Structural Engineering and Mechanics, Jol. 72, No. 1 (2019) 61-70

DOI: https://doi.org/10.12989/sem.2019.72.1.061

61

Influence of the distribution shape of porosity on the bending FGM new plate
model resting on elastic foundations

Bekki Hadj*'?, Benferhat Rabia'? and Tahar Hassaine Daouadji’?

'Département de génie civil, Université Ibn Khaldoun Tiaret; BP 78 Zaaroura, Tiaret, Algérie.
2L aboratoire de Géomatique et Développement Durable, Université de Tiaret, Algérie.

(Received Decemver3l, 2018, Revised April 6, 2019, Accepted May 10, 2019)

Abstract.

The functionally graded materials (FGM) used in plates contain probably a porosity volume fraction which needs

taking into account this aspect of imperfection in the mechanical bahavior of such structures. The present work aims to study the
effect of the distribution forms of porosity on the bending of simply supported FG plate reposed on the Winkler-Pasternak
foundation. A refined theory of shear deformation is developed to study the effect of the distribution shape of porosity on static
behavior of FG plates. It was found that the distribution form of porosity significantly influence the mechanical behavior of FG
plates, in terms of deflection, normal and shear stress. It can be concluded that the proposed theory is simple and precise for the
resolution of the behavior of flexural FGM plates resting on elastic foundations while taking into account the shape of distribution of

the porosity.
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1. Introduction

Functionally = graded  materials (FGM) are,
macroscopically, non-homogeneous compounds that are
usually made from a mixture of metals and ceramics. FGM
are considered as the most promising composite materials in
various technology sectors such as aerospace, automotive,
and defense industries, and recently electronics and
biomedical industries.

In addition, the increasing use of plates as structural
components in various fields such as marine technology;
civil and aerospace has made it necessary to study their
mechanical behavior. Several studies have been undertaken
on the mechanical behavior of FGM plates. Cheng and
Batra (2000), Tounsi (2013), Adim (2018), Hassaine
Daouadji (2016), Belabed (2018), Bellifa (2017), Zohra
(2016), Abualnour (2018), Bouadi (2018), Benhenni (2018),
Rabia (2018), Rabahi (2018), Bensatallah (2018), Abdelaziz
(2017), Chadad( 2017), Tahar (2016) Benachour (2011),
Hassaine Daouadji (2013) and Zenkour (2006), have
studied the bending of a simply supported polygonal plate
with a property gradient given by a first order shear
deformation theory (FSDT). Praveen and Reddy (1998) also
analyzed the nonlinear static and dynamic response of
property gradient ceramic-metal plates in a constant
temperature field and subjected to dynamic side loads by
the finite element method. Park et al (2006) presented the
post-buckling and thermal vibration behavior of the
property gradient FGM plate, the nonlinear finite element

*xCorresponding author, Ph.D.
E-mail: abekkihadj@yahoo.fr

Copyright © 2019 Techno-Press, Ltd.
http://www.techno-press.com/journals/sem&subpage=7

equations are based on the theory of first-order shear
deformation plates and the stress relationship -Von
Karman’s nonlinear displacement is used to account for the
large displacement of the plate. Shen (2002) studied the
nonlinear bending response of FG plates subjected to
transverse loads and in a thermal environment.

Moreover, the functionally graded materials (FGM)
used in plates may contain a porosity volume fraction which
is the result of the imperfection in their construction. Thus,
it is important to take this aspect in the study of the
mechanical behavior of this type of structures. Benferahat et
al. (2016a, 2016b, 2016¢) studied the effect of porosity on
the bending and free vibration response of functionally
graded plates resting on Winkler-Pasternak foundations by
introducing in the mathematical formulation a volume
fraction of porosity.

