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1. Introduction 
 

In reinforced concrete (RC) frame structures, plastic 

hinges are generally designed to form at the beam end of 

the beam-column connections based on the principle of 

strong column and weak beam. As the maximum moment 

occurs at the beam-column interface, a concrete crack 

develops at this section and the tensile force is sustained by 

the steel bars alone. The rebar stress at the critical section is 

transmitted along the anchorage length in beam-column 

connections because of the bond between reinforcement and 

concrete. Hence, rebar strains gradually decrease over the 

anchorage length, which is referred to as strain penetration 

of longitudinal reinforcement. A slip of reinforcement 

occurs at the beam-column interface due to the 

accumulation of the rebar strains along the anchorage 

length. This slip is different from the one due to bond 

failure and will result in an additional fixed-end rotation, 

which in turn affects the rotation of the plastic hinge in the 

frame beam.  

To account for the influence of additional fixed-end 

rotation on the plastic hinge, models for an equivalent 

plastic hinge length that incorporate strain penetration 

effects were proposed (Paulay and Prestley 1992, 
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Panagiotakos and Fardis 2001). The contribution of strain 

penetration was commonly considered as a linear function 

of (fydb), where fy and db denote the yield strength and 

diameter of the reinforcement. In this way, it is convenient 

to determine the additional fixed-end rotation due to strain 

penetration. Nevertheless, other parameters that play an 

important role in strain penetration effects have not been 

fully considered. Therefore, an attempt has been made in 

this study to comprehensively and quantitatively investigate 

the parameters affecting additional fixed-end rotation, 

including the yield strength and diameter of high-strength 

reinforcement, concrete compressive strength, ratio of 

neutral axis depth to section effective depth, and straight 

lead anchorage length in the beam-column connection. 

To investigate strain penetration of the anchorage 

reinforcement, many theoretical and experimental studies 

have been conducted with columns, walls and beam-column 

connections (Saatcioglu et al. 1992, Monti et al. 1997, 

Sezen and Moehle 2003, Mergos 2012, Mergos 2013, Alva 

2013, Mergos and Kapppos 2016). As the strain penetration 

effects of reinforcements are obvious when subjected to 

tension and compression alternately, most of these RC 

members were tested or simulated under cyclic loading. 

However, with an increase in the yield strength of steel bars 

specified in the current design standards, degradation of the 

local bond between the concrete and reinforcement is 

accelerated. Under these conditions, the strain penetration 

of high-strength anchorage reinforcement in RC members  
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Table 1 Reinforcement details in the specimens 

Series Specimens No. Concrete grade 
Longitudinal reinforcement in beams 

Grade Top Bottom Anchorage type lah(mm) 

