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1. Introduction 
 

The technique of rehabilitating and strengthening 

conventional reinforced concrete beams with externally 

bonded fiber reinforced composite laminates has shown 

great promise as a means for remedying structural 

deficiencies and enhancing the performance of civil 

engineering structures (Tounsi 2006, Hassaine Daouadji et 

al. 2017 and Benyoucef et al. 2006). As a result, various 

experimental investigations of this strengthening technique 

have recently been conducted. The main goals of these 

studies were either to evaluate the effectiveness of the 

composite reinforcement on the flexural performance of 

concrete beams (Tounsi et al. 2008, Benferhat et al. 2018, 

Bouakaz et al. 2014, Tahar et al. 2016, El Mahi et al. 2014, 

Guenaneche et al. 2014, Adim et al. 2016, Krour et al. 2014 

and Rabahi et al. 2015) or to assess the influence of various 

factors on the possible failure modes (Shen et al. 2001, 

Smith et al. 2001, Yang et al. 2007,Hassaine Daouadji 

2013, Chaded 2018, Benhenni2018a, Benhenni 2018b, 

Rabahi 2018, Bensatallah 2018, Tayeb 2019, Benferhat 

2019, Benhenni 2019, Hassaine Daouadji 2012, Tahar 2013, 

Abdelhak 2015, Khalifa 2016, Rabahi 2019, Benferhat 

2015, Tahar 2015 and El Amrani et al. 2006). A review of 

more recent progress in the field of composites for 

structural strengthening and repair can be found in the 

survey article by Tounsi et al. (2006). Analysis of interfacial  
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shear stress in beams with bonded composite plates has 
been performed by several researchers (Jian et al. 2007, 
Yang et al. 2010, Abderezak et al. 2015 and Touati et al. 
2015). The analysis provided closed-form formulas for the 
calculation of interfacial shear and peeling stress in beams 
with bonded non-prestressed plates or laminates. 
Mohammadimehr et al. 2017 studied the buckling, and free 
vibration analysis of tapered functionally graded carbon 
nanotube reinforced composite (FG-CNTRC) micro Reddy 
beam under longitudinal magnetic field using finite element 
method (FEM). Farajpour et al. 2016 developed a new size-
dependent plate model is developed based on the higher-
order nonlocal strain gradient theory. Mohammadimehr et 
al. 2018 presented static, buckling and free vibration 
analyses of a sinusoidal micro composite beam reinforced 
by single-walled carbon nanotubes (SWCNTs) with 
considering temperature-dependent material properties 
embedded in an elastic medium in the presence of magnetic 
field under transverse uniform load. Ghorbanpour et al. 
2017 studied the vibration and instability of axially moving 
viscoelastic micro-plate using Sinusoidal shear deformation 
theory (SSDT). Arani et al. 2012 studied the stress analysis 
of a long piezoelectric polymeric hollow cylinder reinforced 
with carbon nanotube (CNT) under combined magneto-
thermo-electro-mechanical loading. Mohammadimehr et al. 
2017 presented the size-dependent effect on free vibration 
of double-bonded isotropic piezoelectric Timoshenko 
microbeams using strain gradient and surface stress 
elasticity theories under initial stress. 

However, the problem of interfacial stress when 
laminates are used in strengthening and repair has treated 
(Zidani et al. 2015, Tounsi et al. 2008 and Tahar et al. 
2013). In this investigation, only interfacial shear stress was 
studied and the analyzed beam was not loaded. 
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Abstract.  In this paper, a general model is developed to predict the distribution of interfacial shear and normal stresses of FG 

beam reinforced by porous FGM plates under mechanical loading. The beam is assumed to be isotropic with a constant Poisson’s 

ratio and power law elastic modulus through the beam thickness. Stress distributions, depending on an inhomogeneity constant, 

were calculated and presented in graphicals forms. It is shown that both the normal and shear stresses at the interface are influenced 

