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1. Introduction 
 

Aging is an unavoidable problem that negatively affects    

the structures performance since it begins as soon as they 

are into service. Preserving structures durability is a very 

important aspect that has environmental, social and 

economic impacts. In this context, Structural Health 

Monitoring (SHM), i.e., the continuous detection of health 

and residual life of a structure, allows to improve the 

efficiency of maintenance procedures, intervening only 

when it is strictly necessary also optimizing costs. However, 

SHM for civil buildings still faces many challenges. In fact, 

structures are usually larger, traditional sensors are point 

sensors that do not allow to identify the structural global 

behavior, traditional local inspections are laborious, 

expensive and are based on staff training, dynamic 

properties are influenced by environmental and usage 

conditions that vary over time, vibrational analyses require 

to store large volumes of data.  

Nevertheless, the progress in materials technology, data 

acquisition, transmission and computational techniques has 

made the SHM a widely accepted technology for 

diagnosing and monitoring the state of structural health in  

 

Corresponding author, Research assistant 

E-mail: pierclaudio.savino@polito.it 
a Professor 

E-mail: marco.gherlone@polito.it 
b Professor 

E-mail: francesco.tondolo@polito.it 

 

 

the field of civil engineering (Serker and Wu 2010). The 

monitoring of structures based on strain measurements is 

one of the possible procedures. Known as shape sensing, 

this technique consists in the reconstruction of the 

displacement field of a structure starting from strain 

measurements in discrete points known as station points. 

The knowledge of the full displacement field has important 

implications for the structural health monitoring, as well as 

for the control and implementation of smart structures. In 

the last two decades, with the progress of silicon technology 

in reducing the cost of the sensing devices, a considerable 

number of investigations have been conducted for the 

development of various detection techniques and types of 

engineering structures.  

In literature, a wide variety of new sensing technologies 

and SHM techniques are present. Zeng et al. (2002) 

performed a strain measurement of a reinforced concrete 

beam by means of optical fibers both embedded in glass-

fiber reinforced polymer rods and directly bonded to the 

steel reinforcing bars. In the latter case the system provided 

accurate strain measurements whereas in epoxy-coated 

setup, in presence of high deformation gradients, lower 

strain readings were registered. In order to overcome or at 

least reduce this problem, several Authors have 

incorporated the optical fiber into the reinforcing bars. Ju et 

al. (2018) have introduced a smart reinforcing bar with fiber 

Bragg grating sensor made of glass fiber reinforced 

polymer. Experimental results have demonstrated that can 

be used as reinforcement of concrete member with strong 

advantages in terms of durability and smart monitoring.    

Quiertant et al. (2013) implemented optical fiber sensors in 

reinforcing bars for reinforced concrete deformation 
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measurements. It was verified that the embedded fiber optic 

offers a better strain transfer than the surface bonded fiber 

optic. Tondolo et al. (2018) provided a new concept of 

reinforced instrumented steel bar, named smart steel system, 

achieving strain sensing capabilities by incorporating a low-

cost barometric pressure sensor within a hermetic cavity 

drilled into the bar. Villalba and Casas (2012) have 

experienced the possibility and accuracy of identifying the 

cracks in a reinforced concrete slab using fiber optic. The 

results show how the fiber optic sensor is not only capable 

to detect the appearance of cracks, but also to perform 

correctly the analysis up to high load levels producing a 

crack width in the range of 1 mm. Rodriguez et al. (2016) 

implemented a novel technique in partially pre-stressed 

concrete beams with optical fiber sensors in order to detect 

induced shear cracks. Henault et al. (2012) monitored the 

mechanical behavior of a reinforced concrete beam tested 

under four points loading test and instrumented with 

different optical fiber detection cables installed at various 

points. It has been found that the position of the sensors has 

little influence on the deformation measurements. 

Moreover, it was observed that, although the sample was 

severely damaged at high loads levels, the optical fiber 

systems were still efficient and provided strain values 

consistent with those of conventional reference sensors. 

Unsal et al. (2017) presented experimental results of 

continuous concrete beams reinforced with glass fiber 

reinforced polymer bars or reinforced also with steel bars. 