I 

IA-400-C40-18 C40 

HRB500 

3 18 2 10 

straight 

400 

IA-400-C50-18 C50 3 18 2 10 400 

IA-400-C60-18 C60 3 18 2 10 400 

IA-600-C40-20 C40 2 20 2 10 600 

IA-600-C50-20 C50 2 20 2 10 600 

IA-600-C60-20 C60 2 20 2 10 600 

IA-800-C40-22 C40 2 22 2 10 800 

IA-800-C50-22 C50 2 22 2 10 800 

IA-800-C60-22 C60 2 22 2 10 800 

IB-400-C40-18 C40 

HRB600 

3 18 2 10 

straight 

400 

IB-400-C50-18 C50 3 18 2 10 400 

IB-400-C60-18 C60 3 18 2 10 400 

IB-600-C40-20 C40 2 20 2 10 600 

IB-600-C50-20 C50 2 20 2 10 600 

IB-600-C60-20 C60 2 20 2 10 600 

IB-800-C40-22 C40 2 22 2 10 800 

IB-800-C50-22 C50 2 22 2 10 800 

IB-800-C60-22 C60 2 22 2 10 800 

E 

EA-430-C40-18 C40 

HRB500 

3 18 2 10 straight 430 

EA-380-C50-18 C50 3 18 2 10 straight 380 

EA-350-C60-18 C60 3 18 2 10 straight 350 

EA-330-C40-20 C40 2 20 2 10 hooked 330 

EAH-190-C40-20 C40 2 20 2 10 headed 190 

EA-420-C50-20 C50 3 20 2 10 straight 420 

EA-300-C50-20 C50 3 20 2 10 hooked 300 

EAH-270-C60-20 C60 3 20 2 10 headed 270 

EA-160-C60-20 C60 3 20 2 10 hooked 160 

EA-210-C40-22 C40 2 22 2 10 hooked 210 

EA-190-C50-22 C50 2 22 2 10 hooked 190 

EA-300-C60-22 C60 2 22 2 10 hooked 300 

EB-420-C40-18 C40 

HRB600 

3 18 2 10 straight 420 

EB-420-C50-18 C50 3 18 2 10 straight 420 

EB-400-C60-18 C60 3 18 2 10 straight 400 

EB-380-C40-20 C40 2 20 2 10 hooked 380 

EBH-220-C40-20 C40 2 20 2 10 headed 220 

EB-420-C50-20 C50 2 20 2 10 straight 420 

EB-340-C50-20 C50 2 20 2 10 hooked 340 

EBH-310-C60-20 C60 2 20 2 10 headed 310 

EB-180-C60-20 C60 2 20 2 10 hooked 180 

EB-230-C40-22 C40 2 22 2 10 hooked 230 

EB-210-C50-22 C50 2 22 2 10 hooked 210 

EB-340-C60-22 C60 2 22 2 10 hooked 340 

Note: 1. , ,  and  respectively indicate reinforcement grades of HPB300, HRB400, HRB500 and HRB600; 

2. Letter H in the ‘specimens No.’ indicates the headed reinforcement embedded in the beam-column connection. 
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under monotonic loads becomes more prominent. 

Therefore, a combination of experimental study and 

numerical analysis is employed in the current study to 

investigate additional fixed-end rotations due to strain 

penetration of high-strength reinforcement in RC beam-

column connections under monotonic loads. 

In the slight of the above, 18 interior beam- column 

connections with high-strength straight long reinforcement 

and 24 exterior beam-column connections with high- 

strength hooked and headed reinforcement were tested 

under monotonic loading in this paper. We are focused on 

the additional fixed-end rotation at the yielding state (rebar 

strain at the critical section reaches yield strain) and 

ultimate state (concrete strain in the extreme compressed 

fibre of the critical section reaches ultimate strain). 

Furthermore, numerical analysis was conducted to study 

strain penetration of the reinforcement in the test 

specimens. A parametric study on 87 beam-column 

connections, which were designed based on the test 

specimens, was performed to investigate the factors 

influencing strain penetration of reinforcement. The main 

objective of this study is to provide better insights into the 

variations of additional fixed-end rotation with respect to 

the main influence parameters, which may serve as a basis 

for RC structure design. 

 

 

2. Experimental program 
 

2.1 Specimen details 
 

A total of 42 RC specimens were designed and tested to 

study strain penetration of the tensile steel bars anchored in 

beam-column connections. The specimens consisted of a 

cantilever beam, middle column, and bottom beam. The 

function of the bottom beams was to connect the beam-

column connections to the ground so as to maintain their 

stability in the process of loading. The reinforcement details 

in the specimens are listed in Table 1. 

The specimens, designed based on strong column– weak 

beam requirements, were divided into two types to model 

the interior beam-column connections (series I) and exterior 

beam-column connections (series E) of a RC building 

structure, respectively. Four control variables were 

considered in the design, namely, the yield strength fy and 

diameter db of the tensile reinforcement, concrete 

compressive strength fc, and the straight lead anchorage 

length lah of the tensile reinforcement in the beam-column 

connection. A consistent coding system was used to label 

the specimens. A typical example of such coding is IA-400-

C40-18, where “I” indicates the specimen series and “A” 

indicates the grade of tensile reinforcement (A and B 

represent HRB500 and HRB600 steel bars, respectively). 

The subsequent number “400” represents the straight 

anchorage length of the tensile reinforcement in the beam-

column connection (unit: mm). The third part C40 indicates 

the concrete grade (the concrete grade in this study contains 

C40, C50 and C60 as per the Chinese code GB 50010-

2010), and the last number “18” represents the diameter of 

the tensile reinforcement (unit: mm). 

Table 2 Material properties of concrete 

Grade C40 C50 C60 

Cubic strength fcu (MPa) 50.6 59.2 74.3 

Compressive strength fc 

(MPa) 
40.5 47.4 61.9 

Note: For concrete below C50 grade, the compressive 

strength fc was calculated as 0.8 times the cubic strength fcu, 

the compressive strength fc of C60 concrete was calculated 

as 0.833fcu.  