The objective of this work is to use a refined theory of
shear deformation to study the effect of the distribution
form of porosity on static behavior of FGM plates. The
effect due to porosity is included using a modified mixture
law covering the porosity phases proposed by
Wattanasakulpong (2012), Zaoui (2019), Belkacem (2016),
Zine (2018), Khalifa (2018), Abdelhak (2016), Attia (2018),
Mantari (2012), Menasria (2017), El1 Haina (2017), Mokhtar
(2018), Fourn (2018), Benchorra (2018), Tahar (2017),
Bouhadra (2018), Adim (2016), Youcef (2018), Slimane
(2018), Demirhan (2019) and Younsi (2018). The properties
of the material of the FGM plate are supposed to vary
according to a power law distribution of the volume fraction
of the constituents. The equation of motion for FGM plates
is obtained by the principle of virtual works. The effects of
power index, pore volume fraction, geometry ratio, and
thickness ratio on FGM plate deflection are also studied.
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Fig. 1 Geometry and dimensions of the FGM plate resting on elastic foundation
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2. Geometric configuration and material properties

Consider an FGM plate of length a, width b and total
thickness h, made of mixture of metal and ceramics, in
which the composition is varied from the top to the bottom
surface. The material in top surface and in bottom surface is
ceramic and metal respectively (Fig. 1).

In this study, we consider an imperfect FGM plate with
a volume fraction of porosity a (a << 1), with different form
of distribution between the metal and the ceramic. The
modified mixture rule proposed by Wattanasakulpong
(2014) and Benferhat (2014) is

P =PV — )+ PV —2) (1)

The puissance law of the volume fraction of the ceramic
is assumed as
z 1
V. = (F + E)k 2)
The modified mixture rule becomes

P=(R—P)E+2) + P, —(R+P) % 3)

Where, k is the power law index that takes values
greater than or equals to zero. The FGM plate becomes a
fully ceramic plate when k is set to zero and fully metal for
large value of k.

The Young’s modulus (E) of the imperfect FG can be
written as a functions of thickness coordinate, Z (middle
surface), as follows (Benferhat 2016b, Hassaine Daouadji
2016, Ait Athmane 2015, Ait Yahia 2015, Hadji 2015a,
2015b).

E(z):(chEm)(%Jr%)k+Em—(Ec+Em)% (4)

The material properties of a perfect FGM plate can be
obtained when the volume fraction of porosity o is set to
zero. Due to the small variations of the Poisson ratio v, it is
assumed to be constant. Several forms of porosity have
been studied in the present work, such as “O”, “V” and X”
(Table 1).

3. Displacement field and strains

Based on of the theory of the higher order shear
deformation plate, displacement elements are assumed as
follow
oy 221 3T e 3Ty
u(X, v, z,s) =Us(X, y)—z x z[ﬂ 5 sech (2)} ) htanh(h) x

_ oy 3T 2Ly |37 W (5)
V(X Y, Z,) = Vo (X, Y) — 2 o Z[H 5 sech (2)} 5 htanh(h) o

WX, Y, Zy6) = Wy (X, ) + W (X, Y)

Linear deformation can be obtained from kinematic
relationships as
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The linear constitutive relationships of a FG plate can be
written as

[ E(z) vE(2) o

o8 ZI‘;E(VZ) lE(v)2 £,
y4 V4

TTI1r 12 O 1 ®
Ty 0 0 E(2) Yy

N 2@A+v)

[ E(2)
.| | 2@+v) 0 Yy ©
Tx B 0 & ¥ 2x

L 2@ +v)

4. Equilibrium equations

The equilibrium equations that govern can be derived
using the principle of virtual displacements. The principle
of virtual work in this case gives

hJ/.Z I(gxa‘gx 40,08, + 0,y 07,y + 0,07, +0,,67,,)dQdz +I[fe5W]dQ—J[q5W]dQ =0 (10)
—h/2Q Q Q
Where Q is the upper surface, f. is the density of the
foundation reaction force.
For the Pasternak foundation model, f. can written as
fo = kow — kK, V2w (11)

Ko and K; are the transverse and shear stiffness
coefficients of the foundation respectively.

