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Abstract.  This paper analyzes the non-stationary vibration and super-harmonic resonances in nonlinear dynamic motion of
viscoelastic nano-resonators. For this purpose, a new coupled size-dependent model is developed for a plate-shape nano-
resonator made of nonlinear viscoelastic material based on modified coupled stress theory. The virtual work induced by viscous
forces obtained in the framework of the Leaderman integral for the size-independent and size-dependent stress tensors. With
incorporating the size-dependent potential energy, kinetic energy, and an external excitation force work based on Hamilton’s
principle, the viscous work equation is balanced. The resulting size-dependent viscoelastically coupled equations are solved
using the expansion theory, Galerkin method and the fourth-order Runge—Kutta technique. The Hilbert-Huang transform is
performed to examine the effects of the viscoelastic parameter and initial excitation values on the nanosystem free vibration.
Furthermore, the secondary resonance due to the super-harmonic motions are examined in the form of frequency response, force
response, Poincare map, phase portrait and fast Fourier transforms. The results show that the vibration of viscoelastic
nanosystem is non-stationary at higher excitation values unlike the elastic ones. In addition, ignoring the small-size effects shifts
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the secondary resonance, significantly.

Keywords:

viscoelasticity; non-stationary motion; nonlinear dynamic; super-harmonic resonance; nano-resonator

1. Introduction

Micro-nanoelectromechanical devices (MEMS-NEMS),
due to their accuracy and ultra-high sensitivity are widely
used in research areas relating to the spin detection
(Budakian et al. 2006, Lopez 2013), mass detection (Yang
et al. 2006, Li et al. 2007, Naik et al. 2009), damage
detection (Shinozuka ef al. 2010, Domaneschi et al. 2013),
coupled resonance (Sato et al. 2003, Shim et al. 2007,
Huber et al. 2010) and biochemistry (Leng and Lin 2011,
Hwang et al. 2017, Pan and Chen 2017). Micro-
nanomechanical resonators are a main branch of these
devices highlighted for their excessive frequency (Huang et
al. 2005, Baghelani 2016). Better detection of the physical
quantities by these resonators highly depends on
characterizing their dynamic behavior, accurately (Ekinci et
al. 2004, Braun et al. 2005, Tajaddodianfar et al. 2017).
Therefore, it is necessary to illustrate and realize their
dynamic characteristics to design new sensing instruments.
Clearly, the dynamic characteristics of these resonating
devices are highly influenced by their specific mechanical
properties such as elasticity and viscoelasticity. Recently,
some new experiments showed that the viscoelastic
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properties extensively present in materials such as silicon
(Elwenspoek and Jansen 2004) and polysilicon (Teh and
Lin 1999) used widely in MEMS/NEMS. Moreover, the
viscoelastic characteristics of graphene oxide layers were
demonstrated by tensile tests on these plates (Su et al.
2012). Furthermore, the viscoelastic properties of the
nanostructures were also studied (Karlicic et al 2014,
Mohammadimehr et al. 2015, Khaniki and Hosseini-
Hashemi 2017). Recently, Ajri et al. (2018a, 2018b) studied
the viscoelasticity effects on the nonlinear dynamics of a
viscoelastic nano-plate.

Experimental results revealed that the viscoelasticity
effects significantly influence the system behavior
(Elwenspoek and Jansen 2004, Tuck et al. 2005). In
general, in viscoelastic structures, a part of deformation
energy is recoverable where the other part is not. The
irrecoverable part of the deformation energy produces
thermally actuated mechanical fluctuations and the
frequencies of oscillators are highly influenced by the
viscoelastic dissipation (Saulson 1990, Paolino and Bellon
2009). As a result, it is necessary to consider the viscous
dissipation in dynamic analysis of the nano-resonators.