 

Table 3 Material properties of reinforcement 

Grade 
Diameter 

(mm) 

Yield 
strength 

fy (MPa) 

Ultimate 
strength 

fu (MPa) 

Yield strain 

εy 

Percentage  

elongation at 

maximum  
force εu 

HPB 

300 
10 381 513 0.00191 0.150 

HRB400 
10 498 632 0.00249 0.148 

18 460 621 0.00230 0.136 

HRB500 

18 590 749 0.00295 0.112 

20 581 732 0.00291 0.122 

22 543 713 0.00272 0.113 

HRB600 

18 631 825 0.00316 0.108 

20 654 837 0.00327 0.104 

22 628 801 0.00314 0.107 

 

 

Table 2 lists the properties of the concrete. The cubic 

strength of concrete fcu was calculated using cubes with a 

side of 150 mm and they were prepared and cured in the 

same manner as the test specimens. The deformed steel bars 

were tested under uniaxial tension and the values of the 

obtained parameters are listed in Table 3. 
 

2.2 Test scheme 
 

A point monotonic load was applied symmetrically 

using two loading jacks at the end of the cantilever beams, 

as shown in Fig. 1. The applied load was measured by the 

sensors placed on each loading jack. Strain gauges with a 

width of 1 mm and length of 2 mm were attached to the 

steel bars along the straight anchorage length in the beam-

column connections.  

The spacing between the strain gauges was 40 mm. To 

obtain the rebar strain accurately, the strain gauges were 

attached in the notch of the reinforcement, which was 

slotted adjacent to the longitudinal ribs, as shown in Fig. 2. 

Such placement can minimize the losses of the bonding 

performance of the tensile longitudinal reinforcement to a 

significant extent. Fig. 3 shows the locations of the strain 

gauges. 

 

3. Numerical program 
 

A numerical program was developed to study strain 

penetration of the reinforcement in beam-column 

connections. The stress state of the anchorage reinforcement 

and bonded concrete is complicated. In this study, we 

attempted to simplify it into a one-dimensional problem.  
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(a) Slotting on steel bars 

 
(b) Schematic diagram 

Fig. 2 Strain gauges attached along the notch 

 

 

3.1 Material constitutive law 
 

In the case of concrete, the stress-strain relationship 

follows CEB-FIP Model Code 2010, as shown in Fig.4, and 

the corresponding equations are: 
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(2) 

where σc and εc are the stress and strain of compression 

concrete, εc,lim is the ultimate compressive strain, fc is the 

concrete compressive strength, εc1(‰)=-0.7fc
0.31 is the strain 

at maximum compressive stress, k=-1.1Ec∙(εc/fc)  is the 

plasticity number, and Ec=22∙(f
c
/10)

0.3
. σct and εct represent 

the stress and strain of tensile concrete, fct is the tensile 

strength of concrete, and Eci is the elastic modulus of 

concrete at the age of 28 days. 

 

 

(a) Interior beam-column connection 

 

(b) Exterior beam-column connection 

Fig. 3 Configuration of strain gauges 

 

 

The bilinear stress-strain relationship, which considers 

strain hardening, was used to model tensile steel bars, as 

shown in Fig.5, and can be represented by Eq.(3) 
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(a) Interior beam-column connection test (b) Exterior beam-column connection test 

1. Rolling hinge support; 2. Loading jack; 3. Loading sensor; 4. Blade hinge support; 5. Trestle; 6. Displacement transducers; 

7. Dial indicator; 8. Extensometer. 

Fig. 1 Test rigs and instrumentations 
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(a) tension model 

 
(b) compression model 

Fig.4 Stress-strain relationship of concrete 

 

 

Fig. 5 Stress-strain relationship of steel bars 

 

 

where σs and εs are the stress and strain of the tensile steel 

bar, fy is the yield stress, εsy=fy/Es is the yield strain, Es is the 

elastic modulus of steel bars, which is taken as 200 GPa, 

and Esh is the hardening modulus of reinforcement, 

normally assumed to be 0–0.05 GPa. 

The 4-segment curve of bond stress-slip relationship 

between concrete and steel bars, specified by CEB-FIP  

Model Code 2010, was adopted in this investigation, as 

shown in Fig.6. It can be defined using the following 

expressions: 

ss

sss
ss

ss

sss

ss
s

s

f

f

=


−

−
−−=

=

=

3

32
23

2
maxmax

21max

1
1

max

for

for))((

for

0for)(







 

 

(4) 

where τ and s are the bond and slip between concrete and  

 
Fig. 6 Bond-slip relationship between concrete and 

reinforcement 

 

 

reinforcement, cf25.1max = is the maximum bond stress, 

and max4.0  =f  is the residual bond stress. According to 

CEB-FIP Model Code 2010, s1 = 1.8mm, s2 = 3.6mm, s3 = 

cclear (cclear is the clear distance between ribs) and α = 0.4. 

