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1. Introduction 
 

Nanostructural components such as nanotubes and 

nanoplates form the basic blocks of many 

microelectromechanical and nanoelectromechanical 

systems. Salient examples of these systems are 

nanoscale/microscale generators, mass sensors and energy 

harvesters. Furthermore, nanostructures, especially carbon 

nanotubes and boron nitride nanotubes can be used for the 

reinforcement of composite plates (Bakhadda, Bouiadjra et 

al. 2018, Draoui, Zidour et al. 2019, Semmah, Heireche et 

al. 2019). Developing advanced mathematical modelling for 

understanding the mechanics of nanostructural components 

provides a platform to improve the performance of these 

ultrasmall systems.  

Since the mechanical behaviour of ultrasmall 

structures such as graphene sheets and nanotubes is highly 

influenced by size effects (Ebrahimi and Barati 2018, 

Ebrahimi, Haghi et al. 2018, Nejad, Hadi et al. 2018, 

Farajpour, Ghayesh et al. 2019), the application of the 

classical continuum mechanics in analysing the mechanical 

behaviour at ultrasmall levels is not reliable. Therefore, the 

classical continuum mechanics is modified so as to capture 

size influences (Ebrahimi and Dabbagh 2018, Farajpour, 

Ghayesh et al. 2018, Arefi 2019, Benahmed, Fahsi et al. 

2019, Gao, Xiao et al. 2019, Karami, Janghorban et al. 

2019, Mohammadi and Rastgoo 2019, Nebab, Atmane et al. 

2019). There are a number of size-dependent continuum-, 

Eringen’s theory (Eringen and Edelen 1972, Farajpour,  
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Shahidi et al. 2018) and strain gradient elasticity (Akgöz 

and Civalek 2013, Ghayesh, Amabili et al. 2013, Akgöz and 

Civalek 2014). In this work, a nonlocal theory incorporating 

strain gradient effects is used for deriving the motion 

equations of fluid-conveying nanotubes with an initial 

deflection.  

In the last decade, for the first time, the application of 

the nonlocal theory to continuum modelling of nanoscale 

cantilevers was introduced by Peddieson et al. (Peddieson, 

Buchanan et al. 2003). Then, many investigations have 

been performed on the size-dependent continuum modelling 

of microscale fundamental components (Ghayesh, Amabili 

et al. 2013, Şimşek and Reddy 2013, Farokhi, Ghayesh et al. 

2016, Farokhi and Ghayesh 2018) and nanoscale 

fundamental components (Reddy 2010, Farajpour, Rastgoo 

et al. 2017, Farajpour, Shahidi et al. 2018) via modifying 

the continuum mechanics. Various basic problems in solid 

mechanics at nanoscales such as wave propagation (Tounsi, 

Heireche et al. 2008), thermal buckling (Zenkour and 

Sobhy 2013), static deflection (Reddy 2010), resonance 

behaviour (Karami, Shahsavari et al. 2019) and vibration 

analysis with consideration of surface effects (Malekzadeh 

and Shojaee 2015) as well as homogeneous (Civalek and 

Akgöz 2013), inhomogeneous (Nejad, Hadi et al. 2017) and 

piezoelectric problems (Asemi and Farajpour 2014), have 

been studied.  

Scale-dependent continuum formulations have been 

introduced for the mechanics of various types of small-scale 

structures involving nanoplates (Karami, Janghorban et al. 

2017, Kadari, Bessaim et al. 2018), functionally graded 

nanoplates (Belkorissat, Houari et al. 2015, Bounouara, 

Benrahou et al. 2016, Besseghier, Houari et al. 2017, Khetir, 

Bouiadjra et al. 2017, Karami, Janghorban et al. 2018, 

Karami, Janghorban et al. 2018, Karami, Janghorban et al. 
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2018), graphene sheets (Bouadi, Bousahla et al. 2018, 

Bourada, Amara et al. 2018, Mokhtar, Heireche et al. 2018, 

Yazid, Heireche et al. 2018), nanobeams (Chaht, Kaci et al. 

