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Abstract.

This paper studies application of modified couple stress theory and first order shear deformation theory to magneto-

electro-mechanical vibration analysis of three-layered size-dependent curved beam. The curved beam is resting on Pasternak’s
foundation and is subjected to mechanical, magnetic and electrical loads. Size dependency is accounted by employing a small
scale parameter based on modified couple stress theory. The magneto-electro-mechanical preloads are accounted in governing
equations to obtain natural frequencies in terms of initial magneto-electro-mechanical loads. The analytical approach is applied
to investigate the effect of some important parameters such as opening angle, initial electric and magnetic potentials, small scale
parameter, and some geometric dimensionless parameters and direct and shear parameters of elastic foundation on the magneto-

electro-elastic vibration responses.
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1. Introduction

To measure deformations or stresses in structures and
coupled systems and also to perform a defined work, the
piezoelectric materials are used as sensor or actuator in
electro-mechanical systems. These effects are used
frequently in electro-magneto-mechanical systems. These
materials can be used in small scales such as micro or nano
for some specific operations. To capture the various
mechanical, vibrational, thermal and buckling analysis of
piezoelectric and piezomagnetic structures in small scales,
some non classical theories such as nonlocal Eringen
elasticity theory, modified couple stress theory and strain
gradient theory have been developed by various researchers.
This paper aims to consider the effect of couple stress
theory on the magneto-electro-mechanical vibration
analysis of laminated curved beam integrated with
piezomagnetic layers as sensor and actuator subjected to
initially electric and magetic potentials. The literature
review is presented to show that the subject of this paper
needs some more consideration.

Radial vibration analysis of a curved beam was studied
by Petyt and Fleischer (1971) using finite element method
to present natural frequencies of curved beam for various
boundary conditions such as simply supported, hinged and
clamped ends. Surana et al. (1989) provided three
dimensional nonlinear analysis of a curved beam using the
total Lagrangian approach. Raveendranath et al. (2000)
summarized some advantages and characteristics of a two-
noded shear flexible curved beam element including three
degree of freedom at each node based on curvilinear deep
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shell theory. The displacement field was assumed using a
cubic polynomial function for radial and tangential
displacements and section rotation. The results indicated
that performance of the element is much superior to other
elements of the same class. Effect of sinusoidal excitation
was studied on the nonlinear buckling responses of
clamped-clamped curved beam by Poon et al (2002).
Runge-Kutta numerical integration method was used for
solution of the governing equations of motion. Shi (2005)
analyzed bending behaviors of a piezoelectric and
functionally graded curved actuator based on theory of
piezo-elasticity subjected to an external voltage. The
influence of power index of functionally graded material
has been investigated on the results and the obtained results
have been approved by comparison with finite element
approach.

Piovan et al. (2015) presented dynamic analysis of
magneto-electro-elastic curved beams. The aim of this work
was to control motions and/or attenuate vibrations, for
energy harvesting. The responses of curved beam were
evaluated based on finite element method. One-dimensional
beam theory of piezo-elasticity was employed by Kuang et
al. (2007) in order to study static responses of a circular
curved beam integrated with piezoelectric actuators. The
obtained results have been verified by comparison with
finite element results. Shi and Zhang (2008) studied
bending analysis of a functionally graded piezoelectric
curved beam subjected to external electric potential using
theory of piezo-elasticity. The effect of variable curvature
on the transient analysis of a curved piezoelectric beam
with a piezoelectric vibration energy harvester was studied
by Zhou et al. (2017). Arefi (2015) studied elastic solution
of a curved beam made of functionally graded materials
with various cross sections such as circular, rectangular and
triangular. The influence of some important parameters such
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as non-homogeneous index and various cross sections has
been investigated on the stress distribution of curved beam.
Zhou et al. (2010) studied the piezoelectric laminated
curved nano beams with variable curvature as an element of
electromechanical systems. They modeled the curved beam
using radial and tangential displacements and rotation. The
influence of some geometrical parameters and patterns of
layers was studied in detail. The influence of applied
electric and magnetic potentials on the sandwich rod, beam
and plates has been studied by researchers (Arefi and
Zenkour (2017a-f), Arefi 2016, Arefi et al. 2018).

Vu-Bac et al. (2016) provided a sensitivity analysis for
quantifying the influence of uncertain input parameters on
uncertain model outputs. The effectiveness of this study
were highlighted using numerical studies based on
analytical functions. Hamida et al. (2018) provided a
sensitivity analysis for identification of key input
parameters affecting energy conversion factor of
flexoelectric materials. The numerical results indicated that
the flexoelectric constants are the most dominant factors
influencing the uncertainties in the energy conversion
factor. Ghasemi ef al. (2018) presented a computational
methodology for topology optimization of multi-material-
based flexoelectric composites. They provided some
numerical examples for two, three and four phase
flexoelectric composites to demonstrate the flexibility of the
model that can be obtained using multi-material topology
optimization for flexoelectric composites. Some related
works to optimization and computational methods of
flexoelectric and piezoelectric structures were studied by
various researchers (Ghasemi et al. 2017; Thai et al. 2017;
Nanthakumar et al. 2016; Nguyen et al. 2018)