Good agreement has been found between experimental and 

theoretical results.   At a larger scale, there are numerous 

examples of monitoring large structural systems. Shi et al. 

(2009) tested the feasibility of the application of Brilliouin 

Optical Time Domain Reflectometer sensing system for 

slopes engineering. The advantage of the system is the 

ability to continuously measure all points of the slope from 

one end of a sensitive optical fiber. Shi et al. (2003) tested 

the feasibility of applying optical fiber for strain 

measurement in the Taiwan Strait Tunnel project. Thévenaz 

et al. (1999) performed demonstration tests of distributed 

temperature and strain measurements using a tool based on 

local analysis of the stimulated Brillouin interaction for a 

dam. Zhu et al. (2009) computed the displacement profile 

of a dam according to the Bernoulli-Euler model and using 

the strain distribution measured by fiber Bragg grating 

sensing bar. Regier and Hoult (2014) investigated the 

performance of a distributed fiber optic strain measurement 

technology during a loading test on a reinforced concrete 

bridge. The strain measurements of the fiber optic sensors 

have been validated with those of the strain gauges 

presenting similar data trend. The results were then used to 

calculate the deflection and to compare it with the 

transducer measurements obtaining good results provided 

the boundary conditions are correctly defined. 
In addition to the development of innovative 

technologies for various engineering applications, a 
progress from the computational point of view is registered. 
In particular, one of the best goals is to find an algorithm 
that allows to reconstruct the deformed shape of the entire 
structure using a very small number of measurement 
stations. Some methodologies that aim at reconstructing the 
entire displacement field are present in literature and 

involve the numerical integration of the experimental 
strains, the use of continuous basic functions to 
approximate the displacement field such as neural networks 
or a finite element discrete variational principle (Gherlone 
et al. 2018). Akl et al. (2007) proposed a method for 
wireless distributed detection of the deformed shape of a 
beam using the nonlinear finite element theory through the 
integration of the von Karman relation. Ko et al. (2009) 
developed and evaluated a strategy to detect the deformed 
shape of non-uniform beams. The displacement equations 
were formulated in terms of bending strains evaluated at 
multiple strain-sensing stations embedded on the surface of 
the beam. The measured bending strain data are then used 
by the displacement equations for the calculations of 
deflections and the cross-sectional twist angle. Glaser et al. 
(2012) presented a method based on the use of curvature 
measures to reconstruct the form and compare this method 
with the techniques using the position data. The method 
uses splines whose coefficients are estimated using 
continuity conditions, boundary conditions and measured 
bending estimates. Kirby et al. (1997) examined the 
approximation of the strain field of a cantilever beam using 
both linear and quadratic local basis functions. Kim and Ko 
(2004) applied classical beam equations to estimate 
continuously bending deformation by using measured 
strains. By regression analysis they reconstructed a strain 
function from the measured strain data. Jiang et al. (2018) 
proposed a new displacement time-series prediction model 
based on the neural network approach. Mao and Todd 
(2008) explored a simplified data-based neural network 
approach and model-based basis functions approach for 
reconstructing displacement. In the data-based linear neural 
network approach, the strain measurements are related with 
displacements by a simplified linear mapping obtained after 
training the system, whereas the model-based approach is 
based on basis function projections. It was found that the 
consistency between the type of training cases and the type 
of test cases affects the accuracy of reconstruction with 
neural networks. Particularly promising and versatile are the 
variational approaches, which employ different types of 
functional errors and involve finite elements to solve the 
inverse problem of the reconstruction of the full-field 
deformed shape. Shkarayev et al. (2001) developed a finite 
element methodology which involves an inverse 
formulation that employs strains measured on the surface to 
reconstruct the loads, stresses and displacements pattern. In 
particular, the load is approximated by a polynomial whose 
coefficients are evaluated through the least-squares 
minimization of calculated and measured strains. Many of 
the methods presented require knowledge of the loading 
conditions, of the mechanical properties of materials, data 
that are often difficult to detect without laboratory tests. For 
these reasons, such approaches are generally unsuitable for 
use in the SHM algorithm because a suitable algorithm 
should be general, robust, stable and precise in a wide range 
of loads, materials, inertial characteristics and inherent 
errors in deformation measurements, fast enough for real-
time applications (Gherlone et al. 2012). An algorithm that 
seems to satisfy the above requirements was developed by 
Tessler and Spangler (2003). The methodology, called 
inverse Finite Element Method (iFEM), uses a minimized 
weighted variational principle and a discretization of 
continuous finite elements containing data from arbitrarily 
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positioned and arbitrarily oriented strain sensors. Starting 
from the relationships between strains and displacements, 
without knowing the mechanical, inertial, load and damping 
properties, it is possible to reconstruct the static and 
dynamic response of a discretized structural domain in a 
stable and precise way. To arbitrarily model plates and 
shells, Tessler and Spangler (2004) created the inverse 3-
node element called iMIN3 and based on Mindlin’s theory. 
Several applications, assessment studies and enhancements 
of the original iFEM for plates and shells have been 
presented in the open literature. iMIN3 has been used by 
Cerracchio et al. (2015a) to perform shape-sensing on a 
multilayered stiffened panel subjected to thermo-
mechanical loads and by Papa et al. (2017) to the 
displacements field reconstruction of a simplified fixed-
wing structure for a UAS (Unmanned Aircraft System). A 
quadrilateral inverse shell element (iQS4) has been 
developed by Kefal et al. (2016a) and then applied to the 
shape sensing of a chemical tanker mid-ship and of a 
container ship (Kefal et al. 2016b, c). More recently, Kefal 
et al. (2018) have used iQS4 for the shape and stress 
monitoring of bulk carriers starting from strains measured 
with fiber-optic sensors and under the effect of 
measurement noise. The iFEM approach has been further 
extended to multilayered composite and sandwich plates by 
Cerracchio et al. (2015b) and by Kefal et al. (2017a, b). The 
iFEM procedure was specialized by Gherlone et al. (2008, 
2012) for the shape sensing of truss, beam and frame 
structures instrumented with strain gauges. The kinematical 
hypotheses are those of shear deformation theory of 
Timoshenko that incorporates axial, bending, torsional and 
transverse shear deformations in three dimensions. The 
beam iFEM approach has been subsequently assessed by 
way of comparison with reference results coming from 
numerical models and experimental measurements by 
Gherlone et al. (2012, 2014). 

