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1. Introduction 
 

The coming of advanced structural concepts of 

structures’ designs and high strength materials enables 

architects to design lighter, slender and more aesthetic 

footbridge structures with higher spans having ever lower 

natural vibration frequencies. As a conse quence, 

footbridges become more susceptible to human-induced 

vibrations. Therefore, in recent decades vibration 

serviceability problems have been attracted great public 

attention and indisputably constitute the critical design 

requirement in the field of structural engineering (Lai et al. 

2017, Živanović et al. 2005, Tubino and Piccardo 2016, 

Gheitasi et al. 2016, Lasprilla 2016, Lievens et al. 2016, 

Carmona et al. 2017, Živanović et al. 2005, Wang  
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2017). 

In order to enable the designer to check the vibration 

serviceability, several current design guidelines and 

specifications have provided some recommendations and 

limitations as comfort criteria, concerned with prediction of 

the vibration in the vertical direction, and those comfort 

requirements fall into two main categories, that is, structural 

frequencies limit values and acceleration limit values 

(Gheitasi et al. 2016, Al-Askari et al. 2015). All of these 

corresponding limits of the guideline have been widely 

applied to evaluate whether the peak accelerations under 

human-induced dynamic loading satisfies the serviceability 

allowable limitations given by the existing codes 

(Živanović 2012, Van Nimmen et al. 2014, Sadeghi et al. 

2015, Davis and Avci 2015, Garmendia Purroy 2017). 

Pedestrian-induced vibrations can cause discomfort to 

footbridges’ users. In order to reduce excessive vibrations, 

there are two kinds of vibration reduction measures as 

follows: 1) part of the energy is transferred to structural 

control devices, where the design of Tuned Mass Dampers 

(TMDs) can be used to mitigate structural vibrations 

(Lievens et al. 2016, Tubino and Piccardo 2015, Fiebig 

2010, Caetano et al. 2010, Carmona et al. 2017); 2) tuning 

the natural frequencies of the structure is another effective 

way to make the natural frequencies of the structure away 

from the range of the step frequency of the pedestrian, 
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aiming to avoid pedestrian-induced resonance. However, 

from the review of the existing literature, it’s found that 

there are very few researchers taking advantage of this 

important idea, because it’s hard to achieve in practical 

engineering. But in fact, it can be noticed that at present 

most of the footbridges are prefabricated structures, which 

lead to the application of semi-rigid supported makes it 

easier to tune the natural frequencies of the structure in 

design stage than people imagined. Subsequently, this work 

will compare the vibration reduction of the TMD with that 

of semi-rigid supported. 
Footbridge dynamics is a complex issue, requiring the 

designer to have a high level of knowledge of human-
structure interaction (HSI) and modelling of pedestrians as 
well as structural dynamics (Zäll et al. 2017). According to 
Živanović et al. (Živanović et al. 2005; Živanović et al. 
2009, Živanović et al. 2010), a reduction of the response is 
going to occur by considering the HSI while compared to 
experimental data. That is to say, the HSI could have 
significant effects on the structural response and showed 
that the HSI has to be taken into account especially for 
lightweight and slender footbridges. 

Due to the fact that the human body is a very 

sophisticated dynamic system and the diversity of modeling 

techniques, there exist different HSI system models in the 

literature to incorporate HSI, which can be grouped as 

follows: 1) a model with three degrees of freedom 

developed by Miyamori et al. to represent the dynamics of a 

walking pedestrian in the vertical direction (Miyamori et al. 

2001); 2) a model with two-degrees of freedom (2-DOF) 

biodynamic model whose parameters are, otherwise, 

applicable to standing people (Kim et al. 2008); 3) a 

moving spring mass damper (SMD) model proposed by 

Caprani et al. to represent each pedestrian crossing the 

structure in addition to a force model for the same 

pedestrian (Caprani et al. 2011); 4) a single degree of 

freedom (SDOF) biodynamic model employed to represent 

the action of a walking pedestrian in the vertical direction 

(Silva and Pimentel 2011), etc. In this study, the advantages 

and disadvantages of the above models are 

comprehensively compared and the biodynamic model is 

finally selected to represent the action in the vertical 

direction of a pedestrian walking along a footbridge. 

Generally speaking, many investigated structures to be 

chosen for theoretical and experimental analysis in the 

previous literature can be summed up in the following 

aspects, i.e.,1) the most footbridges were assumed to be a 

simply supported beam structure. Although this assumption 

simplifies the calculation model and the analysis process, it 

may not accurately describe the actual work situation of the 

structure (Sadeghi et al. 2015, Tubino and Piccardo 2015, 

Caprani et al. 2011, Da Silva et al. 2013, Dang and 

Živanović 2013, Pfeil et al. 2014, Oliveira 2014, Caprani 

and Ahmadi 2016, Jiménez-Alonso et al. 2016, Venuti et al. 