by the material and geometry parameters of the composite beam, and it is shown that the inhomogeneities play an important role in 
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graded beams strengthened by imperfect varying properties plates. Numerical comparisons between the existing solutions and the 

present new solution enable a clear appreciation of the effects of various parameters. The results of this study indicated that the 
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beams. This research is helpful in understanding the mechanical behaviour of the interface and design of hybrid structures. 
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During the process of sintering of FGM materials, due 
to big difference in solidification between the material 
constituents, however, porosities or micro voids through 
material can happen regularly (Zhu et al. 2001). A thorough 
research has been done on porosities occurring inside FGM 
samples manufactured by a multistep sequential infiltration 
technique (Wattanasakulpong et al. 2012). Porosity maybe 
change the elastic and mechanical properties. To the 
authors’ knowledge, no researchers have given much 
attention to the effect of the porosity on the interfacial 
stresses. Based on this information about porosities in 
FGMs, it is important to consider the porosity effect and its 
distribution shape on the interfacial stresses. 

The objective of this study is to develop a procedure that 
predicts the shear and normal stresses in the interface 
between the perfect FG beam and the repairing porous 
FGM plate with reasonable accuracy. The material 
properties of the functionally graded beams are assumed to 
vary continuously through the thickness of the beam, 
according to the power law distribution law. A parametric 
study was carried out to show the effects of some design 
variables, e.g., thickness of adhesive layer, thickness of the 
bonded plate. The effects of the material and geometry 
parameters on the interface stresses are considered and 
compared with that resulting from literature. Finally, some 
concluding remarks are summarized in conclusion. It is 
believed that the present results will be of interest to civil 
and structural engineers and researchers. 
 
 

2. Method of solution 
 

2.1 Assumptions 
 

The present analysis takes into consideration the 

transverse shear stress and strain in the beam and the plate  

 

 

but ignores the transverse normal stress in them. One of the 

analytical approach proposed by Benferhat et al. (2018) for 

FGM perfect beam strengthened with a bonded imperfect 

FGM Plate (Fig 1) was used in order to compare it with 

another analytical models.  

The analytical approach (Benferhat et al. 2018) is based 

on the following assumptions: 

− Elastic stress strain relationship for FGM and 

adhesive; 

− There is a perfect bond between the imperfect FGM 

plate and the beam; 

− The adhesive is assumed to only play a role in 

transferring the stresses from the FGM beam to the 

composite plate reinforcement; 

− The stresses in the adhesive layer do not change 

through the direction of the thickness. 

Since the functionally graded materials is an orthotropic 

material. In analytical study (Benferhat et al. 2018), the 

classical plate theory is used to determine the stress and 

strain behaviors of the externally bonded imperfect FGM 

plate in order to investigate the whole mechanical 

performance of the composite – strengthened structure. 
 

2.2. Properties of the FGM constituent materials 
 

In this study, we consider an imperfect FGM plate with 
a volume fraction of porosity α (α < 1), with different form 
of distribution between the metal and the ceramic. The 
modified mixture rule proposed by Wattanasakulpong and 
Ungbhakorn 2014, Adim et al. 2016, Abualnour et al. 2018, 
Draiche et al. 2016, Kaci et al. 2018, Bakhadra et al. 2018, 
Bouhadra et al. 2018, Ait Atman et al. 2015, Benferhat et 
al. 2016, Belabed et al. 2018, Bellifa et al. 2017, Bouadi et 
al. 2018, Hassaine Daouadji et al. 2016 and Khalifa et al.  

 

 

Fig. 1 Simply supported beam strengthened bonded with imperfect FGM plate 
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Where, k is the power law index that takes values 
greater than or equals to zero. The FGM plate becomes a 
fully ceramic plate when k is set to zero and fully metal for 
large value of k. 

The Young’s modulus (E) of the imperfect FG plate can 
be written as a functions of thickness coordinate, Z (middle 
surface). The material properties of a perfect FGM plate can 
be obtained when the volume fraction of porosity α is set to 
zero. Due to the small variations of the Poisson ratio ν, it is 
assumed to be constant. Several forms of porosity have 
been studied in the present work, such as “O”, “V” and X”, 
as follows (Table 1).           

