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Free vibration analysis of beams with various interfaces by using
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Abstract.  This paper proposes a modified matched interface and boundary (MMIB) method to analyze the free vibration of beams
with various interfaces caused by steps, intermediate rigid and elastic supports, intermediate concentrated masses and spring-mass
systems, etc. A new strategy is developed to determine the parameters in the iterative computation of MMIB. The MMIB
procedures are established to deal with boundary conditions and various interface conditions, which overcomes the shortcoming of
the traditional MIB. A number of examples are utilized to illustrate the performance of MMIB method. Numerical results indicate

that the MMIB method is a highly accurate and convergent approach for solving interface problems.
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1. Introduction

Beams are very important structural elements which
have been widely used in many engineering fields such as
civil, bridge and mechanical engineering. Apart from
continuous beams with invariable cross sections, beams
with steps, internal supports, concentrate masses and
spring-mass systems are also very popular in engineering
practices. The free vibration of complicated beam systems
such as stepped beams (Jang and Bert 1989 a, b,
Naguleswaran 2002, Lin and Ng 2004, Lu et al. 2009, Mao
and Pietrzko 2010), multi-span beams (Lin and Tsai
2007,Lin 2009, Farghaly and EI-Sayed 2016), beams with
intermediate elastic supports (Maurizi and Bambill 1987,
De Rosa et al. 1995, Lin 2008), beams with intermediate
concentrated masses (Maiz et al. 2007, Lin 2008, 2009),
and beams carrying multiple spring-mass systems (Lin and
Tsai 2007, Lin 2009) has been studied by many researchers
in the past few decades. It is worthy to note that steps,
supports, concentrated masses and spring-mass systems
may lead to interface problems. Although there are many
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kinds of numerical methods like finite element method
(FEM) (Jang and Bert 1989 a, b), Smoothed FEM (Chai et
al. 2018), central finite difference (CFD) (Li et al. 2019),
generalized differential quadrature rule (GDQR) (Liu and
2001), differential quadrature element method (DQEM)
(Wang and Wang 2013), discrete singular convolution
(DSC) (Wei 1999, Duan and Wang 2013, Civalek 2013,
2017, Li et al. 2015, Song et al. 2012, 2016, Wang and
Yuan 2017), and Chebyshev-tau method (Lee 2015), it can
be found that interface problems can be solved easily by
FEM and DQEM etc., while, due to the existence of
interfaces, the CFD and DSC methods may not be applied
near interfaces.

Recently, the method of matched interface and boundary
(MIB) has been proposed by Zhao and Wei (2004) to solve
material interface problems, and its interpolation
formulation (Zhou and Wei 2006) has also been used to
handle stepped interfaces in the method of DSC (Duan and
Wang 2013, 2014). During the past few years, MIB method
has been widely used to solve partial differential equations
with complex interfaces (Zhou et al.2006, Yu et al. 2007,
2009, Zhao and Wei 2009). Many investigations reveal that
MIB method has the ability to deal with arbitrarily complex
interfaces and geometric singularities (Yu and Wei 2007,
Wang et al.2015). Meanwhile, it is noted that a parameter L
is required to determine the total number of grid nodes to
approximate derivatives in the iterative computation of MIB
(Zhao and Wei 2004, 2009), and the parameter L affects the
accuracy of MIB. Up to date, only some empirical values or
a small range of parameter L are given through some
numerical tests (Zhao and Wei 2009). And there is no
effective way to determine the parameter L, which limits
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Fig. 1 Sketch of a beam with different interfaces

the application of MIB.

In this study, a new strategy is proposed to select the
parameter L in the iterative computation of MIB. The low-
order free vibration of beams with various interfaces is
analyzed by using a modified MIB (MMIB). Free edges,
elastic restraints and edges with tip masses and various
interfaces caused by steps, supports, concentrated masses
and spring-mass systems are dealt with. The accuracy and
convergence of MMIB are examined through various
numerical tests. Numerical results are compared with those
available in the literature to illustrate the performance of
MMIB. Some important conclusions are drawn at the end of
this study.

2. Theory and algorithm
2.1 Governing equation

To analyze a beam with different interfaces, as shown in
Fig.1, the beam is divided into six segments from each
interface, so that the beam is uniform without any interfaces
in each segment. The governing equation in each segment is
(Mao and Pietrzko 2010)

o*u. (x;,1)
=, T_PA@ZUJ(XJJ) =0
j (1)

0< X; glj (G=1,23,..n)

where subscript j denotes the jth segment, n is the number
of segments, £ and p are the elastic modulus and density. u;j,
Iy, Aj, Iy denote the displacement, sectional moment of
inertia, sectional area, and the length of the jth segment,
respectively. And / is the total length of the beam, and w is
the circular frequency.

For simplicity, the following non-dimensional quantities
are introduced

U =u/l, X, =x,/1, Q =4a’pAl'/EI, @
(=123, ...n)

And then Eq. (1) can be rewritten as

4
79, g -0 3)
ale 17

where ©; denotes non-dimensional frequency of the jth
segment.

2.2 Interface and boundary conditions

Five different interfaces caused by steps, intermediate
rigid and elastic supports, concentrated masses with rotary
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inertia, and spring-mass systems are shown in Fig. 2. All the
interfaces considered here are located on nodes. And the
non-dimensional equations of these interface conditions can
be expressed as follows:

. The stepped interface (Duan and Wang 2013)

U’(X5)=U*(X§) (4a)

U (X)) =U"(X,) (4b)
—%U@KXQ:Um%XQ (40)
%;U“*(xﬁ)zu“”(xg) (4d)
I7A+ 4)- 4)+
ﬁjU”(x5)=u<>(x§) (4e)

. The interface caused by single rigid support

U_(X5)=U+(X§)=0 (5a)
U (X,)=U%"(X,) (5b)
U@ (X,)=U®"(X,) (5¢)
. The interface caused by single elastic support
with translational and rotational springs (Lin 2008)
Ui(xg):UJr(Xg) (6a)
U (X,)=U®"(X,) (6b)
U@ (X,)+ KUY (X,)=UP"(X,) (6¢)
U (X,)-KU™(X,)=U®"(X,) (6d)
UO(X)=U™" (X)) (6¢)
where
kI kI
K =L s K =1 7
"B El @
. The interface caused by single concentrated mass
with rotary inertia (Lin 2008, Maiz 2007)
U™ (X,)=U"(X,) (8a)
U (X,)=U""(X,) (8b)
U(Z)_(Xf)—Q“JCUm_(Xé)=U(2)+(X§) (8¢)
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Fig. 2 Sketch of various interfaces

U (X,)+2' MU (X,)=U*(X,) (8d)
U@ (X,)=U®"(X,) (8e)
where
J m,
=—_, M, =—%
° pAI® © pAl ©)
. The interfaces caused by single spring-mass

system (Lin et al. 2007)

U™ (X,)=U"(X,) (10a)
U (X,)=U%(X,) (10b)
U(Z)_(Xg)ZU(ZH(Xg) (10¢)

®- o - @+
U (Xg)—ﬂMeU (Xé;):U (Xf) (lOd)
U@ (X,)=U“"(X,) (10e)

where
M o= Me :Q’ 2 _ Q" (11)
° pAl ° El KM,

where superscripts ‘-” and ‘+’ denote the left and right sides
of the interface, respectively. Although the above interface
conditions are separated. In fact, these conditions can be
combined together (Lin 2008).

The common edges of beams such as simply-supported
(S) edge, clamped (C) edge, free (F) edge, free edge with a
tip mass, and the edge elastically restrained against
translation and rotation are considered. The boundary
conditions of these edges are given in the previous work (Li
et al. 2016) and other publications (Liu and Wu 2001, Maiz
et al. 2007, Mao and Pietrzko 2010). It can be observed that
these boundary conditions can be obtained by reducing
some physical quantities in the interface conditions. Thus,
boundary conditions can be considered as special cases of
interface conditions.