 

3.2 Equilibrium equations and boundary conditions 
 

As shown in Fig. 7, the model considering strain 

penetration of the reinforcement in beam-column 

connections involves six variables. σs(x) and εs(x) denote the 

stress and strain of the anchorage reinforcement due to 

strain penetration, respectively. τ(x) is the bond stress 

between reinforcement and concrete. σc(x) and εc(x) are the 

stress and strain of the concrete, respectively, resulting from 

the stress transmitted by τ(x). s(x) is the relative slip caused 

by the incoordination between εs(x) and εc(x).  

An infinitesimal element of length dx was considered 

along the anchorage length and force analysis 

corresponding to this element is shown in Fig. 7. Fig. 7(b) 

shows the stress condition of the infinitesimal element for 

anchored reinforcement. In this case, the equilibrium of the 

steel bar in the infinitesimal element can be written as 

Eq.(5):  

0
4

)( =+
dx

dd
x sb 


 

(5) 

Fig. 7(c) shows the stress and strain conditions of the 

steel bar and concrete. Displacement compatibility equation 

between the reinforcement and concrete is given by Eq.(6): 

dxds cs )(  −=
 (6) 

Fig. 7(d) shows the force condition of the RC element 

and its equilibrium equation can be obtained using the 

following equation: 

0
4

2

=+ ccs
b dAd

d




 
(7) 

where db is the diameter of the steel bar, and Ac is the 

area of tensile cord.  

At the yielding and ultimate states, a concrete crack 

develops at the beam-column interface, where the tensile 

stress in concrete is zero. Rebar strain at the beam-column 

interface can be obtained from the internal force balance of 

the cross section. Thus, the boundary conditions at the 

beam-column interface can be summarized as follows 
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(a) additional fixed-end rotation at beam- column interface 

 
(b) stress acting on a steel bar element 

 
(c) stress and strain of a reinforced concrete element 

 
(d) force acting on a reinforced concrete element 

Fig. 7 Model of strain penetration in beam-column 

connections 

 

 
Fig. 8 Division of the units and direction of the 

recursive calculation 

 

 

( 0) 0c x = =
 (8) 

( 0)s sy sux or  = =
 

(9) 

uy sorsxs ,0,0)0( ==
 (10) 

where εsy and εsu are the rebar strain at yielding and ultimate 

states, s0,y and s0,u are the slip at the loaded end of the 

anchorage reinforcement at yielding and ultimate states, 

respectively, and lah is the straight lead anchorage length. 

 

3.3 Analysis program 
 

Fig. 8 shows a straight steel bar anchored in the beam-

column connection. The length of the anchorage  

 
(a) interior beam-column connection 

 
(b) exterior beam-column connection 

Fig. 9 Strain penetration of the longitudinal tensile 

reinforcement in beam-column connection 

 

 

reinforcement is divided into infinitesimal length dx. 

Applying an assumed slip s at the beam-column interface, 

which may cause the change of the six basic variables for 

each infinitesimal element. Combining with the material 

constitutive law given by Eqs. (1)-(4), the six variables 

mentioned above can be determined by recursive 

calculation using Eqs. (5)-(7), as described below: 
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(13) 

where γc denotes the ratio of concrete strain at the 

reinforcement interface to the cross-sectional concrete 

strain, and γc= 2.0 is considered a reasonable value based on 

test results (Xu et al. 1994). Recurrence was stopped until 

the boundary conditions in Eqs. (8)-(10) were satisfied. 

Then, distribution of rebar strain εs(x) along the anchorage 

length was obtained. 

Disregarding concrete strain in tension, reinforcement 

slip at the beam-column interface s can be calculated by 

integrating εs(x) along the anchorage length 

 +=
ahl

hs dxxs
0

)( 
 

(14) 

where lah is the straight lead length of the steel bars. For the  

hooked bars embedded in the concrete, when lah is not long  

 

 

enough to sustain the applied force, a hook displacementof 

δh occurs. It can be calculated from the model of the 

relationship between the hook force and hook displacement, 

based on tensile behavior experiments of the hook bars 

proposed by Soroushian et al. (1988). 

Fig. 9(a) and 9(b) illustrate the additional fixed-end 

rotation θslip at the beam-column interface due to strain 

penetration of flexural reinforcement inside the interior and 

exterior beam-column connections. θslip is equal to the slip 

of anchorage reinforcement s divided by the depth of the 

tensile zone (d-c), as given by Eq. (15) 

cd

s

−
=slip

 
(15) 

where d is the effective depth of the section, and c is the 

depth of neutral axis. The flowchart of the analysis program 

for additional fixed-end rotation is shown in Fig. 10.  