2015, Bellifa, Benrahou et al. 2017, Mouffoki, Bedia et al. 

2017, Hamza-Cherif, Meradjah et al. 2018, Mokhtar, 

Heireche et al. 2018, Youcef, Kaci et al. 2018, Bedia, 

Houari et al. 2019), functionally graded nanobeams 

(Ahouel, Houari et al. 2016, Bouafia, Kaci et al. 2017), 

nanoshells (Karami, Janghorban et al. 2018), and 

nanoparticles (Karami, Janghorban et al. 2018) as well as 

microbeams (Al-Basyouni, Tounsi et al. 2015, Tlidji, 

Zidour et al. 2019). 

Different higher-order theories have been utilised to 

capture scale influences on the mechanical response of 

small-scale structural components involving small-scale 

shells (Farokhi and Ghayesh 2018) and plates (Murmu and 

Adhikari 2013), panels (Demir, Mercan et al. 2016) as well 

as rods (Numanoğlu, Akgöz et al. 2018), beams (Zhang, He 

et al. 2014, Demir and Civalek 2017, Romano, Barretta et 

al. 2017) and tubes (Akgöz and Civalek 2011). Rahmani et 

al. (Rahmani, Refaeinejad et al. 2017) assessed different 

higher-order models with nonlocal influences for the static 

deformation and instability of functionally graded nanoscale 

beams; the inclusion of the influences of shear deformations 

results in a rise in deflection and a decrease in buckling 

force. Moreover, Akgoz and Civalek (Akgöz and Civalek 

2017) examined the influences of shear deformations and 

temperature change on the vibrations of functionally graded 

nanoscale microbeams through use of a couple stress model. 

Malikan (Malikan 2017) also utilised a first-order theory of 

shear deformations for electromechanical stability analysis 

of smart nanoplates. In addition, scale-dependent higher-

order models have been introduced for Silicon carbide 

nanotubes (Mercan and Civalek 2017) and boron nitride 

nanotubes (Mercan and Civalek 2016) as well as nanoscale 

beams resting on an elastic medium (Demir and Civalek 

2017). 

In addition to the size-dependent formulation and 

analysis of solid structural elements at small-scale levels, 

size effects on the mechanical behaviour of structural 

elements conveying fluid have been examined in the 

literature. For instance, the effects of a viscoelastic medium 

on the flow-induced stability and vibration of a single 

nanotube (Soltani, Taherian et al. 2010), the stability of 

nanotubes conveying pulsating fluid (Liang and Su 2013), 

and the flow-induced dynamics of nanotubes (Bahaadini, 

Saidi et al. 2018) as well as elastic waves in fluid-

conveying both homogeneous and inhomogeneous 

nanotubes (Wang, Li et al. 2010, Filiz and Aydogdu 2015), 

have been analysed in recent times. Besides developing 

size-dependent formulation for fluid-conveying carbon 

nanotubes, other kinds of nanotubes including boron nitride 

(Maraghi, Arani et al. 2013) and piezoelectric nanotubes 

(Amiri, Talebitooti et al. 2018) conveying nanofluid have 

been taken into consideration.  

As mentioned above, fluid-conveying nanotubes have 

mainly been analysed in terms of linear mechanics. 

Nonetheless, a few studies have been done with 

consideration of nonlinear strain components (Askari and 

Esmailzadeh 2017). More investigations are required in 

order to fully understand the nonlinear frequency response 

of nanotubes conveying fluid, especially when there is an 

initial deflection in the system. For the sake of 

simplification, the influences of an initial deflection on the 

frequency response of fluid-conveying tubes at nanoscales 

have not been examined yet. Initial deflections are very 

significant since in nanoscale electromechanical devices, 

the fundamental parts are very prone to initial 

thermomechanical loading, which can consequently cause 

initial deflections (Farokhi and Ghayesh 2015). In addition, 

in previous studies, the frequency response was calculated 

taking into consideration only one trial function for 

displacements. However, in this paper, a precise solution 

methodology is presented via consideration of a high 

number of trail functions.     