2.3 MMIB procedures

The mth-order derivative of a function f{x) at point x;
can be approximated by using high order central finite
difference (HO-CFD) (Zhao and Wei 2009, Li et al. 2019)

f™(x)= ici(km)f(xnk) (@=0.1,....N) (12)

where 2W/+1 is the computational bandwidth, N is the total
number of grid points of the entire beam, and the weighting
coefficients Ci(km) can be computed by GDQ algorithm (Li

et al. 2019) and the fast algorithm (Fornberg 1998)
conveniently. And Eq. (3) can be discretized as

W

Zci(kA)Unk :Q?Ui (=0.1,...N) (13)

k=W
where Ciff) (i=0,1,...,N) denote the HO-CFD coefficients of

the four-order derivatives. For convenience, the factor #; is
introduced as

n =Q;‘/Qf=Ajll/Allj (G=2,3, ...) (14)
and #;=1 is set with j denoting the jth segment. Thus, Eq.
(13) can be rewritten as

1 ¥ .
77 Zci(l<4)ui+k =Q, @=0,1,...N) (15)
j k=W

To illustrate MMIB procedures, the stepped beam is
taken as an example. As shown in Fig.3, the grid nodes can
be divided into two parts from the step, and the step is
located on a node. In the MIB procedure, fictitious points
(FPs) and known values of grid points on both sides of the
interface are employed (Zhao and Wei 2004). And the
values of FPs can be carried out by using the interface
conditions repeatedly. Detail information on this procedure
is not presented here, readers may refer to the publications
(Zhao and Wei 2004, Zhou et al 2006). In the traditional
MIB procedure, values of parameter L are the same in each
iterative step. In the present MMIB procedures, values of
parameter L are different in each iterative step and denoted
as Li, Ly, ... Ly (n is the number of iterative steps) which can
be determined by using a new strategy introduced in the
following part.

In the first step, four FPs can be carried out (fi, f2, ...
denote FPs) in which two FPs are gained in each sub-



domain, as shown in Fig. 4, and 2L, -1 known values of
grid points (g1, g, ...) are employed. The stepped interface
conditions in Eq. (4) can be discretized by the MIB scheme
(Zhao and Wei 2004)

L
2.C0i+Crafa+Cry o fy =Clfy +
i=1

L2 (16a)
C1+2f +ZC1|gL+| 3
I~ _
T (ZCZIgI +C2L+1f +C2L1+2f )_
i=1
" (16b)
C2+,1 fz +C2+,2 f1 + Zczigmi-s
i=3
(ZC3|9| +C3L+1f +C3_L+2f )
Li2 (16¢)
C?jlf +C3T2f +ZC3|gL1+| 3
i=3
I"A" & _
A (Zcmgu +C4L1+1f +C4|.+2f )
" (16d)

CZlf +C42f +ZC4|9L+| 3

where only Egs. (4b) - (4e) are used here. Cii andefi (=1,

2, ..., Li+2, and j=1-4) are the coefficients of one-sided
finite difference (FD) on the left and right sub-domains,
which can be computed by using the fast algorithm
(Fornberg 1998), and ; represents jth order derivative
approximation. Four FPs can be obtained from Eq. (16) in
the first step. Through the iterative procedure in Fig.4, 2
FPs can be solved by using the stepped interface conditions
in Eq. (4) repeatedly. Hence, in principle, 2(#-1) order
accuracy can be achieved for fourth order derivatives. It is
noted that four PFs can be solved by using the iterative step
once, therefore, the iterative procedure is adapted to an even
W. When W is odd, only two FPs are required in the final
step, and thus, only Egs. (16a) and (16b) are used to
compute the two unknown FPs. The solutions of other FPs
are the same as those for an even W. For other interfaces,
similar iterative procedures can be constructed. When Egs.
(6), (8) and (10) are considered, Egs. (6b), (8b), (10b) and
(6e), (8e), (10e) can also be discretized as Egs. (16a) and
(16d), respectively. Egs. (6¢) and (6d) can be discretized as

Ll Ll
> C..0; +CoLafa+Confs +0.5K,(> C g, +
i1 =

C£L1+1 fy +C17,L1+2 f, +C1+,1 f, +Cl+,2 f,+ (172)
L+2 L+2
zClIgL1+I 3) C;lf +C2+2f +2C2|gL1+| 3
i=3 i=3
zc3lg|+C3L+1f +C?:L1+2 Kng
= (17b)

L+2

=C;, f,+C3, fi + ZC;ingﬂ—S
i=3
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where, U®"(X,)=05U%Y"(X,)+U®"(X,)) is consider-
and Cj,

are defined in Eq. (16). And similarly, Egs. (8c) and (8d)
can be discretized as

ed to improve the computational accuracy. C;i

L L
Z Coi0i+Coufa+Cy o fi— O.SQAJC(ZC& g;
i1 i1
+ Cl_,L1+1 fy+ Cl_,L1+Z f,+ C1+,1 f,+ sz f+ (18a)
L+2 L+2

ZCIIngJrI 3) C2+1f +C;2f +ZC2IgL+I 3

Ll
D> C9i+Cypufs

i=1

+C3‘7,L1+2 f4 +‘Q4Mch1
(18b)

L+2

=Cy, f, +C, i + ZC;i 943
i=3
and Eq.(8c) can also be expressed as

Ly L
Zcz_,igi +C L afi+Co L fi— 0-594Jc(zc1_,igi
i1 i—1

L+2 L+2 (19)
+ZC gL1+|—1) C;, f,+Co,f, +ZC2|9L1+| 3
i1

where, only L;+2 known function values of gjare used to
approximateU @~ and U®*, while two FPs and L; known
function values of g; are involved in these approximations in
Eq.(18a).

Egs. (10c) and (10d) can be discretized as

L
Zcz_,igi +C2_,|_1+1 f3 +C2_,L1+2 f4 = C2+,1 fz +
i-1

L+2 (203)
Coofi+ chi ¢ PR
i=3
Lo . . Q'M,
ch,i gi + C3‘|_1+1 fa + C3,L1+2 f4 - ﬂz -1 ng
= ¢ (20b)

L+2
_Cglf +C3+2f + ZC3|gL1+| 3
i=3
When the interface caused by rigid support is
considered, it can be observed from Eq. (5) that Egs. (5b)
and (5¢) can be discretized as Egs. (16a) and (16b). It
should be noted that only these two equations can be used
to gain two FPs, in which only one FP can be obtained on
the right and left sides of the interface, respectively. The
iterative procedure is shown in Fig. 5. For treatments of
different boundary conditions, procedures similar to the
above can be taken (Li et al.2015).
In addition, in the traditional MIB (Zhao and Wei 2009,
Li et al. 2019), when W is very large, CFD scheme is
applied when the number of FPs is larger than L. Therefore,
in MMIB, CFD scheme is also used for very large W
(W>10). From the above analysis, the traditional MIB
can be considered as a special case of MMIB.
In order to use MMIB procedures to solve eigenvalue
problems, one may not obtain the function values of FPs,
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Fig. 5 Sketch of the iterative procedure for the interface
caused by single rigid support

and just gain the relationship between f; (i=1, 2, ... , 2¥) and
U; (7= 0,1, ... , N). When the stepped interface is analyzed,
one can gain 2 algebraic equations by using the iterative
procedure in Fig. 4, and these algebraic equations can be re-
written in the form of matrix

AF+BU=0 2n

where vector F=[fi, f, ..., faw]", and vector U=[U,, U1, ...,
Ux]", and the elements of matrix A and B can be
determined by the iterative procedure. Thus, one can have

F=-A"BU 22)

Considering Eq. (15), the following equation can be
obtained

MU =Q'U (23)

Eq. (23) is a typical eigenvalue equation and can be

solved directly.