The aim of the present work is to develop and 

implement for the first time the iFEM method under the 

kinematic assumptions of the Bernoulli-Euler theory in 

order to apply this methodology also for the most common 

case in civil engineering of slender structural elements. This 

hypothesis, generally efficient for the modeling of civil 

structures, also entails an advantage with respect to the 

original formulation by Gherlone et al. (2012) in terms of 

the number of input data needed, as will be shown in 

Section 5. The formulation uses the variational least squares 

principle used by Gherlone et al. (2012), which in this work 

involves axial deformation and curvatures. The variational 

formulation allows to discretize the structure using 

appropriate inverse beam finite elements. Depending on the 

desired interpolation degree, two inverse elements are 

presented, called 0th order element and 1st order element. A 

direct FEM analysis performed with the LUSAS code is 

used to simulate the sensor strain measurements. In the 

finite element analysis, a linear and elastic material 

behavior is assumed and both distributed and concentrated 

loading conditions are considered. Strain data generated by 

LUSAS are the inputs of the shape sensing reconstruction 

process, while the displacement data produced by LUSAS 

is used as reference results to evaluate the accuracy of the 

displacement estimated by the iFEM approach. 

 

 

Fig. 1 Geometrical properties and kinematic parameters 

 
 
2. Bernoulli-Euler beam theory 

 

Consider a straight beam with constant cross-section, in 

the Cartesian reference system (x, y, z) as shown in Fig. 1. 

The reference system has the z axis coinciding with the 

longitudinal axis of the beam and the x and y axes are the 

section’s principal axes of inertia.  

The element of length L and section area A is 

characterized by the moments of inertia Ix and Iy referred, 

respectively, to the x and y axes.  