 

Fig. 10 Flowchart of the numerical analysis program 
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(a) crack loads (b) yielding loads (c) ultimate loads 

Fig.11 Comparison between experimental loads and numerical calculations 
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(a) specimen type: IA-C40 (b) specimen type: IA-C50 
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(c) specimen type: IA-C60 (d) specimen type: IB-C40 
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(e) specimen type: IB-C50 (f) specimen type: IB-C60 

Fig.12 Comparisons between the experimental and numerical results of the rebar strain distribution in the interior beam-

column connections at the yielding and ultimate states 
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4. Experimental and numerical results 
 

During the loading process, all the test specimens 

experienced three characteristic states, namely appearance 

of the first major cracks, the yielding state when tensile 

reinforcement at the critical section reached yielding, and 

finally, the ultimate limit state when concrete strain in the  

 

 

extreme compressed fibres of the critical section reached 

ultimate strain. The loads in each characteristic state 

obtained from the experimental results were compared with 

the numerical results, as shown in Fig.11. 

Strain distribution of the anchorage reinforcement in the 

test specimens at the yielding and ultimate states was 

obtained from strain-gauge measurements, as shown in  
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(c) specimen type: EA-C60 (d) specimen type: EB-C40 
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Fig.13 Comparisons between the experimental and numerical results of the rebar strain distribution in the exterior beam-

column connections at the yielding and ultimate states 
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Figs. 12-13. As shown in Fig. 3, the origin of the 

abscissa in Fig.12 represents the midpoint of the straight 

steel bar through the interior beam-column connection and 

the one in Fig. 13 represents the start point of the straight 

anchorage length in the exterior connection. It can be seen 

that the rebar strain gradually decreased from the critical 

section to the co-ordinate origin, which may be attributed to 

the bond stress between the reinforcement and concrete. 

This demonstrates the occurrence of strain penetration in  

 

 

beam-column connection and consequently slip. At the 

ultimate state, the rebar strain declined sharply until 

reaching the yield strain point. Strain distribution of the 

anchorage reinforcement obtained from the numerical study 

is presented in Figs. 12-13 for comparison and these results 

are observed to be consistent with the experimental results.  

Based on the tensile strain distribution of the anchorage 

reinforcement, additional fixed-end rotation at the yielding 

and ultimate states can be calculated by combining Eqs.  
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(a) at the yielding state (b) at the ultimate state 

Fig. 14 Comparison of the experimental additional fixed-end rotations with numerical calculations 
 

Table 4 Parameters of numerical specimens 

Conditions Specimens No. fy(MPa) fc(MPa) db(mm) c/d lah(mm) 

1 

FY1 400 

40.00 18 0.20 200 

FY2 500 

IA-400-C40-18 590 

IB-400-C40-18 631 

FY3 700 

2 

FY4 400 

47.20 20 0.15 300 

FY5 500 

IA-600-C50-20 580 

IB-600-C50-20 654 

FY6 700 

3 

FY7 400 

59.80 22 0.13 400 

FY8 500 

FY9 550 

IB-800-C60-22 618 

FY10 700 

4 

FC1 

590 

30.00 

18 0.16 200 

FC2 40.00 

IA-400-C50-18 47.20 

FC3 60.00 

FC4 70.00 

5 

FC5 

654 

30.00 

20 0.17 300 

IB-600-C40-20 40.00 

FC6 50.00 

FC7 60.00 

FC8 70.00 

6 

FC9 

543 

30.00 

22 0.18 400 

FC10 40.00 

FC11 50.00 

IA-800-C60-22 59.86 

FC12 70.00 
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Table 4 (continued) 