In addition to the less-concentrated viscoelasticity in
formulating the deformation of micro and nanostructures,
the small-scale effects play very crucial roles. Many
researchers all around the world investigate the different
mechanical properties of the micro-nanostructures by
applying the classical continuum theories. However, as
mentioned at the micro-nanoscales, the surface and size
effects often become noticeable that cannot be disregarded.
Experimental findings and atomistic simulations showed
significant size-effects (Mindlin and Tiersten 1962, Jiang et
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al. 2009) on the mechanical properties at micro-nanoscales.
The small-scale effects usually increase the stiffness of the
nanostructures and the stiffness changes the dynamic
behavior of these elements, remarkably. Classical
continuum models are supposed to be scale-free, so their
application leads to inaccurate results. In order to
compensate the lacks of the size-independent classical
concepts, several theories taking the size effects have been
introduced (Toupin 1962, Gurtin and Murdoch 1975,
Aifantis 1999, Yang et al. 2002, Lam et al. 2003) for the
elastic materials. One of the most important size-dependent
continuum models is the modified couple stress theory
(MCST) (Yang et al. 2002) used in this paper. In this theory,
when the couples, couples moments and applied forces
resultant have zero values, the materials reach the
equilibrium state. The MCS theory was applied to examine
the mechanical behavior of the elastic micro-nanostructures
such as vibration (Babaei et al. 2017, Ehyaei and
Akbarizadeh 2017, Ghadiri et al. 2017, Setoodeh and
Rezaei 2017), nonlinear dynamics (Akbas 2016, Park et al.
2016, Ghayesh et al. 2017) and electromechanical
characteristics (Ghayesh et al. 2013, Kalyanaraman et al.
2013).

The literature regarding the static and dynamic size-
dependent behavior of the micro-nanoplates with elastic
model is relatively wide. For example, based on the MCST
for linear case, Ma et al. (2011) analyzed the static and free
vibration of the microplates using the first-order shear
deformation plate model. Furthermore, Ke et al. (2012) and
Jomehzadeh et al. (2011) applied the MCS theory to study
the free linear vibrations of Mindlin and Kirchhoff
microplates. For the nonlinear case, Asghari (2012) applied
the MCST to study the size-dependent nonlinear motion of
the microplates. However, despite the extensive research on
the viscoelastic models at the macro-scales (Mockensturm
and Guo 2005, Ghayesh and Amabili 2012, Tang and Chen
2012), the large amount of literatures on the
dynamics/statics of micro-nanostructures are on the base of
the elastic model. Recently, a number of researchers
considered the viscoelastic models on dynamic/static
modeling of the micro-nanostructures. For example,
Ebrahimi and Hosseini (2016) studied the viscoelasticity
effects on vibration behavior of a nanoplate with
viscoelastic material in thermal environments. Liu et al.
(2017) investigated the vibration of a viscoelastic
functionally Graded nanoplate. In addition, Jamalpoor et al.
(2017) discussed the out-of-plane vibration of a orthotropic
multi-layer microplate with viscoelastic material via the
modified strain gradient theory. In all of the mentioned
studies, no solutions were provided for the nonlinear
dynamics of viscoelastic micro-nanoplates and only the
equations of motion were achieved and reported. Moreover,
the mentioned studies used the Kelvin-Vigot material,
allowing modeling the linear viscoelasticity while many
viscoelastic materials do not have linear behavior clearly
showing nonlinear mechanical responses. In order to solve
this problem, an evaluation study (Smart and Williams
1972) revealed that the nonlinear Leaderman relation
(Leaderman 1962) is useful when prediction and easiness
are important. The recent paper studies the viscoelastically
coupled nonlinear dynamics of a plate-shape nano-resonator
made of the viscoelastic material following the Leaderman

integral nonlinear relation.