The constituent material is elastic, homogeneous and 

isotropic with the following mechanical properties: E 

(Young’s modulus), G (shear modulus) and  (Poisson 

coefficient). Assuming that torsion does not occur, the 

kinematics of the beam in space is defined by the following 

displacement field 

uz(x, y, z) = w(z) + y ∙ φ
x
(z) − x ∙ φy(z) 

uy(x, y, z) = v(z) 

ux(x, y, z) = u(z) 

where ux, uy, uz are the displacements in the x, y and z 

directions; w, v and u are the displacements of the section’s 

centroid at the axial position z; φx and φy are the rotations 

around the x and y axis, respectively. The kinematic 

variables that describe the displacement field can be 

grouped in the vector 

𝐮 = {w, v,  φx, u,  φy}
T
 

The corresponding strain field deriving from the linear 

elastic theory results 

εz(x, y, z) = w,z(z) + y ∙ φx,z(z) − x ∙ φy,z(z) 

γzx(z) = u,z(z) − φy(z) = 0 

γzy(z) = v,z(z) + φx(z) = 0 

According to the kinematical assumptions of Bernoulli-

Euler theory, the deformed sections remains flat and 

orthogonal to the beam axis and for these reasons the 

transverse shear strains vanish. Therefore, the strain field is 

characterized by the only axial component 

εz(x, y, z) = εz0(z) + y ∙ χx(z) − x ∙ χy(z) 

where z0 is the axial strain, x and y are the curvatures 

related to the displacements from the relations 
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Fig. 2 Static characteristics 

 

 

εz0 =
dw

dz
      

χx = φx,z = −
d2v

dz2
 

χy = φy,z =
d2u

dz2
 

(1) 

The section strains that define the kinematic model are 

grouped in the vector 

𝐞(𝐮) = {εz0,  χx,  χy}
T
 

From the constitutive equations, the resultant forces and 

moments (Fig. 2) are  

N = EA ∙ εz0 

Mx = EIx ∙ χx 

My = EIy ∙ χy 

(2) 

where EA is the axial stiffness, EIx and EIy the bending 

stiffnesses.  

In case of a beam subjected to distributed loads in the 

three directions pz(z), qy(z) and qx(z), the indefinite 

equilibrium equations of the beam are 

dN

dz
= −pz(z) 

dTy

dz
= −qy(z) 

dMx

dz
= Ty 

dTx

dz
= −qx(z) 

dMy

dz
= Tx 

(3) 

 

 

3. Inverse Finite Element Method for the Bernoulli-
Euler beam theory 

 

To reconstruct the deformed shape of an element from 

strains measured in situ, the least squares functional (u) is 

minimized with respect to the kinematic variables. 

Indicating with e(u) the analytical section strains related to 

the Bernoulli-Euler theory and with e  the experimental 

section strains measured in situ, the functional results 

𝚽(𝐮) = ||𝐞(𝐮) − 𝐞ε||
2
 

The kinematic variables are interpolated using 

appropriate shape functions N(z) of degree consistent with 

the behaviour of the beam 

𝐮(z) = 𝐍(z) ∙ 𝐮e (4) 

where ue indicates the nodal degrees of freedom. In the case 

of discretization with m elements, the functional is equal to 

the sum of each element contribution 

𝚽 = ∑ 𝚽e

m

e=1

 

With reference to axial strain and curvatures, the 

functional error to be minimized is defined as 

Φε𝑧
e =

le

n
∙ ∑(εz0(zi) − εzoi

ε )
2

n

i=1

 

Φχx
e =

Ix
e le

Ae n
∙ ∑(χx(zi) − χxi

ε)
2

n

i=1

 

Φχy
e =

Iy
e le

Ae n
∙ ∑ (χy(zi) − χyi

ε)
2

n

i=1

 

(5) 

where le, Ae, Ix
e and Iy

e are the length of the element, 

the area and the moments of inertia with respect to the x and 

y axes of the section, respectively, n is the number of axial 

locations where the section strains are evaluated, with 

coordinates zi (0 ≤ zi ≤ le). Substituting Eq. (4) in Eq. (1), 

the analytical section strains are obtained as a function of 

the nodal degrees of freedom 

𝐞(𝐮) = 𝐁(z) ∙ 𝐮e (6) 

where B(z) contains the derivatives of the shape 

functions. Substituting Eq. (6) in Eq. (5) and then adding all 

the contributions, yields 

𝚽e

2
=

1

2
∙ {𝐮e}T ∙ [𝐒e] ∙ {𝐮e} − {𝐮e}T ∙ {𝐡e} + c  

where [Se] is the sum of 

[𝐒ε𝑧
e ] =

le

n
∑{𝐁ε𝑧

(zi)}
T

{𝐁ε𝑧
(zi)}

n

i=1

 