Similarly, when the interface caused by single elastic
support is analyzed by using Eq. (17), and Eq. (23) can al-
so be obtained and solved directly. And when the interface
is caused by single rigid support, one can obtain the eigen-
value equation like Eq. (23) and solve it directly.

When the interface caused by single concentrated mass
with rotary inertia is analyzed. Considering Eq. (18), one
can obtain

(A +Q'A,)F+BU+Q'CU=0 (24)
Then, yields
F=—(A,+Q'A,) " (B+Q'C)U (25)
and the final eigenvalue equation can be given as
MU +H(Q)U=Q*U (26)

where H(2*)is a function of Q*. Obviously, Eq. (26)

cannot be solved directly, and the iterative solution is
needed to compute £ . And when another approximation in
Eq. (19) is employed, one can obtain

AF +BU+Q'CU=0 27)
and
F=-A'BU-Q'A'CU (28)
The eigenvalue equation of this case can be expressed as
MU +Q°GU = Q*U (29)
and by transformation, Eq. (29) can be re-written as
MU = Q*U (30)

where I\A/I=(I—G)’1M , and this equation can also be

solved directly, which is non-iterative solution. However, it
is noted that this solution is a little different from that for
the stepped interface. From the above analysis, it is found
that both the iterative solution in Eq. (26) and non-iterative
solution in Eq. (30) can be employed in this case. In
addition, when only the concentrated mass is considered,
the final eigenvalue equation can be expressed as Eq. (30)
and solved directly.

When the interface caused by single spring-mass system
is considered, considering Eq. (20), the final eigenvalue
equation can be obtained as Eq. (26) and solved by using
the iterative manner. From the above analysis, it can be
found that when the interface is caused by one spring-mass
system, the iterative solution is necessary. For other
interfaces, the eigenvalue equations can be solved directly,
and also, the iterative manner can be applied. Therefore,
when there are various mixed interfaces caused by many
factors, the iterative solution is recommended.

2.4 New strategy

To determine values of parameter Ly (k=1, 2, ..., n, n is
the total number of steps) in MMIB procedures, a new
strategy is proposed. Details are as follows: for fourth
order derivatives discretized by FD method, in order to
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Table 1 Convergence tests of relative errors of the first ten non-dimensional frequencies 2 for a C-F beam

N w=2 w=3 w=4 W=5 Ww=6 w=1
[2 (%) Rate [2 (%) Rate [2 (%) Rate [2 (%) Rate [2 (%) Rate [2 (%) Rate
20 4.79 1.19 4.33E-1 1.98E-1 3.65E-2 8.35E-2
30 2.16 1.96 3.03E-1 339 6.32E-2 475 8.72E-3 7.70 4.24E-4 11.0 2.54E-3 8.61
40 1.22 1.98 1.09E-1 3.55 1.58E-2 4.81 2.09E-3 498 338E-4 0.79 1.60E-3 1.61
50 0.786 1.99 4.89E-2 3.60 5.82E-3 448 9.00E-4 3.76 2.45E-4 1.44 8.35E-4 2091
60 0.547 1.99 2.53E-2 3.60 276E-3 4.10 4.82E-4 3.42 1.55E-4 2.51 4.85E-4 298
Table 2 The first ten non-dimensional frequencies 2 with W=6 by MMIB for a C-F beam
Exact N=20 N=30 N=40 N=50 N=60
1.875104 1.875104 1.875104 1.875104 1.875104 1.875104
4.694091 4.694102 4.694094 4.694093 4.694092 4.694092
7.854757 7.854805 7.854772 7.854764 7.854761 7.854759
10.995541 10.995657 10.995580 10.995557 10.995549 10.995546
14.137168 14.137317 14.137248 14.137203 14.137186 14.137179
17.278760 17.278771 17.278887 17.278822 17.278792 17.278779
20.420352 20.420967 20.420499 20.420449 20.420405 20.420383
23.561945 23.568392 23.562012 23.562076 23.562024 23.561992
26.703538 26.725051 26.703424 26.703680 26.703645 26.703605
29.845130 29.868421 29.845111 29.845226 29.845262 29.845221
L, (%) 3.65E-2 4.24E-4 3.38E-4 2.45E-4 1.55E-4
[ (%) 8.06E-2 7.34E-4 5.56E-4 4.44E-4 3.04E-4

gain 2(W-1) order accuracy, the number of discrete points
should be at least 2(#+1). To this end, in each iterative step,
the total number of FPs and known grid points should be at
least 2(W+1). In the iterative procedure in Fig.4, the number
of FPs and known grid points in & step is Li+2k and in the
last step is L,+W. In this strategy, the total number is set
to2(W=+1). Therefore, values of parameter L in each iterative
step can be chosen as

L= 2(W+1)-2k 3D
where k denotes the kth iterative step (k < n), and
L= W+2 (32)

in the final step. For example, when W=4, values of L, L,
are 8, 6, respectively, and when W=3, values of L;and L,
are 6 and 5, respectively. When the interface is caused by
single rigid support, the iterative procedure in Fig.5 is
taken. It is noted that only one FP on the right and left sides
can be obtained in each iteration. Values of Ly can be
selected as

L= 2(W+1)-k (33)

where k denotes the kth iterative step (k<n). For example,
when W=4, values of Li-L4 are 9-6, respectively, and when
W=3, values of L; - L3 are 7-5, respectively. Obviously,
more iterative steps are needed in the iterative procedure in
Fig.5 to gain the same PFs compared to the iterative
procedure in Fig. 4.

3. Numerical results for beams with single interfaces

In this section, at first, several different boundary
conditions are handled by using MMIB method. And then,
various examples of beams with single interfaces caused by

different factors are analyzed. To estimate the errors of
results by using MMIB, the relative [, and [_errors are

employed (Li et al. 2019)

- M
L, :\/12(@k - o |l &)? x100% (34)
M i
and
L, = max(|@, —é|/ &) x100% (35)

where ¢, and j, are the numerical and reference results,

respectively, and the first M (10 or 5) frequencies are
considered in Eq. (34).

3.1 Case 1: beams with different boundary conditions

Due to the fact that anti-symmetric and symmetric
extensions have been applied to treatments of simply-
supported and clamped boundary conditions in the previous
work (Li et al. 2015), free edge, elastic edge and free edge
with a tip mass are considered here. The first example is a
C-F beam. The convergence tests for W=2-7 are given in
Table 1, and these results are also shown in Fig. 6. It can be
observed that second- and fourth- order convergence rates
can be achieved for W=2 and 3, respectively, and the results
are convergent for other /. The accuracy of MMIB results
increases with the increase of W such as W=2-6, but is
degraded for W=7. The first ten non-dimensional
frequencies with W=6 are listed in Table 2. It can be found
that MMIB results agree well with the exact solutions, and
the maximum relative error is only 7x10* % with N=30,
which illustrates that MMIB results are highly accurate. In
addition, comparisons between MMIB and the traditional
MIB are presented in Fig.7. It can be seen that on the



Free vibration analysis of beams with various interfaces... 7

Table 3 Convergence tests of relative errors of the first ten non-dimensional frequencies £ for beams with different

boundaries
Example* N w=2 w=3 w=4 w=5 w=6 w=1

L, (%) Rate [ (%) Rate [(%) Rate [ (%) Rate [,(%) Rate [ (%) Rate

20 477 1.24 4.65E-1 2.02E-1 6.49E-2 791E-2
30 217 1.94 3.13E-1 340 6.55E-2 4.83 8.14E-3 792 845E-4 107 2.62E-3 8.40
C-E 40 1.24 1.95 1.13E-1 3.54 1.59E-2 492 2.13E-3 4.67 325E-4 332 1.63E-3 1.65
50 7.96E-1 199 5.04E-2 3.62 5.79E-3 453 925E-4 374 246E-4 125 848E-4 293
60 5.55E-1 198 2.61E-2 3.61 274E-3 410 493E-4 345 157E-4 246 493E4 297