Equation 3 in table 1, which describes a uniform 
distribution of porosity, was extracted in the work of 
(Wattanasakulpong et al. 2014). On the other hand, the 
other equations (4, 5, 6 and 7) that describe the other 
distributions forms are proposed by us, where the rule of 
mixture has been reformulated to evaluate characteristics of 
materials having different distribution shapes of porosity. 

The linear constitutive relations of a FG plate can be 

written as 
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where (x, y, xy, yz, xz) and (x, y, xy, yz, xz) are the 

stress and strain components, respectively , and Aij, Dij are 

the plate stiffness, defined by: 
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where A'11, D'11are defined as 
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2.3 Shear stress distribution along the reinforced 
beam 

 

The governing differential equation for the interfacial 

shear stress is expressed as (Benferhat 2018) 
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where E1 is the elastic modulus of the beam. G1 is the 

transverse shear moduli of adherents 1. t1 and t2 are the 

thickness of adherends1and 2, respectively. 

Ga and ta are shear modulus and thickness of the 

adhesive, respectively. b2 is the width of the reinforcing 

plate and y1 the distance from the bottom of adherent 1 to 

its centroid. 

[A'] is the inverse of the extensional matrix [A] and [D'] 

is the inverse of the flexural matrix [D]. 

For simplicity, the general solutions presented below are 

limited to loading which is either concentrated or uniformly 

distributed over part or the whole span of the beam, or both. 

For such loading, d2VT(x)/dx2 = 0, and the general solution 

to Eq. (11) is given by 
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And J1 and J2 are constant coefficients determined from 

the boundary conditions. In the present study, a simply 

supported beam has been investigated which is subjected to 

a uniformly distributed load (Fig 1). The interfacial shear 

stress for this uniformly distributed load at any point is 

written as [5] 
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Table 1 Deferent distribution forms of porosity 

Distribution forms of Porosity Elastic Modulus Expression  

Uniform distribution shape of the porosity 
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Where q is the uniformly distributed load and x; a; L 

and Lp are defined in Fig. 1.  
 

2.4 Normal stress distribution along the reinforced 
beam 

 

The following governing differential equation for the 

interfacial normal stress (Benferhat et al. 2018) 
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where Kn is the normal stiffness of the adhesive per unit 

length. 

The general solution to this fourth–order differential 

equation is          

   

q
bIEDdx

xd

bIED

tIED
by

xJxJexJxJex xx

n

211

'

11211

'

11

211

'

11

21

6543

1)(
)2(

)sin()cos()sin()cos()(

+
−

+

−

−+++= −



 

 

(16) 

For large values of x it is assumed that the normal stress 

approaches zero and, as a result, J5= J6= 0. The general 

solution therefore becomes  
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Where 

4

11

2'

11
4 








+=

IE

b
D

Kn

 
(18) 

As is described by Benferhat et al. (2018) , the constants 

J3 and J4 in Eq.(16) are determined using the appropriate 

boundary conditions and they are written as follows 
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The above expressions for the constants J3 and J4 has 

been left in terms of the bending moment MT(0) and shear 

force VT(0) at the end of the soffit plate. With the constants 

J3 and J4 determined, the interfacial normal stress can then 

be found using Eq.(15). 
 

 

3. Results: Discussion and analysis 
 

In this section, we present numerical and graphical 

results to examine the effect of the porosity distribution 

form as well as other parameters that govern the stress 

distribution at the beam interface and the FGM 

reinforcement plate. Loading is always considered 

uniformly distributed and the properties of the materials 

(table 2) supported in this analysis are as follows 

Table 2 Geometric and mechanical properties of the 

materials used 

Materials E GPa 
Width 

(mm) 
Thickness (mm) 

Al2O3 380 b1=200 

Beam : Height  t1=300 mm 

Reinforcement plate: Thickness 

t2=4mm 

ZrO2 151 b1=200 

Al 70 b1=200 

Ti-6Al-4V 105.7 b1=200 

Aluminium 

oxide 
320.2 b1=200 

CFRP 100 b2=200 

Adhesive 3 ba=200 Adhesive layer : Thickness ta=2 

 

Table 3 Comparison of the maximum values of the 

interfacial stresses of a homogenous and non-homogenous 

beam. 