[𝐒χx
e ] =

Ix
e le

Ae n
 ∑{𝐁χx

(zi)}
T

{𝐁χx
(zi)}

n

i=1

 

[𝐒χy
e ] =

Iy
e le

Ae n
 ∑ {𝐁χy

(zi)}
T

{𝐁χy
(zi)}

n

i=1

 

and {he} is the sum of 

{𝐡ε𝑧
e } =

le

n
∑{𝐁ε𝑧

(zi)}
T

εzoi
ε

n

i=1

 

{𝐡χx
e } =

Ix
e le

Ae n
 ∑{𝐁χx

(zi)}
T

χxi
ε

n

i=1
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{𝐡χy
e } =

Iy
e le

Ae n
 ∑ {𝐁χy

(zi)}
T

χyi
ε

n

i=1

 

Imposing the stationarity of the functional with respect 

to the kinematic unknowns, the final equation is obtained 

[𝐒e] ∙ {𝐮e} = {𝐡e} 

where the matrix [Se] depends only on the coordinates 

of the sensors and on the number of measurements and {he} 

contains the input data represented by the experimental 

strains. 

The expansion and assembly of the matrices of the 

discretized structure, after transformation to a common 

global reference system, lead to the equation for the whole 

structure 

[𝐒] ∙ {𝐮} = {𝐡} 

The imposition of the boundary conditions provides a 

reduced solvable system that allows to obtain the unknown 

degrees of freedom. The next phase of the formulation 

involves the derivation of adequate shape functions, 

consistent with the effective behaviour of the beam, for the 

interpolation of the displacements. Finally, the procedure 

for treating strain measurements provided by strain gauges 

is defined. 

 

 

4. Element shape functions 
 

In the following, two inverse elements, called 0th and 1st 

order element, are defined; they are based on the degree of 

interpolation required as suggested by Eq. (3). In the same 

way as for the direct finite elements, continuity of order 

Cj−1  must be guaranteed on the element interface, where j 

is the maximum order of derivation of the displacements in 

the variational formulation. C1-continuity must be ensured 

for the deflections whereas C0-continuity is sufficient for 

the axial displacement. This interpolation has been realized 

through the use of Hermite polynomials in terms of non-

dimensional coordinates  = (z/le) ∈ [0, 1] where z ∈ [0, 

le] and le indicates the element length. 

The initial configuration for the 0th order element is 

characterized by two nodes 1 ( = 0) and 2 ( = 1) with ten 

degrees of freedom (Fig. 3). For the 1st order element, the 

initial configuration is characterized by 3 nodes 1 ( = 0), m 

( = 1/2) and 2 ( = 1) with fourteen degrees of freedom 

(Fig. 4). This arrangement is reduced to two nodes by 

eliminating the “internal” degrees of freedom by static 

condensation, thus obtaining a total of ten degrees of 

freedom 

{𝐮e} = {w1, v1, φx1, u1, φy1, w2, v2, φx2, u2, φy2}
T
 

In this way it is possible to carry out the usual expansion 

and assembly operations. 

 

4.1 0th order element 
 

This formulation is consistent with the equilibrium 

conditions for the case of concentrated forces and moments  

 

Fig. 3 Two node inverse finite element 

 

 

Fig. 4 Initial configuration 1st order element 

 

 

applied at the end nodes. In this case, the axial and the shear 

forces are constant along the element whereas the bending 

moments are linear. 

Eq. (2) indicates that the axial deformation z0 is 

constant, and the curvatures  are linear. With reference to 

Eq. (1), it is deduced that w is linear whereas u and v are 

cubic. Consequently, the shape functions of w are obtained 

by considering the Hermite polynomial defined on two 

nodes ensuring the continuity of the single function, the 

shape functions of u and v are obtained by considering not 

only the continuity of the function but also of the derivative. 