The aim of this investigation is to examine the 

influences of an initial deflection on the nonlinear 

mechanical behaviour of NSGT nanotubes conveying 

nanofluid flow. A modified Euler-Bernoulli model with 

strain gradient and nonlocal effects is developed to examine 

the nonlinear frequency response. To model the relative 

motions at the inner wall of the nanotube, Beskok–

Karniadakis model is also applied. Nonlinear motion 

equations are presented by formulating kinetic and elastic 

energies as well as employing Hamilton’s approach. For 

accurately estimating the frequency response, firstly, a 

system with a high degree of freedom is developed based on 

Galerkin’s approach. Secondly, a continuation method is 

implemented to extract numerical results in the time domain. 

The present results would help researchers and engineers 

with the design of nanoscale electromechanical devices 

involving nanotubes conveying flow.  

 

 

2. A nonlocal strain gradient model for tubes 
conveying flow at nanoscales 

 

Figure 1 shows the schematic configuration of an 

ultrasmall tube with an initial deflection, which is employed 

to convey flow at nanoscales. According to the Euler–

Bernoulli model, one has the following relation for the 

nonlinear strain (Ghayesh 2018) 


    

= − + +  
    

22
0

2

1

2
xx

dwu w w w
z

x x x dx x
 (1) 

Here the initial deflection, transverse and axial 

displacements are denoted by w0, w and u, respectively. The 

NSGT-based constitutive relation of nanotubes is given by 

(Şimşek 2016) 

( ) l−  = − 
2 2 2 2

0 ,cl cl
xx xx xx sg xxt e a t t t  (2) 

where  

=cl
xx xxt E  (3) 

where cl
xxt  indicates the classical stress, and 

xxt  is the total 

stress; lsg , E and 
0e a  represent the scale parameter linked  
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to strain gradients, elasticity modulus and the scale 

parameter linked to stress nonlocality, respectively. In the 

nonlocal parameter, e0 is a coefficient, which is employed to 

calibrate the theoretical model, and a is an internal 

characteristic size of nanotubes (Mohammadi et al. 2014, 

Farajpour et al. 2018, Mohammadi et al. 2013, farajpour et 

al. 2019, Malekzadeh et al. 2012, Farajpour et al. 2019). 

For instance, the internal characteristic size of carbon 

nanotubes is the bond length between two adjacent carbons. 

In this case, for the Laplace operator, one has 2()=𝜕2()/
𝜕𝑥2. Furthermore, let us consider I and A as the inertia 

moment and area of cross-section.  

The force and moment resultants are 

= , 1, .xx xx xx

A

N M z t dA  
(4) 

In view of the above equations, the force and moment 

resultants are written as 

( )
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( ) ( )l
 

= − −  +  
 

2
22 2 2

02
1xx sg xx

w
M EI e a M

x
 (6) 

Based on the NSGT, the elastic energy is (Lim, Zhang et al. 

2015, Şimşek 2016) 

    = +    
(1)

0 0

,
L L

el xx xx xx xx

A A

U dAdx dAdx  (7) 

where the lower- and first-order non-classical stresses are 

indicated by σxx(αβ) and σ(1)
xx(αβ) represent, respectively; 

also, L represents the tube length. Assuming  as the 

gradient operator, the lower- and first-order non-classical 

stresses are related as (Lim, Zhang et al. 2015) 

 = − (1)
xx xx xxt  (8) 

Taking into account the effect of the relative motion at the 

inner wall, the total kinetic energy is obtained as 

(Paidoussis 1998) 
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(9) 

In Eq. (20),  scf
 is the speed correction factor;   and U 

are, respectively, the mass density and fluid speed; “t” and 

“f” are abbreviations for “tube” and “fluid”, respectively. 