To the best of the author’s knowledge, there is no study
in the previous literature that examines the free vibration
and nonlinear forced vibration of the viscoelastic nano-
resonators including secondary resonance. This paper
analyzes the time-dependent natural frequencies and
secondary resonance in super-harmonic motions of a
viscoelastic nano-resonator. The resonator is assumed as a
nanoplate with simply supported boundary conditions.
Then, a new coupled size dependent model is developed for
viscoelastic material with using the MCS theory. In order to
capture the system oscillative behavior at relatively large
deformations, the von-Karman theory is considered in this
model. The virtual work induced by the viscous forces
calculated with using the Leaderman integral. With
incorporating the size-dependent potential energy, kinetic
energy, and an external excitation force work based on the
Hamilton’s principle, the viscous work equation is
balanced. The obtained coupled equations are a set of
nonlinear second order integro-differential partial equations.
These equations are converted to Duffing equation by
applying expansion theory. The coupled nonlinear Duffing
and van der Pol systems were studied by the multiple scales
method and the homotopy analysis method, previously
(Qian and Fu 2017, Qian and Zhang 2017, Fu and Qian
2018, Qian et al. 2018). Along with the mentioned research
studies, the fourth-order Runge—Kutta technique considered
in this paper can also be used to solve these equations.
Then, the transient vibration of the system is analyzed by
performing Hilbert-Huang Transform. In addition, the
nonlinear forced vibration characteristics and secondary
resonance, in super-harmonic motions, of the system
exposed to distributed harmonic load are examined in the
form of the frequency response, force response, Poincare
map, phase portrait and fast Fourier transforms.

2. Theory of viscoelastically coupled nonlinear
models

To get develop the governing equation of motion, the
generalized Hamilton’s principle is applied (Ajri et al.
2018a):

tz
8| [U+W —K]ldt=0 €))
t1

In which, & is the variation operator. In addition, 7 and
U are the kinetic energy and elastic strain energy,
respectively. Besides, W is viscous dissipation or external
forces work. Hence, W can be found as:

W = Wexe + Wiy (2)

Inserting Eq. (2) into Eq. (1), and applying the variation
operator the Hamilton principle get the following form
t2
[8U + 8W,,, + 8W,;s — 8K]dt =0 3)
ty
In this paper, the formulation is restricted to small
strains, and moderate rotations. Consequently, there is no
need to update of the domain, and therefore, the Cauchy and
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second Piola—Kirchhoff stress tensors are the same. In the
MCST proposed by Yang et al. (2002), the symmetric part
of the curvature tensor y can obtained from following
equation.

X =5 (Vo + Fa)") @

In which w is the rotation vector and can be found from
the displacement vector ,u, as following form

w= %curl(u) &)

constitutive relation
1971), for a viscoelastic

Based on the Leaderman
(Christensen and Freund
nanostructure we have:

o = AQtr(e)l + 2u®e
m=22u®y

where m is the couple-stress deviatoric component and ¢ is
the stress tensor. Additionally, 4 and x are time-dependent
Lame constants, / is the length-scale parameter of the
material and @ is the convolution operator which
formulated as

(6)

GOBKE) = gOHK(E) + f 09¢ 1) yar  (7)

o+ 0(t—1)
Eq. (7) is applied to write the constitutive relations as
Eq. (8).
c=0°+0"= (Aot?(s)l + 2p0e(t))

+ f(/i(t —)tr(e)l )

+ 02,11(15 —1)e(n)) dr

t

m=mé+m" = 21%u,x(t) + f 20%0(t — Dy (v)dr (9)
0

where 19 and o are the Lame constants at the time equal to
zero and u(f) = G(f) = E(t)/2(1+v). Moreover, E(t) and
G(t) are time-dependent Young’s and rigidity modulus and
v is the time-independent Poisson ratio. The over dot (-)
denotes the first derivation respect to the time.

In order to determine the displacement field of the
nanoplate based on the Kirchhoff’s plate theory (JE. 1989),
the Cartesian coordinate system (x, y, z) with xy-plane is in
the mid-plane of the nanoplate, is considered. So we get
(Ajri et al. 2018a).

Zaw(x,y, t)
0x

ow(x,y,t) (10)
dy

w, = w(x,y,t)

Considering the von-Karman nonlinearity, the strain
components are

U, = ulx,y,t) —

vy, =v(x,yt)—z

_du %w 1 (6W>2
G T ox T Pox2 T 2\ ox

(11)

ov 82 1 ow
oy ‘a7 5 G )2

(au ov 2°w awaw)
Exy =

Eyy =

2\dy ax axay + a@
Substituting Eq. (10) in Eq. (5), result in
ow ow 1 dv du

wxza wyz—a = a—a (12)
Also, from Egs. (4) and (10) can be concluded that

*w 0w

0xdy Xyy = 0xdy

_1(d*w d*w
Yoy =5\ 9y~ 9x2 (13)
_1(0%v 0%u _1(/0%v 0%u
Xez = 4\ G2 0x0y Xyz =73 oxdy 0dy?