20 4.60 1.12 3.51E-1 8.72E-2 4.55E-2 5.94E-2
30 2.10 193 2.80E-1 342 478E-2 492 982E-3 539 1.08E-3 9.23 348E-3 7.00
C-M 40 1.19 197 1.01E-1 3.54 1.28E-2 4.58 2.19E-3 522 4.0lE-4 344 151E-3 290
50 7.66E-1 197 4.50E-2 3.62 497E-3 424 8.67E-4 4.15 245E-4 221 784E-4 294
60 533E-1 199 234E-2 359 244E-3 390 4.54E-4 355 148E-4 276 4.57E-4 2.96

*The first ten exact frequencies of these two examples are: 3.788815, 5.756179, 8.488866, 11.487601, 14.552369,
17.642182, 20.745025, 23.855959, 26.972456, 30.093027; 1.419964, 4.111133, 7.190335, 10.298445, 13.421002,
16.550279, 19.683265, 22.818506, 25.955221, 29.092950, respectively.

whole, errors of MMIB are very close to the minimum
errors of the traditional MIB, although there are some
differences. Due to the fact that there is no effective way to
select parameter L in MIB computation, MMIB is more
convenient than the traditional MIB.

MMIB is also used to solve free vibration of a clamped-
elastically restrained (C-E) beam and a cantilever beam
with a tip mass (C-M) at free edge. K=100, K=10 are set
for the translational and rotational springs of the C-E beam,
M~=0.5 is set for the tip mass of the C-M beam. Errors of
the first ten non- dimensional frequencies of C-E and C-M
beams are listed in Table 3. It can be observed that similar
conclusions obtained from Table 1 can also be drawn from
Table 3.

3.2 Case 2: beams with single steps

At first, it is assumed that continuous beams have single
virtual steps in their midpoints. Thus, MMIB procedures
can be used to solve these problems. S-S, C-C and C-F
beams with single virtual steps are considered. Errors of the
first ten non-dimensional frequencies of the S-S beam by
MMIB with W=2-8 are presented in Table 4. It can be
observed that the second-, fourth-, sixth-, eighth- and tenth-
order convergence rates can be achieved for W=2-6,
respectively, and the results for W=7 are convergent. The
accuracy of results increases with the increase of W such as
W=2-7, but is degraded for W=8. Obviously, the rates of
convergence for W=4-6 are higher than those in Case 1. The
first ten non-dimensional frequencies by MMIB with W=7
are given in Table 5. It can be clearly seen that [_error

decreases rapidly with the increase of N, and high accuracy
can be obtained. Comparisons between MMIB and the
traditional MIB are shown in Fig.8. It can be observed that
on the whole, [, errors of MMIB are very close to the

minimum errors of the traditional MIB, although there are
some differences, especially for W=6 and 7. Meanwhile, it
is noted that the errors of MMIB are very small for W=6
and 7 with large N. Due to the fact that there is no effective
way to select parameter L in the traditional MIB, only some
empirical values of parameter L are recommended for some

10?
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Fig. 6 Log-log plot of errors with different W by MMIB or

a C-F beam

numerical tests (Zhao and Wei 2009), MMIB is a
convenient and effective approach to deal with interfaces.
Then, the C-C and C-F beams with single virtual steps
are also analyzed. Errors of the first ten non-dimensional
frequencies are listed in Table 6. It can be seen that similar
findings as described in Table 1 can be obtained from Table
6. Obviously, the rates of convergence for W=4-6 in Table 6
are lower than those of the S-S beam in Table 4. In addition,
it can also be observed from Tables 1 and 6 that errors of
the C-F beam with single virtual step are extremely close to
those of the C-F beam without virtual step, which implies
that the treatment of steps may not cause a loss of accuracy.
Other examples are S-S, C-C and C-F beams with single
steps, which are selected from Mao and Pietrzkothe (2010).
As shown in Fig.9, the geometric parameters are: b»/b;=0.5,
11:1=3:5, thus, A»/A1=Io/I,=0.5. The convergence tests of
results of the S-S beam with single step are presented in
Table 7. It can be clearly observed that the results are
convergent for all W, and second-, fourth-, sixth- and
eighth- order convergence rates can be achieved for W=2-5,
respectively, which is very similar to the conclusion
obtained from Table 4. Comparisons of MMIB and the
traditional MIB are shown in Fig.10. It can also be found
that on the whole, errors of MMIB are close to the
minimum errors by the traditional MIB, which is similar to
the conclusion from Fig. 8. In addition, errors of C-C and
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C-F beams with single steps are presented in Table 8. It can
be seen that similar findings as described in Table 6 can be
obtained.

3.3 Case 3: beams with single supports

Examples of beams with single rigid supports are
analyzed, and S-S and C-C boundary conditions, different
locations of supports are considered. The convergence tests
are listed in Table 9. It can be clearly observed that on the
whole, similar findings obtained from Tables 7 and 8 can be
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and the traditional MIB with different ¥ for a S-S beam with single virtual step

observed from Table 9. However, it can be seen that the
convergence rates are lower than those in Tables 7 and 8 for
small values of N. The possible reason is that the procedure
in Fig. 5 to treat rigid supports is different from that in Fig.
4 for other interfaces, and more iterative steps are required
to gain same fictitious points, which causes a loss of
accuracy.

The examples of beams with single elastic supports in
Fig. 2(c) are studied next. The convergence tests of results
are listed in Table 10. It can be found that similar
conclusions from Table 8 can be drawn from Table 10.

3.4 Case 4: beams carrying single concentrated
masses

In this case, examples of beams carrying single
concentrated masses in Fig.2(d) are solved by MMIB. First,
the convergence tests of results of beams carrying single
masses are presented in Table 11. It can be found that the
results are convergent for all # in the solutions of S-S and
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Table 4 Convergence tests of relative errors of the first ten non-dimensional frequencies 2 for a S-S beam with single virtual
step (1i:h=1:1)

15.70796327
18.84955592
21.99114858
25.13274123
28.27433388
31.41592654

L, (%)
L, (%)

15.70796432
18.84955588
21.99120475
25.13282491
28.27379012
31.41701054
1.26E-3

3.45E-3

15.70796328
18.84955588
21.99115058
25.13274097
28.27437313
31.41595283
5.13E-5

1.39E-4

15.70796327
18.84955592
21.99114865
25.13274113
28.27433674
31.41592606
3.30E-6

1.01E-5

N w=2 w=3 w=4 W=5 W=6 w=1 W=8
L, (%) Rate L, (%) Rate L, (%) Rate L, (%) Rate L, (%) Rate L, (%) Rate L, (%) Rate
20 4.84 1.19 4.33E-1 4.66E-2
30 220 194 288E-1 350 436E-2 566 6.50E-3 486 4.17E-3 1.26E-3
40 125 197 996E-2 3.69 850E-3 568 926E-4 6.77 2.17E-4 103 5.13E-5 11.1  2.29E-5
50 0.807 196 427E-2 380 243E-3 561 1.78E-4 739 1.71E-5 11.4 330E-6 123 4.09E-6 7.72
60 0.563 197 2.11E-2 387 8.83E-4 555 449E-5 7.55 208E-6 11.6 1.16E-6 5.73 741E-6 —
Table 5 The first ten non-dimensional frequencies 2 with W=7 by MMIB for a S-S beam
Exact N=30 N=40 N=50 N=60
3.14159265 3.14159267 3.14159269 3.14159272 3.14159276
6.28318531 6.28318531 6.28318531 6.28318531 6.28318531
9.42477796 9.42477796 9.42477796 9.42477796 9.42477796
12.56637061 12.56637061 12.56637061 12.56637061 12.56637061