Model (x) n (x) 

Homogenous beam. k = 0 

Brairi-Analytical model (2018) 2.74 1.42 

Brairi-FE model  (2018) 2.8 1.6 

Present Analytical model 2.75689 1.49672 

Non-homogenous beam. k ≠ 0 

Brairi-Analytical model (2018) 0.31 0.16 

Brairi-FE model  (2018) 0.45 0.22 

Present Analytical model 0.32244 0.19829 

 

 

Table 3 show the comparison study of the maximum 

values of the interfacial stresses of a homogenous and non-

homogenous FG beam reinforced with CFRP plate. From 

this table it can be seen that the results of the present 

method are closer to those obtained by FE models of Brairi 

et al. (2018) than its analytical model. 

After the validation of the present method in Table 3, a 

parametric study will be conducted to present the effect of 

several parameters (different types of FGM plate 

combinations and different forms of porosity) on the 

interfacial stresses in the tables 4, 5 and 6. The present 

results will provide a useful reference for evaluating other 

analytical and numerical methods. 

Table 4 present the results of the interface stresses of a 

FGM beam Al/Al2O3 and Ti-6Al-4V/ Al2O3. Different types 

of combination of the FGM reinforcing plate have been 

considered namely, FGM plate in: Al/Al2O3, Al/ZrO2 and 

Ti-6Al-4V/ Al2O3. From these tables, it can be seen that the 

normal and shear stresses become lower when the 

reinforcement plate is Al/ZrO2. This is expected because the 

Al/ZrO2 plate is the one with the lowest stiffness. 

Table 5 show the effect of porosity on the interfacial 

stresses of a FGM beam in Al/Al2O3 and Ti-6Al-4V/Al2O3 . 

The volume fraction of porosity is taken equal to (0.1, 0.15 

and 0.2). The load is considered uniformly distributed. The 

power index is taken as 10 for the FGM reinforcement 

plate. It should be noted that normal and shear stresses 

become lower as the volume fraction of porosity in the 

reinforcement plate increases. It can also be noted that the 

interface stresses are lower when the FGM beam is Ti-6Al- 

296



 

Effect of porosity in interfacial stress analysis of perfect FGM beams reinforced… 

 

Table 4 Interface stresses of reinforced FGM beam by 

external bonding of different types of FGM plate 

combinations  

Al/Al2O3 reinforced FGM beam by external bonding of different 

types of FGM plate combinations 

FGM beam 

Al/Al2O3 -  

k=10 
Al/ZrO2  - k=10 

Ti-6Al-

4V/Al2O3 - k=10 

(x)
 

n(x)
 

(x)
 

n(x)
 

(x)
 

n(x)
 

Ceramic 

beam (k=0) 
0.20419 0.13319 0.094585 0.083686 0.25101 0.15058 

FGM beam 

(k=5) 
0.40216 0.40216 0.19963 0.18106 0.78997 0.48994 

FGM beam 

(k=10) 
0.50731 0.33520 0.29171 0.26944 0.91193 0.56916 

Aluminium 

beam  

(k=∞) 

0.77572 0.52185 0.35594 0.33245 0.92081 0.57496 

Ti-6Al-4V/Al2O3 reinforced FGM beam by external bonding of 

different types of FGM plate combinations 

FGM beam 

Al/Al2O3 -  

k=10 
Al/ZrO2  - k=10 

Ti-6Al-

4V/Al2O3 - k=10 

(x)
 

n(x)
 

(x)
 

n(x)
 

(x)
 

n(x)
 