The following set of interpolation relations is obtained 

w(ξ) = ∑ H0i
(0)(ξ) ∙ wi

2

i=1

 

v(ξ) = ∑ H0i
(1)(ξ) ∙ vi +

2

i=1

H1i
(1)(ξ) ∙ φxi 

u(ξ) = ∑ H0i
(1)(ξ) ∙ ui +

2

i=1

H1i
(1)(ξ) ∙ φyi 

where 𝐇0i
(0)

 (i = 1, 2) are the Lagrange linear 

polynomials and 𝐇ki
(1)

 (i = 1, 2; k = 0, 1) are the cubic 

Hermite polynomials.  

 

4.2 1st order element 
 

The formulation of the 1st order element is guided by the 

equilibrium equations for the case of axial forces 

concentrated at the beam ends and transverse distributed 

loads qy(z) and qx(z). 

The substitution of Eq. (1) in Eq. (2), provides the axial 

displacements remain linear whereas the transverse 

displacements u and v must be 4th degree polynomials in 

order to have quadratic curvatures. For this reason, the 

interpolation of the axial displacement is similar to that of 

the 0th order element, whereas for the flexural problem it is 
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Fig. 5 Strain gauge coordinate system 

 

 
necessary an interpolation on three points that being of 

continuity C1 leads to transverse displacements of the 5th 

degree. The aforementioned interpolation gives rise to cubic 

interpolations for x and y; a reduction in degrees of 

freedom is obtained by imposing a quadratic variation of 

the curvatures along the element 

χx = quad.              χy = quad. 

The complete set of displacements results 

w(ξ) = ∑ H0i
(0)(ξ) ∙ wi

2

i=1

 

v(ξ) = Q0m(ξ) ∙ vm + ∑ Q0i(ξ) ∙ vi + Q1i(ξ) ∙ φxi

2

i=1

 

u(ξ) = Q0m(ξ) ∙ um + ∑ Q0i(ξ) ∙ ui + Q1i(ξ) ∙ φyi

2

i=1

 

where 𝐇0i
(0)

 (i = 1, 2) are coincident with the Lagrange 

linear polynomials and 𝐐ki (i = 1, 2; k = 0, 1) are new 

form of fourth degree shape functions (refer to Appendix 

A).  

Before the further assembly of the global matrix, the 

degrees of freedom of the central node are eliminated 

through static condensation, thus simplifying again the 

topology to two nodes and ten degrees of freedom. 

 

 
5. Input data from strain gauges 

 

The key phase in the inverse formulation is the usage of 

the input strain measurements to define the unknown 

section strains. At each monitored cross section, at least 

three strain inputs are required in order to completely define 

the linear axial strain distribution. It should be noted that, in 

the case of behaviour according to the Timoshenko theroy, 

at least six input data are required, in order to consider the 

torsion and shear deformations in the sections (Gherlone et 

al. 2012). 

Consider the generic rectangular section at the axial 

location z (Fig. 5), instrumented with strain gauges at the 

coordinates xi and yi (i = 1, 2, 3).  

The equation that relates the axial strains in input and 

the section strains results 

εz,i
ε = εz0

ε + yi ∙ χx
ε − xi ∙ χy

ε  

A further important issue is represented by the minimum 

number of section strains required within one element, 

strictly connected to the desired interpolation order and 

therefore to the type of inverse element chosen. 

For the 0th order element, being z0 constant, x and y 

linear with respect to the axial coordinate z, five section 

strain evaluations are necessary at two station points. 

Similarly, for 1st order element, z0 is still constant while x 

and y are quadratic, consequently seven section strain 

evaluations are necessary at three station points. 
 

 

6. Implementation and results 
 

In order to test the predictive capacity of the iFEM for 

the most common cases of civil engineering, some 

applications for a statically loaded cantilever beam, a 

simple frame and a continuous beam were considered. The 

structural elements are made of concrete with Young 

Modulus E = 30000 MPa and Poisson coefficient  = 0.2. 