15.70796327
18.84955592
21.99114858
25.13274122
28.27433410
31.41592637
1.16E-6

3.57E-6

Table 6 Convergence tests of relative errors of the first ten non-dimensional frequencies £ for beams with single virtual steps

Example* N w=2 w=3 w=4 w=5 wW=6 w=1
L,(%) Rate L,(%) Rate L,(%) Rate ,(%)  Rate L,(%) Rate [ (%) Rate
20 6.29 1.89 7.93E-1 1.89E-1
30 294 188 5.08E-1 324 1.13E-1 4.81 227E-2 523 7.04E-3 8.61E-3
h:i;(l::l 40 1.69 192 192E-1 338 3.11E-2 448 6.02E-3 4.61 8.17E-4 749 4.08E-3 2.60
50 1.10 192 9.00E-2 3.40 1.25E-2 4.08 2.41E-3 4.10 6.22E-4 122 2.11E-3 296
60 0.767 198 4.74E-2 352 6.29E-3 3.77 1.25E-3 3.60 3.92E-4 2.53 1.23E-3 2.96
20 4.51 1.04 4.50E-1 1.79E-1
30 206 193 283E-1 321 632E-2 4.84 4.06E-3 934 1.84E-3 3.21E-3
1,;2-:1:1 1 40 1.18 194 1.04E-1 3.48 149E-2 5.02 1.65E-3 3.13 3.45E-4 582 1.65E-3 2.31
50 0.761 197 473E-2 353 543E-3 452 8.63E-4 290 235E-4 172 8.40E-4 3.03
60 0532 196 247E-2 356 2.60E-3 4.04 4.79E-4 323 1.54E-4 232 4.86E-4 3.00

*The first ten exact frequencies of these two examples are: 4.730041, 7.853205, 10.995608, 14.137165, 17.278760, 20.420352,
23.561945, 26.703538, 29.845130, 32.986723; 1.875104, 4.694091, 7.854757, 10.995541, 14.137168, 17.278760, 20.420352,

23.561945, 26.703538, 29.845130, respectively.

Table 7 Convergence tests of relative errors of the first five non-dimensional frequencies £, for a S-S beam with single step

N w=2 w=3 w=4 W=5 W=6

L, (%) Rate L, (%) Rate L, (%) Rate L, (%) Rate L, (%) Rate
24 9.48E-1 5.76E-2 3.15E-3
32 5.39E-1 1.96 1.93E-2 3.81 6.71E-4 538 3.47E-5 6.54E-7
40 3.48E-1 1.96 8.09E-3  3.90 1.90E-4  5.65 6.35E-6 7.61 1.56E-7 6.42
48 2.43E-1 1.97 3.96E-3 392 6.77E-5  5.66 1.51E-6  7.88 2.98E-7 —
56 1.79E-1 1.98 2.15E-3 396 2.76E-5 5.82 442E-7 797 3.00E-7 —

The first five exact frequencies are: 3.08902397, 6.28314030, 9.46673623 ,12.50751459, 15.74913892.
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Table 8 Convergence tests of relative errors of the first five non-dimensional frequencies Q; for beams with single steps

Example” N w=2 w=3 w=4 W=5 w=6 w=1
[2 (%) Rate [2 (%)  Rate [2 (%)  Rate [2 (%) Rate [2 (%) Rate [2 (%) Rate
24 1.63 1.85E-1 3.26E-2
32 934E-1 194 7.16E-2 330 1.16E-2 3.59 248E-3 7.84E-4
C-C 40 ©6.05E-1 195 3.43E-2 330 S5.50E-3 334 1.21E-3 322 4.21E-4 2.79 1.32E-3
48 4.23E-1 196 1.89E-2 327 3.06E-3 3.22 6.84E-4 3.13 2.47E-4 292 742E-4 3.16
56 3.12E-1 197 1.14E-2 328 1.89E-3 3.13 4.27E-4 3.06 1.57E-4 294 4.68E-4 2.99
24 8.39E-1 6.60E-2 1.03E-2
32 4.82E-1 193 252E-2 334 3.61E-3 3.64 7.66E-4 2.81E-4
C-F 40 3.12E-1 195 1.20E-2 332 1.73E-3 330 3.85E-4 3.08 1.38E-4 3.19 4.78E-4
48 2.19E-1 194 6.56E-3 331 9.74E-4 3.15 221E-4 3.04 8.04E-5 296 241E-4 3.76
56 1.62E-1 196 395E-3 329 6.04E-4 3.10 139E-4 3.01 493E-5 3.17 1.52E-4 2.99

*The first five exact frequencies of these two examples are: 4.816633, 7.842811, 11.040688, 14.079494, 17.301176;
2.152629, 4.794976, 7.834272, 11.041393, 14.079613, respectively.

Table 9 Convergence tests of relative errors of the first five non-dimensional frequencies Q for beams with single rigid supports

N =2 w=3 W=4 w=5 w=6
Example” L% Rae [ (%) Rae (%) Rate (%) Rae [ (%)  Rae
20 1.90 8.59E-2 3.62E-2
30 872E-1 192 332E2 234  608E-3 440  525E-4 6.45E-5
h;zszj;l 40 496E-1 196  136E2 3.10 941E-4 649  6.I8E-5 743  123E-5 550
50 3.18E-1 199  6.I8E3 353  219E-4 653  7.79E-6 720  3.95E-6 533
60  222E-1 197  3.I3E3 373  685E-5 637  3.16E-6 495  3.16E6 —
2% 127 6.47E-2 1.38E-2
32 722E-1 196  282E2 289  241E-3 607  1.71E-4 3.11E-5
h:lszf?j: s 40 4G4E-l 198 131E2 344  S86E4 634 195E-S 973 S00B6 819
48 323E-1 199  6.68E-3  3.69  185E-4 632  250E6 113 0 —
56 237E-1 200 372E3 380  7.14E-5 6.8 0 — 0 —
20 3.03 3.61E-1 1.06E-1
30 141 189  LI9E-1 274  279E2 329  4.06E-3 1.62E-3
ll:gjzl 40  80SE-1 138  S5.00E2 301  886E-3 399  1.62E3 319  561E4  3.69
50 5.19E-1 197 247E2 3.16  4.02E-3 354  840E4 294  3.01E4 279
60  3.62E-1 198 137E2 323  221E-3 328  485E4 301  1.77E4 291

*The first five exact frequencies of these three examples are: 6.283185, 7.853205, 12.566371, 14.137166, 18.849556; 5.609582,
9.117249, 11.062918, 15.478609,17.896480; 7.853205, 9.460081, 14.137165, 15.706409, 20.420352, respectively.

both iterative and non-iterative manners can be used in this

C-C beams, and the second-, fourth- and sixth-order
convergence rates can be achieved for W=2-4 in the
solution of S-S beam, which is similar to that observed from
Table 9. While only second-, and fourth-order convergence
rates can be obtained for W=2, 3 in the solution of C-C
beam, which is similar to that obtained from Tables 6 and 8.
Then, the rotary inertia of concentrated mass is considered.
The convergence tests of results of a S-S beam carrying
single concentrated mass with rotary inertia are given in
Table 12. It can be observed that results by using iterative
and non-iterative manners are very close to each other,
although there are some differences, which illustrates that

case.

