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1. Introduction 
 

The conventional seismic structures designed and 

constructed according to the current seismic design codes 

can avoid structural collapse during weak or moderate 

earthquakes, while they may be in the inelastic state that 

results in large residual deformations after strong 

earthquakes. The extent of the residual deformation is one 

of the crucial factors determining the structural safety and 

the structural repair cost after earthquakes. Therefore, it is 

required to develop a self-centering structural system for 

eliminating the residual deformation of the structure 

(McCormick et al. 2008, Erochko et al. 2010). The self-

centering structures behave the self-centering capability that 

can return the structure to its initial position after 

earthquakes. At present, various self-centering structures 

have been proposed and verified by experimental and 

numerical studies (Christopoulos et al. 2002, Ricles et al. 

2002, Ajrab et al. 2004, Chou and Lai 2009, Kim and 
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Christopoulos 2009, Ma et al. 2010, Nicknam and 

Filiatrault 201, Rahgozar et al. 2017, Li and Qiu 2018, Li et 

al. 2018, Han et al. 2019). Among these self-centering 

structures, the self-centering energy dissipation braced 

(SCEB) structures have been widely applied, because the 

installation and replacement of the braces are relatively easy 

and convenient. 

At present, types of SCEBs have been proposed (Dolce 

et al. 2000, Zhu and Zhang 2007, Li et al. 2008, Ma and 

Cho 2008, Tremblay et al. 2008, Miller et al. 2012, Zhou et 

al. 2015, Xu et al. 2016, Xu et al. 2017). These proposed 

SCEBs normally include an energy dissipation group and a 

self-centering group. They can provide a stable energy 

dissipation capability and the large restoring force to the 

primary structure to enable the whole system to have the re-

centering capability. For example, Zhu and Zhang (Zhu and 

Zhang 2007, Zhu and Zhang 2008) proposed an SCEB 

based on SMA and experimentally investigated its 

hysteretic behaviour. The numerical simulation results of 

the seismic responses on the steel frame with the SCEB 

based on SMA showed the braced frame can obviously 

eliminate the residual drift ratio. A novel SCEB using the 

composite tensioning elements was developed and 

investigated by Christopoulos and Tremblay (Christopoulos 

et al. 2008, Tremblay et al. 2008, Tremblay and 

Christopoulos 2012), and quasi-static and dynamic 

validation tests of the full-scale steel frame with this SCEB 

were performed. These experimental results demonstrated 
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that the SCEB and the steel frame with SCEB under quasi-

static and dynamic loadings both behave the stable energy 

dissipation ability and excellent self-centering capability. 

Ozbulut and Hurlebaus (Ozbulut et al. 2011, Ozbulut and 

Hurlebaus 2012) presented a new SCEB combined energy 

dissipation capabilities of a variable friction damper with 

the re-centering ability of SMA, and investigated the 

seismic responses of a 20-story nonlinear benchmark 

building with the new SCEB. Araki et al. (2016) performed 

shaking table tests of a one-bay one-story steel frame with 

SCEB. The test results demonstrated that the SCEB can 

effectively prevent residual deformations and pinching of 

the structures. Xu et al. (Xu et al. 2016, Xu, Fan and Li 

2017) developed a pre-pressed spring self-centering energy 

dissipation devices with pre-pressed disc springs. Some 

SCEBs combined the pre-tensile tendon elements with 

buckling restrained brace were also recently developed 

(Miller et al. 2011, Chou and Chen 2012, Zhou et al. 2015, 

Dong et al. 2017, 2019). Most previous research studies 

mainly focused on the hysteretic behavior of the SCEB and 

the seismic responses of the steel frames with SCEBs. It 

should be noted that the mathematical hysteretic model and 

its parameter identification of such structure are the key 

parts for the seismic response analyses. 

To date, some mathematical models have been proposed 

to describe some complex nonlinear hysteresis 

characteristics of the common steel and RC structures. 

These proposed models can be typically classified into two 

types according to the smoothness of hysteretic loop 

(Clough et al. 1965, Takeda et al. 1970, Saiidi and Sozen 

1981, Sivaselvan and Reinhorn 2000): polygonal hysteretic 

models and smooth hysteretic models. The previous 

literature review reveals (Zhu and Zhang 2007, Tremblay et 

al. 2008, Zhu and Zhang 2008, Zhu and Zhang 2008, 

Erochko et al. 2010, Ozbulut and Hurlebaus 2012, Chou 

and Chung 2014, Eatherton et al. 2014, Eatherton et al. 

2014, Erochko et al. 2014, Araki et al. 2016) that these 

proposed SCEBs and the frame with SCEB both behave a 

typical flag-shape hysteretic behavior with stable energy 

dissipation capability and excellent self-centering ability, 

and the frame structures with SCEBs show small residual 

displacement. So far, some hysteretic models have been 

applied to the self-centering structure. For example, Ma et 

al. (2011) developed the hysteretic model of the SMA 

damper by using the initial Bouc-Wen model to describe the 

energy dissipating capacity and using the rigid-elastic 

model to represent the re-centering ability, and the model 

was applied to investigate the seismic performance of the 

steel frames with the SMA dampers. Kitayama et al. 

(Kitayama and Constantinou 2016, Kitayama and 

Constantinou 2017) used a mathematical model based on 

Bouc-Wen model to simulate the hysteretic behavior of the 

fluidic self-centering systems, and the results showed that 

the predicted hysteretic curves based on the mathematical 

model can be in good agreement with the experimental 

results. An extended Bouc-Wen model with the pinched 

hysteresis behavior was used to predict the nonlinear 

response of the SMA cables (Carboni et al. 2014). Xu et al. 

(2016) adopted the piecewise function based on the Bouc-

Wen model to predict the hysteresis response of the SCEB. 

Moreover, Huang et al. (2002) suggested using a cyclic 

elastoplastic model based on the rheological analysis 

method to investigate the hysteretic model of the SCEB. It 

should be noted that the above studies were focused on the 

hysteretic models of the various SCEBs and the steel 

structure with SCEBs, no literature reports the elastoplastic 

smooth model and its parameter identification for the RC 

structures with SCEBs yet. 