The stress resultants are given as

N A B B®|[¢
MPLl=| A D D°[kP (12)
M S BS DS HS KS S — AS]/
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N = {N,,N,, N, }‘ VLS VIERVENVES (13)
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Stiffness components and inertias are given as

{A;.B;.C;, Dy, E;, Gy |

ijr ~ij o Hijr i

h/2 14
= j { 1 =ns? f(zns)’zns’ nsf(zns) [f(zns)] }Q ( )

—h/2

Following the Navier solution procedure, we assume
that the following solution form uy, vo, Wy and w;, satisfies
the boundary conditions

Uy U, cos(Ax)sin(y)
v = & |V, Sin(Ax) cos
oSS _( ) _(ﬂy) 15)
W, i W, SIN(AX) SiN(zey)
A W, Sin(Ax) sin(zy)
Where: A=mx/a u=nrxlb et U Vom

Womn, Wsmn are arbitrary parameters to be determined. We
obtain the equation of the following operator

([KNA}={F} (16)

Where {A} = {U 'V ’Wb ’WS }t

matrices, represented as

[K] is the stiffness

Q2 8pz QAzz Apg
[K]=

(17)

In which
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5. Results and discussion

In this study, flexural analysis of fgm plates by the new
hyperbolic theory of shear deformation of the plate is
suggested for investigation, the effect of the distribution
form of porosity is also studied; the Poisson’s ratio is fixed
at v=0.3. Comparisons are made with the solutions
available in the literature in order to verify the accuracy of
this analysis. The properties of the materials used in this
analysis are presented in table 2.
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Table 2 Materials proprieties
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Materiel

Ceramic (Alumina, Al,O;)
Ceramic (Zirconia, ZrO,)
Metal (Aluminum Al)

Properties
E (GPa) v
380 0.3
151 0.3
70 0.3

Table 3 Maximum dimensionless deflections of fgm plates without elastic foundations under uniform loads

Theory “ a=b a=0.5b
ah =25 10 5 ah =25 10 5
Reddy (2001) o=0 0410 0.427 0.490 1.018 1.045 1.043
Cooke (1883) o =0 0.410 0.427 0.490 1.018 1.045 1.043
Lee (2002) o =0 0410 0.427 0.490 1.018 1.045 1.043
Zenkour (2018) o=0 0410 0.427 0.490 1.018 1.045 1.043
Present o =0 0.40960 0.42725 0.49019 1.01806 1.04536 1.14273
a=0.1 0.43537 0454148  0.52104 1.08214 1.11115 1.21465
a=0.2 046462  0.484650  0.55603 1.154823 1.18578 1.29623

Table 4 Effects of side-to-thickness ration on the deflections 10W of homogeneous square plate resting on elastic foundations
under uniform loads for thickness ratio a/h=5.

K, K Carrera (2011) Thai (2013) Zenkour (2018) Present theory
' =0 =0 =0 =0 a=0.1 0 =0.2
5 3.7069 3.7061 3.7058 3.70571 3.87910 4.06947
) 10 2.9810 2.9806 2.9805 2.98040 3.09117 3.21042
15 2.4906 2.4904 2.4903 2.49026 2.56680 2.64812
20 2.1375 2.1373 2.1373 2.13727 2.19315 225195
5 3.0859 3.0855 3.0853 3.08527 3.20390 333191
10 2.5623 2.5621 2.5620 2.56202 2.64288 2.72889
34 15 2.1893 2.1892 2.1892 2.18918 2.24763 230918
20 1.9104 1.9103 1.9103 1.91028 1.95440 2.00051
5 1.4029 1.4032 1.4032 1.40325 1.42445 1.44595
54 10 1.2809 1.2811 1.2811 1.28116 1.29877 1.31662
15 1.1784 1.1785 1.1786 1.17861 1.19349 1.20854
20 1.0911 1.0912 1.0912 1.09127 1.10400 1.11687

Table 5 Effects of side-to-thickness ration on the deflections 10W of homogeneous square plate resting on elastic foundations
under uniform loads for thickness ratio a/h=10

K, K Perfect plate a =0 Impt(elri:g.tlplate Impirf:egfzplate
Carrera (2011)  Thai (2013) Zenkour (2018)  Present Present Present
5 3.3455 3.3455 3.3454 3.34539 3.50783 3.68684
| 10 2.7505 2.7504 2.7504 2.75039 2.85894 3.25018
15 2.3331 2.3331 2.3330 2.33303 2.41036 2.49292
20 2.0244 2.0244 2.0244 2.02436 2.08205 2.14305
5 2.8422 2.8421 2.8421 2.84207 2.95805 3.08383
10 2.3983 2.3983 2.3983 2.39827 2.47997 2.56734
34 15 2.0730 2.0730 2.0730 2.07295 2.13339 2.19737
20 1.8245 1.8244 1.8244 1.82444 1.87083 1.91954
5 1.3785 1.3785 1.3785 1.37847 1.40308 1.42832
54 10 1.2615 1.2615 1.2615 1.26151 1.28192 1.30276
15 1.1627 1.1627 1.1627 1.16273 1.17991 1.19740
20 1.0782 1.0782 1.0782 1.07822 1.09286 1.10774