2016, Ahmadi et al. 2017); 2) most of the current evaluation 

criteria of vibration serviceability rely on the dynamic 

response of the given footbridge rather than of the people 

keeping their own body unmoved on the footbridge who is 

the typical receiver of footbridge vibrations; 3) many 

current design guidelines estimate a single response level 

for an average pedestrian crossing the footbridge with the 

step frequency that matches a footbridge natural frequency. 

But actually, it is very often difficult to achieve the resonant 

condition during walking for a single person. To overcome 

these shortcomings and accurately estimate the range of 

structural vibrations, Živanović et al. put forward a 

probabilistic procedure that is more informative than a 

single value that is the outcome of the current design 

guidelines (Živanović et al. 2007, Žcaronivanović and 

Pavić 2011); 4) the governing equations of motion for 

beam-oscillator system are generally described in terms of 

partial differential equations with Dirac-delta function 

(Tubino and Piccardo 2015, Caprani et al. 2011, Caprani 

and Ahmadi 2016, Tubino and Piccardo 2016, Jafari and 

Eftekhari 2011). As far as the methods of solving dynamic 

response are concerned, the mode superposition method is 

chosen in most cases (Tubino and Piccardo 2015, Caprani et 

al. 2011, Caprani and Ahmadi 2016, Tubino and Piccardo 

2016). In addition, Eftekharia (Eftekhari 2016) presented a 

coupled differential quadrature-integral quadrature (DQ-IQ) 

approach and introduced two simple approximations to 

solve the problems especially for moving load class of 

problems, which can be easily and directly applied to 

various partial differential equations involving the Dirac-

delta functions.  

The structure of the paper is as follows. In the first part 

of this paper, a full path assessment approach of vibration 

serviceability based on vibration source, path and receiver 

is tentatively proposed, accounting for the dynamic 

response of a stationary people standing at the mid-span of 

the selected footbridge on which a single person walks 

across, and the coupled governing equation and a variety of 

boundary conditions including semi-rigid supported are 

established in section 2. Then discretization and solution of 

governing equation is presented in section 3. Section 4.1 

and section 4.2 verify the accuracy of the DQ-IQ coupled 

method and the necessity of the HSI, respectively. 

Subsequently, in section 4.3, a full path assessment 

approach is discussed and a probabilistic procedure is 

adopted to obtain the exceedance probability. What’s more, 

section 4.4 compares the vibration reduction of the TMD 

and semi-rigid supported. At the end of this paper, 

discussions and main conclusions are outlined in section 5 

and section 6, respectively. 
 

 

2. A full path assessment approach of vibration 
serviceability based on vibration source, path and 
receiver 

 

Most of the existing evaluation criteria of vibration 

serviceability rely on the peak acceleration of the structure 

rather than that of the standing human keeping their own 

body unmoved on the structure, but actually when the 

pedestrian walks across the vibrating structure, the standing 

human is the real receiver of structural vibrations. In order 

to accurately assess the vibration serviceability, therefore, a 

full path assessment approach of vibration serviceability 

based on vibration source, path and receiver is tentatively 

proposed in this paper. The coupled dynamic system of the 

full path assessment approach of vibration serviceability 

based on vibration source, path and receiver, shown on 
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Fig. 1 The coupled dynamic system of the full path 

assessment approach of vibration serviceability based on 

vibration source, path and receiver in the vertical 

direction 

 

 

Fig. 1, consists of a uniform section beam with semi-rigid 

supported on both sides, length L, mass per unit length m, 

damping c and bending stiffness EI, supporting an oscillator 

(a pedestrian) moving at a velocity v and two static 

oscillators (a standing human and TMD). In the Fig. 1, kα1, 

kα2 are elastic torsional stiffness on both sides of the 

structure, respectively. 
 

2.1 The governing equations of motion for the 
dynamic coupled system of the full path assessment 
approach of vibration serviceability based on vibration 
source, path and receiver 

 

Here, it is assumed that the pedestrian, the standing 

human and the TMD are regarded as oscillators with 

different parameters and always attached to the structure. 

The walking pedestrian enters the beam at t = 0 and exits 

the beam at t = T. When the pedestrian moves over the 

beam, i.e., 0 ≤ t ≤ T, the governing equations of motion for 

the structure and pedestrian can be written in the following 

form shown in Eq. (1) and Eq. (2): 
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(2) 

The equation of motion for each static oscillator (i.e., 

standing human or the TMD) is given by Eq. (3): 

2
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In Eq. (1) - Eq. (3), where v represents walking speed 

(in general, v = 0.9fp , where fp is step frequency), t is the 

walking time, up(t), uh1(t), uh2(t), are respectively the 

vertical displacement of the pedestrian, standing human and 

TMD, u(x,t), u(x̃h1, t), u(x̃h2, t) are respectively the vertical 

displacements of the structure at different positions, x, x̃h1, 

x̃h2 respectively represents the positions of the pedestrian, 

standing human and TMD. δ(x) is the Dirac delta function, 

and its properties can be got in the literature (Eftekhari, S.A. 