7 

DB1 

631 62.30 

14 

0.13 

156 

DB2 16 178 

IB-400-C60-18 18 200 

DB3 20 222 

DB4 22 244 

DB5 25 278 

8 

DB6 

618 47.20 

14 

0.17 

255 

DB7 16 291 

DB8 18 327 

DB9 20 364 

IB-800-C50-22 22 400 

DB10 25 455 

9 

DB11 

581 40.00 

14 

0.16 

210 

DB12 16 240 

DB13 18 270 

IA-600-C40-20 20 300 

DB14 22 330 

DB15 25 375 

10 

CD1 

631 47.20 18 

0.10 

200 
IB-400-C50-18 0.18 

CD2 0.25 

CD3 0.30 

11 

CD4 

618 44.88 22 

0.10 

400 
IB-800-C40-22 0.18 

CD5 0.25 

CD6 0.30 

12 

CD7 

654 60.70 20 

0.10 

300 
IB-600-C60-20 0.17 

CD8 0.25 

CD9 0.30 

13 

LAH1 

590 62.30 18 0.12 

144 

IA-400-C60-18 200 

LAH2 216 

LAH3 270 

LAH4 324 

LAH5 360 

LAH6 396 

LAH7 450 

LAH8 540 

14 

LAH9 

581 47.20 20 0.20 

160 

LAH10 200 

LAH11 240 

IA-600-C50-20 300 

LAH12 360 

LAH13 400 

LAH14 440 

LAH15 500 

LAH16 600 

15 

LAH17 

543 44.80 22 0.16 

176 

LAH18 220 

LAH19 264 

LAH20 330 

IA-800-C40-22 400 

LAH21 440 

LAH22 484 

LAH23 550 

LAH24 660 
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(11)-(12). A comparison between numerical results 

corresponding to addition fixed-end rotation due to strain 

penetration and the test results is shown in Fig. 14. It 

indicates good agreement between the two sets. 

 

 
5. Parametric study 

 

Due to limited number of test specimens, a systematic 

parametric study was carried out based on the numerical 

analysis program to investigate the influence of the key 

factors on additional fixed-end rotations at the yielding and 

ultimate states. The parameters included the yield strengthof 

steel bar fy, concrete compressive strength fc, diameter db 

and anchorage length lah of steel bar in beam-column 

connections, as well as the ratio of neutral axis depth to 

section effective depth c/d. 87 specimens were designed and 

the details of these specimens are listed in Table 4. The 

values of the parameters are based on the test specimens in 

this study. Fifteen conditions were categorized according to 

the variables studied. In each condition, when one 

parameter was studied, other parameters were kept constant. 

In Eurocode 8: Part 3 (2005), the fixed-end rotations at 

the yielding state θy,slip is obtained using the simplified 

localbond-slip relationship 𝜏𝑏𝑒 = √𝑓𝑐, as given in Eq. (16) 
 

 
 

c

yby

f

fd

dd 6
slipy,

−
=




 

(16) 

where d-d' is the distance between tension and compression 
reinforcement. In the parametric study of fixed-end 
rotations at the yielding state, Eq. (16) was also used for 
comparison. The empirical formula at the ultimate state was 
not used because the definitions of ultimate state varied 
between different reports. 

 

5.1 Effect of fy 

 

The yield strength of steel bars fy is considered to be a 

main factor that affects additional fixed-end rotation due to 

strain penetration. The specimens for numerical analysis in 

Conditions 1-3 were selected to study the relationship 

between additional fixed-end rotation and fy at the yielding 

and ultimate states, as shown in Fig. 15. As fy increases 

from 400 to 700 MPa, an approximately linear increase can 

be observed in θy,slip and θu,slip. The increase in fy accelerates 

bond failure between the reinforcement and concrete and in 

turn improves strain penetration, thus leading to an increase 

in additional fixed-end rotation.  

A comparison between Fig. 15(a) and Fig. 15(b) shows 

that the slopes of the trendlines in the former are greater 

than those in the latter. This implies that the growth rate of  
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Fig. 15 Variation in additional fixed-end rotation with respect to fy 
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Fig. 16 Variation in additional fixed-end rotation with respect to fc 
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θy,slip is faster than that of θu,slip with respect to an increase in 

fy. As a result, the influence of strain penetration on 

additional fixed-end rotation at the early stages before 

yielding should be given special attention when high-

strength steel bars are used as tensile reinforcement in 

beam-column connections. 

Furthermore, comparing the predictions of θy,slip based 

on EC8 with the numerical results in Fig. 15(a), it can be 

seen that in some cases EC8 specifications slightly 

underestimate fixed-end rotations at the yielding state. 

 

5.2 Effect of fc 
 

Strain penetration of the reinforcement in a beam- 

column connection is closely related to bond stress between 

the reinforcement and concrete. From the bond stress-slip 

relationship (Fig. 6), it can be understood that the concrete 

compressive strength fc plays a major role in the change of 

the bond stress. Based on the numerical results of the 

specimens corresponding to Conditions 4-6, Figs. 16(a)-

16(b) show a clear decreasing trend in θy,slip and θu,slip when 

fc varies from 30 to 70 MPa. An increase in fc strengthens 

the bond between the reinforcement and concrete, and 

consequently, results in a faster decline in rebar strain along 

the anchorage length, which reduces the ability of strain 

penetration. Therefore, an increase in fc is unfavourable for 

additional fixed-end rotation. 