The dimensionless deflections of simply supported fgm

plates under uniformly distributed loading, for different
values of thickness ratio a/h, are presented in table 3. The
calculated dimensionless deflections are compared with
those reported in literature (Reddy 2001; Cooke and
Levinson, 1983; Lee 2002, Zenkour and Radwan, 2018).

As we can see on table 3, close agreements were
obtained between the results of the present method and
those of literature (when o =0; perfect plate). It can be noted
that deflections increases by increasing the thickness ratio
a/h. By introducing the volume fraction of porosity (a), it
can be noted that the increase of this factor induces an
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Table 6 Effects of side-to-thickness ration on the deflections 10W of homogeneous square plate resting on elastic foundations
under uniform loads for thickness ratio a/h=100

Perfect plate o =0 Imperfect plate 0=0.1 Imperfect plate a =0.2

Ky K (éi (I;Iie]r;i (;;%1 f ?1’) Z(Z%kloglir Present Present Present
5 3.2200 3.2200 3.2200 3.22099 3.37941 3.55419

| 10 2.6684 2.6684 2.6684 2.66906 2.77665 2.89323
15 2.2763 2.2763 22763 227674 2.35427 2.43720

20 1.9834 1.9834 1.9834 1.98372 2.04206 2.10385

5 2.7552 2.7552 2.7552 2.75588 2.87070 2.99544

10 2.3390 2.3390 2.3389 2.33940 242129 2.50904

34 15 2.0306 2.0306 2.0306 2.03094 2.09207 2.15690
20 1.7932 1.7932 1.7932 1.79343 1.84067 1.89036

5 1.3688 1.3688 1.3688 1.36886 1.39481 1.42152

54 10 1.2543 1.2543 1.2543 1.25430 1.27585 1.29793
15 1.1572 1.1572 1.1572 1.15727 1.175418 1.19395

20 1.0740 1.0740 1.0740 1.07403 1.08951 1.10526

Table 7 Nondimensional deflections 10w of homogeneous plates resting on elastic foundations and subjected to uniformly
distributed loads (Ko =10 ; K; = 10)

ab  ah Perfect plate o =0 Imperfect plate @ =0.1  Imperfect plate o =0.2
Zenkour (2018) Thai (2013) Present Present Present
5 5.5718 5.5720 5.57180 5.73543 5.90875
05 10 5.3562 5.3563 5.35625 5.52191 5.69793
’ 100 5.2811 5.2811 5.28105 5.44736 5.62427
5 2.9270 2.9271 2.92694 3.03363 3.14832
10 10 2.7059 2.7059 2.70588 2.81083 2.92418
’ 100 2.6276 2.6276 2.62756 2.73172 2.84442
5 0.7165 0.7165 0.71627 0.74946 0.78588
20 10 0.5736 0.5736 0.57362 0.60223 0.63384
) 100 0.5219 0.5219 0.52188 0.54860 0.57821

Table 8 Nondimensional deflections 10w of homogeneous plates resting on elastic foundations and subjected to uniformly
distributed loads (Ko =10 ; K; = 100)

a/b a/h Perfect plate o =0 Imperfect plate « =0.1  Imperfect plate o =0.2
Zenkour (2018) Thai (2013)  Present Present Present
5 1.0371 1.0371 1.03713 1.04227 1.04744
0.5 10 1.0330 1.0330 1.03303 1.03847 1.04396
’ 100 1.0320 1.0320 1.03199 1.03755 1.04314
5 0.6451 0.6450 0.64507 0.64981 0.65460
1.0 10 0.6383 0.6383 0.63827 0.64347 0.64873
’ 100 0.6364 0.6364 0.63639 0.64177 0.64721
5 0.2207 0.2207 0.22069 0.22368 0.22675
20 10 0.2069 0.2069 0.20690 0.21040 0.21401
) 100 0.2013 0.2012 0.20125 0.20498 0.20884