The Bouc-Wen model is one of the most popular smooth 

hysteretic models, introduced by Bouc (1967) and later 

extended by Wen and Baber (Wen 1976, Baber and Wen 

1981, Baber and Noori 1985), which could represent a wide 

variety of softening or hardening smoothly varying 

hysteretic behavior. With the great development of 

computational efficiency and accuracy, the Bouc-Wen 

model has been widely employed in the field of the 

structural engineering (Sireteanu et al. 2010, Domaneschi 

2012, Chang et al. 2016). Therefore, the focus of this study 

is to propose an extended Bouc-Wen model for predicting 

the seismic performance of the RC structure with SCEBs. 

The extended model is capable of capturing the primary 

hysteretic behaviors of the RC structure with SCEBs such 

as the self-centering effect, strength and stiffness 

degradations. The predicted hysteretic behaviors of the RC 

structures with SCEBs based on the extended Bouc-Wen 

model are achieved by programming in the 

Matlab/Simulink environment, and the UKF is used for the 

parameter identification. To examine the accuracy of the 

extended model, the predicted hysteretic curves of the RC 

structure with SCEBs based on the extended model under 

quasi-static load are simulated and compared with the 

experimental results. Furthermore, the nonlinear dynamic 

analyses based on the extended model are conducted to 

explore the seismic performance of the RC structures with 

SECBs subject to earthquake excitations. 

 

 

2. RC structure with SCEB 
 

Fig. 1 shows the concept of SCEB. As shown, a 

traditional SCEB normally consists of two systems, the pre-

tensioned tendons/pre-pressed springs as the self-centering 

system and the friction/viscous/yielding device acting as the 

energy dissipation system. Alternatively, the energy 

dissipation system can be omitted from the system, and the 

energy dissipation can be provided by specialized 

tensioning elements such as SMA. In SCEB, structural 

members and blocking plates are also necessary as the 

members, and the blocking plates act as not only stopper 

but also connection plates. The energy dissipation system is 

connected to the two structural members and is activated 

when the two structural members occur the relative 

motions. The pre-tensioned tendons/pre-pressed springs are 

installed on the two structural members, and their geometric 

properties can be selected to achieve the desired strength, 

post-yielding stiffness, deformation capacity and the self-

centering capacity of the self-centering system. In the self-

centering system, the force of the pre-tension/pre-pressed in 

the tendons/springs determines the activating force at which 

the relative movement starts between the two structural  
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Fig. 1 Concept of SCEB 

 

 

Fig. 2 Schematic drawing of the SCEB 

 

 

members. The force of the pre-tension/pre-pressed also 

controls the self-centering capability of the SCEB: full self-

centering behavior can be achieved when the pre-tension/ 

pre-pressed force is larger than or equal to the force of the 

energy dissipation system. 

Although the traditional SCEB described in the previous 

paragraph consists of the pre-tension tendons/pre-pressed 

springs and the friction/viscous/yield device, one 

embodiment SCEB is illustrated in Fig. 2 and studied in 

more detail in the following sections. This SCEB consists of 

a traditional buckling restrained brace (BRB) group and a 

self-centering group as shown in Fig. 2 (Dong et al. 2017). 

In this SCEB system, the steel core, the rectangular inner 

steel tube and the end plates form the traditional BRB 

system as shown in Fig. 2(a). The self-centering system is 

composed of two groups of disc springs, the square outer 

steel tube, as shown in Fig. 2(b). 

The SCEB is installed to the RC structure to improve its 

seismic performance. The schematic drawing of the RC 

structure with SCEB is shown in Fig. 3(a). As shown, the 

RC structure with SCEB can be regarded as the RC 

structure system and the SCEB system assembled in 

parallel. Fig. 3(b) presents the mass-spring-dashpot 

idealization of the RC structure with SCEB. In Fig. 3(b), 

𝐹𝑠, 𝐹𝑏 and 𝐹𝑅 are the forces of the self-centering system, 

the BRB system and the RC structure, respectively. Because 

of the RC structure system and the SCEB system assembled 

in parallel, the deformations of the RC structure and the 

SCEB are the same, and the force of the RC structure with  

SCEB is the summation of those provided by the RC 

structure and the SCEB systems, as shown in Fig. 3(b). 

Fig. 3(c) shows the hysteretic behavior of the RC 

structure with SCEB. The hysteresis response of the SCEB 

is equal to the summation of those of the self-centering and 

the BRB systems 

𝑘𝑆𝐶𝐸𝐵1 = 𝑘𝑠1 + 𝑘𝑏1 (1) 

𝑘𝑆𝐶𝐸𝐵2 = 𝑘𝑠2 + 𝑘𝑏2 (2) 

𝑓𝑆𝐶𝐸𝐵𝑦 = 𝑓𝑠𝑦 + 𝑓𝑏𝑦 (3) 

where, 𝑘𝑆𝐶𝐸𝐵1, 𝑘𝑠1 and 𝑘𝑏1 are the initial stiffness of the 

SCEB, the self-centering system and the BRB, 𝑘𝑆𝐶𝐸𝐵2, 𝑘𝑠2 

and 𝑘𝑏2 are the post-yielding stiffness of the SCEB, the 

self-centering system and the BRB, 𝑓𝑆𝐶𝐸𝐵𝑦 , 𝑓𝑠𝑦  and 𝑓𝑏𝑦 

are the yield force of the SCEB, the self-centering system 

and the BRB. 

For the RC structure with SCEB, the total hysteresis 

behavior is equal to the total of those of the SCEB and RC 

structure systems 

𝑘𝑅𝐶−𝑆1 = 𝑘𝑆𝐶𝐸𝐵1 + 𝑘𝑅1 (4) 

𝑘𝑅𝐶−𝑆2 = 𝑘𝑆𝐶𝐸𝐵2 + 𝑘𝑅2 (5) 

𝑓𝑅𝐶−𝑆𝑦 = 𝑓𝑆𝐶𝐸𝐵𝑦 + 𝑓𝑅𝑦 (6) 

where, 𝑘𝑅𝐶−𝑆1 and 𝑘𝑅1 are the initial stiffness of the RC 

structure with SCEB and the SCEB, 𝑘𝑅𝐶−𝑆2 and 𝑘𝑅2 are 

the post-yield stiffness of the RC structure with SCEB and 

the SCEB, 𝑓𝑅𝐶−𝑆𝑦  and 𝑓𝑅𝑦 are the yield force of the RC 

structure with SCEB and the SCEB. 

The hysteretic curves of the RC structure with SCEB 

behave the typical flag shape with the self-centering ability 

and the energy dissipation capability as shown in Fig. 3(c). 