A comprehensive literature review on the important
works related to some significant topics such as electro-
magneto-elastic problems, size dependent analyses,
magneto-electro-elastic vibration and some related works
on them in micro and nano scales and curved structures has
been completed above. One can conclude that although
some works on the curved beam have been reported by
various researchers, however it is investigated that there is
no comprehensive work on application of first order shear
deformation theory and modified couple stress theory to the
magneto-electro-elastic vibration analysis of laminated
micro curved beam subjected to electro-magneto-
mechanical loads. The governing equations of motion are
derived based on Hamilton’s principle. The significant
numerical results including free vibration characteristics are
presented in terms of important parameters such as opening
angle, micro length scale parameter, initial electric and
magnetic potentials and two parameters of Pasternak’s
foundation and.

2. Formulation

To capture the influence of micro scales on the vibration
responses of curved structure (Figure 1), modified couple
stress theory is employed. Based on this theory, strain
energy is expressed as follows:
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Fig. 1 The schematic figure of a three-layer curved
nanobeam

In which o; and g are the components of the stress and
strain tensors, m; are the components of the deviatoric part
of the symmetric couple stress tensor and y; are the
components of the symmetric curvature tensor that are
defined as follows:

E 5 1 - >\
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In which / is the material length scale parameter and 6;
are the components of the rotation vector. In Eq. 1, D;, B;
are electric displacement and magnetic induction
components and E;, H; are electric and magnetic field
components.

The electric displacement and magnetic induction
components along the radial and circumferential directions
are derived as:

Drp = ereepge + ErrpEr + mrrpHr
Dg® = egrgPYro + €9gPEg + mggPHyg
Brp = Qraepfe + mrrpEr + /“‘rrpHr
Bg? = qoro?Vre + MgoPEg + oo Ho

3)

in which m;; and p;; are dielectric and electromagnetic
coefficients. In order to complete constitutive mechanical,
electrical and magnetic loads, the electric and magnetic
potentials should be completed. For this aim, the electric
and magnetic potentials are defined as (Arefi and Zenkour
2017a-f, Arefi 2016, Arefi et al. 2018)
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In which, gy, ¢, are applied electric and magnetic
potentials, p=ZihZ—eihZ—p for top and bottom piezo-
magnetic face-sheets, respectively. The first term in electric
and magnetic potentials is applied electric and magnetic
potentials and second terms are used for description of
homogeneous electrical and magnetic boundary conditions.

Electric and magnetic fields are derived based on
following relation in terms of electric and magnetic
potentials (Arefi and Zenkour (2017a-f), Arefi 2016, Arefi
et al. 2018).
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In this stage and using the Hamilton’s principle [ § (T —
U +V)dt =0, we can derive the governing equations of
motion. The variation of strain energy §U is defined as:

The work performed by external works including
mechanical, electrical and magnetic loads is expressed as
follows:

1du
Wexe = f (No + Ng + Ny) (= —2)? rd6. 7
] r do

In which Ny.Ng.Ny are mechanical, electrical and
magnetic pre-loads. N is direct pre-mechanical loads and
remained terms are pre-electrical and mechanical loads that
are defined as:
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The terms defined in Eq. 8 show pre-loads due to
electrical and mechanical loads. Substitution of strain
energy, kinetic energy and external woks into Hamilton’s
principle leads to final governing equations of motion as
follow:
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Substitution of resultant components in terms of basic
relations into governing relations leads to:
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Table 1 Variation of first, second and third natural
frequencies (in GHz) in terms of applied voltage

Table 3 Variation of first, second and third natural
frequencies (in GHz) in terms of small scale parameter

¥, w1 (1% mode) (2" mode) w3(3" mode) 1 w (15t mode) w5, (2rd mode) w3 (3 mode)
0 423.30 1066.87 1724.66 0.9 394.26 1022.55 1675.52
10 423.38 1067.01 1724.86 0.95 409.05 1045.29 1700.61
20 423.46 1067.15 1725.06 1 423.30 1066.87 1724.67

Table 2 Variation of first, second and third natural
frequencies (in GHz) in terms of applied magnetic

D, w1 (1% mode) w,(2" mode) w3(3"Ymode)
0 423.30 1066.87 1724.66
0.1 423.20 1066.69 1724.41
0.2 423.09 1066.51 1724.16

3. Solution procedure

In this section, the solution procedure for electro-
magneto-mechanical vibration results is developed. The
proposed solutions for a simply-supported curved sandwich
beam are expressed as:

(o= 2 e ] (D

in which a = mr[R/ 1, and  is natural frequency of

the problem. This solution is applicable for simply-
supported boundary conditions and homogeneous electric
and magnetic boundary conditions. For other boundary
conditions, the numerical and semi-analytical methods
should be developed. Substitution of proposed solution into
governing equations of motion leads to below equation:

[K1{X} = w?[M]{X} (12)

In which {X} = {U,, Ug, X, ¥, ®} is an unknown vector
corresponding to five unknown functions, [K] is stiffness
matrix and [M] is mass matrix. Solution of characteristic
equation Det{[K] — w?[M]} =0 leads to natural
frequencies of the problem.