The structures were initially analysed with the direct FEM 

using the LUSAS software with the aim of obtaining the 

data simulating experimental strain in the required station 

points (see Figs. 6-8 red dots) and to check the accuracy of 

the nodal displacements obtained with the iFEM. The 

structural elements in the LUSAS direct analysis are 

modelled with Bernoulli-Euler beam elements. The 

accuracy of the iFEM prediction was assessed by the 

percentage difference between the predicted displacements 

and the experimental displacement measurements 

%eDiff,x =
xi

iFEM − xi
FEM

xi
FEM ∙ 100 

where “x” indicates the displacement considered. 

 

6.1 Cantilever beam 
As first example was considered a cantilever beam with 

span 3 m and section 0.4 x 1.2 m (slenderness ratio  = 

2.5). The load conditions applied are concentrated force and 

distributed load as shown in Fig. 6. In the first case the 

cantilever beam has been modelled with one 0th order 

element considering only two station points (zi = 0.6, 2.4 

m), in the second case one 1th order element is considered 

with three station points (zi = 0.3, 1.5, 2.7 m).  

In Table 1, the percent error for the displacement in y 

direction of the tip node is reported. Accurate results were 

obtained for the two load cases with a maximum percent 

error of less than 1%.  

 

 

Table 1 Percent error of y displacement of the tip node 

Load Error (%) 

Fy 0.0002 

0.0172 qy 
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Fig. 6 Cantilever configurations: a) concentrated force 

with two station points; b) distributed load with three 

station points 

 

 

In Fig. 7 the accuracy of the results along the entire 

length of the element is shown. The green dots indicate the 

values obtained with the direct FEM in discrete points and 

the blue line represents the displacements (v) obtained with 

the iFEM. 

 
6.2 Frame structure 
 

As a second example, the case of a two-dimensional 

frame loaded with a horizontal force concentrated in node 3 

(see Fig. 8) was considered. The considered frame has two 

levels and it is made up of columns with length of 3 m and 

section 0.5 x 0.5 m, whereas the beams have span of 5 m 

and a section of 0.3 x 0.4 m. The segments of the frame 

were modelled with the 0th order element, considering 

station points at 0.75 m and 2.25 m for the columns and 

1.25 m and 3.75 m for the beams (Fig. 8). 

In Table 2, the percent error of the axial (w) and 

transverse (v) displacements of nodes 2, 3, 4 and 5 are 

reported; furthermore, in this case very satisfactory results 

have been obtained because the polynomial order in both 

direct and inverse FEM is the same. 

 

6.3 Continuous beam 
 

In the last case, the continuous beam on four supports 

and three spans of respectively 30, 40 and 30 m and with a 

section of 0.5 x 1.7 m was considered. The continuous 

beam of Fig. 9 is loaded uniformly with distributed load of 

50 KN/m and subjected to a couple of moving forces of 150 

KN that simulate the effect of the loading tandem system 

simulating a variable traffic load for road bridges.  

In this configuration, further to checking the accuracy of 

the iFEM for these static conditions, the influence of the 

two load conditions on the results were analysed. The spans 

were modelled with the 1st order element and a mesh with 

increasing number of elements (one or two, see Tables 3-4) 

was considered to observe the effects on the error. The 

relative positions of the station points for each element are 

reported in Table 3.  

 

 

Fig. 7 Transverse displacement v along the z axis for the 

following cases: a) concentrated force, b) distributed load 

 

 

Fig. 8 Two-dimensional frame 

 

Table 2 Percentage of error for nodal displacements 

Node Displacement Error (%) 

2 
v 0.0000 

w 0.0001 

3 
v 0.0000 

w 0.0001 

4 
v 0.0001 

w 0.0001 

5 
v 0.0001 

w 0.0001 
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Fig. 9 Loading condition of the continuous beam 

 

Table 3 Position of the station points for each individual 

element 

N. element Span Station point (m) 

1  
1, 3 4.5, 15, 25.5 

2 10, 20, 30 

2  
1, 3 3, 7.5, 12 

2 6, 10, 14 

 

Table 4 Average percentage error according to the number 

of elements for span: a) first load condition; b) second load 

condition 

a)    

N. element Span ERR (%) ERR̅̅ ̅̅ ̅̅  (%) 

1 

1 6.8 

2.7 2 1.0 

3 0.4 

2 

1 0.3 

0.3 2 0.5 

3 0.1 

 

b)    

1 

1 27.1 

20 2 5.7 

3 27.1 

2 

1 1.4 

1.1 2 0.5 

3 1.4 

 

 

The Table 4 shows the average percentage error of the 

transverse displacement (v). For the two loading cases, it is 

reported: the number of elements used to mesh each span, 

the number of spans, the average percentage error for each 

span calculated averaging every 1.5 m along the span, 

average percentage error among the three spans.  