Replacing Eq. (11) into Eq. (8), the following results can
be obtained

E, ou  *w 1 /0w\°
ot = |5~ 250 * 5 (5)
(1 —-v2)|\ox 0x2 2 \0ox

Xxx =

t .
Opy = —E(
XX (1 _ vz)
0

y
ou  9*w N 1 (BW)Z
J0x z 0x2  2\0x

. E ov 0w N 1 (6W)2
ayy_(l—vz) dy Zayz 2\dy

(14)
N ou  0*w N 1 (6W)2
v 0x z 0x%2 2 \0x
j E(t—1) %w 1 0w\?
ol z—+—<—)
o (1-v?2) oyz  2\ody
ou 0%w N 1 (6W)2 J
v 0x z 0x%2  2\0x t
_c 6u+6v ) 62W+6W6W
w0\ gy T oax Zaxay ox dy
fG(t ) u+6v ) 62w+awaw
Txy = ! ox Zaxay ox 9y t

Slmllarly, substltutmg Eq. (13) into Eq. (9), result in

following
. X *w
mxx = Zl GO axay
t

) 2w

v _ 9]2 — 15

my, = 21 jG(t T)(axay>d‘r (15)
0

X 2%°w
ms, = —21°G, 3xdy
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t
ZszG(t ) AW
my, = T 2x3y T

0
. . (0°w  3*w
mgy = 1°Go 2 " 9xr

t
, ) o’w  0%*w
mxyzl J-G(t—‘[) _ﬁ dt
0
. 1126 v 9%u
Mz =500\ 5x2 0xdy
t
, —1lsz(t ) 0%v  0%u p
Mz =3 P\oxz ~ axdy !
0
. 1126 0*v  9%u
Myz =550 dxdy 0y?

t
m?, —llzf(}(t—‘r) 0'v._0%u dr
Y22 J axdy 0y?

Based to the MCST of Yang et al. (2002), the first
variation of the elastic potential energy is defined as

= %ff (083 + m®dy)dv (16)

In homogenous rectangular nanoplate the integration
respect to volume can be expressed as

h/2
dev—ff FdzdA (17)
h/2

Inserting Eq. (17) into Eq. (16) and integrating by parts
and after some algebraic processes, the following result is

obtained
aNE, aN,fy 102Re, 10%RS,
oU = = = d
f[ ( +2(9Jcc9y+2 ay? v
aNe ONg, 10%RE,
dy dx 2 0x?

0*Msg, o 0*Mg,
dx? dy? dxdy
0*R%, O0°Rg, O0°R%, 0°R;,

- dxdy - dy? d0x? dxdy

+ P¢ (W)) aw] dA

(18)

where

/2 h/2
NE =f ofdz M¢ =f zofdz  Rf;
—-h/2 —h/2
h/2 (19)
= mé.dz
—h/2

and

. 0 . ow . ow
Pe(w) = (Nxx6 +N )

xy ay
N 9 (Ne aw . BW) (20)
oy \"® g T My gy

Similarly, the viscous forces virtual work first variation
on the nanoplate is givens as

SWyis = 8Uy;s = J-f (0V8e + m¥dy)dv (21)

By integration, we get:

ONY. 0Ny, 10°RY,
dUyis = | |- =
ves L[ <8x + dy +26x6y
192RY
+-—2>21a
2 dy?
Ny, BN,}’y_EGZR;Z
ady dx 2 0x?
162R;Z)
2 0xdy
C(ormy oMy, ormy, P
d0x? dy? dxdy
B d°RY, B 0%RY, N 0%Ry, 0°RY,
dxdy  dy? dx? dxdy
+ P”(W)) aw] dA
where
h/2 h/2
N =f ojidz M} —J- zojidz R}
—h/2 h/2
h/2 (23)
= mi;dz
h/2
and
v 9 ( , ow , ow
P (W) =—(Nxxa +nya)
. d (N" 6w , 6W) (24)
ay\ ¥ ax Ty dy