2015). Fp(t) represents pedestrian load, which can be 

represented by a Fourier series described by Da Silva (Da 

Silva et al. 2013). 

mp, kp, cp are mass, stiffness and damping of the 

pedestrian, respectively, which can be obtained by using the 

properties of the biodynamic model proposed by Silva and 

Pimentel (Silva and Pimentel 2011). 

mh1, kh1, ch1 are mass, stiffness and damping of the 

stationary people standing on the structure, respectively, 

which can be obtained by adopting the properties of the 

SDOF model proposed by Brownjohn and Zheng (2001), 

meaning that mh1 = 70 kg, khl= 75.88 kNm-1, chl = 1.8 kNsm-

1.  

mh2, kh2, ch2 are respectively the mass, stiffness and 

damping of the TMD, which can be obtained subsequently 

in term of the optimum values of the frequency ratio and of 

the TMD damping ratio presented by Den Hartog (Den 

Hartog 1934).   

Here, the dimensionless coordinates of the applied load, 

standing human and TMD are respectively introduced as 
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Therefore, Eq. (1)-Eq. (3) can be respectively simplified 

to the following non-dimensional forms: 
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2.2 A variety of boundary conditions including 
semi-rigid supported 

 

For prefabricated footbridges, on which semi-rigid 

devices can easily be used and equipped, the assumption of 

semi-rigid supported on both sides of the structure can 

make the model of the prefabricated footbridge more 

consistent with the actual situation. So, in order to fully 

prepare for the following analysis and comparison, a variety 

of boundary conditions including semi-rigid supported are 

given in this section.   

Because Eq. (1) is a 4th order partial differential 

equation, so Eq. (1) can be easily solved as long as there are 

four boundary conditions. According to the Fig. 1, four 

boundary conditions can be given by respectively 

specifying two boundary conditions at the end X=0 and the 

end X=1. In the present work, the following nine types of 

boundary conditions are considered:  
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Here, 𝜂1 =  
𝐿𝑛0−1𝑘𝛼1

𝐸𝐼
, 𝜂2 =  

𝐿𝑛1−1𝑘𝛼2

𝐸𝐼
, are introduced and 

named stiffness ratios here, then Eq. (8) can be simplified to 
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Where n0 and n1
 
may be taken as either 1 or 2. By 

choosing n0 and n1, Eq. (9) can give the following nine sets 

of boundary conditions: 

1 20 1,  1 1,  ,  n n  = = →  →  ——clamped-

clamped 

1 20 2,  1 2,  0,  0n n  = = = =
——simply 

supported-simply supported 

1 20 2,  1 2,  0 ,  0n n  = =      
——semi-

rigid supported-semi-rigid supported 

1 20 1,  1 2,  ,  n n  = = →  → 
——clamped-

simply supported 

1 20 2,  1 1,  0,  0n n  = = = =
——simply 

supported-clamped 

1 20 2,  1 1,  0 ,  n n  = =    → 
——semi-

rigid supported-clamped 

1 20 1,  1 2, ,  0n n  = = →    
——clamped-

semi-rigid supported 

1 20 2,  1 2,  0,  0n n  = = =   
——simply 

supported-semi-rigid supported 

1 20 2,  1 2,  0 ,  0n n  = =    =
——semi-rigid 

supported-simply supported 

 

 

3. Discretization and solution of governing equation 
 
3.1 Discretization of governing equation  
 

Here, the computational domain 0 ≤ X ≤ 1 is divided by 

(N-1) intervals with coordinates of grid points as X1, X2, …, 

Xn, and unequally spaced sampling points introduced by 

Bert and Malik (1996) is adopted here. It is firstly assumed 

that kα1 is equal to kα2, the standing human locate in the 

mid-span of the beam and the TMD is installed in the mid-

span of the beam, which means that η1= η2= η, ζh1 = 
1

2
, ζh2 

= 
1

2
. Secondly, the properties of the Dirac delta-function and 

the coupled DQ-IQ method proposed by Eftekharia (2016) 

is adopted to discrete the governing equations (given in Eq. 

(5) - Eq. (7)) and boundaries conditions (given in Eq. (9)). 

Therefore, Eq. (5) - Eq. (7) are respectively simplified to 
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2
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Where 𝐴𝑖𝑗
(𝑟)

is weighting coefficients of the rth-order 

derivative obtained from the previous literature (Bert and 

Malik 1996);Rq is weighting coefficients of the IQM, which 

can be obtained from the appendix E of previous literature 

(Eftekhari 2015); u(Xq, t) represents the functional value at 

a sample point Xq. 