This result coincides well with some of previous 

investigations (e.g. (Zhu and Zhang 2008, Chou and Chung 

2014, Erochko et al.2014, Zhou, Xie et al. 2015, Xu et al. 

2016)). Moreover, it should be noted that the hysteretic 

curves of the RC structure without brace normally show 

obvious degradation and pinching effects due to the severe 

damages at the concrete and rebar (Elbahey and Bruneau 

2012, Bazaez and Dusicka 2016). 
 
 

3. Proposed analytical hysteresis model 

 
3.1 Classical Bouc-Wen Model 
 

The equation of the motion of the single degree of 

freedom (SDOF) is expressed as 

𝑚�̈�(𝑡) + 𝑐�̇�(𝑡) + 𝐹(𝑡) = 𝑓(𝑡) (7) 

where m is the mass of the system, 𝑐  is the structure 

system inherently linear viscous damping, �̇� and �̈� are the 

system velocity and acceleration respectively, 𝐹(𝑡) is the 

restoring force, 𝑓(𝑡) is the earthquake excitation force. 

The restoring force 𝐹(𝑡) based on Bouc-Wen model is 

given by 
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𝐹(𝑡) = 𝑎𝑘1𝑥(𝑡) + (1 − 𝑎)𝑘1𝑧(𝑡) (8) 

where 𝑘1 is the initial stiffness of the system, 𝑎 is the 

ratio of the post-yield stiffness to the pre-yielding stiffness, 

z is the hysteresis displacement. The properties of z depend 

on the material and structural properties, the derivative of 

the hysteresis displacement z can be obtained by 

�̇� = �̇� − 𝛽|�̇� ∙ 𝑧|𝑧𝑛−1 − 𝛾 ∙ �̇� ∙ 𝑧𝑛 (9) 

where β is the parameter of the shape controlling, γ is the 

parameter for controlling the loop size, n is the parameter 

for controlling the loop smoothness (when n is small, the 

transition from pre-yielding to post-yielding is smooth, 

while the transition becomes abrupt for the large value of n, 

approaching that of a bilinear model). Moreover, the values 

of β and n should be positive, while γ can be either positive 

or negative (Foliente 1995). 

 

 

Fig. 4 Hysteresis curve of the initial Bouc-Wen model 

 

 

Fig. 4 shows the dimensionless hysteresis curves based 

on the initial Bouc-Wen model. In this figure, the ductility 

is the ratio of the ultimate displacement divided by the yield 

 
(a) schematic drawing 

 
(b) mass-spring-dashpot idealization 

 
(c) hysteretic curve 

Fig. 3 RC structure with SCEB 
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displacement. It can be seen from Fig. 4 that the stiffness 

change of the hysteretic curves based on the initial Bouc-

Wen model is continuous and smooth. 

The inelastic response of the RC structures under 

earthquakes may be accompanied by stiffness degradation, 

strength degradation and pinching effects as previous 

studies mentioned (Elbahey and Bruneau 2012, Bazaez and 

Dusicka 2016), because of that, the hysteretic model is 

required to consider the degradation and pinching effects. 

Therefore, two new functions for the initial Bouc-Wen 

model were introduced by Baber and Wen (1981), which 

can respectively describe the strength degradation and the 

stiffness degradation of the RC structure. Baber and Noori 

(1985) further extended this hysteretic model considering 

the pinching effect, the extended model used the smooth 

hysteretic element in series with a time-dependent slip-lock 

element. 

The extended Bouc-Wen model considering the 

degradation and pinching effects can be expressed as 

follows 

�̇�𝑅 =
ℎ(𝑧, 휀)

1 + 𝛿𝜂

[(�̇� − (1 + 𝛿𝑣))(𝛽⌊�̇�⌋|𝑧|𝑛−1 + 𝛾(�̇�|�̇�|)𝑛)] (10) 

where 𝛿𝜂  and 𝛿𝑣  respectively control the stiffness 

degradation and the strength degradation. The function 

ℎ(𝑧, 휀) managed the pinching effect is represented by 

ℎ(𝑧, 휀)
= 1 − 𝜉𝑠(1

− 𝑒−𝑝𝜀)𝑒𝑥𝑝

[
 
 
 

−(

𝑧 ∙ 𝑠𝑔𝑛(𝑥) −
𝑞

[(1 + 𝛿𝑣휀)(𝛽 + 𝛾)]1 𝑛⁄

𝑥[𝜆 + 𝜉𝑠(1 − 𝑒−𝑝𝜀)(𝜓 + 𝛿𝜓𝜀)]
)

2

]
 
 
 

 
(11) 

where 𝜉𝑠 controls the extent of the total slip, q is the initial 

amount of pinching, p is the pinching slope, 𝜓  is the 

parameter that contributes to the amount of pinching, 𝛿𝜓 is 

the parameter for the rate of the pinching spread, 𝜆 is the 

pinching ratio, 휀 is the hysteretic energy. 

 

3.2 Extended Bouc-Wen model with self-centering 
effect 

 

The hysteretic curves of the RC structure with SCEBs 

behave the flag-shaped behavior with energy dissipation 

ability and self-centering capability as mentioned in 

previous studies (Ozbulut and Hurlebaus 2012, Erochko et 

al. 2013). Because the structure with SCEB can be regarded 

as the SCEB system and the RC structure system assembled 

in parallel, as mentioned in Section 2. Based on the unique 

self-centering effect and degradation of the RC structure 

with SCEB, an extended Bouc-Wen model with the self-

centering effect is established to predict the nonlinear 

response of such structure system. The extended model is 

expressed as 

𝑚�̈� + 𝑐�̇� + 𝑎𝑅𝑘𝑅1𝑥 + (1 − 𝑎𝑅)𝑘𝑅1𝑧𝑅 + 𝑘𝑠1𝑥𝑠𝑦𝑠𝑔𝑛(𝑢)

+ 𝑘𝑠2𝑥 + 𝑎𝑏𝑘𝑏1𝑥 + (1 − 𝑎𝑏)𝑘𝑏1𝑧𝑏

= 𝐹 
(12) 

where 𝑎𝑅 is the ratio of the post-yield stiffness (𝑘𝑅2) and 

pre-yield stiffness (𝑘𝑅1) of the RC structure,  𝑥𝑠𝑦 is the 

yield displacement of the self-centering system. 