From the general expression of the external forces work
in the MCST, the virtual work first variation performed by
the applied forces on the viscoelastic nanoplate in the time
interval [0, T] can be calculated as (Mockensturm and Guo
2005)

Weye = — J-(tx(‘)"u +t,0v + t,6w + s, 6w, + 5,6w,
r
+ 526w3) dr
25)
- f ((fs + 48U + (f, + a,)8v + (f, + q,)0w
Q

+ 6wy + ¢ 6w, + cz8(u3) dA
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where Q and I are, respectively, the nanoplate middle
surface and the middle surface boundary (Ma et al. 2011,
Reddy and Kim 2012), (f ,f, .- ) and the(c. ,¢y ,c:) are,
respectively, the body forces and the body couples, and (g
.9y ,q- ), (& .t ,t:) and (s. ,s, ,s:) are, respectively, the
tractions applied on I, the surface couple and Cauchy
traction applied on S (Ajri ef al. 2018a).
The kinetic energy first variation is given as

5K = f pliteSity + 1,811, + Vi, 6vir,]dV (26)

where p is the nanoplate mass density.
By applying the time first derivative for Eq. (10) and
substituting in Eq. (26) we get:

5K = f {10 (@it + D6 + o)
A
(6W aow 4 ow 65W>
\ox " ax ~ ady’ dy

. 06w .ow  ddw  (27)
- 11 (uw-l' 6ua+ UW
ow
+ 51';—)} dA
dy
where
h/2
| azpdz = o) (28)
—h/2

By replacing the exprressions for U, W5, Wey:t
and 0K from the Eq.(18), (22), (25) and (27) into Eq. (3)
and applying the partial integration method, the governing
motion equations for viscoelastic nanoplate on the basis of
the MCS theory can be obtained as Eq. (29)

ONy 0Ny, 1[0%R,, 0°R,,
ou: =
Y o dy 2\ 0xdy  0dy? Tl tdx
1dc, L1 ow
20y ot ™ 15k
JdN. JN. 1/0%R 0%R
6 : yy Xy _ = XZ yz
v dy ox 2\ 9x2  0xdy Tt a
1dc, ; ow
2 0y o h dy
P 0*M,,, azMyy 42 azMxy (29)
dx? dy? dxdy
62(Ryy —R,) 02 2
Y X Ryl — == |+ P
0xdy W \oxz 0y? +Pw)
dc, Jdcy,
o+ QG — =+ ==
fa 4 dy  Ox
.. 92w | 92w il | A
= IOW —Iz(ﬁ-l-m) +Il(a+£

where N;; = Nf + Njj, M;; = M{; + Mj; and P =P°®+
PV Equation (29) contains the set of nonlinear integral-
differential equations for a viscoelastic nano-resonator in

the framework of the MCST. In the current model, the

length-scale parameter presents in current and past history
terms and affects both of them. Additionally, with removing
the past-history terms in Eq.(29), one can reach the
governing equations of the elastic nano-resonator. This
gives us the correctness of our calculations in obtaining
governing equations.

The displacement form of Eq.(29) can be written as.

E,h [8%u awd w
W |zt =-3 =3
(1—-v?)\ax® ax dx*

N v N aw 8°w
v dxdy  dy dxdy

¢ - - a
hE(t—1) {8°u owd w

(1—v?) \ax®  8x ax*®
o

. a*v +E’W a*w g
v dx8y  dy dxay ’
'y v dwdlw
+ Gyh + +

Ay:  @xdy  dx ay*
a*w aw)

&

ﬂxﬂyﬂ_y

N dw a8 w
dx dy*

+E:hG a*v a*u
4 "\ax*ay ax?dy’

r
I*h . a*v
+— | Gt - z}(

(30-a)