Eq. (10) - Eq. (12) can be solved simultaneously and 

expressed in a matrix form as follows: 

Mu +Cu +Ku = F  (13) 

Where M, C and K are the mass, damping and stiffness 

matrices, respectively; u, �̇� �̈� and F are the displacement, 

velocity, acceleration and force vectors, respectively.  

When the only one static oscillator representing a 

standing human and a pedestrian are selected here, the 

expressions of F and u are respectively presented as follows:  
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(15) 

When a pedestrian and two static oscillators 

representing a standing human and a TMD are selected here 

at the same time, the expressions of F and u are respectively 

presented as follows:  
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It can be noticed from Eq. (10) that the dynamic system 

of the structure is time-varying and completely different in 

two cases where the position of applied load (pedestrian 

load) is consistent or inconsistent with one of the grid points. 

Namely, when the position of pedestrian load is not 

consistent with one of the DQM grid points, the HSI can’t 

be considered. When the position of pedestrian load is 

consistent with one of the DQM grid points, the HSI can be 

considered. To tackle the above-mentioned difficulty that 

becomes more critical when dealing with moving oscillator 

problem in which the location of the applied load varies 

with time, the approximations to the damping and stiffness 

matrix are proposed in this work except adopting the simple 

approximation to the load vector introduced in the literature 

(Eftekhari 2016). The above approximations are shown in 

Fig. 2 and expressed as follows. Only in this way can the  
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Fig. 2 Representation of approximations to load vector 

and matrices at grid points q-1 and q 
 
 

difficulty caused by the discontinuous change of the 

damping matrix, stiffness matrix and load vector be solved 

well. The accurate results can be obtained when the grid 

spacing becomes very small, which can be easily verified.   

First, the location of the applied load (XF) can then be 

approximated as: 
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Then, for load vector, Eq. (18) can be expressed as  
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Finally, the damping matrix C and stiffness matrix K in 

Eq. (13) are approximately expressed as:  
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3.2 Discretization of boundary conditions 
 

Similarly, by using the DQ method, Eq. (9) can be 

discretized as follows (η1= η2= η)   
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( )1, 0u t =
 

(23c) 

( 1)

, ,

1 1

( ) ( ) 0
n n

n

n j j n j j

j j

A u X A u X
= =

+ = 
 

(23d) 

Eq. (23.a) and Eq. (23.c) can be substituted into Eq. 

(23.b) and Eq. (23.d), respectively, and then Eq. (23.b) and 

Eq. (23.d) can be combined together, which can give two 

solutions, u(X2) and u(Xn-1), as: 

( ) ( )
2

( 1) ( 0)

, , 1, 1,

3

2

1

( ) ( )
1 1

n
n n

n j n j j j

j

j

CK A A CKN A A

u X u X
CN CKN CK CNN

 
−

=

 + − −
 

=
 − 



 

(24a) 

( ) ( )
2

( 0) ( 1)

1, 1, , ,

3

1

1

( )= ( )
1 1

n
n n

j j n j n j

j

n j

CNN A A CN A A

u X u X
CN CKN CK CNN

 
−

=

−

 − − +
 

 − 



 

(24b) 

Where  

( 0)

1,2 1,21 nCN A A= +
 

(25a) 

( 1)

,2 ,2

n

n nCNN A A= −
 

(25b) 

( 0)

1, 1 1, 11 n

n nCK A A− −= +
 

(25c) 

( 1)

, 1 , 1  n

n n n nCKN A A− −= −
 

(25d) 

 

3.3 Solution of governing equations 
 

According to Eq. (24), different types of boundary 

conditions of the beam problem are introduced, and then u2, 

un-1are expressed in terms of u3, …, un-2, which can make the 

total number of unknown quantities reduced from N to N−4. 

Subsequently, the numerical solution of the governing 

equations, that is, the dynamic responses of the coupled 

system can be obtained from Eq. (13) and Eq. (24) 

numerically by using Newmark-β method (Clough and 

Penzien 2003) in this paper.   

 

 
4. Example analysis 
 

In this section, a steel footbridge is selected as the 

engineering background. The main span of the steel 

footbridge is 28m, the width is 2.3m. The main and 

secondary beams of the steel footbridge are composed of H-

beam ( H850 300 16 17   ) of 2 in number and H-beam 

( H250 125 6.5 9   ) of 11 in number, respectively. The 

steel type is Q235. The thick of the bridge deck is 100 mm, 

being made of concrete with a strength grade of C30. After 

conversion, the equivalent bending stiffness of the steel 

steel footbridge EI=3.24×109 N m2, mass per unit length 

m=894.94 Kg. The damping ratio of the structure is equal to 

0.6% as suggested by the guidelines, subjected to a moving 

oscillator and two static oscillators. A single pedestrian load 

associated with time is composed of Fourier series load 

model and the moving oscillator with parameters of the 

biodynamic model, and the static oscillator parameters 

representing a standing human are as follows: mkl = 70 kg, 

kkl = 75.88 kNm-1, ckl = 1.8 kNsm-1. To obtain another static 

oscillator parameters representing a TMD , firstly, the mass 

ratio of TMD mass and control modal mass of the structure 

is assumed to be 0.02，and in term of the optimum values 

of the frequency ratio and of the TMD damping ratio 

presented by Den Hartog (1934) the mass, stiffness and 

damping of the TMD can subsequently be obtained as 

follows: mk2 = 250.58 kg, kh2 = 1.38 × 105 kNm-1,
3 -1

2 1.01 10  kN s mhc = 
. 