(1) Based on the Bouc-Wen model, the restoring force 

of the RC structure (𝐹𝑅) is given by 

𝐹𝑅 = 𝑎𝑅𝑘𝑅1𝑥 + (1 − 𝑎𝑅)𝑘𝑅1𝑧𝑅  (13) 

where �̇�𝑅 is an evolutionary variable to account for the 

hysteresis property considering the degradation and 

pinching effects, which can be expressed as 

�̇�𝑅 =
ℎ(𝑧𝑅 , 휀𝑅)

1 + 𝛿𝑅𝜂

[(�̇� − (1 + 𝛿𝑅𝑣))(𝛽𝑅⌊�̇�⌋|𝑧𝑅|𝑛𝑅−1𝑧𝑅

+ 𝛾𝑅(�̇�|�̇�𝑅|)𝑛𝑅)] 
(14) 

(2) The restoring force (Fs) offered by the self-centering 

group in the SCEB can be expressed as follows 

𝐹𝑠 = {
𝑘𝑠1𝑥              0 ≤ |𝑥| < |𝑥𝑠𝑦|

𝑘𝑠1𝑥𝑠𝑦𝑠𝑔𝑛(𝑥) + 𝑘𝑠2𝑥    |𝑥| ≥ |𝑥𝑠𝑦|
 (15) 

𝑘𝑠1 = 𝑘𝑜𝑢𝑡𝑘𝑖𝑛 (𝑘𝑜𝑢𝑡+𝑘𝑖𝑛)⁄  (16) 

𝑥𝑠𝑦 = 𝑓𝑠𝑦 𝑘𝑠1⁄  (17) 

where 𝑘𝑜𝑢𝑡 and 𝑘𝑖𝑛 are the stiffness of the outer tube and 

inner tube of the SCEB system, respectively. 

(3) According to the Bouc-Wen model, the restoring 

force of the BRB system (Fb) is calculated by 

𝐹𝑏 = 𝑎𝑏𝑘𝑏1𝑥 + (1 − 𝑎𝑏)𝑘𝑏1𝑧𝑏 (18) 

where  𝑎𝑏 is the ratio of the post-yielding stiffness to the 

pre-yielding stiffness of the BRB system, �̇�𝑏  is an 

evolutionary variable to account for the hysteresis property 

without the degradation and pinching effects, which can be 

given by 

�̇� = �̇� − 𝛽𝑏|�̇� ∙ 𝑧𝑏|𝑧𝑏
𝑛𝑏−1 − 𝛾𝑏 ∙ �̇� ∙ 𝑧𝑏

𝑛𝑏 (19) 

Fig. 5 shows the elevation view of the steel core in the 

BRB. The elastic stiffness 𝑘𝑏1 of the BRB considering the 

variation of cross sectional area along the length of the 

brace can be accurately predicted by 

𝑘𝑏1 =
𝐸𝐴𝑗𝐴𝑦𝐴𝑡

𝐴𝑗𝐴𝑡𝐿𝑦 + 2𝐴𝑦𝐴𝑡𝐿𝑗 + 2𝐴𝑦𝐴𝑗𝐿𝑡

 (20) 

The post-yielding stiffness 𝑘𝑏2 of the BRB is expressed 

as 

𝑘𝑏2 = 𝑎𝑏𝑘𝑏1 (21) 

where 𝑎𝑏 is the ratio of post-yield stiffness to pre-yield 

stiffness, 𝑎𝑏=0.02. 

 

 

4. Extended model validation 
 

4.1 Model implementation 
 

To validate the feasibility of the extended Bouc-Wen 

model with self-centering effect, simulation analyses of the 

extended model under the sine wave excitations were  
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conducted by programming in the MATLAB/Simulink 

environment. Fig. 6 shows the hysteresis curves of the 

SCEB structure with different self-centering force based on 

the extended Bouc-Wen model and the corresponding 

theoretical hysteresis curves as mentioned in the previous 

study (Dong et al. 2017). It can be seen that the extended 

Bouc-Wen model is capable of capturing the excellent self-

centering capability and the stable energy dissipation ability 

of the RC structure with SCEBs. As shown in Figs. 6(a) and 

(b), the residual deformation of the RC structure with 

SCEBs is very small neglected to zero when the self-

centering force in SCEB is greater than or equal to the 

yielding force of the RC structure. In contrast, when the 

self-centering force in SCEB is less than the yielding force 

of the RC structure, the large residual displacement (𝛿) of 

the RC structure is observed, as shown in Fig. 6(c). The 

comparison results indicate that the extended model can 

accurately predict the hysteretic curves of the SCEB 

structure with different self-centering force. 

The hysteretic curves based on the extended Bouc-Wen 

model without degradation are shown in Fig. 7(a). It can be 

seen that the stiffness degradation and strength degradation 

are not observed for the hysteretic curves. Fig. 7(b) presents  

 
 

the hysteretic curves based on the extended model 

considering the stiffness degradation. As shown, when only 

the stiffness degradation is considered, the stiffness of each 

hysteresis loop decreases with the increase of the cycle 

number. The hysteresis curves considering only strength 

degradation are shown in Fig. 7(c), the stiffness of each 

loop is the same, while the strength of each hysteresis loop 

decreases progressively. Overall, the extended model can 

successfully simulate the unique self-centering and 

degradation characteristics of the RC structure with SCEB. 

 

 4.2 Parameter identification 
 

In order to verify the accuracy of the extended model, 

the parameter identification is requisite. In this study, UKF 

based on the unscented transform (UT) technique was used 

for the parameter identification of the extended Bouc-Wen 

model. A set of carefully chosen sample points called sigma 

points is used for the UKF to present the state vector 

(Chatzi and Smyth 2009). These sigma points can 

completely capture the posterior mean and covariance of 

 
Fig. 5 Elevation view of the steel core in the BRB 

 

(a) (b) (c) 

Fig. 6 Comparisons of hysteresis curves between the simulation results and the theoretical results 

 

(a) without degradation (b)  with stiffness degradation (c)  with strength degradation 

Fig. 7 Hysteresis curves based on the extended Bouc-Wen model 
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Gaussian random variable with the 3rd-order Taylor series 

expansion for any nonlinearity (Xiong et al. 2006, Xie and 

Feng 2012). 