Assuming F(x) as the amplitude of applied loading and   
as the excitation frequency of applied loading, the external 

work is   

( ) ( )  = 0 cos d .
L

FW F x t w x  (10) 

Using Eqs. (7), (9) and (10) together with the following 

principle  

   + − =
2

1

d 0,
t

F k elt
W T U t  (11) 

the nanotube motion equations are derived as  
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(13) 

in which M is the mass of fluid per length while m denotes 

the mass of the tube per length (Ghayesh et al. 2019, 

Farajpour et al. 2018, Ghayesh et al. 2019, Farajpour et al. 

2019). To derive the differential equations in terms of 

displacement components, Eqs. (12) and (13) are used 

together with Eqs. (5) and (6). The derived coupled 

nonlinear equations are as 
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Fig. 1 An initial deflection in a nanotube conveying flow 
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3. Solution technique 
 

To obtain the frequency response of fluid-conveying 

nanotubes with an initial deflection, a numerical solution 

technique is developed in this section based on continuation 

and Galerkin methods (Ghayesh 2012, Kazemirad et al. 

2013, Farokhi and Ghayesh 2017, Ghayesh et al. 2015, 

Farokhi et al. 2017). First of all, a set of dimensionless 

parameters is introduced as  

l
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(16) 

where d is the outer diameter of the nanotube. Moreover, in 

the present work, h and R are employed to indicate the 

thickness and outer radius, respectively. Using Eq. (16), the 

motion equations are first rewritten in a non-dimensional 

form. Then, applying Galerkin’s procedure (Ghayesh and 

Farokhi 2015, Ghayesh 2018, Ghayesh 2018), the following 

expressions are used for the sake of discretisation  
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in which (rj, ϕj)=(axial generalised coordinate, axial trial 

function) and (qj, ψj)=(transverse generalised coordinate, 

transverse trial function) (Gholipour, Farokhi et al. 2015, 

Ghayesh, Farokhi et al. 2016). A clamped-clamped 

nanotube with an initial deflection in the form of 

=0 0 1( )w A x  is considered; A0 denotes the initial deflection 

coefficient. Employing Eqs. (16) and (17) together with 

Eqs. (14) and (15) gives  
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The superscript “*” is neglected for convenience. From 

Eqs. (18) and (19), a set of discretised coupled differential 

equations is obtained. The resultant differential equations 

are numerically solved by a continuation method (Farokhi 

and Ghayesh 2018, Ghayesh and Farajpour 2018).   
 

 

4. Results and discussion 
 

Numerical results are presented in the following section 

for a clamped-clamped nanosystem with 20 degrees of 

freedom (ten degrees of freedom along each direction). The 

tube mass density, Poisson’s ratio and Young’s constant are 

1024 kg/m3, 0.3 and 610 MPa, respectively (Shen 2011). 

These material properties belong to small-scale lipid 

tubules, which are a class of soft ultrasmall tubes. A 

dimensionless damping coefficient (cd=0.25) is introduced 

in the calculation. Furthermore, the tube geometric features 

are h=66.0 nm, R=290.5 nm, and L/d=20. The 

dimensionless parameters are  scf
=1.0788, m

=0.5915, 

 =4006.9411, φsg = 0.04 and φnl = 0.08.   
The nonlinear frequency response of nanotubes with an 

initial deflection conveying flow is illustrated in Fig. 2 for 

U=3.65, κscf=1.0788, A0=0.10, F1=2.5, and ω1=16.3803.  

Table 1 Verification study for the linear vibration of simply-

supported nanoscale tubes 

Mode 

number 

Classical 

model 

Strain 

gradient 
model 

Nonlocal 

model 

NSGT 

(present) 

NSGT 
(Li, Li 

et al. 

2017) 

1 9.8696 9.9906 9.8502 9.9710 9.97 

2 39.4784 41.3808 39.1704 41.0579 41.06 

3 88.8264 98.1951 87.2893 96.4957 96.50 

4 157.9137 186.4976 153.1508 180.8726 180.87 
 

 

 

The maximum values of u and w are plotted versus the 

frequency ratio (excitation frequency/natural frequency). A 

hardening-type frequency response involving two distinct 

bifurcation points at ω/ω1=1.1194 and 1.0238 is observed. 