  
 

5.3 Effect of db 

 

The diameter of steel bars db is another factor that is 

believed to influence the bond resistance between 

reinforcement and concrete. Consider the case in which a 

reinforcing bar with a diameter db is anchored in concrete 

and a tensile force is applied at the loading end. The tensile 

force is balanced by the bond resistance surrounding the 

steel bar. At a constant tensile force, an increase in db leads 

to an increase in the bond surface area, which in turn 

reduces the bond resistance. As a result, rebar stress reduces 

slowly along the anchorage length. This implies that an 

increase in db increases the extent of yield penetration and is 

advantageous for additional fixed-end rotation. This trend is 

accurately reflected by the numerical parametric study 

corresponding to Conditions 7-9, as shown in Figs. 17(a)-

17(b). As db increased from 14 to 25 mm, θy,slip and θu,slip 

increased by averages of 72.2% and 62.7%, respectively. 

This indicates that db has a significant effect on the strain 

penetration of the reinforcement and similar trends were 

obtained from the predictions of θy,slip based on EC8. 

 

5.4 Effect of c/d 
 

The ratio of neutral axis depth to section effective depth 

c/d is a complicated factor affecting additional fixed-

rotation in that it has an impact on both the tensile zone  
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Fig. 17 Variation in additional fixed-end rotation with respect to db 
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Fig. 18 Variation in slippage at beam-column interface with respect to c/d 
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depth of the critical section and the slip of reinforcement. It 

is simple to understand that the depth of the tensile zone 

decreases with an increase in c/d at the yielding and 

ultimate states. Herein, we focused on the variation in slip 

with c/d. The specimens with c/d in the range of 0.1~0.3 in 

Conditions 10-12 were analyzed.  

At the yielding state, the relationship between the slip of 

the reinforcement at the beam-column interface sy and c/d is 

shown in Fig. 18(a). It can be seen that sy is largely constant 

in each condition for c/d varying from 0.1 to 0.3. This 

means that the influence of c/d on sy is minimal. Based on 

Eq. (15), regarding the influence of c/d on the depth of the 

tensile zone, we know that an increase in c/d can increase 

θy,slip as depicted in Fig. 19(a). However, the predictions of 

θy,slip based on EC8 are almost constant as the variation in 

tensile zone depth with c/d at the yielding state is ignored. 

At the ultimate limit state, a reduction is observed in the 

slip of reinforcement su with an increase in c/d, as shown in 

Fig. 18(b). The slip is obtained by integrating strain that 

gradually decreases along the anchorage length; meanwhile, 

the strain at the critical section εsu is the maximum. Under 

the same bond conditions, εsu is regarded to be positively 

related to slip. Moreover, rebar strain at the critical section 

decreases with an increase in c/d according to the 

equilibrium equation for the cross section. Thus, an increase 

in c/d leads to a reduction in su, which is unfavourable for 

θu,slip. As shown in Fig. 19(b), θu,slip decreases with an 

increase in c/d. This can be interpreted as an increase in c/d  

 

 

exerts greater influence on the decrease in su than the 

decrease in the depth of the tensile zone. 

 

 5.5 Effect of lah/db 

The straight anchorage length of the reinforcement in 

the beam-column connection lah/db is rarely included in the 

existing formulas of additional fixed-end rotation due to 

strain penetration. As shown in Fig. 20(a), for the specimens 

in Conditions 13-15, the variation of lah/db has no effect on 

the prediction of θy,slip by EC8. However, from the 

numerical study shown in Fig. 20(a),θy,slip and θu,slip were 

observed to increase when lah/db increased from 8 to 20. 

When lah/db is greater than 20, the additional rotations were 

almost constant. 

Theoretically, when the anchorage length of the 

reinforcement in a beam-column connection is long enough, 

rebar strain will decrease from the maximum at the beam-

column interface to zero at the unloaded end along the 

development length. The redundant embedment length, 

which is greater than the development length, is invalid for 

the reinforcement slip. In fact, in practical design, the 

straight embedded length is usually not greater than the 

development length. In these cases, the unloaded end is 

stressed. Rebar strains near the unloaded end also contribute 

to reinforcement slip at the beam-column interface. It can 

be known from Eq. (14) that an increase in lah/db enlarges 

the upper limit of strain integration and consequently 

increases the additional fixed-end rotation. 
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Fig. 19 Variation in additional fixed-end rotation with respect to c/d 