To implement the UKF method for the system 

identification problem, the discrete nonlinear difference 

state space equation is expressed as 

𝑋𝑘+1 = 𝐹(𝑋𝑘 , 𝑢𝑘, 𝑤𝑘) (22) 

𝑌 = 𝐻(𝑋𝑘 , 𝑣𝑘) (23) 

in which 𝑤𝑘 is the discrete process noise assumed to be a 

Gaussian white noise with zero mean and a covariance 

matrix Q, and 𝑣𝑘 is the measurement noise also assumed 

to be Gaussian white noise with zero mean and a covariance 

matrix R. Function F is as follows 

𝐹(𝑋𝑘 , 𝑢𝑘, 𝑤𝑘) = 𝑋𝑘 + ∫ 𝑓(𝑋(𝑡), 𝑢(𝑡), 𝑤(𝑡))𝑑𝑡
(𝑘+1)∆𝑡

𝑘∆𝑡

 (24) 

And then the above integration can be evaluated by 

using numerical methods such as fourth-order Runge-Kutta 

method. 

To implement the UKF algorithm, the state vector is 

redefined as the concatenation of the original state vector 

and noise variables as 

𝑋𝑘
𝑎 = [𝑋𝑘

𝑇 , 𝑤𝑘
𝑇 , 𝑣𝑘

𝑇]𝑇 (25) 

Start with the initialization 

�̂�0 = 𝐸[𝑋0] (26) 

𝑃0 = 𝐸[(𝑋0 − �̂�0)(𝑋0 − �̂�0)
𝑇] (27) 

�̂�0
𝑎 = 𝐸[𝑋𝑎] = [�̂�0

𝑇  0 0]
𝑇
 (28) 

𝑃0
𝑎 = 𝐸[(𝑋0 − �̂�0)(𝑋0 − �̂�0)

𝑇] = [ 
𝑃0 0 0
0 𝑄 0
0 0 𝑅

] (29) 

The augmented state vector for Equation (12) is 

expressed as 

𝑋 = [𝑧, 휀, 𝑘, 𝑐, 𝑎, 𝛽, 𝛾, 𝑛, 𝛿𝑣, 𝛿𝜂]
𝑇
 (24) 

The systematic observation is the restoring force 

𝑌 = 𝐹 (31) 

The state space equation is formulated based on (10) as 

follows 

𝑓(𝑋(𝑡), 𝑢(𝑡)) =

[
 
 
 
 
 
 
 
 
 
 
 
�̇� − (1 + 𝛿𝑣)[𝛽|�̇�||𝑧|𝑛−1 + 𝛾�̇�|𝑧|𝑛]

1 + 𝛿𝜂

0
0
0
0
0
0
0
0
0 ]

 
 
 
 
 
 
 
 
 
 
 
𝑇

 (32) 

 

 
(a) test setups 

 
(b) dimensions 

 
(c) Loading protocol 

Fig. 8 SCEB 
 

 

4.3 Experimental validation of the extended model 
without degradation 

 

To validate the availability of the extended Bouc-Wen 

model without degradation, this extended model is validated 

by the experimental results of the SCEB. The SCEB was 

tested using the 3,000 kN servo hydraulic test system as 

shown in Fig. 8(a). For the SCEB system as mentioned in 

Section 2, the inner and outer tubes must be capable of 

bearing the axial force without failure or yielding for the 

system to function. Therefore, Q345 steel was selected for 

the inner and outer tubes due to its large compressive and 

yield strengths. The steel core was made of Q235 steel due 

to its great deformability for energy dissipation. The 

yielding strength, ultimate strength and ultimate strain of 

Q235 were obtained from tests and the values were 297 

MPa, 421 MPa and 35.3%, respectively. Q345 steel was 

with a yielding strength of 435 MPa obtained from the 

material characteristic test. The length of the specimen was 

1600 mm. 18 groups of disc springs with each group 

consisting of 4 pieces (totally 72 pieces) were installed to 

series in the tests. Fig. 8(b) shows the dimensions of the 

SCEB and Table 1 summarizes the primary design  

parameters. The test employed a displacement-control 

loading scheme with two cycles at each target displacement 

as shown in Fig. 8(c). 

SC-BRB 
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(a) hysteretic curves 

 
 (b) dissipated energy 

Fig. 9 Comparisons of the experimental and predicted 

results of the SCEB 

 

 

For finding a quantitative comparison basis between the 

prediction results and experimental results, the relative error 

is used in this study. The relative error is set as 

𝐽𝑟𝑒 =
|𝐴𝑒 − 𝐴𝑝|

|𝐴𝑒|
× 100% (33) 

where 𝐴𝑒  and 𝐴𝑝  are the values of the experimental 

results and the prediction results, respectively. 

Table 2 lists the corresponding parameter values of the 

extended model for the SCEB, and they are defined based 

on the design parameters of the SCEB and the parameter 

identification using UKF as mentioned in Section 4.2. Fig. 9 

shows the comparisons of the hysteresis curves of the 

SCEB between experimental results and prediction results  

 

 

Table 3 Relative error associated with the comparison 

between prediction results and experiment results of the 

SCEB 

Specimen 
fmax 

(kN) 

Jre 

(%) 

fSCEBy 

(kN) 

Jre 

(%) 

𝛿 

(mm) 

Jre 

(%) 

uSCEBy 

(mm) 

Jre 

(%) 

kSCEB2 

(kN/mm) 

Jre 

(%) 

SCEB 
Experiment 685.2 

3.6 
420.5 

2.3 
0.9 

11.1 
5.0 

6.0 
11.5 

6.9 
Prediction 660.8 410.7 0.8 4.7 10.7 

 
 

based on the extended Bouc-Wen model, which are 

represented by solid lines and dotted lines, respectively. To  

quantitatively examine the results, these results and the 

corresponding errors with respect to the testing data are 

summarized in Table 3. 

where 𝐴𝑒  and 𝐴𝑝  are the values of the experimental 

results and the prediction results, respectively. 

Table 2 lists the corresponding parameter values of the 

extended model for the SCEB, and they are defined based 

on the design parameters of the SCEB and the parameter 

identification using UKF as mentioned in Section 4.2. Fig. 9 

shows the comparisons of the hysteresis curves of the 

SCEB between experimental results and prediction results 

based on the extended Bouc-Wen model, which are 

represented by solid lines and dotted lines, respectively. To 

quantitatively examine the results, these results and the 

corresponding errors with respect to the testing data are 

summarized in Table 3. 