In addition, slight modal interactions are seen in the 

nonlinear frequency response of the nanotube around ω/ω1 

=1.0171 for motions in both directions. Figures 3 and 4 

indicates the total transverse displacement of the nanotube 

in one oscillation period for two important cases, namely 

when modal interactions are strongest and at peak 

oscillation amplitude, respectively.  

First of all, the accuracy and validity of the present 

model are demonstrated in Table 1 by making a comparison 

between the obtained results and those available in the 

literature for the frequencies values of uniform nanobeams. 

The difference between the nonlocal, classical, NSGT and 

strain gradient models can be calculated from this table. For 

nonlocal, classical, NSGT and strain gradient models, scale 

parameters are set to <φsg,φnl> = <0,0,02>, <φsg,φnl> = 

<0,0>, <φsg,φnl> = <0.05,0.02> and <φsg,φnl> = <0.05,0>. 

respectively. For an appropriate comparison, the features of 

the nanobeam are the same as those assumed in Ref. (Li, Li 

et al. 2017). From the table, a reasonable agreement is 

observed, demonstrating the validity of the proposed 

modelling. Moreover, the strain gradient model leads to the 

highest dimensionless frequencies    = 2( )L E  whereas 

the smallest ones are obtained by the nonlocal model. 

The physical explanation for the observed increase in 

the frequency parameter with increasing strain gradient 

influence is that the stiffness of structural components at 

ultrasmall levels is related to strain gradients. The stiffness 

is higher for stronger strain gradient influences, and this 

causes the tube to vibrate at a higher natural frequency. 

However, the nonlocal influence makes the nanosystem 

experience lower frequency parameters. The physical 

explanation for this phenomenon is rooted in the reduction 

of structural stiffness with enhancing nonlocal influences. 

The influence of an initial deflection on the nonlinear 

frequency response of the nanotube conveying flow is 

illustrated in Fig. 5 for U=4.0 and F1=2.5. This figure 

reveals the importance of the consideration of the initial 

deflection on the frequency response. When there is a slight 

initial deflection in the nanotube, a hardening -type 

nonlinearity governs the frequency response. Nonetheless, 

for larger initial deflections, the frequency response is 

governed by a softening-hardening response. In fact, the 

nonlinear frequency response of the system can be tailored 

by creating an initial deflection during manufacturing  
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(a) 

 
(b) 

  

Fig. 2 Nonlinear frequency response of the nanotube; (a) 

wmax at x=0.5; (b) umax at x=0.66; dashed line: unstable 

branch; solid line: stable branch. 
 

 

process. This is important in ultrasmall electromechanical 

systems in which there is a fluid-conveying nanotube. 

Another significant finding is that modal interactions, which 

are found in the frequency response for small initial 

deflections (especially, for the axial motion), can be 

removed by creating higher initial deflections in the 

nanotube.   

The significance of size effects on the coupled nonlinear 

frequency response of the nanotube conveying flow is 

indicated in Fig. 6. The initial deflection coefficient and 

flow speed are, respectively, A0=0.15 and U=4.0. The speed 

correction coefficient and the amplitude of applied loading 

are set to κscf=1.0788 and F1=3.0, respectively. The 

frequency response is plotted for the classical theory (CT) 

and NSGT. In the CT, size effects are neglected (i.e. φsg = 

0.0 and φnl = 0.0) while the size parameters of the NSGT are 

set to φsg = 0.04 and φnl = 0.08. The resonance frequency of 

the CT is noticeably higher than that of the NSGT due to 

the decreasing effect of stress nonlocality on the stiffness. 

In addition, the CT overestimates modal interactions, 

especially for the axial motion.  