3.5 Case 5: beams carrying single spring-mass
systems

Examples of beams carrying single spring-mass systems
with S-S and C-C boundary conditions are analyzed by
using MMIB. As shown in Fig.2(e), the non-dimensional
mass and spring coefficient are M=0.2, K.=3, respectively.
The convergence tests of results are given in Table 13. It
can be observed that similar findings as described in Table
11 can be obtained from Table 13.
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Table 10 Convergence tests of relative errors of the first five non-dimensional frequencies €2 for beams with single elastic

supports
Example* N w=2 w=3 Ww=4 W=5 W=6
L,(%) Rate L, (%) Rate L, (%) Rate L, (%) Rate L, (%) Rate
20 2.26 3.34E-1 7.21E-2 1.07E-2
C-C 30 1.05 1.89 8.80E-2 3.29 1.46E-2 394 3.06E-3  3.09 9.26E-4
K;lgo 40 6.00E-1 1.95 3.42E-2  3.29 5.50E-3  3.39 1.21E-3  3.23 420E-4 275
Lib=1:1 50 3.88E-1 1.95 1.65E-2  3.27 2.69E-3  3.21 6.09E-4  3.08 2.18E-4 294
60 2.71E-1 1.97 9.12E-3 3.25 1.53E-3  3.09 3.50E-4 3.04 1.26E-4  3.01
20 2.26 3.38E-1 7.28E-2 1.09E-2
C-C 30 1.05 1.89 8.92E-2 3.29 1.47E-2 395 3.09E-3 3.11 9.34E-4
[2:_110(? 40 6.00E-1  1.95 3.46E-2  3.29 5.55E-3  3.39 1.22E-3  3.23 425E-4 274
Lib=1:1 50 3.88E-1 1.95 1.67E-2  3.26 2.72E-3  3.20 6.13E-4  3.08 2.20E-4 295
60 2.71E-1 1.97 9.22E-3  3.26 1.54E-3  3.12 3.52E-4 3.04 1.28E-4 297

*The first five exact frequencies of these two examples are: 5.230375, 7.853205, 11.033107, 14.137165, 17.288488;
5.230375, 8.327341, 11.033107, 14.429777, 17.288487, respectively.
Table 11 Convergence tests of relative errors of the first five non-dimensional frequencies Q for beams with single
concentrated masses

Example* N W=2 w=3 W=4 w=5 w=6
L, (%) Rate L, (%) Rate L,(%) Rate L, (%) Rate L, (%) Rate
20 1.14 8.89E-2 7.27E-3 2.13E-4
S-S 30 S.A3E-1 197 1.86E-2  3.86 6.81E-4 584 2.17E-5  5.60 2.46E-6
hMlzfol :51 40 2.90E-1 198 6.00E-3  3.93 1.22E-4 598 2.68E-6 7.27 3.07E-7  7.23
J=0 50 1.86E-1 1.99 2.48E-3  3.96 3.21E-5 5.98 3.07E-7 9.71 3.07E-7 —
60 1.30E-1 1.96 1.20E-3 398 1.06E-5 6.08 3.07E-7 — 3.07E-7 —
20 2.06 2.89E-1 5.67E-2 1.13E-2
Cc-C 30 9.39E-1  1.94 7.61E-2  3.29 1.27E-2  3.69 2.68E-3  3.55 8.67E-4
%2:0151 40 5.34E-1  1.96 295E-2  3.29 4.86E-3 3.34 1.07E-3  3.19 3.84E-4 2.83
J=0 50 3.44E-1 1.97 1.43E-2  3.25 2.38E-3  3.20 5.35E-4  3.11 2.02E-4  2.88
60 2.39E-1 2.00 791E-3  3.25 1.35E-3  3.11 3.05E-4 3.08 1.20E-4  2.86

*The first five exact frequencies of these two examples are: 2.6393143, 6.2831853, 8.4744038, 12.5663706, 14.5616702;
3.847071, 7.853205, 9.999906, 14.137165, 16.099838, respectively.
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Table 12 Convergence tests of relative errors of the first five non-dimensional frequencies Q2 for S-S beams carrying single
concentrated masses with rotary inertia

) N W= w=3 W=4 w=5 w=6
Example [(%) Rate [ (%) Rae [(%) Rae [(%) Rate [,(%) Rate
20 831E-1 7.55E-2 5.74E-3
30 3.73E-1 198  156E-2 389  5.69E-4 570  2.57E-5 1.33E-6
Istglrsttllgg 40 200E-1 199  501E-3 395  1.02E-4 598  3.13E-6 732  569E-7 295
so 135E-1 198  206E-3 398 276E-5 586  7.82E-7 622  5.69E-7  —
60 936E2 200  998E-4 397  934E-6 594  569E-7 174  5.69E-7  —
20 8.89E-1 231E-2 2.25E-2
Non. 30 370E-1  2.16  133E2 136  9.97E-4 7.69  9.45E-5 2.01E-5
lterative 40 2.08E-1 200  481E-3 3.54  117E-4 745  1.62E-6 141  L1IE-6 10.1
solution so 1.34E-1 197  204E-3 384  276E-5 647  7.82E-7 326  9.69E-7 0.6l

60 9.31E-2  2.00 993E-4 395 9.03E-6 6.13 5.69E-7 1.74 5.69E-7 292

“Note: the relevant parameters are /1:,=1:1, M=0.5, J.=0.005. The first five exact frequencies are : 2.6393143, 5.6977598,
8.4744038,9.3696109,14.4411245.

Table 13 Convergence tests of relative errors of the first five non-dimensional frequencies Q2 for beams with single spring-
mass systems

Example* N  W=2 wW=3 W=4 W=5 w=6
L, (%) Rate L, (%) Rate L,(%) Rate L, (%) Rate L, (%) Rate
20 8.34E-1 4.66E-2 2.20E-3 2.10E-4
30 3.75E-1 197  997E-3 380 2.71E-4 516  9.71E-6 7.8
llzlsz;sl:l 40 212E-1 198  324E-3 391  533E-5 565 1.07E-6 7.67
5o 1.36E-1 199  134E-3 396  147E-5 577  3.56E-7 4.93
60 9.50E-2 197  6.50E-4 397  5.00E-6 5.91 0 -
20  1.58 1.85E-1 3.37E-2 7.54E-3
30 7.23E-1 193 496E-2 325  842E-3 342  1.84E-3 348  6.25E-4
l ZCCI | 40 4I11E-1 196  196E-2 327  334E-3 321  751E-4 3.1  268E-4 294
1:02=1:

50 2.65E-1 1.97 9.56E-3 322 1.66E-3  3.13 3.81E-4 3.04 1.41E-4 2.88
60 1.84E-1  2.00 534E-3  3.19 9.50E-4  3.06 2.19E-4  3.04 8.16E-5  3.00

*The first five exact frequencies of these two examples are: 1.9337069, 3.1965661, 6.2831853, 9.4265737, 12.5663706 ;
1.960155, 4.748343, 7.853205, 10.996725, 14.137165, respectively.

Table 14 The first ten frequencies (Hz) of a simply-supported beam with three steps

MMIB DSc*
DQEM* FEM*
w=3 W=4 W=5 W=6 w=1 w=3 w=1

043369 043369 043369 043369  0.43369 043369  0.43369 0.43369 0.43369

1.80275  1.80276  1.80276  1.80276  1.80276 1.80276  1.80276 1.80276 1.80276

441469 441470 441470 441470  4.41470 441471  4.41470 4.41470 4.41470

9.54111  9.54133  9.54133  9.54133  9.54133 9.54118  9.54133 9.54133 9.54133
1326560  13.26609  13.26609  13.26609  13.26609 13.26588  13.26609 1326609  13.26609
1935734  19.35884  19.35885  19.35885  19.35885 19.35805  19.35885 19.35885  19.35885
2575681 2576028  25.76032  25.76032  25.76032 25.76000  25.76031 2576032 25.76032
34.99384  35.00395 35.00419 35.00419  35.00419 34.99914  35.00414 35.00420  35.00420
4320179 4321838 4321880 43.21882  43.21882 4321409 43.21867 4321882  43.21882
55.62708  55.66141  55.66232  55.66242  55.66242 55.63908  55.66238 55.66242  55.66242

