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Abstract.
hygrothermal effect.

In this paper, geometrically nonlinear static analysis of laminated composite beams is investigated under
In the solution of problem, the finite element method is used within the first shear beam theory. Total

Lagrangian approach is used nonlinear kinematic model. The geometrically nonlinear formulations are developed for the
laminated beams with hygro-thermal effects. In the nonlinear solution of the problem, the Newton-Raphson method is used with
incremental displacement. In order to verify of obtained formulations, a comparison study is performed. The effects of the fiber
orientation angles, the stacking sequence of laminates, temperature rising and moisture changes on the nonlinear static
displacements and configurations of the composite laminated beam are investigated in the numerical results.
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1. Introduction

Laminated composites have been used a lot of structural
systems such as spacecrafts, aircrafts, high thermal systems.
Hygrothermal or moisture effects have very important role
in the mechanic behavior of laminated composites. After a
certain moisture value, the laminated composites can be lost
their strength. The design of laminated composite structural
elements in the high hygrothermal environments is very
important problem. In high temperature and moisture values,
large bending deflections can be occurred in the laminated
composite structures. It is known that large bending
deflections problems are the nonlinear problems. Hence,
understanding the nonlinear behavior of laminated
composite structure is very important in high hygrothermal
values.

There are a lot of studies in linear analysis of laminated
composite beams under mechanical and thermal loads in
literature. On the other hand, nonlinear studies of laminated
composite beams are not investigated broadly. In literature,
investigations of hgyrothermal effect in the laminated
composite structures are as follows; Cardoso et al. (2009)
investigated geometrically nonlinear behavior of the
laminated composite thin-walled beam structures with finite
element solution. Ghayesh et al. (2010) presented vibration
and stability analysis of axially traveling laminated beams.
Rath and Sahu (2010) investigated static and post-buckling
analysis of woven laminated composite structures under
hygrothermal loading. Zhan et al. (2011) presented
hygrothermal static behavior of laminated composites with
open hole. Sahu et al. (2012) and Biswal et al. (2016)
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investigated instability and parametric resonance of curved
laminated shell panels under hygrothermal effects. Gayen
and Roy (2013) presented hydrothermal effects on the stress
distribution of a tapered laminated beam. Zenkour et al.
(2014) investigated hygrothermal analysis of laminated
cross-ply plates. Wang et al. (2015) studied dynamic and
buckling investigations of laminated plates under
hygrothermal effects. Akbas (2017a,2017b) investigated
effects of the thermal loading on the dynamic and static
responses of functionally graded porous beams. Bouazza et
al. (2014) investigated hygrothermal postbuckling behavior
of laminated beams based on Von Karman nonlinearity. Li
and Qiao (2015) investigated nonlinear postbuckling
analysis of composite laminated beams. Ghayesh et al.
(2017, 2018), Farokhi et al. (2017), Kazemirad et al. (2013)
analyzed nonlinear dynamic responses of laminated and
composite beams. Akbas (2019a) analyzed effects of the
hygro-thermal rising on the post-buckling results of the
laminated beams. Joshan et al. (2017) proposed a new non-
polynomial shear deformation theory for hygrothermal
analysis of laminated plates. Akbas (2018a, b, c)
investigated nonlinear static deflections and post-buckling
responses of laminated composite beams under different
loads. Gholami et al. (2017) investigated nonlinear dynamic
analysis of functionally graded carbon-nanotube reinforced
beams based on higher beam theory. Akbas
(2018d,2019b,2019c) presented nonlinear behavior of fiber
reinforced composite beams with intact and cracked cases.
Akbag (2019d) presented hygro-thermal nonlinear static
results of a functionally graded cantilever beam by using
Total Lagrangian nonlinear approach. Ebrahimi and
Dabbagh (2018) studied wave propagation of double-
layered graphane sheets under hygro-thermal effects.