Fig. 9(a) shows the displacement-force hysteretic curves 

of the SCEB system. As shown, the SCEB system exhibits 

the typical flag-shaped hysteretic behavior with the 

excellent self-centering capability and the stable energy 

dissipation ability, and the hysteretic curves in positive and 

negative displacement directions are symmetrical. The very 

small residual deformation (0.9 mm) is observed for the 

SCEB. It should be noted that the hysteretic curves of the 

SCEB are without obvious strength and stiffness 

degradations. The predicted curves as shown in Fig. 9(a) 

agree well with experimental results, especially the self-

centering effect. The relative errors of the parameter values 

between numerical and experimental results are below 

11.1%, as shown in Table 3. Hence, the comparison results 

show that force-displacement relationship curves of the 

SCEB derived from the extended model agree well with 

experimental results. It can be seen from Fig. 9(b), the 

errors of energy dissipated between prediction and 

experiment do not exceed 10%. Overall, the extended 

model is able to predict the experimental force-

displacement response of the SCEB with good precision. 

Table 1 Design parameters of the SCEB 

Specimen 

Specimen 

length 

(mm) 

Steel core 

(mm) 

Outer tube (mm) Inner tube (mm) 
End plate 

(mm) 

Pre-compressive 

force 

(kN) Cross section 
Wall 

thickness 
Cross section 

Wall 

thickness 

SCEB 1600 40×5 240×240 10 90×40 16 300×300×30 370 

Table 2 Parameter values of the extended model for the SCEB 

Specimen 
𝑘𝑏1 

(kN/mm) 
𝛼𝑏 𝛽𝑏  𝛾𝑏 𝑛𝑏 

𝑢𝑠𝑦  

(mm) 

𝑘𝑠1 

(kN/mm) 

𝑘𝑠2 

(kN/mm) 

SCEB 36 0.02 0.5 0.5 2.0 5.0 84.1 11.5 
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4.4 Experimental validation of the extended model 

with degradation 
 

To validate the accuracy of the extended model with 

degradation, the model is validated by the experimental 

results of the RC structure with SCEB. Large-scale 

experiments of the RC frames without and with SCEB were 

carried out at the Key Laboratory of Urban Security and 

Disaster Engineering of Ministry of Education in Beijing 

University of Technology. Fig. 10(a) shows a general view 

of the scaled specimen. As shown, the diameter of each 

circular column is 300 mm and the height is 1600 mm. The 

center-to-center distance between the two columns is 2600 

mm. The cross-section of the square beam is 400 mm400 

mm and the length is 3600 mm. C40 concrete was used for 

the specimen. The compressive strength of the concrete at 

28 days was tested and the value was 35.3 MPa. Twelve 

rebars with a diameter of 10 mm are installed along the 

column, and the longitudinal reinforcement ratio is 1.3%. 

The diameter of the stirrup is 6 mm and the space between 

adjacent stirrups is 80 mm, which results in a transverse 

reinforcement ratio of 0.6%. The column has a 25 mm 

concrete cover over the reinforcement bars. Figs. 10(b) and 

(c) show the cross sections of the column and the beam, 

respectively. Table 4 lists the design parameters of the two 

specimens, including the axial load ratio, longitudinal 

reinforcement ratio and transverse reinforcement ratio. 

 The photo of the test setup and the specimen is 

illustrated in Fig. 11(a). As shown, one actuator is 

horizontally installed to provide the cyclic load to the 

specimen and two hydraulic jacks are used to provide the 

vertical load. In the present study, the vertical load provided 

by the two jacks is 15% of the axial load carrying capacity 

of the column, i.e. 0.15𝑓𝑐
′𝐴𝑔 (Imbsen 2007), in which 𝑓𝑐

′ 

is the concrete compressive strength, and 𝐴𝑔 is the cross 

section area of the columns. The vertical load provided by  

 

 

 

each jack is therefore 202.4 kN based on the information 

provided in Fig. 10(a) and Table 4. The behaviors of the 

frame specimens with and without SCEB under the cyclic 

loadings were tested. The loading protocol as suggested by 

the Chinese Specification of Testing Methods for 

Earthquake Resistant Structures is shown in Fig. 11(b). It 

should be noted that the frame without SCEB was applied 

with a displacement of around 90 mm, while only a 

displacement of 52 mm is applied for the specimen with 

SCEB. This is because the displacement capacity of the 

frame with SCEB is affected by the deformability of the 

SCEB, and the displacement capacity of the SCEB is 

controlled by the gap between the end plate and the plate at 

the end of the disc spring as shown in the Fig. 8(b). The gap 

of the SCEB was not very well designed in the tests, and it 

was only 60 mm, which constrained the deformation 

capability of the brace. When the brace with larger 

allowable displacement is designed, the same or even better 

displacement capacity can be achieved. 

Table 5 lists the corresponding parameter values of the 

extended model with stiffness and strength degradation 

based on the design parameters of the structures and the 

parameter identification using UKF as mentioned in Section 

4.2. Moreover, the model parameters of the SCEB remain 

unchanged as mentioned in Section 4.3. The recorded 

lateral load-deformation hysteretic curves of the RC frame 

are presented in Fig. 12(a). As shown, the hysteretic curves 

of the RC structure without SCEB are plump and with 

obvious stiffness and strength degradations due to the 

severe concrete and rebar damages at the top and bottom of 

the columns. This result coincides well with many previous 

studies (e.g. (Bazaez and Dusicka 2016)). The hysteretic 

curves also show that the large residual displacement 

existed in the RC frame after the test. As shown in Fig. 

12(a), when a displacement of 88 mm is applied to the  

 
(a) general view (b) A-A section of the column (c) B-B section of the cap beam 

Fig. 10 Details of the RC structure specimen 

Table 4 Design parameters of the two specimens 

Specimen Brace 
Span 

(mm) 

Column 

height 

(mm) 

Axial 

load ratio 

Longitudinal reinforcement Transverse reinforcement 

Dimeter 

(mm) 
Reinforcement ratio 

Dimeter 

(mm) 

Spacing 

(mm) 

Transverse 

reinforcement ratio 

RC frame - 2600 1600 0.15 10 1.3% 6 100 0.6% 

RC frame with 

SCEB 
SCEB 2600 1600 0.15 10 1.3% 6 100 0.6% 
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Fig. 11 Comparisons of the experimental and predicted 

results of the SCEB 

 

Table 5 Parameter values of the extended models for the RC 

frame and the RC frame with SCEB 

Specimen 𝛼𝑅 𝛽𝑅 𝛾𝑅 𝑛𝑏 𝛿𝜂 𝛿𝜐 𝑞 𝑝 𝜓 𝛿𝜓 𝜆 
𝑘𝑅1 

(kN/mm) 

RC frame/ 

RC frame 

with SCEB 

0.05 0.4 
-

0.6 
2.0 0.05 0.1 0.15 2.5 0.3 0.001 0.25 10.8 

 

 

specimen, the residual displacements in the negative and 

positive displacement directions are -72 mm and 69 mm, 

respectively. 