+

8w aw
dxdy dy

4 dxiay

o

8*u d
dxtay? !
+E:h5 v 'u
4 "\axay® ay*

T
h( a*v
+ Gt —
4] ( ﬂ(ﬂxﬁy?

o

a*u PR _'_'lﬁuzrg
a},.; T fx‘ q,l' 2 a}'

i+ T Ii:JII;{;—EIa-"
ol L ax

svi—2 [ — + ——
VA= \ay? T oy 9y

N 0%u N ow 9%w (30-b)
v 0xdy  0x 0xdy

Eoh (8217 ow 92w
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thE(t—T) 0%v  owod*w
+OW<W+EW
0%u  ow 0%*w
+v<m+am>>dr
0%v  0*u owod’w
+Goh<w+m+am
2%w ow
+6x6ya>

t
) 0%v  9%*u owd*w
+J-hG(t—T) —+ +
0

9x% ' 9xdy = 0y dx?
0%w dw
0xdy 0x

+l2hG o*u o*v
4 °\dy3dx Ox20y?

¢
N I’h Ce—D) o*u
4 t dy30x

+

0

0*v
- 6x26y2> ar
I’h o*u  d*v
+5 0 sy )

t
N I2h - D) o*u
4 t dydx3
0
o0* 1dc,

v
‘@)d”fy*%‘za

Iov + 1 oW 0
—_ v _—=
0" " 1 ay
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P \za—o T2ty L T
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1 _ U: Eﬂ' P(W)

+

+ J‘ E(t — 1) P(w(1))dT f;

dec, ey
dy  dx

Iow'+ I (a:ﬁ" + o
oW T 2 dy*  odx®

L2+ 28 0.
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)

where

(30-c)

Pw) = h 62w<6u+1awaw+ ov
W) =T 0z |ox2 \ox * 2 0x ox Uay
+v6w6w>
20y ay
+62w<6v+16w6w+ ou
dy? \dy 209y dy U ox G1)
+U6w6w> 1
2 0x Ox (
02w (6u+ ov +6w BW)
U)axay dy 0x 0x dy

For homogenous rectangular plate, /; become zero.
The following nondimensional variables are introduced:

_w _ x_ 'y _ a | L. fat
e A=Yy T b T
(32)
t_—tT— lya*
T |ER3

where a, b and % are the nanoplate length, width and
thickness, respectively.

Based on the experimental results on the viscoelastic
material (Lee et al. 2005, Yan et al. 2009), the standard
anelastic solid model is applied to express the relaxation
function. Then we get (Ajri ef al. 2018a)

E(t) =C+De™" (33)

In which y is the relaxation coefficient. Besides, the
E(=0) represents the initial elastic modulus E,

n(t) =—==C+De "t (34)

where € =—— D =-"and 7 =T
C+D C+D
The present study considers the rectangular nanoplate
with all edges simply supported. The solutions are assumed

as (Niyogi 1973).

1o h
u(x,y,t) = 16 Z Z aaf,‘bzmn (O)sin2ax (cosZﬁ;‘/

v(x,y,t) = 1_16 Z Z ,[)’%tbzmn (B)sin2pBy (cosZaf (35)

w(x,y,t) = Z Z @, (D)sinaxsinfy

m=1n=1

where a=mm and B=nm.

In this research, only the harmonic transverse force, f
cosQt, is assumed to be applied on the nano-resonator.
Similarly, the out of plane load amplitude f can be
expanded in the double-Fourier sine series
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f(x,y = Z Z f sinaxsinfy (36)
where
11
f=4 f f f(x,y)sinaxsinfydxdy (37)
00

To solve the Eq. 30(c) for ®,.(t), the Bubnov—Galerkin
approach is applied, (Ajri et al. 2018a) and the following
integral is computed (with dropping the asterisk notation for
brevity).