Table 9 Nondimensional deflections 10w of homogeneous plates resting on elastic foundations and subjected to uniformly
distributed loads (Ko =100 ; K; = 10)

a/b a/h Perfect plate a =0 Imperfect plate a =0.1  Imperfect plate o =0.2
Zenkour (2018)  Thai (2013) Present Present Present
5 4.0769 4.0769 4.07690 4.16116 4.24863
0.5 10 3.9791 3.9791 3.97907 4.06732 4.15922
) 100 3.9447 3.9446 3.94464 4.03433 4.12785
5 24787 2.4788 247872 2.55417 2.63423
10 10 2.3271 2.3271 2.32710 2.40383 2.48569
) 100 2.2724 22724 2.27242 2.34951 2.43192
S 0.6844 0.6844 0.68423 0.71443 0.74740
20 10 0.5536 0.5536 0.55362 0.58021 0.60947

100 0.5056 0.5056 0.50560 0.53063 0.55826
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Table 10 Nondimensional deflections 10w of homogeneous plates resting on elastic foundations and subjected to uniformly

distributed loads (Ko =100 ; K; = 100)

a’b  ah Perfect plate o =0

Imperfect plate ¢ =0.1  Imperfect plate 0=0.2

Zenkour (2018)  Thai (2013) Present Present Present

5 0.9679 0.9679 0.96790 0.97230 0.97671

0.5 10 0.9649 0.9649 0.96489 0.96954 0.97422
| 100 0.9643 0.9642 0.96425 0.96899 0.97375
5 0.6190 0.6190 0.61899 0.62331 0.62768

10 10 0.6132 0.6132 0.61318 0.61792 0.62272
’ 100 0.6117 0.6117 0.61168 0.61792 0.62272
5 02174 0.2174 021742 0.22032 0.22329

20 10 0.2041 0.2041 0.20410 0.20750 0.21101
) 100 0.1987 0.1987 0.19865 0.20228 0.20604

L
Q
J

°
o
1

—#— Homogeneous shape
—— O shape
—A— X shape
—v— V shape
alh=4; 0=0,2,
k=5; K =K =10

0,5

Dimensionless center deflection

T T T T d
05 1,0 15 2,0 25 30

Side-to-thickness ratio (a/b)

Fig. 2 Effect of the shape of porosity distribution on the
dimensionless deflections versus aspect ratio a/b of an
Al/ALL,O3 fgm plate resting on an elastic foundation
(ash=4; 0=0.2)

increase in dimensionless deflections, which shows that the
porosity has a significant influence on the deflections of
fgm plates. In table 4, 5 and 6, we present the Effects of
side-to-thickness ration on the deflections 10W of
homogeneous square plate resting on elastic foundations
under uniform loads for deferent values of the thickness
ratio a/h = 5, 10 and 100 respectively. By comparing the
deferent results presented in (tables) 4-6, It can be noted
that the present method gives deflections values very closer
to those obtained with other literature methods (Carrera
2011;Thai 2013, Zenkour 2018).

In tables 7-10, Nondimensional deflections 10w of
homogeneous plates resting on elastic foundations and
subjected to uniformly distributed loads, for deferent values
of Ko and K, for deferent thickness ratio and side to
thickness ratio are presented.

By analyzing the previous results presented in tables 7-
10 and compared to those of literature, it can be noted that
the present method is in good agreement with the others
literature methods for deferent cases (thickness ratio,
deferent values of Ko and K, and side to thickness ratio. The
results presented in previous tables reveal that the increase
in volume fraction porosity increase the deflections of fgm
plates which is consistent with the previous results.