The lateral load-deformation hysteretic curves of the 

structure with SCEB are shown in Fig. 13(a). It can be seen 

that the structure with SCEB exhibited a flag-shaped 

hysteretic curve with excellent self-centering capability. 

This figure also shows that the SCEB system can 

effectively increase the strength and the stiffness of the RC 

structure. The residual displacements are only 7.6 mm and 

8.4 mm in the positive and negative directions respectively 

when the ultimate displacement of 52 mm is applied. It 

should be noted that the hysteresis behavior of the frames 

with SCEB behaves no great strength degradation as shown 

in Fig. 13. However, the slight strength degradation can be 

observed. This is because that the hysteresis curves of the 

frame with SCEB is the summation of that of the frame and 

that of the SCEB, and the RC frame behaves obvious 

strength degradation and the SCEB has no significant 

degradation. 

Figs. 12(a) and 13(a) show the comparisons of the 

hysteretic curves of the RC structure without and with  

 
(a) hysteretic curves 

 
(b) dissipated energy 

Fig. 12 Comparisons between the experimental and 

predicted results of RC frame 
 
 

SCEB between the predicted results and the experimental 

results. The black full lines represent the experimental 

results and the red dot lines stand for the predicted results. It 

can be seen that in general good matches are obtained, 

which demonstrates the accuracy of the extended model. As 

shown, the initial stiffness, the post-yielding stiffness, the 

yield displacement and the corresponding force of the tested 

specimens are well captured by the predicted results. In 

particular, the extended model is capable of capturing the 

structural self-centering and energy dissipation capabilities 

of the structure with SCEB. 

To quantitatively examine the results, the predicted 

results and the corresponding errors with respect to the 

testing data are summarized in Table 6. For experimental 

results, the peak forces of the structure with SCEB in the 

positive and negative directions are 983 kN and 1037 kN, 

respectively. In comparison, the peak forces of the predicted 

model in the positive and negative directions are 967 kN 

and 945 kN, respectively. The errors of the peak forces 

between the experimental results and the predicted results in 

the positive and negative directions are only 1.6% and 

8.8%, respectively. The errors of the dissipated energy for 

the structures without and with SCEB are also quite small 

as shown in Figs. 12(b) and 13(b). For the residual 

displacements (𝛿), the errors of the experimental and 

predicted results for the structure without SCEB are very 

small (the errors in the positive displacement direction and 

negative displacement direction are only 9.2% and 10.2%, 

respectively). However, for the structure with SCEB, the 

errors in the positive and negative displacement directions 

are slightly large. This is because the absolute experimental 
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(a) hysteretic curves 

 
(b) dissipated energy 

Fig. 13 Comparisons of the experimental and predicted 

results of the RC frame with the SCEB 

 

 

values are quite small, which are 7.4 mm and 8.6 mm 

respectively in the positive and negative displacement 

directions. Very small variation of the absolute value can 

lead to obvious large differences in percentage. Overall, the 

extended model is able to predict the experimental force-

displacement response of the structure with SCEB with 

good precision. These comparisons verify the reliability of 

the extended model in simulating the nonlinear responses of 

the RC structure with SCEB. 
 

 

5. Extended model application in nonlinear time 
history analysis 

 

The above numerical results present that the extended 

Bouc-Wen model can well simulate the hysteresis 

characteristics of the RC structure with SCEB. Further 

investigation is required to understand the seismic 

responses of the RC structure with SCEB under seismic 

loadings. For comparison, the seismic responses of the RC 

structure without SCEB are also calculated and discussed.  

 

 

Fig. 14 Ground acceleration time histories 

 

 

The prototype RC frame is selected as an example for the 

analysis. The height of each column is 4.8 m, and the 

diameter of the circular column is 0.9 m. The center-to-

center distance between two columns is 7.8 m. In the 

column, 18 longitudinal rebars with a diameter of 24 mm 

are installed evenly in the cross section. The diameter of the 

stirrups is 10 mm and the spacing between adjacent stirrup 

is 65 mm. These rebars result in a longitudinal 

reinforcement ratio of 1.3% and a transverse reinforcement 

ratio of 0.6%. The addition of the brace to the structure 

influences the dynamic characteristics of the frame in the 

transverse direction, so only the seismic excitation in the 

transverse direction is considered in the numerical 

simulation (Dong et al. 2017). Considering the 

requirements of the relevant Chinese seismic design code, 

three actual acceleration records were selected: Kobe 

earthquake record, El-Centro earthquake record and 

Northridge earthquake record. Fig. 14 shows the 

acceleration time histories of the ground motions. To more 

clearly understand the influence of the SCEB on the 

structural seismic performance, the PGA of these three 

ground motions is scaled to 0.8 g in the numerical 

simulation. 

 Fig. 15 shows the seismic responses of the RC 

structures without and with SCEB under three earthquake 

motions, and the corresponding peak values are summarized 

in Table 7. Fig. 16 presents the hysteretic curves of the RC 

frame and the RC frame with SCEB subjected to the three 

earthquake records. It should be noted that the duration of 

the three earthquake loadings shown in Fig. 14 is 30 s. To 

capture the residual displacement, the simulations are 

carried out until the RC structure becomes stable. As shown 

in Fig. 15, the RC structure almost stops vibrating when the 

time reaches 40 s under these three earthquake loadings. 

Fig. 15 also shows that the extended Bouc-Wen model with 

self-centering effect is robust for seismic responses  

Table 6 Relative error associated with the comparison between prediction results and experiment results of the RC frame and 

the RC frame with SCEB 

Specimen 
Fmax 

(kN) 
Jre (%) 

Fy 

(kN) 
Jre (%) 

  
(mm) 

Jre (%) 

RC frame 
Experiment -193 188 

5.8 8.4 
141 136 

13.4 16.2 
-65 64 

9.2 10.9 
Prediction -178 193 160 158 -59 71 

RC frame 

with SCEB 

Experiment -1037 983 
8.8 1.6 

-460 480 
8.9 5.8 

-8.6 7.4 
16.3 31.1 

Prediction -945 967 501 452 -7.2 5.1 
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prediction in dynamic analysis of the RC structure with 

SCEB. 

