where p=0, a 

simply supported square sandwich plate with homogeneous 

face sheets and FGM core is considered. The buckling 

analysis is conducted.  

Table 5 refers to the uniaxial buckling load and Table 6 

refers to the bi-axial buckling load for sandwich plates with 

homogeneous face sheets and FGM core. The critical 

buckling load is considered for k=0,1,2,3,4 and 5 and 

various layer thickness ratios of 2-1-2, 1-1-1, 1-2-1 and 1-3- 

Table 5 Comparison of nondimensional critical buckling l

oad of square sandwich plate with homogeneous face she

ets and FGM core subjected to uniaxial compressive load

(γ=0, b/h=10) 

k Theory 
crN  

2-1-2 1-1-1 1-2-1 1-3-1 

0 

CLPT 13.73791 13.73791 13.73791 13.73791 

FSDT 13.00449 13.00449 13.00449 13.00449 

Present 

 εzz = 0 
13.00552 13.00552 13.00552 13.00552 

Present 

 εzz ≠ 0 
12.98429 12.98429 12.98429 12.98429 

1 

CLPT 6.02733 6.68150 7.78406 8.62740 

FSDT 5.81379 6.43892 7.48365 8.27710 

Present 

 εzz = 0 
5.83941 6.46450 7.50719 8.29787 

Present 

 εzz ≠ 0 
5.83465 6.45911 7.49996 8.28871 

2 

CLPT 4.27003 4.938150 6.17302 7.174950 

FSDT 4.14152 4.78594 5.96539 6.91465 

Present 

 εzz = 0 
4.16303 4.80807 5.98731 6.93519 

Present 

 εzz ≠ 0 
4.16125 4.80614 5.98362 6.92921 

3 

CLPT 3.60656 4.23251 5.472570 6.52045 

FSDT 3.50492 4.11184 5.30098 6.29726 

Present 

 εzz = 0 
3.52477 4.13228 5.32182 6.31736 

Present 

 εzz ≠ 0 
3.52370 4.13160 5.31978 6.31296 

4 

CLPT 3.28636 3.87079 5.09232 6.15541 

FSDT 3.19613 3.76489 4.93906 5.95188 

Present 

 εzz = 0 
3.21530 3.78449 4.95930 5.97172 

Present 

 εzz ≠ 0 
3.21428 3.78431 4.95816 5.96825 

5 

CLPT 3.10704 3.65732 4.85717 5.92486 

FSDT 3.02252 3.55958 4.71475 5.73332 

Present 

 εzz = 0 
3.04141 3.57874 4.73463 5.75301 

Present 

 εzz ≠ 0 
3.04023 3.57873 4.73404 5.75015 

 

 

1. We can see from this table that with the increase of the 

inhomogeneity parameter k, the dimensionless critical 

buckling load decreases slightly. The dimensionless critical 

buckling load obtained by the present quasi-3D theory is 

smaller than those computed by FSDT and present theory 

with ɛzz=0. 

Tables 7 and 8 compares the dimensionless the critical 

buckling loads of sandwich plates with homogeneous face 

sheets and FGM core with b/h=10, k=1 for different values 

of aspect ratios and two types of FG sandwich plates. As the 

aspect ratio (b/a) increases, the dimensionless critical 

buckling loads of the sandwich plate decreases. 

Fig. 4 exhibit plots of the critical buckling loads versus 

the side to-thickness ratio b/h for k=2 and b=2a. Once 

again, it is well known that the CLPT critical buckling loads  
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Table 7 Effect of aspect ratio a/b on dimensionless 

critical buckling load of sandwich plate with homoge

neous face sheets and FGM core subjected to uniaxi

alcompressive load (b/h=10, k=1) 

Scheme Theory 
crN  

b/a=1 b/a=2 b/a=3 b/a=4 b/a=5 

2-1-2 

Present  

ɛzz=0 

12.824421

36 

4.5704405

55 

3.1519837

04 

2.4481209

64 

1.9667244

10 

Present  

ɛzz≠0 

12.802790

02 

4.5405175

00 

3.1107002

26 

2.3988526

30 

1.9137119

50 

1-1-1 

Present  

ɛzz=0 

12.589180

67 

4.4337380

40 

3.0108847

97 

2.3022687

31 

1.8239944

14 

Present  

ɛzz≠0 

12.566699
63 

4.4045470
34 

2.9721178
75 

2.2575432
96 

1.7772422
89 

1-2-1 

Present  

ɛzz=0 

12.085072
06 

4.1901500
55 

2.7898692
62 

2.0925026
08 

1.6304697
76 

Present  

ɛzz≠0 

12.061001

74 

4.1619956

16 

2.7544426

12 

2.0533968

68 

1.5910443

52 

1-3-1 

Present  

ɛzz=0 

11.643417

95 

4.0020219

30 

2.6362763

17 

1.9573385

92 

1.5122225

46 

Present  

ɛzz≠0 

11.618497

64 

3.9746501

34 

2.6028877

57 

1.9213622

34 

1.4766410

33 

 

 

are independent of the b/h ratio. Critical buckling loads 

decrease as γ increases. The results of the sandwich plate 

(1-3-1) are superior to those of (2-1-2), (1-1-1) and (1-2-1) 

and this depends on the thickness of the core layer. 