In this example the iFEM showed a good applicability 

with respect to the constraint and load conditions, since by 

modelling each span with just two elements, a maximum 

error of about 1% in terms of displacements is obtained. For 

the second load condition, an increase in the percentage 

error is due to the displacements of a few points close to the 

bearing characterized by a strong variation in curvature and 

therefore requiring an increase of mesh in the direct FEM. 

Unlike the cases of cantilever beam and frame in which the 

concentrated load was applied to the node of the elements, 

in the continuous beams, the forces were applied inside the 

inverse element that was implemented to model quadratic 

curvature. Due to the discontinuity created by the 

concentrated loads, an increase in percentage errors can be 

seen between Table 4 and Tables 2-3. Nevertheless, 

increasing the number of inverse elements leads to smaller 

errors. 

 

 

7. Conclusions 
 

In this paper, a new formulation of the inverse Finite 

Element Method (iFEM) for the shape sensing of beam and 

frame structures is presented. The iFEM approach, 

originally developed by Tessler and Spangler for Mindlin 

plates and subsequently extended by Gherlone to 

Timoshenko beams, is here formulated to Bernoulli-Euler 

beams in order to efficiently analyze civil engineering 

components and structures. 

The basic assumptions of the Bernoulli-Euler beam 

theory are reviewed and the related formulation of two 

beam inverse elements is described. The way input data are 

obtained from measured strains is also addressed. Several 

example problems (simple beams, frame structures and 

continuous beams) are presented and discussed in order to 

assess the accuracy of the developed inverse elements. 

These are proven to be highly effective and efficient in 

predicting structural responses and to possess an extreme 

versatility in terms of structural typology, loading 

conditions and objectives to be achieved. 

Further future efforts of this investigation will be to test 

the ability of the iFEM not only in the elastic field but also 

in the presence of cracked elements and to validate the 

approach with strain data that are affected by measurement 

noise or that come from experimental measurements. 
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Appendix A 
 

The interpolation of the transverse displacements for the 

1st order element is obtained by imposing constraints on the 

variation of the curvatures along the extension of the 

element. In particular, the curvatures must be quadratic. 

From the 1st order Hermite polynomials defined on 3 points 

(1, m, 2), the transverse displacements are given by the 

following interpolation scheme 

v(ξ) = ∑ H0i(ξ) ∙ vi + H1i(ξ) ∙ φxi

1,m,2

i=1

 

u(ξ) = ∑ H0i(ξ) ∙ ui + H1i(ξ) ∙ φyi

1,m,2

i=1

 

(7) 

where 𝐇ki (i = 1, m, 2; k = 0, 1) are the Hermite 

polynomials of fifth degree. Substituting these terms in the 

expressions of the curvature gives rise to cubic polynomials 

χx = − ∑ H0i,(ξ) ∙ vi + H1i,(ξ) ∙ φxi

1,m,2

i=1

 

χy = ∑ H0i,(ξ) ∙ ui + H1i,(ξ) ∙ φyi

1,m,2

i=1

 

(8) 

The reduction of the polynomial order from cubic to 

quadratic is obtained by imposing the vanishing of all the 

cubic terms contained in the equations (8). 

480

L
v1 − 80φx1 − 320φxm −

480

L
v2 − 80φx2 = 0 

480

L
u1 − 80φy1 − 320φym −

480

L
u2 − 80φy2 = 0 

The previous equations can be solved for the two 

internal degrees freedom, φxm and φym. Then, replacing φxm 

and φym in the equations (7), the final interpolation for the 

deflections v and u is obtained. 
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