 

4.1 Verifying the accuracy of the DQ-IQ coupled 
method 

 

To verify the accuracy of the DQ-IQ coupled method, 

the footbridge is regarded as a beam with simply supported 

on both sides, and HSI is not considered in section 4.1, 

which means that a pedestrian is only regarded as a moving 

concentrated load. In this case, the governing equation is a 

second order constant coefficient differential equation, and 

since the higher damping of human bodies and lower 

damping of structure, the damping matrix cannot be 

expressed as a linear combination of mass and stiffness 

matrices. Thus, the state-space method is employed in this 

study, and then the modal frequencies can be obtained by 

solving the state-space eigenvalue problem, in which the 

first three order frequencies are 3.81 Hz, 15.25 Hz and 

34.31 Hz, respectively.   

When the pedestrian walks across the structure at the 

step frequency of 1.9 Hz, that matches the 1/2 of the first-

order frequency of the structure, the dynamic responses of 

the structure are calculated by respectively using the DQ-IQ 

coupled method and mode superposition method, and the 

comparison results of mid-span acceleration responses and 

Fourier amplitudes as well as the 1 s-root mean square (1 s-

RMS) of the acceleration responses from two different 

methods are depicted in Fig. 3, respectively. From these 

three figures, it can be noted that almost the same results 

can be obtained by using the DQ-IQ coupled method and 

mode superposition method, but the local enlarged figure 

shown in Fig. 3 (b) illustrates that the lower peak value at 

34.06 Hz appears on the FFT spectrum curve of the DQ-IQ 

coupled method rather than on the FFT spectrum curve of 

the mode superposition method. From what has been 

discussed above, we can draw the conclusion that the DQ-

IQ coupled method has higher effectiveness and accuracy 

than the mode superposition method, because the DQ-IQ 

coupled method not only doesn’t need to assume the mode 

function in advance like the mode superposition method but 

also can arouse the higher order frequencies of the structure. 

So, in all the following sections, the modified DQ-IQ 

coupled method is used to deal with the governing 

equations and boundary conditions.  
 

4.2 Demonstrating the necessity of considering the 
human-structure interaction 

 

In order to discuss the effect and importance of the HSI, 

in this section we only discuss the case that the structure  
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with simply supported on both ends is subjected to a 

moving load or an interaction model, when the pedestrian 

walks across the structure at the step frequency of 1.9 Hz. 

The dynamic responses of the structure under a moving 

load have been given in section 4.1. It is noticed that Eq. 

(10) is the governing equation of the structure subjected to a 

moving oscillator (a pedestrian or interaction model) and 

two static oscillators located in the mid-span of the structure 

(a standing human and a TMD). Therefore, to obtain the 

governing equation of the structure under interaction model, 

all related parameters of two static oscillators need to be 

taken to zero. And then the boundary conditions of simply 

supported Eq. (24) are applied to substitute into the above-

mentioned governing equation, which can calculate the 

corresponding dynamic responses by using the modified 

DQ-IQ coupled method. The comparison results of mid-

span acceleration responses and Fourier amplitudes as well 

as the 1 s-RMS of the acceleration responses of two 

different models under resonant condition are illustrated in 

Fig. 4.  

As seen in the Fig. 4 (a), compared to the peak 

accelerations under moving load is 0.2358 m s-2, the peak 

accelerations under interaction model is 0.2117 m s-2, which 

is reduced by 10.22%. Similarity, it can be obviously seen 

from Fig. 3 (b) that the peak values of the two models are at 

1.89 Hz, 3.78 Hz and 5.74 Hz, which are respectively near 

step frequency, two times and three times of step frequency,  

 

 

and the max Fourier amplitude under moving load is 0.1180 

m s-2 at 3.78 Hz, while the Fourier amplitude under 

interaction model is 0.1082 m s-2 at 3.78 Hz, which is 

reduced by 8.31%. Fig. 4 (c) shows that there is an obvious 

difference in the 1 s-RMS of acceleration responses under 

different models. As expected, a reduction of the responses 

is going to occur when the interaction between pedestrian 

and structure is considered. As a result, HSI has an 

important influence on the dynamic responses of the 

structure, so that HSI cannot be ignored in the process of 

evaluating vibration serviceability.  