Ceramic 

beam (k=0) 
0.23663 0.15481 0.23235 0.15318 0.29075 0.17491 

FGM beam 

(k=5) 
0.50053 0.33483 0.52203 0.35268 0.64058 0.39399 

FGM beam 

(k=10) 
0.55992 0.37622 0.55494 0.37584 0.69035 0.42582 

Aluminium 

beam  

(k=∞) 

0.56676 0.38100 0.55665 0.37706 0.69371 0.42797 

 

Table 5 Porosity effect on the interface stresses of FGM 

beam reinforced by external bonding of FGM plate 

(Al/Al2O3) and subjected to uniformly distributed loading  

Al/Al2O3  FGM reinforcement plate 

Al/Al2O3  

FGM beam 

a=0.1 a=0.15 a=0.2 

(x) n(x) (x) n(x) (x) n(x) 

Al/Al2O3  

FGM beam 

(k=5) 

0.46937 0.33969 0.40148 0.30231 0.33722 0.22998 

Al/Al2O3  

FGM beam 

(k=10) 

0.60710 0.47742 0.53799 0.41063 0.47373 0.34637 

Ti-6Al-4V/Al2O3 FGM reinforcement plate 

Al/Al2O3  

FGM beam 
(x) n(x) (x) n(x) (x) n(x) 

Al/Al2O3  

FGM beam 

(k=5) 

0.40407 0.29062 0.35338 0.26470 0.30776 0.23817 

Al/Al2O3  

FGM beam 

(k=10) 

0.46497 0.33636 0.41588 0.31364 0.37375 0.29159 

 

 

4V /Al2O3 (the interfacial stresses become weaker when the 

reinforcement plate has a lower stiffness and when the FG 

beam has a highest stiffness). The effect of the porosity 

distribution form on the interfacial constraints of a Al/Al2O3 

and Ti-6Al-4V/Al2O3 FGM beam is shown in table 6. The 

reinforcing FGM plate is considered Al/Al2O3. Various 

forms of porosity distribution in the reinforcing plate have 

been considered, namely, a uniform distribution, 'O', 'X', 'V'  

Table 6 Effect of the porosity distribution form on the 

interface constraints of FGM beam reinforced by external 

bonding of FGM plate and subjected to a uniformly 

distributed loading 

Effect of the porosity distribution form on the interface constraints 

of an Al/Al2O3 FGM beam reinforced by external bonding of FGM 

plate and subjected to a uniformly distributed loading 

 

Porosity 

distributio

n form 

a=0.1 a=0.15 a=0.2 

(x)
 

n(x)
 

(x)
 

n(x)
 

(x)
 

n(x)
 

Al/Al2O

3 

FGM 

plate 

k=5 

Uniform  

form 

0.8117

6 

0.5190

8 

0.7806

5 

0.5015

7 

0.7552

0 

0.4819

0 

'O' form 
0.8484

2 

0.5321

0 

0.8411

1 

0.5232

2 

0.8415

2 

0.5124

4 

'X'' form 
0.8727

0 

0.5406

6 

0.8631

5 

0.5309

3 

0.8478

6 

0.5146

0 

'V' form 
0.8427

1 

0.5301

6 

0.8228

9 

0.5168

0 

0.8028

5 

0.4990

4 

'V' form 

reversed 

0.8780

8 

0.5424

7 

0.8805

0 

0.5368

7 

0.8845

8 

0.5270

7 

Al/Al2O

3 

FGM 

plate 

k=10 

Uniform  

form 

0.6071

0 

0.4445

6 

0.5379

9 

0.4106

3 

0.4737

3 

0.3737

3 

'O' form 
0.6487

5 

0.4618

8 

0.6144

9 

0.4434

2 

0.5957

9 

0.4268

8 

'X'' form 
0.6965

6 

0.4810

8 

0.6661

3 

0.4644

1 

0.6243

9 

0.4385

0 

'V' form 
0.6532

8 

0.4637

8 

0.6051

9 

0.4395

4 

0.5537

6 

0.4091

2 

'V' form 

reversed 

0.6923

8 

0.4794

4 

0.6746

5 

0.4678

2 

0.6622

5 

0.4535

6 

Effect of the porosity distribution form on the interface constraints 

of an Ti-6Al-4V/ Al2O3 FGM beam reinforced by external bonding 

of FGM plate and subjected to a uniformly distributed loading 

 