It seen from literature, the nonlinear hygrothermal
studies of laminated composite beams have not been studied
in large. Also, the total Lagrangian nonlinear approach has
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ATy Cross-Section

Fig. 1 A cantilever laminated beam under non-uniform
moisture and temperature rising

not been used in hygro-thermal analysis of laminated beams.
The objective of presented paper is to fill this blank for
laminated composite beams. The novelty in this paper is to
investigate the nonlinear static displacements of laminated
composite beams under hygro-thermal effects by using the
total Lagrangian nonlinearity. The finite element method
and first shear beam theory are used in solution of problem.
The Newton-Raphson approach is utilized in nonlinear
solution. The effects of the fiber orientation angles, the
stacking sequence of laminates, temperature and moisture
rising on the nonlinear static results of laminated composite
beams are investigated. Also, a comparison study is
presented.

2. Theory and formulation

A laminated composite cantilever beam with three layers
of height 4, length L, width b under non-uniform
temperature and moisture rising is shown in figure 1. It is
assumed that height of layers is equal to each other.
Temperature rising of bottom surface indicates as ATg,
whereas temperature rising of top surface indicates as AT.
Moisture content rising of the bottom surface indicates as
ACy, whereas moisture content of the top surface indicates
as ACr. In figure 1, X-Y defines the initial coordinates and
x-y defines the final coordinates.

The equivalent Young's modulus of kth layer in the X
direction (E¥) as is used the following formulation (Vinson
and Sierakowski 2002)

sin*(8)

1 cos*(0) N ( 1 2w,
E,

2 in2
EE I en B )COS (6) sin“(0) +
where E1; and E; indicate the Young's modulus in X and Y
directions, respectively, Gi» is the shear modulus, v;, is
Poisson's ratio 8 is fiber orientation angle. Non-uniform
temperature distribution for kth layer is expressed as
follows;
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where, hy indicates height of kth layer, ATX and ATk
indicate temperature rising in top and bottom surfaces,
respectively for the kth layer. In hygro-thermal effect, the
Non-uniform moisture rising for kth layer is expressed as
follows;
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Fig. 2 Finite beam element model

The finite beam element with two nodes is used as
shown in Fig. 2. The freedom degrees of the each node are
horizontal displacement u, vertical displacement v and the
rotation ¢.

In the nonlinear kinematic formulations, the total
Lagrangian (TL) model is used with the finite element
formulations based on the first shear beam theory. In the
TL kinematic model, the final coordinates of any point of
the beam at the final configuration (x,y) are as follows

x=X+u-—Ysing (D)

y =v+Ycose 2

The differential arc length ds-displacement relations are
given as follows

ds = (A +u)?+ (1 +v)2dX 3)
., Lcos
14+u = 4
L;
. “)
. Lsing . L
Ve L’ N L

The Green-Lagrange strain-displacement relation with
hgyro-thermal effect is given as follows;

_ (€xx ) _ (€xx
le}= {ZEXY} - { 14 }
B {(1 +u)cosp + v sing — 1 — Yk — a;, AT — ﬁllAC} (52)
B (1 + u)sing + v’ sing

(e} = {E;x} _ {e — Yk — al)l/AT — ﬂllAC} (5b)

where €xy, ¥, k = @' are the axial strain, the shear strain
and the curvature, respectively. a; and f;; indicate the
thermal expansion and moisture expansion coefficients in
the longitudinal direction, respectively. In equation (5),
e =(1+u")cosp +v' sing — 1. Each node of the finite
element has three freedom degrees and the displacement
vector {u}(® for a finite element is given as follows;

{u}(e) =[uy, v1, @1, Up, V, @ ]T (6)

The displacement fields ({u}®) of a finite beam
element are given in terms of the node displacements as
follows
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ul® = Ny + N, (7)
uj(,e) =NPv + NP, + NPv, + NP, (8)

0@ = NPv, + NP¢, + NPv, + NPp, 9

where Ni(u) , Ni(”) and Ni((p) are the interpolation
functions for axial displacement, vertical displacement and
rotation, respectively. The strain-displacement relation is
presented with the nodal displacements in matrix form;

{e} = [DI{W}® (10)

where [D] is a differential operator matrix which related
between the strain and the displacement vector. With using
linear interpolation functions, the differential operator is
given as follows:

(D]
1 |—cosp  —sing Y Nz((p)Li cosp  sing 14 Nf”)Ll-
= L_L sing  —cos@ —Nz(w)(l +e)L; —sing cosg —pr)(l +e)L; (1 1)
0 0 -1 0 0 1
The second Piola-Kirchhoff stresses-the Green-

Lagrange strain relation with hgyro-thermal effect is given
for linear elastic material in kth layer as follows;

(s} = {SXX} EF 0 ] {e — Yk — a, 4T — ﬁllAC}

Sy Lo Gk 14
- (12)
= (e 1=

where a1; and By; indicate the thermal expansion and
moisture expansion coefficients in the longitudinal direction,
respectively. G indicates equivalent shear modulus of kth
layer. Syy and Sy, indicate the second Piola-Kirchhoff
stresses axial and shear components, respectively.
Substituting equations (10) into equation (12), the
constitutive relation is expressed as follows

{8} = [C1[D]{w}® (13)

The virtual work equation of the beam element based on
the TL approach with neglecting the body forces is given as
follows;

f(sxx&xx + Syy8y)dV — f (rySu + 1, 6v)dS = 0 (14a)
v 0

f {(S}{oe}dV — f {6u(9)}T[N]T{:ﬂ ds=0  (14b)
14

S

where ry and 7, are the boundary forces in the X and Y
directions respectively. V indicates the volume of the body.
Substituting equations (13) and (10) into equation (14b) and
applying the variational process, the virtual work equation
is expressed as follows;

f, ([C1P1w@) (32 (6u}© + [D}{su}@) av - (152)

fy uy vy {7} ax

{Su}(e) f (6 E;'l]T
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- [ () ax) o

After integration process and the regulation of the
equation (15b), the equation of motion is expressed as
follows

[C1[D] + [D]"[C][D] | {u}®dV
(15b)

0| [ ("2 tcito1a + o7 cyioa ) ax -
0

(16)
Lepnr [T —
e (3 ar) =
In equation (16), {u}® is the displacement vector. The
element tangent stiffness matrix is presented as follows

where K; and K,, are the geometric and material stiffness
matrixes, respectively

Ky = f [DI"[C]ID]A dx (18)
0
Le ,

K =f aE’)li] [C][D]A dX (19)

0

The load vector F is given as follows
Le
— T (Tx
F= f [N] {Ty} dx (20)
0

In the nonlinear finite element solution, Newton-
Raphson iteration procedure is considered. In solution
procedure, the load is divided by an appropriate number
with the small-step incremental. For n+1 st load increment
and i th iteration, the increment displacement vector is
given as follows;

dul, = (KY) " Fiy, 1)

where K&, dul, and F'_, are the tangent stiffness matrix,
the increment displacement vector and the load vector,
respectively for i th iteration and n+1 st load increment.
The iteration tolerance form is selected in the Euclidean
norm as follows;

< S(tol (22)

[(dui' — dup)" (duit! — dup))?
[(duir)T (dui)]?

The updated displacement vector after the end of the i th
iteration and n+1 st load increment is given as follows;
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wth = up +dug, = u, + A (23)

where
i
Aul, = Z duk (24)
k=1

The dimensionless quantities can be expressed as,

__ATT
- ATp >

Tk Cr = 5eb A= 6%y, ATy

CA = 83311 ACB, (2’5)

where Ty indicates temperature ratio of top and bottom
surfaces, Cp indicates moisture ratio of top and bottom
surfaces, A is the dimensionless temperature rising, cA is
the dimensionless moisture rising, & is the ratio of length
and height, ¥ is the dimensionless vertical displacement,
X and Y are dimensionless coordinates in the X and Y
directions, respectively. If Tpz=1 and Cr=1 ,
hygrothermal rising becomes uniform distribution,
otherwise it becomes non-uniform distribution.

3. Numerical results

In this section, the hygrothermal nonlinear bending
deflections and displacement configurations of the
laminated cantilever beam are calculated for different fiber
orientation angles, the stacking sequence of laminates,
temperature rising values and moisture rising values. In
iteration process, moisture and temperature values are
divided by a suitable number in compliance with the size
values.