 

4.3 Proposing a full path assessment approach of 
vibration serviceability based on vibration source, path 
and receiver 

 

As described in the introduction, when a pedestrian 

walks across the vibrating structure, the standing human 

keeping their own body unmoved on the structure is the real 

receiver of structure vibrations. Although due to the 

complexity of this type of problem, researchers rarely 

investigate such problems so far, we will tentatively put 

forward a full path assessment approach of vibration 

serviceability based on vibration source, path and receiver 

in this section to evaluate whether the acceleration 

responses of a standing human and mid-span of the 

structure meet the vibration serviceability requirements. In  

 

 

(a) Acceleration response (b) FFT spectrum curve 

 

(c) 1 s-RMS of acceleration responses 

Fig .3 Comparison of the mid-span dynamic response under different methods (a moving load) 
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this section, we only discuss one case where the standing 

human is located in the mid-span of the structure with 

simply supported on both ends. Firstly, the governing 

equations of the full path coupled system can obtained 

easily from Eq. (10) and Eq. (12), and what we just need to 

do is to take all related parameters of TMD as zero. 

Secondly, the boundary conditions of simply supported Eq. 

(24) are applied to substitute into the above-mentioned 

governing equation, which can calculate the corresponding 

dynamic responses by using the modified DQ-IQ coupled 

method. The comparison results of mid-span acceleration 

responses and Fourier amplitudes as well as the 1 s-RMS of 

the acceleration responses of the pedestrian and standing 

human under resonant condition are shown in Fig. 5. 

It can be known from Fig. 5 (a) that the peak 

acceleration of the structure and receiver (standing human) 

is 0.1802 m s-2 and 0.2785 m s-2, respectively. Obviously, 

the latter is 35.30% larger than the former, and both of the 

peak accelerations exceed the serviceability limit of 0.15 m 

s-2. Based on this analytical result, vibration control 

measures will be implemented in the next section, aiming to 

reduce excessive vibrations of structure and receiver. As 

shown in Fig. 5 (b), the Fourier amplitude of the structure is 

0.0988 m s-2, while the Fourier amplitude of the receiver is 

0.1531 m s-2, which is 35.47% larger than the former. Fig. 5  

 

 

(c) shows that the 1 s-RMS of acceleration responses of 

receiver is obviously greater than that of structure.  

Here, we also can find an interesting phenomenon that 

the peak acceleration of the structure (0.1802 m s-2) in this 

section is smaller than that in section 4.2 (0.2117 m s-2). 

Actually, this is mainly caused by the fact that there is a 

human in this chapter standing on the structure and this 

human is also a highly damped system. In a short, the 

dynamic response of the receiver is significantly greater 

than that of the structure under resonant condition.  

Due to the fact that the response is very sensitive to 

minor changes in the step frequency of pedestrian, it’s 

necessary to adopt a probabilistic procedure produced by 

Živanović and Pavić (2011) for accurately assessing the 

vibration level of structure and receiver. In this paper, the 

distribution of step frequencies that follows the normal 

distribution with mean value of 1.87 Hz and standard 

deviation of 0.186 Hz (Fig. 6) is used, that is to say that the 

interval of the step frequencies is 1.31 Hz-2.43 Hz.  

The probability of structure and receiver that the 

vibration level is within a certain range of step frequency as 

already mentioned above can be obtained as respectively 

presented in Fig. 7 (a) and Fig. 8 (a). After this, a 

cumulative probability that the acceleration level is either 

smaller than or equal to a certain level is shown in Fig. 7 (b)  
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Fig. 4 Comparison of the mid-span dynamic response under different models (DQ-IQ coupled method) 
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and Fig. 8 (b). Taking the acceleration level of 0.15 m s-2 as 

a serviceability limit, the probability of exceedance of this 

unacceptable level could be estimated. As illustrated in Fig. 

7 (b) and Fig. 8 (b), it can be obviously seen that the 

probability of exceedance of structure and receiver is 11% 

and 19% in the certain range of step frequency, respectively. 

Fig. 9 shows the peak acceleration response of structure and 

receiver in the interval of the step frequency. As shown in 

Fig. 7, Fig. 8 and Fig. 9, no matter which aspect is 

compared and analyzed, the corresponding values of 

receiver are greater than that of the structure in the interval 

of the step frequency, which can further verify the above 

preliminary inference. Therefore, it’s significantly 

 

 

important and necessary to put forward a full path 

assessment approach of vibration serviceability based on 

vibration source, path and receiver and utilize the 

probability approach to comprehensively and accurately 

evaluate the vibration serviceability of the structure and 

receiver. 