Porosity 

distributio

n form 

a=0.1 a=0.15 a=0.2 

(x)
 

n(x)
 

(x)
 

n(x)
 

(x)
 

n(x)
 

Al/Al2O

3 

FGM 

plate 

k=5 

Uniform  

form 

0.6309

1 

0.3991

7 

0.6139

9 

0.3905

8 

0.6065

3 

0.3835

9 

'O' form 
0.6597

9 

0.4094

9 

0.6622

2 

0.4079

6 

0.6767

7 

0.4086

0 

'X'' form 
0.6789

5 

0.4163

1 

0.6797

4 

0.4141

2 

0.6818

7 

0.4103

1 

'V' form 
0.6552

9 

0.4079

3 

0.6476

7 

0.4028

0 

0.6452

3 

0.3975

6 

'V' form 

reversed 

0.6832

6 

0.4177

8 

0.6936

6 

0.4188

9 

0.7117

8 

0.4205

1 

Al/Al2O

3 

FGM 

plate 

k=10 

Uniform  

form 

0.4649

7 

0.3363

6 

0.4158

8 

0.3136

4 

0.3737

5 

0.2915

9 

'O' form 
0.4971

6 

0.3497

4 

0.4754

6 

0.3391

5 

0.4707

0 

0.3337

7 

'X'' form 
0.5341

9 

0.3646

2 

0.5157

4 

0.3555

3 

0.4934

4 

0.3430

0 

'V' form 
0.5006

2 

0.3511

6 

0.4682

0 

0.3360

9 

0.4372

9 

0.3196

7 

'V' form 

reversed 

0.5308

7 

0.3633

0 

0.5224

4 

0.3582

4 

0.5235

8 

0.3550

0 
 

 

and 'V' reversed. It can be concluded that the normal and 

shear stresses are lower when the porosity distribution in 

the reinforcement plate is uniform and when the 

combination of the reinforcing FGM plate is made of Ti-

6Al-4V/ Al2O3. 

Figures 2, 3, 4 and 5 show the variation of the normal 

stresses and shears as a function of the power index k of a 

FGM beam in Al / Al2O3 and Ti-6Al-4V/ Aluminum Oxide , 
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Fig. 2 Variation of the normal stress of a FGM beam in 

Al/Al2O3 reinforced in flexion with a porous varying 

properties plate under a uniformly distributed loading 
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Fig. 3 Variation of the normal stress of a FGM beam in 

Ti-6Al-4V/Aluminum oxyde reinforced in flexion with 

a porous varying properties plate under a uniformly 

distributed loading 

 

 

respectively. The beam is reinforced with different 

combinations of the reinforcing plate FGM. The volume 

fraction of porosity is taken equal to 0 (perfect reinforcing 

plate). From these figures it can be seen that the normal and 

shear stresses become lower with the increase of the power 

index k in the reinforcing plate FGM. It can also be noted 

that the interface stresses are lower when the reinforcing 

plate FGM is Al / ZrO2. The interfacial stresses are higher 

when k < 3.5 because the Al / Al2O3 reinforcement plate 

becomes richer in ceramics Al2O3 (higher stiffness: EAl2O3 > 

EAluminum oxide). These stresses become lower than those of 

Ti-6Al-4V / aluminum oxide for k > 3.5 because the Al / 

Al2O3 reinforcing plate becomes richer in metal Al (lower 

stiffness: EAl < ETi-6Al-4V). 