Figures 7 and 8 illustrate the nonlinear coupled  

 
Fig. 3 Total transverse displacement (wt=w+w0) of the 

fluid-conveying nanotube of Fig. 2 in one period of 

oscillation at ω/ω1 = 1.0171 (i.e. when modal interactions 

are strongest). 
 

 
Fig. 4 Total transverse displacement (wt=w+w0) of the 

fluid-conveying nanotube of Fig. 2 in one period of 

oscillation at ω/ω1 = 1.1194 (i.e. at peak oscillation 

amplitude). 
 

 

frequency response of the nanotube conveying flow for slip 

and no-slip conditions. In both figures, the initial deflection 

coefficient and the amplitude of applied loading are 

assumed as A0=0.15 and F1=2.5, respectively. In Fig. 7, the 

flow speed is set to U=3.0 whereas a value of 6.50 is 

considered for the dimensionless flow speed in Fig. 8. 

Depending on the flow speed, slip condition effect can 

increase or decrease the resonance frequency. When the 

flow speed is U=3.0, slip effects result in a reduction in the 

resonance frequency whereas relative motions at the wall 

are associated with a substantial increase in the resonance 

frequency for higher flow speed.  
 
 

5. Conclusions 
 

This paper dealt with the development of a size-

dependent nonlinear model for nanotubes conveying flow 

when there is an initial deflection in the geometry. The 

Euler-Bernoulli model was applied in conjunction with the 

NSGT for formulating the nonlinear frequency response of 
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Frequency response of initially deflected nanotubes conveying fluid via a nonlinear NSGT model 

 

 (a) 

 
(b) 

   

Fig. 5 Effect of an initial deflection on the nonlinear 

frequency response of the nanotube conveying flow; (a) 

wmax at x=0.5 (b) umax at x=0.66 

 

 
Fig. 6 Nonlinear frequency response of the nanotube 

conveying flow based on the CT and NSGT for wmax at 

x=0.5 
 

 

the nanosystem. To capture slip effects on the nonlinear 

coupled motion, the Beskok–Karniadakis model was used. 

Formulating kinetic and elastic energies and applying 

Hamilton’s approach, the nonlinear motion equations were 

 
Fig. 7. Nonlinear frequency response of the nanosystem 

for slip and no-slip conditions for wmax at x=0.5; U=3.0, 

A0=0.15 and F1=2.5. 

 

 
Fig. 8. Nonlinear frequency response of the nanosystem 

for slip and no-slip conditions for wmax at x=0.5; U=6.50, 

A0=0.15 and F1=2.5 
 

 

given. The discretisation of the motion equations was 

performed using Galerkin’s technique, leading to a system 

of nonlinear ordinary differential equations. Then, a 

continuation method of solution was developed for solving 

the system of equations. The present modelling and 

methodology would be helpful for different 

nanoengineering applications such as ultrasmall pipettes, 

nanofluid filtration, drug delivery and nanofluidics. 

Numerical results showed the importance of the effect 

of initial deflection on the frequency response of nanotubes 

conveying flow. For a slight initial deflection, the 

nanosystem displays a hardening-type frequency response. 

However, when the initial deflection is larger, the frequency 

response of the nanosystem is governed by a softening-

hardening response. Furthermore, it was indicated that 

enhancing the nonlocal influence reduces the frequency 

parameter of ultrasmall tubes due to the reduction of their 

stiffness while boosting the strain gradient influence causes 
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the opposite trend since it generally improves the tube 

stiffness. Moreover, modal interactions are substantially 

influenced by the initial deflection. The CT predicts higher 

resonance frequencies than the NSGT because of the 

decreasing influence of stress nonlocality on the stiffness. 

Furthermore, the CT is not reliable since it overestimates 

modal interactions. Slip condition effects greatly depend on 

the flow speed. For comparatively small flow speeds, slip 

effects reduce the resonance frequency. However, slip 

effects are linked with a noticeable increase in the 

resonance frequency of the nanosystem when the flow 

speed is higher. 
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