 

4.4 Measures of structural vibration control 
 

As mentioned in section 4.3, it’s fairly necessary for 

vibration serviceability problem to take some measures to 

mitigate structural excessive vibrations. In this section, we 

will compare and analyze the vibration reduction of two  
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(c) 1 s-RMS of acceleration responses 

Fig. 5 Comparison of the dynamic responses of receiver and structure (DQ-IQ coupled method) 
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Fig. 9 Peak acceleration response of structure and receive

r in the interval of the step frequency 
 

 

kinds of vibration reduction measures, using TMD and 

making the natural frequencies of the structure away from 

the range of the step frequency of the pedestrian by 

changing boundary conditions.  
 

4.4.1 Vibration reduction of the TMD 
 

According to Eq. (10) - Eq. (12) and simply supported  

 

 

 

boundary conditions Eq. (24) by choosing n0 = 2, nl = 2, η 1 

= η2 = 0, the dynamic responses and the 1 s-RMS of the 

acceleration responses of structure and receiver can be 

obtained as shown in Fig. 10. Fig. 10 (a) shows that the 

peak acceleration of structure and receiver under control is 

0.0340 m s-2 and 0.0566 m s-2, which achieves a vibration 

reduction of up to 81.13% and 87.79% compared with the 

uncontrolled results of section 4.3, respectively. Similarity, 

as illustrated in Fig. 10 (b), the Fourier amplitude of the 

structure and receiver under control is 0.0165 m s-2 and 

0.0258 m s-2, which is reduced by 83.30% and 83.15%, 

respectively. Fig. 10 (c) shows that the 1 s-RMS of 

acceleration responses of receiver and structure with TMD 

is obviously less than that without TMD.  

The probability of structure and receiver that the 

vibration level is within a certain range of step frequency 

and the corresponding cumulative probabilities that the 

acceleration level is either smaller than or equal to a certain 

level are respectively shown in Fig. 11 and Fig. 12. It can 

be obviously seen that the acceptable probability of both 

structure and receiver is almost 100% in the certain range of 

step frequency. Fig. 13 shows the comparison of peak 

acceleration response of structure and receiver in the 

interval of the step frequency in the case that the structure is 

equipped with TMD and without TMD. From what has  
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Fig.7(a) Final probability of the peak acceleration level of 

structure 

Fig.7(b) Cumulative probability that the acceleration level is 

smaller than or equal to the acceleration level considered 
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Fig. 8(b) Cumulative probability that the acceleration level 

is smaller than or equal to the acceleration level considered 
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been analyzed and discussed above, it can be easily 

concluded that TMD has good performance for reducing 

vibrations no matter the evaluation of a single value and 

that of the probability approach. 
 

4.4.2 Vibration reduction of semi-rigid supported 
 

This section will compare and discuss the vibration 

reduction of semi-rigid supported with TMD, clamped and 

serviceability standard. Firstly, governing equations can be  

 

 

 

obtained by taking the corresponding parameters of the 

TMD as zero. Secondary, substituting the boundary 

conditions of semi-rigid supported Eq. (24) into the above-

mentioned governing equation, the structure fundamental 

frequency and dynamic responses of structure and receiver 

as well as relevant probability values can be calculated and 

shown in Fig. 14 and Fig. 15.  

Fig. 14 shows that the structure fundamental frequency 

increases with the increase of the stiffness ratio, verifying 

that it is possible to tune the frequency of the structure by  
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(c) 1 s-RMS of acceleration responses 

Fig.10 Comparison of the dynamic responses of receiver and structure with TMD and without TMD 
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Fig.13 Peak acceleration response of structure and 

receiver in the interval of the step frequency 

 

 
Fig.14 Structure fundamental frequency under different 

stiffness ratio 

 

 

adopting semi-rigid supported, in which the interval of the 

stiffness ration is taken from 0 to 50. 

Fig. 15 (a), peak acceleration of structure in the range of 

the step frequency under different stiffness ratio, provides 

some important information as follows: (1) when η is 

greater than 20.3, peak acceleration of structure in the range 

of the step frequency is less than 0.15 m s-2, meaning that 

vibration serviceability meets limit of 0.15 m s-2 from the  
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Fig. 15 Peak acceleration in the range of the step 

frequency under different stiffness ratio 

 

 

aspect of the acceleration response of the structure; (2) 

when η is equal to 30.1, although the peak acceleration of 

structure in the range of the step frequency does not reach 

the same value of 0.0153 m s -2 calculated under the 

boundary conditions of clamped, it is equal to 0.0390 m s-2 

extracted from the computational process of the previous 

section 4.4.1, which can further indicate it has the same 

vibration reduction as the TMD at this time; (3) when η is 

greater than 20.3 and less than 30.1, good vibration  
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reduction can achieve. Similarly, some results obtained 

from Fig. 15 (b) indicate that when η is greater than 24.3 

and less than 28.9, peak acceleration of receiver in the range 

of the step frequency is less than 0.15 m s-2 and greater than 

0.0615 m s-2 extracted from the computational process of 

the previous section 4.4.1. Above analytical results show 

that the optimal interval of the stiffness ratio is from 24.3 to 

28.9, in which vibration serviceability of structure and 

receiver satisfy the requirements. 