Figures 6, 7, 8 and 9 show the effect of the volume 

fraction of porosity on the normal and shear stresses as a 

function of the power index of a FGM beam in Al/ Al2O3 

and Ti-6Al-4V/ Aluminum Oxide , respectively. The volume 

fraction of porosity is taken equal to 0.1, 0.15 and 0.2. The 

distribution shape of porosity in the FGM beam is 

considered uniform. It is clear that the effect of the volume 

fraction of porosity is greater when the FGM plate becomes 

richer in metal. The interface stresses are maximum when 

the FGM beam is stiffer (Al/Al2O3). The effect of  
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Fig. 4 Variation of the shear stress of a FGM beam in 

Al/Al2O3 reinforced in flexion with a porous varying 

properties plate under a uniformly distributed loading 

2 4 6 8 10

0,5

0,6

0,7

0,8

0,9

1,0

1,1

S
h

e
a

r 
s
tr

e
s
s
 (

M
P

a
)

k

 Al/Al
2
O

3

 Al/ZrO
2

 Ti-6Al-4V/ Aluminum Oxide

=0

 
Fig. 5 Variation of the shear stress of a FGM beam in Ti-

6Al-4V/Aluminum Oxide reinforced in flexion with a 

porous varying properties plate under a uniformly 

distributed loading 
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Fig. 6 Effect of the volume fraction of porosity on the 

normal stress of an Al/Al2O3 FGM beam reinforced in 

flexion with a porous varying properties plate under a 

uniformly distributed loading  
 

 

porosity has less effect on the interfacial stresses when the 

reinforcing plate tends towards a non-homogeneous plate k 

= 4 and it has more effect when this plate tends towards a 

homogeneous plate (k tends to 0 or k tends to ∞). 
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Fig. 7 Effect of the volume fraction of porosity on the 

normal stress of an Ti-6Al-4V/Aluminum Oxide FGM 

beam reinforced in flexion with a porous varying 

properties plate under a uniformly distributed loading 
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Fig. 8 Effect of the volume fraction of porosity on the 

shear stress of an Al/Al2O3 FGM beam reinforced in 

flexion with a porous varying properties plate under a 

uniformly distributed loading 

 

2 4 6 8 10

0,3

0,4

0,5

0,6

0,7

0,8

0,9

1,0

1,1

S
h

e
a

r 
s
tr

e
s
s
 (

M
P

a
)

k

 =0.1

 =0.15

 =0.2

 
Fig. 9 Effect of the volume fraction of porosity on the 

shear stress of an Ti-6Al-4V/Aluminum Oxide FGM 

beam reinforced in flexion with a porous varying 

properties plate under a uniformly distributed loading 
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Fig 10. Effect of the porosity distribution form on the 

normal stress according to the power index of an Al/Al2O3 

FGM beam reinforced in flexion with a porous varying 

properties plate under a uniformly distributed loading 
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Fig 11. Effect of the porosity distribution form on the 

normal stress according to the power index of an Ti-6Al-

4V/Aluminum Oxide FGM beam reinforced in flexion 

with a porous varying properties plate under a uniformly 

distributed loading 

 

 

The influence of the porosity distribution shape as a 

function of the power index on the normal and shear 

stresses of a Al / Al2O3 and Ti-6Al-4V/ Aluminum Oxide 

FGM beam is illustrated in Figures 10, 11, 12 and 13, 

respectively. Various possible forms of porosity distribution 

have been considered. The volume fraction of porosity is 

taken equal to 0.2 (imperfect reinforcing plate). From these 

figures, the uniform distribution of the porosity leads to a 

significant reduction of the interface stresses because the 

reinforcing plates with an even distribution shape of 

porosity have a lower stiffness. These stresses become 

higher for inverted v-shaped distribution of porosity 

because the reinforcing plates with this distribution form of 

porosity have a higher stiffness. 