*Cited from Duan and Wang (2013)
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Table 15 The natural frequencies (Hz) of a cantilever beam with twelve steps

13

Type Mode MMIB DSC* DQEM* FEM*
w=2 W=3 w=4 W=5 W=4
1 10.745 10.745 10.745 10.745 10.745 10.746 10.745
2 67.467 67.473 67.473 67.473 67.470 67.473 67.473
3 189.515  189.559 189.559  189.559 189.546 189.559 189.559
Flap- 4 373.295  373.460 373.461  373.461 373.426 373.461 373.460
wise 5 621.820  622.271 622.274  622.274 622.198 622.274 622.271
10 2858.614 2867.510 2867.621 2867.626 2867.061 2867.629 2867.583
120 2.597E+5 3.344E+5 3.731E+5 3.940E+5 3.009E+5 8.966E+5 4.562E+5
140 3.161E+5 5.170E+5  6.479E+5 6.510E+5 5.531E+5 2.450E+6 6.222E+5
1 54.4963  54.4965 54.4965  54.4965 54.496 54.495 54.499
2 344.789  344.808 344.808  344.808 344.793 344.808 344.807
3 977.660  977.812 977.813  977.813 977.740 977.812 977.809
Chord 4 1950.780  1951.407 1951.410  1951.409 1951.199 1951.409 1951.398
-wise 5 3299.763  3301.632  3301.639  3301.639 3301.141 3301.639 3301.606
10 17415.488 17463.515 17464.085 17464.096 17460.834 17464.100 17463.810
120 1.821E+6 2.403E+6  2.643E+6 2.773E+6 2.538E+6 4.569E+6 2.819E+6
140 2.149E+6 3.077E+6  3.796E+6 3.853E+6 3.352E+6 1.300E+7 3.838E+6
* Cited from Duan and Wang (2013)
Table 16 The first five non-dimensional frequencies Q of S-S beams with multiple supports
MMIB Maiz et al.
Example W=3 w=4 W=5 W=6 (2007)
N=40 N=60 N=40 N=60 N=40 N=60 N=40 N=60
7.1710 7.1711 7.1711  7.1711 7.1711  7.1711 71711 7.1711 7.1711
i=h=0.25] 12.5657 12.5662 12.5663 12.5664 12.5664 12.5664 12.5664 12.5664 12.5664
112:0 51 13.7729 13.7738 13.7740 13.7741 13.7741 13.7741 13.7741 13.7741 13.7741
i 16.6390 16.6412 16.6417 16.6419 16.6419 16.6419 16.6419 16.6419 16.6419
19.8465 19.8523 19.8535 19.8539 19.8540 19.8539 19.8540 19.8539 19.8539
7.8531  7.8532 7.8532 7.8532 7.8532  7.8532 7.8532  7.8532 7.8532
l1=1=0.25] 12.5657 12.5662 12.5663 12.5664 12.5664 12.5664 12.5664 12.5664 12.5664
113:0 'Sl 14.1358 14.1369 14.1371 14.1372 14.1372 14.1372 14.1372 14.1372 14.1372
e 15.7038 15.7059 15.7063 15.7064 15.7064 15.7064 15.7064 15.7064 15.7064
20.4132  20.4186 20.4197 20.4203 20.4204  20.4204 20.4204 20.4204 20.4204
Table 17 The first five non-dimensional frequencies £ of S-S beams with two masses
MMIB Maiz et al.
Example w=3 Ww=4 Ww=5 (2007)
N=40 N=60 N=40 N=60 N=40 N=60
li= =0.25] 2.4946 2.4946 2.4946 2.4946 2.4946 2.4946 2.4946
! liO 5'1 5.3428 5.3428 5.3428 5.3428 5.3428 5.3428 5.3428
v iM 0.5 7.9643 7.9643 7.9643 7.9643 7.9643 7.9643 7.9643
j :JC2=0' 12.5655 12.5662 12.5664 12.5664 12.5664 12.5664 12.5664
e 14.2156 14.2168 14.2170 14.2171 14.2171 14.2171 14.2171
li= h=0.25] 2.4824 2.4824 2.4824 2.4824 2.4824 2.4824 2.4824
: liO 5'1 5.0881 5.0881 5.0881 5.0881 5.0881 5.0881 5.0881
M. iM —0.5 7.2183 7.2183 7.2183 7.2183 7.2183 7.2183 7.2183
J CZIJ :% 0(')5 8.8187 8.8187 8.8187 8.8187 8.8187 8.8187 8.8187
e 9.6265 9.6262 9.6262 9.6262 9.6262 9.6262 9.6262

4.1 Case 6: beams with multiple steps

4. Numerical results for beams with multiple

interfaces

In Section 3, free vibration of beams with single interfaces
has been discussed and the accuracy and convergence of
MMIB have been validated. In this section MMIB is applied
to the free vibration analysis of beams with various multiple
interfaces.

The first example is a S-S beam with three steps in
Fig.11, which is selected from the literature (Duan and
Wang 2013, Lin and Ng 2014, Lee 2015). The geometric
dimensions are: /;=5000 mm, /#;=200mm, /#,=100 mm, and
b=200 mm. The elastic modulus and the density are:
E=34GPa and p=2830 kg/m>. The first ten frequencies by
MMIB with W=3-7 and N=72 are listed in Table 14, and the
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Table 18 The first five frequencies (rad/s) of beams with multiple spring -mass systems

MMIB Wu and Lin and
Example w=3 w=4 Chou Tsai
N=40 N=60 N=80 N=40 N=60 N=80 (1999) (2007)
1=0.11 152.7341  152.7341  152.7341 152.7341  152.7341  152.7341 152.7341 152.7339
ll=0.3l 185.0950  185.0950  185.0950 185.0950  185.0950  185.0950 185.0950 185.0949
1220'41 247.8314  247.8314 247.8314 247.8314  247.8314 247.8314 247.8314 247.8313
13=O.21 677.5958  677.5960  677.5960 677.5961  677.5961  677.5961 677.5961 677.5959
M 2548.6419 2548.6536 2548.6564 2548.6613 2548.6573 2548.6577 2548.6577 2548.6572
1h=0.1/ 1509571  150.9571  150.9571 150.9571  150.9571  150.9571 150.9571 150.9571
h=0.1/ 169.4729  169.4729  169.4729 169.4729  169.4729  169.4729 169.4729 169.4728
l=l= 1879147 187.9147 187.9147 187.9147  187.9147  187.9147 187.9147 187.9146
Is=le= 217.1279  217.1279  217.1279 217.1279  217.1279  217.1279 217.1279 217.1278
0.2/ 247.9868  247.9868  247.9868 247.9868  247.9868  247.9868 247.9868 247.9867
Table 19 The first five non-dimensional frequencies £ of beams with multiple various interfaces
MMIB
Example W=3 Ww=4 Lin (2008)
N=40 N=60 N=80 N=40 N=60 N=80
6.613064 6.613083 6.613084 6.613091 6.613084 6.613084 6.613083
8.214093 8.214074 8.214077 8.214129 8.214078 8.214078 8.214078
S-S 9.236036 9.235986 9.235991 9.236134 9.235994 9.235994 9.235993
11.506351  11.506636  11.506639 11.506463  11.506642 11.506641 11.506641
13.353904  13.353652  13.353663 13.354285  13.353669  13.353669 13.353669
4.089862 4.089876 4.089878 4.089869 4.089876 4.089880 4.089879
7.633775 7.633886 7.633904 7.633846 7.633888 7.633915 7.633916
C-F 10.002353  10.002601  10.002639 10.002602  10.002621  10.002663 10.002664
10.943865 10.947141  10.947672 10.945893  10.947269  10.948018 10.948062
11.986449  11.986838  11.986868 11.986651  11.986865  11.986886 11.986887
1 2 -1 2. The geometric dimensions and material properties are:
[ [ - 1=463.55mm, [;1=25.4mm, 5=50.8mm, 5=31.75mm,
i i ST o S ;[ - n J1=25.4mm, hy=12.7mm, b=3.175mm, E=60.6GPa, p=2664
. L - b b kg/m? Two types of bending vibrations, i.e. chord-wise and
1 2 . . .
, ; , }T flap-wise, are taken into account. The natural frequencies
' ' — by MMIB with W=2-5 and N=146 are presented in Table

Fig. 11 A S-S beam with three steps
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Fig. 12 A cantilever beam with twelve steps

existing results by DSC, DQEM and FEM are given for
comparisons. It can be observed that the accuracy of MMIB
results increases with the increase of W, and the MMIB
results agree well with those highly accurate results by
DSC, DQEM and FEM with fine meshes. In addition, it can
be found that results of MMIB with W=7 and N=72 are
more accurate than those of DSC with W=7 and N=70
(Duan and Wang 2013), while, the accuracy of results of
MMIB is lower than that of DSC for W=3.