0,6 4

0.5 —=&— Homogeneous shape

—e— O shape
£ o4 —A— X shape
R ’ —w— V shape
K alh=4; 0=0,2,
3
§ 0,34
c
@

o
0,24
0,14
Q 004

T
0,5 1,0 15 2,0 25 3,0

Side-to-thickness ratio (a/b)

Fig. 3 Effect of the shape of porosity distribution on the
dimensionless deflections versus aspect ratio a/b of an
Al/ZrO; fgm plate resting on an elastic foundation (a/h=4;
0=0.2)

In fig.2 and fig.3, we present the effect of the
distribution shape of porosity on the dimensionless
deflections of FG plate, resting on an elastic foundation for
deferent aspect ratio a/b, made with Al/A1,O3; and Al/ ZrO,
respectively. As we can seen on fig.2 and fig. 3, the
dimensionless deflections decrease in increasing the aspect
ratio a/b (length to width).

It can also be noted that the distribution shape of
porosity slightly influences the variation of the
dimensionless deflections as a function of the geometry
ratio. The highest values of dimensionless were obtained for
the “O” shape of porosity distribution while the lowest ones
correspond to the “V” shape of porosity distribution.
Comparing the two fgm plates, it can be noted that the
deferent curves are spaced for the plate made with AI/Al,O3
than for that made with Al/ZrO,. It can also be observed
that the deferent curves respect the same order for deferent
distribution shape of porosity.

In fig4 and fig.5, we present the effect of the
distribution shape of porosity on the dimensionless
deflections of fgm square plate, resting on an elastic
foundation for deferent side to thikness ratio a/h, made with
Al/Al,O3 and  Al/ZrO, respectively. It should be noted
that the effect of the distribution shape of porosity on the
dimensionless deflection is very significant by increasing
thickness ratio (as the plate becomes thinner).
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Fig. 4 Effect of the shape of porosity distribution on the
dimensionless deflections versus side-to-thickness ratio
a/h of an Al/ALLOs3 fgm square plate resting on an elastic
foundation (a/b=1; 0=0.2)
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Fig. 9 Effect of the shape of porosity distribution on the
Normal stress oyy across the thickness of an Al/ZrO, fgm
square plate resting on an elastic foundation (a/h=4;
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The effect of the distribution shape of porosity on the
longitudinal stress across the thickness of an Al/Al,O3 and
Al/ZrO, fgm square plate resting on a Winkler-Pasterk type
foundation is presented in fig.6 and fig.7, respectively.
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Fig. 10 Effect of the shape of porosity distribution on the
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According to these figures, it is clear that the longitudinal
stress is maximum for “X” distribution shape of porosity
and it is minimal for “O” distribution shape of porosity. It
can be noted particularly that the influence of the
distribution shape of porosity is more significant for the
Al/ALL,O3 fgm plate than for the Al/ ZrO, FG plate.

The fig. 8 and fig.9 show the influence of distribution
shape of porosity on the normal stress of an Al/Al,O3 and
Al/ZrO, fgm plate, respectively. The parameters of Winkler
and Pasternak are taken equal to K¢= K;=10. The volume
fraction of porosity is taken equal to 0.2. The same
tendency was observed for the influence of this parameter
on the normal stress as on the longitudinal stress. As we can
see on the fig. 10 and fig. 11, the shear stress decrease by
increasing the thickness ratio a/h of an Al/Al,O3 and
Al/ZrO, FGM plate, respectively. It can be also noted that
the distribution shape of porosity has an influence on the
shear stress, particularly in the lower of the fgm plate (metal
side).

5. Conclusions

The study was focused on the effect of the distribution
shape of porosity on flexion fgm plates based on a two-
parameter elastic foundation. The mathematical formulation
is based on the use of the refined theory of shear
deformation. The properties of the material are assumed to
vary according to the thickness direction of the plate and the
rule of the mixture that has been reformulated to evaluate
the characteristics of the materials with different
distribution shape of porosity. The Navier method is used
for analytical solutions of the fgm plate with simply
supported boundary conditions. A parametric study was
conducted, including volume fraction indices, geometry
ratios, thickness ratios, foundation stiffness parameters and
volume fraction of porosity. According to the typical results,
it can be concluded that distribution shape of porosity has
a significant effect on the deflections of fgm plates as well
as on the normal and shear stress developed in the plate.
Finally, it is up to the researchers and manufacturer to
choose wisely the material combinations that gives rise to a
fgm plate offers rigidity, strength and most of all less
greedy in terms of cost. In view of this research, it is very
important to study the effect of boundary conditions, and to
see how these boundary conditions can affect the stability
of this type of porous plate.
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