The variation of the normal and shears stresses as a 

function of the thickness of the reinforcing plate of a 

Al/Al2O3 and Ti-6Al-4V/Aluminum Oxide FGM beam is 

shown in Figures 14, 15, 16 and 17, respectively. The load  
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Fig 12. Effect of the porosity distribution form on the 

shear stress according to the power index of an Al/Al2O3 

FGM beam reinforced in flexion with a porous varying 

properties plate under a uniformly distributed loading 
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Fig 13. Effect of the porosity distribution form on the 

shear stress according to the power index of an Ti-6Al-

4V/Aluminum Oxide FGM beam reinforced in flexion 

with a porous varying properties plate under a uniformly 

distributed loading 
 

 

is considered uniformly distributed. The reinforcing FGM 

plate is considered in (Al/Al2O3). The volume fraction of 

porosity is taken equal to 0.2 with different possible 

distribution forms. It is shown that the level and 

concentration of interfacial stress are influenced 

considerably by the thickness of the FG plate. 

Theinterfacial stresses increase as the thickness of FG plate 

increases (the plate becomes stiffer). This effect is similar to 

that of an increase in the plate elastic modulus shown in 

table 4 and Fig 10-13. For that it is strongly recommended 

to use a thinner plate thickness at the edges. 

The variation of the normal and shears stresses as a 

function of the thickness of the adhesive layer of a Al 

/Al2O3 and Ti-6Al-4V / Aluminum Oxide FGM beam is 

shown in Figures 18, 19, 20 and 21, respectively. It is seen 

that increasing the thickness of the adhesive layer leads to 

significant reduction in the interfacial stresses. Thus using 

thick adhesive layer, especially in the vicinity of the edge, is 

recommended in order to avoid the peeling of the plate. 
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Fig 14. Effect of the porosity distribution form on the 

normal stress versus the thickness of the porous FGM 

plate of an Al/Al2O3 FGM beam under uniformly 

distributed loading 
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Fig 15. Effect of the porosity distribution form on the 

normal stress versus the thickness of the porous FGM 

plate of an Ti-6Al-4V/Aluminum Oxide FGM beam under 

uniformly distributed loading 
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Fig 16. Effect of the porosity distribution form on the 

shear stress versus the thickness of the porous FGM plate 

of an Al/Al2O3 FGM beam under uniformly distributed 

loading 
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Fig 17. Effect of the porosity distribution form on the 

shear stress versus the thickness of the porous FGM plate 

of an Ti-6Al-4V/Aluminum Oxide FGM beam under 

uniformly distributed loading 
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Fig 18. Effect of the porosity distribution form on the 

normal stress as a function of the thickness of the adhesive 

layer of an Al/Al2O3 FGM beam reinforced with a porous 

FGM plate under uniformly distributed loading. 
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Fig 19. Effect of the porosity distribution form on the 

normal stress as a function of the thickness of the adhesive 

layer of an Ti-6Al-4V/Aluminum Oxide FGM beam 

reinforced with a porous FGM plate under uniformly 

distributed loading. 
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Fig 20. Effect of the porosity distribution form on the 

shear stress as a function of the thickness of the adhesive 

layer of an Al/Al2O3 FGM beam reinforced with a porous 

FGM plate under uniformly distributed loading. 
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Fig 21. Effect of the porosity distribution form on the 

shear stress as a function of the thickness of the adhesive 

layer of an Ti-6Al-4V/Aluminum Oxide FGM beam 

reinforced with a porous FGM plate under uniformly 

distributed loading. 

 
 
4. Conclusions 

 

The effect of the porosity on the interfacial stresses has 

been presented for simply supported FG beams bonded with 

a porous FGM plate and subjected to a uniformly 

distributed load. Both even and uneven distribution shape of 

porosity are taken into account and the effective properties 

of FG plates with porosity are defined by theoretical 

formula with an additional term of porosity. The Poisson's 

ratio of the beam and the plate is assumed to be constant. 

The present study showed that interfacial stresses take a 

peak value when the reinforcement plate becomes richer in 

ceramic and diminished when the reinforcing plate contains 

porosity. In addition, as the power law index (k) increases, 

the effect of the distribution shape of porosity becomes 

more important. Another outcome based on the parametric 

study indicates that increasing the thickness of the adhesive 

layer reduces the stress concentration. 
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