Fig. 15(a) shows the displacement time histories of the 

RC structures without and with SCEB under seismic 

loadings. As expected, when the SCEB is used to the RC 

structure, much smaller residual displacements are obtained 

as compared with the RC structure without SCEB. As 

shown, the residual displacements of the RC structure 

without SCEB are 23.1 mm, 3.9 mm and 21.5 mm 

respectively under the three earthquake grounds. When the 

SCEB is used, the corresponding values reduce to 3.0 mm, 

0.5 mm and 0.7 mm, with the reduction ratio reaching 

87.0%, 87.2% and 96.7% respectively. This is due to the 

excellent self-centering capability of the SCEB, which 

behaves a typical flag-shaped hysteresis behavior, as shown 

in Fig. 16. 

It can be seen from Fig. 15(a) and Table 7, the influence 

of the SCEB on the peak displacement responses of the RC  

 

 

 

 

structures is also very obvious. The SCEB can effectively  

decrease the peak displacement responses of the RC 

structure. For the RC structure with SCEB, the reduction 

ratio of the peak displacement are 63.5%, 27.1% and 31.5% 

respectively with an average of 40.7% for the three 

earthquake ground motions. This better performance is 

mainly attributed to higher elastic lateral stiffness and better 

energy dissipation capability of the SCEB. 

The acceleration time histories of the RC structure 

without and with SCEB are shown in Fig. 15(b), the 

corresponding peak values are tabulated in Table 7. It can 

be seen that the acceleration of the RC structure with SCEB 

is slightly larger than that of the RC structure without 

SCEB. As shown, the peak accelerations are 1.46 g, 0.91 g 

and 1.38 g respectively for the RC structure without SCEB. 

When the SCEB is used, the corresponding values increase 

to 1.58 g, 0.99 g and 1.59 g, with the rate of increase only 

reaching 8.2%, 8.8% and 15.2% respectively. The results 

Table 7 Seismic responses of the RC frames without and with SCEB under earthquake actions 

Conditions 
Residual displacement（mm） Peak displacement（mm） Peak acceleration（g） 

Kobe EL-Contro Northridge Kobe EL-Contro Northridge Kobe EL-Contro Northridge 

RC frame 23.1 3.9 21.5 208 129 149 1.46 0.91 1.38 

RC frame with SCEB 3.0 0.5 0.7 76 94 102 1.58 0.99 1.59 

    
(a) displacement                           (b) acceleration 

Fig. 15 Seismic responses of RC frame and RC frame with SCEB subjected to the three earthquake records 

 
(a) Kobe earthquake              (b) El-Centro earthquake              (c) Northridge earthquake 

Fig. 16 Hysteretic curves of RC frame and RC frame with SCEB subjected to three earthquake records 
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are consistent with several previous studies, for example, 

the previous study by Christopoulos (2008) present that the 

self-centering energy dissipative brace tends to increase the 

peak acceleration response of the structure due to the large 

stiffness and the sharp transitions between the elastic and 

inelastic response. Fig. 16 shows the hysteretic curves of 

the RC structures without and with SCEB subjected to three 

earthquake records. It is apparent that the SCEB can 

amplify the stiffness of the RC frame, and the hysteresis 

behaviors of the structures with SCEB behave sharper 

transitions between the elastic and inelastic response. Fig. 

16 also shows that the RC structure with SCEB behaves the 

excellent self-centering ability and the stable energy 

dissipation capability for the nonlinear dynamic analyses. 
 

 

6. Conclusions 
 

The SCEB with the excellent self-centering ability can 

be utilized in RC structures to minimize the residual 

deformation of the structure. To effectively predict the 

seismic responses of the RC structures with SCEBs, a 

mathematical method based on Bouc-Wen model was 

developed. The extended model is simple and effective, 

especially can be used to simulate the dynamic responses of 

the RC structure with SCEB. The extended Bouc-Wen 

model is capable of capturing the self-centering effect and 

the degradations of the RC structure with SCEB by 

programming in the Matlab/Simulink environment. 

Furthermore, the extended model can accurately predict the 

force-displacement hysteretic behavior of the RC structure 

using SCEB with different self-centering forces. 

To validate the availability of the extended Bouc-Wen 

model, large-scale experimental studies of the SCEB and 

the RC structure without and with SCEB were carried out. 

The predicted results using the UKF for the parameter 

identification were compared with the experimental results. 

The comparison results reveal the hysteretic behavior 

obtained from the extended model could be good agreement 

with the experimental results. The extended Bouc-Wen 

model was viewed to be reasonably accurate as the force 

and the residual displacement values of the RC structure 

with SCEB. Furthermore, a series of nonlinear time history 

analyses based on the extended Bouc-Wen model were 

performed to investigate the effect of the SCEB on the 

seismic performance of the RC structure. Numerical results 

demonstrated that the RC structure equipped with SCEB 

showed much smaller residual displacement compared to 

the RC structure without SCEB. Numerical results also 

indicated that the SCEB system tended to amplify the peak 

acceleration of the RC structure. Given the analysis results 

obtained in this article, the extended Bouc-Wen model with 

self-centering effect is robust. Moreover, the extended 

model is capable of accurately predicting the hysteretic 

behavior of the RC structure with SCEB with strength and 

stiffness degradations and self-centering effect. 
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Notations 

 

m System mass 

u System displacement 

t Time 

F Restoring force 

c Viscous damping 

z Hysteretic displacement 

k Stiffness 

  Ratio of yield and initial tangent stiffness 

   Parameter of controlling the loop size 

A Parameter of the tangent stiffness 

n Parameter of controlling the loop smoothness 


 

Parameter of stiffness degradation 


 Parameter of strength degradation 

  Hysteretic energy 

Sgn() Signum function 

h(z, ) Pinching function 

q Parameter of pinching level 

p Parameter of the rate of initial drop in slope 

s
 Parameter of total slip 

  Parameter of contribution to amount of 

pinching 


 Parameter of the rate of pinching spread 

  Parameter of the pinching ratio 

f0 
Pre-stressing force of the self-centering 

system 

ug Excitation 
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