The laminated beam is established by of Graphite/Epoxy
(T300/5208), and its material properties are as follows
(Pipes et al. (1976)); Eo=143 GPa, Ep=10,1 GPa,
Goi12=4,14 GPa, a11=1,1x10° 1/ °C, apn=25,2x10° 1/ °C,
B11=0.0010 wt %, B,,=0.00667 wt %’. The height of
three layers is equal to each other. The geometry values of
the beam are selected as: b = 0.2 m, 2 = 0.2 m and the
length L is varied according to the § ratio in the numerical
results.

In order to obtain number of the finite elements, the
convergence study is employed in figure 3. The
convergence is calculated for he nonlinear maximum
displacements (at free end) for 1 =2, cA =5, T = 0.1,
Cr = 0.1,6 = 20, 30/0/30 stacking sequence. It is seen
from fig. 3 that the nonlinear maximum displacements
converge perfectly after the finite element as 100. In the
numerical results, the number of the finite elements is taken
as 100.

In order to verify the present formulation, the results
obtained from the present study are compared with those
obtained using ANSYS Workbench 14 (2012) which a finite
element analysis program. In the comparison study, the
nonlinear deflections of the free end of beam are calculated
for ATz =50K, 30 °C, ATy =20 °C, Cp=%0wt ,
Cg = %0 wt for different fiber orientation angles and the

0.95 T T T T

0.9

0.85

0.7

0.65 ! * ’ !
20 40 60 80 100 120

Number of Finite Element
Fig. 3 Convergence analysis for nonlinear hygrothermal
vertical displacements of the laminated beam

Table 1 Comparison study: Nonlinear deflections of the free
end of laminated beam for different temperature values

ATy
100 °C 200 °C 400 °C
Present 0.0169m  0.0381 m 0.0805 m
0/30/0 ANSYS
Workbench 14 0.0173m  0.0386 m 0.0811 m
Present 0.0172m  0.0388 m 0.0818 m
0/60/0 ANSYS
Workbench 14 0.0176 m  0.0393m 0.0823 m
Present 0.2504m  0.5616 m 1.1688 m
0/90/0
ANSYS 0.2509 m  0.5624 m 1.1697 m

Workbench 14

stacking sequence of laminates in table 1. The beam is
modeled as 3D solid in ANSYS. The comparison study
shows in table 1 that the results of present study are very
close to those of ANSYS Workbench 14.

In figure 4, the temperature-nonlinear displacement
curves are presented for different dimensionless moisture
content values (cA) for different stacking sequences for
TR =01, Cr=0.1,6 =20 under non-uniform hygro-
temperature rising. In figure 4, the nonlinear maximum
displacements (at free end) are calculated for the stacking
sequences 0/0/0, 30/0/30, 45/0/45, 0/90/0.

It is seen from figure 4 that increasing moisture content,
nonlinear displacements increase significantly. The
difference between among the moisture content values
increases with increasing the fiber orientation angles to 0
from 45°. At the stacking sequence 45/0/45, the moisture
effects reach highest level. In 0/0/0 and 0/90/0, the moisture
less effects the laminated beam. It shows that the stacking
sequence is very effective in hgyro-thermal nonlinear
responses of laminated composite beams. It can be
concluded that effects of the moisture can be decreased by
choosing of suitable stacking sequence laminas.

In figures 5 and 6, effects of fiber orientation angles on
dimensionless maximum nonlinear displacements are
plotted for the stacking sequences [0/6/0] and [6/0/6),
respectively, for different dimensionless temperature values
(1) and moisture content values (cA). In figures 5 and 6 are
obtained for non-uniform hygro-temperature rising for
Tr = 0.1, CR =0.1, § = 20.
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Fig. 4 Dimensionless temperature rising- dimensionless nonlinear vertical displacements curves for different dimensionless
moisture content values with the different stacking sequences (a) for [0/0/0] (b) for [30/0/30], (c) for [45/0/45] and(d) for
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Fig. 5 The relationship between fiber orientation angles and nonlinear maximum vertical deflections for [0/6/0] for
different dimensionless moisture and temperature values (a) for A = 0.3 and (b) forA =1

Figures 5 and 6 display that hygro-thermal
displacements rise considerably with rising in fiber
orientation angles. This is because that the strength of
composite laminated beam is the highest level at fiber
orientation angle 8=0" according to equation 1.