 

 

Fig. 5 show the variation of the critical buckling loads 

as a function of side-to-thickness ratio (b/h) of (2-1-2) FGM 

sandwich plates with FGM face sheets and homogeneous 

core using various plate theories (b=2a) using the present 

new simple quasi-3D hyperbolic shear deformation theory. 

It can be seen that the critical buckling loads become 

maximum for the ceramic plates and minimum for the metal 

plates. It is seen that the results increase smoothly as the 

amount of ceramic in the sandwich plate increases. Also, 

the buckling load of plate under uniaxial compression is 

almost the twice of that of the case of the plate under biaxial 

compression. 

Fig. 6 show the critical buckling loads of sandwich 

plates with respect to the power-law index. It can be seen 

from these figures that with the increase of the power-law 

index, they decrease for sandwich plates with homogeneous 

face sheets and FGM core.  
 

4.3 Critical buckling load of sandwich plate with 
FGM face sheets and FGM core (Type C) 

 

In this example, a simply supported square sandwich 

plate with FGM face sheets and FGM core under 

mechanical loads is considered. 

Table 9 and 10 performs the dimensionless critical 

buckling load for a sandwich plate with FGM face sheets 

and FGM core for various values of p = {0, 1, 2, 3, 4, 5} 

and various layer thickness ratios {2-1-2, 1-1-1, 1-2-1, 1-3-

1}. The plate is subjected to uniaxial and biaxial 

compressive load. The inhomogeneity parameter k is set to 

be 1. It can be seen from this table that as the index p 

increases, the dimensionless critical buckling load 

decreases. The critical buckling loadobtained by the present 

theory are smaller than those computed by using the CLPT, 

FSDT and Present with εzz = 0. 

Tables 11 and 12 reveals the dimensionless critical 

buckling load of the sandwich plate under mechanical loads  

Table 6 Comparison of nondimensional critical buckli

ng load of square sandwich plate with homogeneous 

face sheets and FGM core subjected to biaxial comp

ressive load (γ=1, b/h=10) 

k  Theory crN  

2-1-2 1-1-1 1-2-1 1-3-1 

0 

CLPT 6.86896 6.86896 6.86896 6.86896 

FSDT 6.50224 6.50224 6.50224 6.50224 

Present ɛzz=0 6.50276 6.50276 6.50276 6.50276 

Present ɛzz≠0 6.49215 6.49215 6.49215 6.49215 

1 

CLPT 3.01366 3.34075 3.89203 4.31370 

FSDT 2.90690 3.21946 3.74182 4.13854 

Present ɛzz=0 2.91970 3.23225 3.75359 4.14894 

Present ɛzz≠0 2.91732 3.22956 3.74998 4.14436 

2 

CLPT 2.13502 2.46907 3.08651 3.58747 

FSDT 2.07076 2.39297 2.98269 3.45733 

Present ɛzz=0 2.08152 2.40404 2.99365 3.46760 

Present ɛzz≠0 2.08063 2.40307 2.99181 3.46461 

3 

CLPT 1.80328 2.11625 2.73628 3.26022 

FSDT 1.75246 2.05592 2.65049 3.14863 

Present ɛzz=0 1.76238 2.06614 2.66091 3.15868 

Present ɛzz≠0 1.76185 2.06580 2.65989 3.15648 

4 

CLPT 1.64318 1.93540 2.54616 3.07771 

FSDT 1.59806 1.88244 2.46953 2.97594 

Present ɛzz=0 1.60765 1.89225 2.47965 2.98586 

Present ɛzz≠0 1.60714 1.89215 2.47908 2.98412 

5 

CLPT 1.55352 1.82866 2.42859 2.96243 

FSDT 1.51126 1.77979 2.35737 2.86666 

Present ɛzz=0 1.52071 1.78937 2.36731 2.87651 

Present ɛzz≠0 1.52012 1.78936 2.36702 2.87507 

Table 8 Effect of aspect ratio a/b on dimensionless 

critical buckling load of sandwich plate with 

homogeneous face sheets and FGM core subjected to 

biaxial compressive load (b/h=10, k=1) 