Another example is a cantilever beam with twelve steps
selected from Duan and Wang (2013), as shown in Fig. 12

15, and compared with the existing results by DSC, DQEM
and FEM. Due to the limit of grid nodes, parameters
L=L,=8 and L;=7 are chosen for W=5. For other cases,
selections of parameter L in each iterative step are based on
the proposed strategy. It can be found that MMIB results

coincide well with those by DSC and DQEM for low order
frequencies and agree well with those by FEM with fine
meshes for higher order frequencies. In addition, it can also
be observed that results of MMIB with =4 and N=146 are
more accurate than those of DSC with W=4 and N=150
(Duan and Wang 2013) for low and high order frequencies.
Of course, more comparisons of MMIB and DSC associated
with  the interpolation polynomial need further
investigation.

4.2 Case 7. beams with multiple intermediate
supports

A continuous beam with two intermediate supports in
Fig.13 is considered, and two different locations of supports
are analyzed. The first five non-dimensional frequencies Q2
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Fig. 14 A S-S beam with two concentrated masses

of these continuous beams by MMIB with #=3-6 are listed
in Table 16, in which due to the limit of grid nodes,
parameters Li=L,=L3;=11, L4~=10, Ls=9, and L¢=8 for W=6
and N=40 are selected in iterative procedure in Fig.5. For
other cases, choices of parameter Ly are based on the
proposed strategy. It can be seen that MMIB results show
good agreements with the solutions of Maiz et al. (2007),
and the accuracy of MMIB results increases with the
increase of W.

4.3 Case 8: beams carrying multiple concentrated
masses

A S-S beam carrying two concentrated masses in Fig.14
is studied, and the effect of rotary inertia is also considered.
The first five non-dimensional frequencies 22 of beams with
two concentrated masses by MMIB method with W=3-5 is
listed in Table 17. For convenience, non-iterative solution is
taken in the analysis of rotary inertia. Due to the limit of
grid nodes, the total number of grid nodes to approximate
the first order derivatives is set to 10 in Eq. (19) in each step
for W=5 and N=40, and the proposed strategy is applied in
other cases. It can be seen that MMIB results agree well
with the solutions of Maiz et al. (2007), and MMIB yields
more accurate results with large .

4.4 Case 9: beams carrying multiple spring-mass
systems

A S-S beam carrying multiple spring-mass systems is
considered. As shown in Fig.15, cited from Lin and Tsai
(2007), beams carrying three and five spring-mass systems
are taken into account. The geometric dimensions and
material properties are: elastic modulus 2.069x10""N/m?,
sectional moment of inertia 3.06796x10"m*, mass per unit
length 15.3875kg/m, and total length /=1m. The parameters
of non-dimensional masses and spring coefficients are:
M.=0.2, K.1=3, M=0.5, Ko=4.5, M3=1.0, K3=6.0, as
shown in Fig.15(a); M:.1=0.2, K.=3, M=0.3, K=3.5,
Me3:0.5 . Ke3:4.5, Me4:0.65, Ke4:5.0, Me5=1.0, Ke5:6.0, as
shown in Fig.15(b). The first five frequencies of beams by
MMIB with W=3 and 4 are given in Table 18, and the
iterative solution is applied to these two examples. Due to
the limit of gird nodes, parameters L=L,=5 for W=3 and 4,
N=40, and L=L,=6 for W=4, N=60 are selected in the

. K. K. Ke >
M Me: Ma T
L | I 15 I

(a) A beam with three spring-mass systems
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(b) A beam with five spring-mass systems

Fig. 15 S-S beams with multiple spring-mass systems
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Fig. 16 A beam with multiple various interfaces

iterative computation. And the proposed strategy is used in
other cases. It can be seen that the MMIB results agree well
with the existing results (Wu and Chou 1999; Lin and Tsai
2007), and MMIB results show excellent convergence.

4.5 Case 10: beams carrying multiple various
interfaces

In this case, beams carrying multiple various interfaces
are considered. As shown in Fig.16, cited from Lin (2008)
and Farghaly and El-Sayed (2016), multiple concentrated
masses with rotary inertia, intermediate rigid and elastic
supports are taken into account. The parameters of
geometric dimensions, concentrated masses with rotary
inertia and spring coefficients are (Lin 2008): l1=h=l=l4
=le=1=0.11, Is=[g=0.21, [ is the total length, M.=0.3, Jo=
0.001, M=0.6, J:»=0.002, M:3=0.9, J3=0.003, K,=10, K
=3, K»=20, and K»=4. Due to mixed interfaces, iterative
solution is employed here. The first five non-dimensional
frequencies of beams with two different boundaries
conditions are given in Table 19. Due to the limit of grid
nodes, small values of parameter Ly in the iterative
procedures should be selected in some cases. Parameter L=5
for N=40, W=3 and 4 is chosen in each iterative step;
Li=L,=L;=7, Ls~=6 for N=60 and W=4 are taken in the
iterative computation of beams with rigid supports; L;=7
and L,=6 for N=60 and W=4 are chosen in the iterative
solutions of beams with concentrated masses and elastic
supports. And the proposed strategy is applied in other
cases. It can be observed that MMIB results are in good
agreements with the solutions of Lin (2008) for S-S and C-F
beams, respectively, and MMIB results show excellent
convergence.
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5. Conclusions

In this study, a new strategy is proposed to detemine the
parameter L in each iterative step of MMIB computation, so
that MMIB can be applied as if there would be no selection
of parameter L. Various single and multiple interfaces
caused by steps, intermediate rigid and elastic supports,
concentrated masses and spring-mass systems are analyzed
by using MMIB. The numerical results of MMIB are
compared with the existing highly accurate solutions. A
number of examples show that for beams with single
interfaces, high order convergence and high accuracy can be
achieved, and the accuracy of results increases with the
increase of W, but too large W may cause the decrease of
accuracy. For beams with multiple interfaces, MMIB also
shows high accuracy and excellent convergence. Therefore,
MMIB is considered as a highly accurate and convergent
approach for solving various interfaces on beams.

In addition, the comparison between MMIB and the
traditional MIB is conducted in some case studies, it can be
observed that on the whole, errors of MMIB are very close
to the minimum errors by the traditional MIB. Due to the
fact that only some empirical values of parameter L are
recommended (Zhao and Wei 2009), and there is no
effective way to select parameter L. Therefore, MMIB is
very convenient and effective for interface treatments,
especially for interface problems without reference
solutions.

Finally, it can be seen that MMIB can deal with arbitrary
interfaces on beams, not just the stepped interfaces (Duan
and Wang 2013), which extends applications of MIB
method. In addition, the comparison analysis shows that
MMIB works better than the interpolation formulation in
some cases.
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