In order to demonstrate the above conclusions, the 

acceptable cumulative probability of structure and receiver 

at different stiffness ratio is given in Fig. 16. It can be 

obviously drawing the conclusion that when η is greater 

than or equal to 22, the acceptable cumulative probability of 

structure and receiver reaches almost 100%.  

Results from what have been discussed and analyzed 

above show that the semi-rigid supported can achieve the 

purpose of reducing excessive vibrations and indicate the 

vibration reduction of different degree can be achieved by 

choosing different stiffness ratio due to the important 

influence of the stiffness ratio on dynamic responses of 

structure and receiver. The above-mentioned analytic 

approach and process have higher guiding significance for 

choosing an optimal stiffness ratio in design stage. 

 

 

5. Discussion 
 

The receiver should be randomly distributed on the 

structure, but due to its complexity, this paper only 

investigated the situation in which the receiver is located in 

the mid-span of the structure. Therefore, in order to get 

more accurate results, there is still a large number of 

statistical works on the receiver to be done.  

 Although several current design guidelines have 

provided some limitations as comfort criteria, all limits are 

only proposed for vibration serviceability of structure. This 

is mainly due to the lack of evaluation criteria for vibration 

serviceability of receiver, which in turn can be blamed on 

poor research findings. In this paper, the same limitation of 

peak acceleration is adopted for the assessment of vibration 

serviceability of receiver and structure, because one of the  

 

 

important goals of this work is to introduce the receiver and 

further put forward a full path assessment approach of 

vibration serviceability based on vibration source, path and 

receiver. Therefore, we need to further study and discuss 

how to determine a better standard to more accurately 

assess vibration serviceability of receiver.      

 At present, the footbridge structures of prefabricated 

concrete are widely used in practical engineering, meaning 

that semi-rigid supported is easy to use and also 

straightforward to implement. What’s more, the application 

of semi-rigid supported makes it easier to tune the natural 

frequencies of the structure away from the range of the step 

frequency in design stage than people imagined. And results 

from section 4.4.2 indicate that dynamic responses of 

structure and receiver and structure fundamental frequency 

are sensitive to the stiffness ration, so in order to guarantee 

vibrations to satisfy serviceability standards, it is 

recommended for a future to take the selection of stiffness 

ration into account. What designers need to do in design 

stage to select an optimal range of stiffness ratio for 

structure and receiver according to the design requirements 

via a series of calculations and analyses like section 4.4.2. 

 

 

6. Conclusion 
 

The conclusions can be draw from the results presented 

in this paper as follows:   

• The full path assessment approach of vibration 

serviceability based on vibration source, path and receiver 

is put forward in this study, and the vibration serviceability 

of the structure and receiver is evaluated. It is important to 

note that the dynamic response of the receiver standing on 

the mid-span of structure is 35.30% larger than that of the 

structure under resonant condition. In addition, we also can 

find an interesting phenomenon that the peak acceleration 

of the structure after considering the receiver is smaller than 

that without considering the receiver, which is mainly 

caused by the fact that the receiver standing on the structure 

is also a highly damped system. 

• Vibration reduction measures should be taken to 

mitigate structural excessive vibrations. From perspective 
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of the single value, the vibration reduction of the structure 

and receiver reached more than 80% after using the TMD. 

After using the probability approach, the acceptable 

probability of both structure and receiver is almost 100% in 

the certain range of step frequency. Choosing semi-rigid 

supported with different stiffness ratio can achieved the 

vibration reduction of different degree. The results show 

that when η is greater than or equal to 22, the acceptable 

cumulative probability of structure and receiver reaches 

almost 100%. All in all, has good performance for reducing 

vibrations no matter the evaluation of a single value and 

that of the probability approach. Most importantly, semi-

rigid supported is easier to achieve the objective of reducing 

vibration compared with TMD in design stage of structure. 

• The DQ-IQ coupled method modified in this 

paper, a pretty good and useful approach, can deal with 

governing equation with Dirac-delta of coupled system 

subjected to many kinds of load (i.e. moving load, moving 

oscillator et al.) and different types of boundary conditions. 

since almost the same results under a moving concentrated 

load can be obtained by using the DQ-IQ coupled method 

and mode superposition method, the reliability and accuracy 

of the DQ-IQ coupled method in solving the corresponding 

problems have been demonstrated. 

• Compared to the peak accelerations under moving 

load, the peak accelerations under interaction model is 

reduced by 10.22%. As expected, a reduction of the 

responses is going to occur when the HSI is considered. 

Since the HSI has an important influence on the dynamic 

responses of the structure, it’s very necessary for engineers 

to take the HSI into account in design stage, aiming to 

accurately estimate vibration serviceability. 
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