Scheme Theory 
crN  

b/a=1 b/a=2 b/a=3 b/a=4 b/a=5 

2-1-2 

Present  

ɛzz=0 

6.4122106
82 

3.6563524
42 

2.8367853
32 

2.3041138
52 

1.8910811
64 

Present  

ɛzz≠0 

6.4013950
08 

3.6324139
98 

2.7996302
06 

2.2577436
52 

1.8401076
46 

1-1-1 

Present  

ɛzz=0 

6.2945903

36 

3.5469904

29 

2.7097963

18 

2.1668411

58 

1.7538407

82 

Present  

ɛzz≠0 

6.2833498

15 

3.5236376

32 

2.6749060

91 

2.1247466

33 

1.7088868

17 

1-2-1 

Present  

ɛzz=0 

6.0425360

34 

3.3521200

48 

2.5108823

36 

1.9694142

21 

1.5677594

03 

Present  

ɛzz≠0 

6.0305008

68 

3.3295964

95 

2.4789983

51 

1.9326088

18 

1.5298503

39 

1-3-1 

Present  

ɛzz=0 

5.8217089
75 

3.2016175
42 

2.3726486
84 

1.8422010
27 

1.4540601
40 

Present  

ɛzz≠0 

5.8092488
19 

3.1797201
06 

2.3425989
83 

1.8083409
26 

1.4198471
47 
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Fig. 4 Critical buckling load as a function of side-to-thickness ratio (b/h) of FGM sandwich plates with homogeneous face 

sheets and FGM core using various plate theories (b=2a, k=2) 
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Fig. 5 Nondimensional critical buckling load as a function of side-to-thickness ratio (b/h) of (1-2-1) FGM sandwich plates 

with homogeneous face sheets and FGM core for various values of k. (a) Plate subjected to uniaxial compressive load 

and (b) Plate subjected to biaxial compressive load 
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Fig. 6 Effect of the power-law index k on the nondimensional critical buckling loads of Al/Al2O3 sandwich square plates wi

th homogeneous face sheets and FGM core(b/h=10) (a) Plate subjected to uniaxial compressive load (γ = 0) and (b) 

Plate subjected to biaxial compressive load (γ = 1) 
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Fig. 7 Critical buckling load as a function of side-to-thickness ratio ( hb / ) of FGM sandwich plates plate with FGM face 

sheets and FGM core using various plate theories (b=2a, 1=p , 2=k ). 
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with p = 3 and k = 1 for different values of aspect ratios and 

layer thickness ratios. As the aspect ratio b/a increases, the 

dimensionless critical buckling load of the sandwich plate 

decreases. 

Fig. 7 exhibit plots of the critical buckling loads versus 

the side to-thickness ratio b/h for k=2, p=1, b=2a. Once 

again, it is well known that the CLPT critical buckling loads 

are independent of the b/h ratio. Critical buckling loads 

decrease as γ increases. The results of the sandwich plate  

 

 

 

(1-3-1) are superior to those of (2-1-2), (1-1-1) and (1-2-1) 

and this depends on the thickness of the core layer. 

Fig.8 show the effect of the power-law index k on the 

nondimensional critical buckling loads of Al/Al2O3 

sandwich square plates with FGM face sheets and FGM 

core (b/h=10, p=2). It can be seen from these figures that 

with the increase of the power-law index, they decrease for 

sandwich plates. 

0 1 2 3 4 5 6 7 8 9 10

3,5

4,0

4,5

5,0

5,5

6,0

6,5

7,0

7,5

8,0
(a)

N
o

n
d

im
e

n
s
io

n
a

l 
c
ri

ti
c
a

l 
b

u
c
k
lin

g
 l
o

a
d

k

 2-1-2

 1-1-1

 1-2-1

 1-3-1

 

0 1 2 3 4 5 6 7 8 9 10

1,5

2,0

2,5

3,0

3,5

4,0
(b)

N
o

n
d

im
e

n
s
io

n
a

l 
c
ri

ti
c
a

l 
b

u
c
k
lin

g
 l
o

a
d

k

 2-1-2

 1-1-1

 1-2-1

 1-3-1

 
Fig. 8 Effect of the power-law index k on the nondimensional critical buckling loads of Al/Al2O3 sandwich square plates wi

th FGM face sheets and FGM core (b/h=10, p=2) (a) Plate subjected to uniaxial compressive load ( γ = 0) and (b) Plate 

subjected to biaxial compressive load ( γ = 1 ) 

Table 9 Comparison of nondimensional critical buckling load of square sandwich plate with FGM face sheets and 

FGM core subjected to uniaxial compressive load ( 0= , 10=ha , 1=k ) 