4. Results and discussions

In this section, the numerical results of the problem are
presented. The electro-magneto-elastic vibration results are
presented in this section in terms of important parameters of
the sandwich curved beam such as length scale parameter,
applied electric and magnetic potentials, direct and shear
parameters of Pasternak’s foundation and opening angle. To
account length scale parameter, a dimensionless parameter
1 is defined as: 1’ =1x 17.65um.

Tables 1 and 2 list variation of first, second and third
natural frequencies in terms of various values of applied
electric and magnetic potentials, respectively. It is observed
that the natural frequencies are increased with increase of
applied electric potential and decrease of magnetic
potential. One can see that these behaviors are in
accordance with results of literature (Liu ef al. 2013).

Table 4 Variation of first, second and third natural
frequencies (in GHz) in terms of applied magnetic

0= L/R w;(1stmode)  w,(2"d mode)  w3(3' mode)
0/8 578.07 1396.71 2211.95
1 423.30 1066.87 1724.66
1/2 325.28 847.39 1396.71

Table 5 Variation of first, second and third natural
frequencies (in GHz) in terms of applied magnetic

Ny (1% mode) w,(2" mode) w3(3" mode)
0 423.30 1066.87 1724.66
1E3 422.39 1065.30 1722.42
1E4 414.127 1051.04 1702.15
1,500
—+1stmode -+ 2nd mode -+ 3rdmode
w
1,000
500 L
0
1] 2E+15 Kl 4E+15

Fig. 2 Variation of first, second and third natural
frequencies (in GHz) in terms of direct parameter of
foundationK;

Table 3 lists the influence of small scale parameter on
the free vibration responses of sandwich curved beam. One
can conclude that with increase of small scale parameter /,
the stiffness of structure is increased and consequently the
natural frequency is increased. It is concluded that this
conclusion is completely in accordance with results of
literature (Arefi et al. 2018).

Variation of first three natural frequencies of sandwich
curved beam in terms of various opening angles is listed in
Table 4. One can conclude that with increase of opening
angle, the natural frequencies are decreased significantly.

Table 5 lists variation of first three natural frequencies
of sandwich curved beam in terms of various mechanical
pre-loads (Ng). One can conclude that increase of pre-loads
leads to decrease of fundamental natural frequency.

Figures 2 and 3 show variation of first three natural
frequencies of sandwich curved beam in terms of direct and
shear parameters of Pasternak’s foundation, respectively. It
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Fig. 3 Variation of first, second and third natural
frequencies (in GHz) in terms of shear parameter of
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Fig. 4 Variation of first, second and third natural
frequencies (in GHz) in terms of direct parameter of
foundationh,, /h,

is observed that with increase of two parameters, the
fundamental natural frequencies are increased significantly.
It is concluded that with increase of both parameters of
foundation, the stiffness is increased and consequently the
fundamental natural frequencies are increased significantly.
Figure 4 shows variation of first three natural
frequencies of sandwich curved beam in terms of
piezoelectric to core thickness ratio h,/h, . The numerical
results indicate that with increase of  hy,/h,, the
fundamental natural frequencies are increased significantly.
It is concluded that with increase of piezoelectric to core
thickness ratio h,/h,, the portion of core in bending
stiffness of sandwich structure is increased and
consequently the natural frequencies are increased.

5. Conclusion

Magneto-electro-elastic vibration analysis of a three-
layered curved beam was studied in this paper based on
modified couple stress formulation and first-order shear
deformation theory. Hamilton’s Principle was used to derive
governing equations of motion in terms of displacement
field and magnetic and electric fields. The numerical results
were presented in terms of length scale parameter, opening
angle, initial electric and magnetic potentials, direct and
shear parameters of foundation and piezoelectric thickness

to core thickness ratio. Some significant outputs of this
analysis are expressed as follows:

Initial electric and magnetic potentials lead to significant
changes of natural frequencies. It is observed that the
natural frequencies are increased with increase of initial
electric potential and decrease of magnetic potential.

The numerical results show that with increase of length
scale parameter, the stiffness of curved beam is increased
and consequently the natural frequencies are increased
significantly.

Investigation on the effect of opening angle indicates
that with increase of opening angle of curved beam, the
stiffness is decreased and then the natural frequencies are
decreased.

The influence of piezoelectric to core thickness ratio
h,/h, was studied on natural frequencies for the case that
total thickness of curved beam to be constant. It is
concluded that with increase of piezoelectric to core
thickness ratioh,,/h,, the bending stiffness of sandwich
structure is increased and consequently the natural
frequencies are increased.
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