5 10 15 20 25 30

1.5

2.0

2.5

3.0

3.5
 Num. results in Condition 13  EC8 results in Condition 13

 Num. results in Condition 14  EC8 results in Condition 14

 Num. results in Condition 15  EC8 results in Condition 15 

θ
y
,s

li
p
(×

1
0

-3
ra

d
)

l
ah

/d
b  

5 10 15 20 25 30
2.0

2.5

3.0

3.5

4.0

4.5

5.0

5.5

6.0
 Num. results in Condition 13  

 Num. results in Condition 14

 Num. results in Condition 15 

θ
u

,s
li

p
(×

1
0

-3
ra

d
)

l
ah

/d
b  

(a) at the yielding state (b) at the ultimate state 
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In many cases, hooked bars are required in beam- 

column connections because the straight anchorage length 

may not be satisfied. Hook displacement occurs if the 

straight lead length of the bar is not sufficient. It contributes 

to reinforcement slip at the beam-column interface as well. 

The slippage of hooked bars in tension was studied by 

Soroushian et al. experimentally in 1988. Seven specimens 

were tested to simulate the behaviour of hooked bars 

anchored in an exterior beam-column connection and 

subjected to pullout forces. It was reported that hook 

behaviour was related to the diameter of the anchored bars, 

confinement of the joint, and the compressive strength of 

concrete. Based on the experimental results, a model was 

proposed for the relationship between the force resisted by 

the hook and hook displacement, as shown in Fig. 21, and 

the relevant mathematical expressions were as follows: 

0.2( )
2.54

h
h huP P


=

 
(17) 

)25.005.0(271 b −= dPhu  (18) 

huhf PP 54.0=
 (19) 

where Ph is the hooked force, δh is the hooked displacement, 

db is the diameter of the hooked bars, and Phu and Phf are the 

maximum values and residual values of the hooked forces, 

respectively, as depicted in Fig. 21. 

Based on the above model for hook displacement 

proposed by Soroushian (1988), the relationship between 

the ratio of hook displacement δh to slippage s and lah/db at 

the yielding and ultimate states was obtained, as shown in 

Fig.22. It can be seen that δh decreases with the increase of 

lah/db and tends to approach zero when lah/db is greater than  

 20. This indicates that the hook displacement makes little 

contribution to additional fixed-end rotation when lah/d is 

greater than 20. In summary, increasing lah/db within a 

certain range is beneficial for increasing the additional 

fixed-end rotation. 
 

 

6. Conclusion 
 

In this study, 42 RC beam-column connections with 

different design parameters were tested under a monotonic 

load. In addition, a numerical analysis program was 

conducted to study the strain penetration of reinforcement 

in the test specimens. A total of 87 specimens were 

designed for numerical analysis to investigate the factors 

influencing the strain penetration effect. The main 

conclusions can be summarised as follows: 

•  According to the experimental results on beam-

column connections with different parameters under 

monotonic loading, the additional fixed-end rotation at the 

ultimate state was 1.26~1.89 times greater than that at the 

yielding state. Moreover, there was good consistency 

between the numerical and test results. 

•  Comparisons with the results of numerical analysis 

indicate that the specifications in EC8 slightly 

underestimate additional fixed-end rotations at the yielding 

state by an average of 14.97%. 

•  As the yield strength of reinforcement fy increased  

 
Fig. 21 Hook force–hook deformation relationship 
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Fig. 22 Variation in δh/sslip with respect to la/db 
 

 

from 400 to 700 MPa, additional fixed-end rotation at the 

yielding and ultimate states increased by averages of 

76.67% and 32.97%, respectively. This indicates that strain 

penetration effects at the early stages before yielding should 

be given special attention when high-strength steel bars are 

used as tensile reinforcement in beam-column connections. 

•  Concrete compression strength fc and diameter of 

the reinforcement db potentially affect the bond between the 

reinforcement and concrete, thus influencing strain 

penetration of the anchorage steel bars in beam-column 

connections. According to numerical analysis, the additional 

fixed-end rotation increases with a decrease in fc and an 

increase in db.  

•  For both straight and hooked steel bars, increasing 

the relative straight lead anchorage length lah/db within a 

certain range is beneficial for increasing additional fixed-

end rotation. An  increase in θy,slip and θu,slip is obtained 

when la/d increases from 8 to 20. When la/d is greater than 

20, the additional rotations remained constant. 

 h

Phf

 3 2 1

Phu

Ph

381



 

Ling Li, Wenzhong Zheng and Ying Wang 

•  As the ratio of neutral axis depth to section effective 

depth c/d varied from 0.1–0.3, a slight increase in the 

numerical results of θy,slip was observed, while θu,slip 

decreased, especially when c/d was smaller than 0.2.  
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