Scheme Theory 
crN  

1=ab  2=ab  3=ab  4=ab  5=ab  

2-1-2 

CLPT 3.572256269 1.395412606 1.102548231 1.008185608 0.9659380956 

FSDT 3.448009362 1.280094086 0.9342267776 0.7717917380 0.6577956584 

Present   εzz = 0 3.464658434 1.294926794 0.9545325160 0.7980593381 0.6889375175 

Present   εzz ≠ 0 3.463246171 1.288667312 0.9435587644 0.7823968675 0.6692740888 

1-1-1 

CLPT 4.073680342 1.591281383 1.257308746 1.149700800 1.101523164 

FSDT 3.917513742 1.447067697 1.048352660 0.8587281094 0.7255320520 

Present   εzz = 0 3.929381180 1.457542915 1.062508331 0.8767844736 0.7466646737 

Present   εzz ≠ 0 3.927719665 1.450763339 1.050923389 0.8606835962 0.7269823555 

1-2-1 

CLPT 4.936524369 1.928329831 1.523618633 1.393218303 1.334836189 

FSDT 4.716874931 1.727248991 1.235867170 0.9981380800 0.8314832594 

Present   εzz = 0 4.714156914 1.725026666 1.233223682 0.9953305240 0.8289359990 

Present   εzz ≠ 0 4.710309338 1.716591897 1.220003355 0.9780034489 0.8087928015 

1-3-1 

CLPT 5.594161026 2.185219151 1.726592909 1.578820836 1.512661141 

FSDT 5.319394855 1.935305200 1.372197780 1.097122555 0.9049736365 

Present   εzz = 0 5.299628136 1.918784039 1.351611880 1.073319192 0.8799632784 

Present   εzz ≠ 0 5.293300430 1.908706959 1.336858530 1.054834742 0.8592527295 
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5. Conclusions 
 

A novel quasi-3D hyperbolic shear deformation theory 

for buckling analysis of FG sandwich plates with both FGM 

face sheets and FGM core is proposed in this paper. It 

contains only five unknowns, accounts for a hyperbolic 

distribution of transverse shear stress and satisfies the 

traction free boundary conditions. The governing equations 

are obtained through the principle of virtual work. The 

Navier-type solutions are derived and compared with the 

existing solutions to verify the validity of the developed 

theory. Benchmark comparisons of the solutions obtained 

for a degradation model (functionally graded face sheets 

and homogeneous core) with ones in literature are 

conducted to verify the accuracy and efficiency of the 

present theory. The critical buckling loads of sandwich 

plates with homogeneous face sheets and FGM core or with 

FGM face sheets and FGM core are presented. Parameter 

studies are carried out to analyze the influences of power 

index p, inhomogeneity parameter k, geometrical 

parameters (b/a, b/h ratios). The main findings can be 

summarized as follows: 

(1)  Comparative studies reveal that the present theory 

is not only accurate, but also more efficient since the 

number of unknown functions involved in the present 

theory is only five, compared with other theories containing 

six or more unknown functions. 

(2) Critical buckling loads are presented for sandwich 

plate with homogeneous face sheets and symmetric FGM 

core as well as sandwich plate with FGM face sheets and 

FGM core. 

(3) Parameter studies show that: (a) power index p and 

inhomogeneity parameter k play an important role in 

eliminating interface problems of sandwich plates; (b) the 

dimensionless critical buckling loads decreases as the 

aspect ratio b/a increases; (c) Once again, it is well known 

that the CLPT critical buckling loads are independent of the 

b/h ratio; (d) Critical buckling loads decrease as γ increases; 

(e) The results of the sandwich plate (1-3-1) are superior to 

those of (2-1-2), (1-1-1) and (1-2-1) and this depends on the 

thickness of the core layer. 

An improvement of the present study will be considered 

in the future work to consider other types of materials and 

structures (Al-Basyouni et al. 2015, Mahi et al. 2015, Larbi 

Chaht et al. 2015, Zemri et al. 2015, Belkorissat et al. 2015, 

Ahouel et al. 2016, Bousahla et al. 2016, Draiche et al. 

2016, Bounouara et al. 2016, Bellifa et al. 2017b, Yeghnem 

et al. 2017, Klouche et al. 2017, Chikh et al. 2017, Khetir et 

al. 2017, Mouffoki et al. 2017, Karami et al. 2017, Bouafia 

et al. 2017, Bakhadda et al. 2018, Bouadi et al. 2018, Kaci 

et al. 2018, Shahsavari et al. 2018, Behera and Kumari 

2018, Kadari et al. 2018, Yazid et al. 2018, Mokhtar et al. 

2018, Ayat et al. 2018, Youcef et al. 2018, Cherif et al. 

2018, Karami et al. 2018abcd, Bourada et al. 2018 and 

2019, Adda Bedia et al. 2019, Berghouti et al. 2019, 

Khiloun et al. 2019, Bendaho et al. 2019, Bouanati et al. 

2019, Boulefrakh et al. 2019, Karami et al. 2019abc, 

Boutaleb et al. 2019, Bensattalah et al. 2019, Semmah et al. 

2019, Draoui et al. 2019). 
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