The effects of moisture on the nonlinear displacements
of laminated beam in [8/0/6] stacking sequence are bigger
than those of [0/6/0]'s stacking sequence. The nonlinear
deflections of [6/0/0] stacking sequence are bigger than
nonlinear deflections of [0/8/0]'s.
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Fig. 6 The relationship between fiber orientation angles and nonlinear maximum vertical deflections for [&/0/6] for
different dimensionless moisture and temperature values (a) for A = 0.3 and (b) forA =1
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Fig. 7 The relationship between dimensionless moisture content (cA) and nonlinear maximum vertical deflections for
different fiber orientation values in and stacking sequences a) for [0/&/0] and b) for [&/0/ 4]

In another results of figures 5 and 6 that the difference
between the moisture content values in nonlinear
deflections of laminated composite beams increases
significantly with rising temperature in [6/0/0] stacking
sequence. However, this case is not valid in [0/6/0] stacking
sequence. In [80/6] stacking sequence, both moisture and
temperature are very effective in the nonlinear behaviour of
laminated beam. Another result of figures 4 and 5 that the
moisture is very effective in the lower values of temperature
rising.

With increasing the temperature, the effects of moisture
on the nonlinear behavior of laminated beams decrease
significantly. Especially, this situation is seen more clearly
in results of [80/0] stacking sequence. It shows that
stacking sequence and temperature have important role on
effects of moisture in laminated composite beams.

Figure 7 highlights the moisture-nonlinear displacement
curves are displayed in dimensionless quantities for fiber
orientation values in [0/4/0] and [&/0/6] stacking sequences
for A=1, TR = 0.1, Cx =0.1,6 = 20.

As seen from figure 7 that increasing the moisture yields
to increase the difference among of fiber orientation angles.
However, this difference is very big significantly in [6/0/4]
in contrast with [0/@/0]. With change in stacking sequence
of laminas, the effects of moisture differ considerably. In
[0/6/0] stacking sequence, nonlinear hygrothermal
displacements increase monotonically with increasing of 6.
However, nonlinear hygrothermal displacements
completely differ with increasing 6 in [@/0/6] stacking
sequence. In higher moisture content, there are significant
differences among of fiber orientation angles in [&/0/4] in
contrast with [0/4/0].

Figures 8 and 9 display effect of moisture content values
on the nonlinear hgyrothermal deflected shape of the
laminated beam for fiber orientation values in [0/6/0] and
[680/6] stacking sequences for A = 1.5, T = 0.1, Cy =
0.1, 6=20. Figures 7 and 8 show that although the values of
temperature (A = 1.5) is stable, hygrothermal nonlinear
displacement configuration of laminated beam change
considerably with increasing the moisture content. In
[@0/6], the moisture is more effective and cause to more
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Fig. 8 Effects of the dimensionless moisture content values on nonlinear hgyro-thermal deflected shape of laminated beam
in [0/4/0] stacking sequence for different fiber orientation angles a) for [0/0/0], b) for [0/30/0] and c) for [0/60/0]

displacements. Increasing of 6 yields to increase
displacements of the laminated beam significantly. It shows
that the moisture has important role on the nonlinear
behavior of laminated composite beam.

4. Conclusions

Hygrothermal nonlinear displacements investigated for
laminated composite beams within total Langragian
nonlinearity approach. The influences of the moisture,
temperature and parameters of the composite on the
nonlinear displacements are investigated. It is concluded
from the numerical results, the main results are as follows:

e The stacking sequence of laminas and the moisture
play important role on hygrothermal nonlinear behaviour of
composite laminated beams.

e Increasing moisture content yields to increasing
hygrothermal nonlinear displacements significantly.

e With changing fiber orientation angles and stacking
sequence, the effects of moisture on nonlinear hygrothermal
behaviour of laminated composite beams change
significantly.

e In smaller temperature values, the moisture is more
effective on laminated composite beams.

e The effects of moisture can be decreased by suitable
choice of stacking sequence laminas.
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