J- f Asinaxsinfy dxdy = 0 (3%)
0 Jo

where A is the left-hand side of the Eq. 30(c). Replacing
Eq. (35) into Eq.30(c), the following expression of A can be
obtained:

A= 16(1 (4-:;{2 2B% + 2(a* + &4pY)

+ 2(v* — 1)(a*cos2py
+ &*B*cos2ax))

X | @3(1)

t
— D}ff e (=7} @3 (7)dr

v]

+ feosQt (39)
1
_(12(1—u2)
) (@ + 82692 0)
EPGEEDE

t

— D}ff e Y7 @(1)drT

[i}

— & } sinax sinfy~

Using Bubnov—Galerkin approach and setting the
integral to zero, the solution of ®my(t) is obtained as Eq.
(40)

(4v&2a?B? + (3 — v¥)(a* + &£46)

¢ (40)
- Dyf e "D @3(1)dr

0

16(1 —v?)

@3(t)
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(a® +&2p2)* | @(b)

1 2
+ 2(1+v) l")
t
- Dyfe‘y(t‘f) d(D)dr |+ P(b)

0
= fcosQt

* (12(11— w7

The Eq. (40) is a nonlinear integro-differential equation
for plate-shape nano-resonator using Leaderman
viscoelastic model and the MCST. After some algebraic
processes, the fourth order Runge-Kutta method is used to
solve this equation (Fu and Zhang 2009).

3. Results for viscoelastically coupled size-
dependent dynamics

In this section, the numerical results are presented. The
nano-resonator is supposed to be made of epoxy with the
following geometric and mechanical properties: & = 2,
E =144 GPa, p=1120 kg/m’, v=038 and C =
0.7D=0.3

3.1 Free vibration

In nonlinear nanosystem the vibration amplitude alter
the natural frequencies. The existence of the integral terms
in Eq.(40) achieved from the Leadermen viscoelastic model
cause to decrease the motion amplitude over the
time.Consequently, the nonlinearity effects decrease and the
nanosystem frequencies varies with the time. In order to
evaluate the viscoelastic nanosystem natural frequencies,
the Hilbert—Huang transform (HHT) are performed. (Huang
et al. 1998, Huang et al. 1999)

The dimensionless natural frequency over time for
elastic (y = 0) and viscoelastic nanosystems with y =1
and y = 3 obtained by the HHT and displayed in Fig. 1 for
three different initial condition values @,=100, 50 and 10.
The thickness ratio is selected as 4//=1. Obviously, it is seen
that in the elastic nanosystem, y =0, the frequencies
remain constant over the time at each excitation value.
Therefore, the elastic model vibration is stationary.
Additionally, the higher natural frequencies predicted at
bigger initial condition (33.3, 39.5 and 50.2 for ®,=10, 50
and 100, respectively). However, the viscoelastic model
behavior is different over the time for the selected initial
condition. The Fig. 1(c) demonstrates that at ®,=10 the
natural frequency of the viscoelastic model similar to the
elastic remain constant over the time. This happens since
the nanosystem has weaker nonlinearity at the smaller
motion amplitudes. However, at ®,=50 and 100 the non-
dimensional frequencies of the viscoelastic model decrease
form 39.5 and 50.2 at initial time (#=0) to 33.9 and 34.5 at
t=9. This is due to decreasing the vibration amplitude and
nonlinearity effects over the time for the viscoelastic model.
Furthermore, it is observed that the viscoelastic model
frequencies are smaller than the elastic ones.

Fig. 2 displays the variation of natural frequencies for
the transverse motion vs. the thickness ratios (A#/) in the
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fundamental

framework of the viscoelastic MCST and classical theory
(for y =1 and &, =10). This figure shows that the
predicted fundamental natural frequencies by the proposed
model are larger than the size-independent classical theory
at each thickness ratio. Therefore, the size-dependent
MCST-based model increases the nano-resonator stiffness.
Furthermore, the curves trend show that the differences in
fundamental frequencies predicted by these two models are
larger at thickness ratios smaller than 3, while they decrease
with increasing the thickness ratios. Consequently, at
smaller thickness ratios, the size effect becomes prominent.

3.2 Dynamic analysis

The nanosystem nonlinear dynamic is discussed in this
section by plotting the frequency and force response,
Poincare map, phase portrait and fast Fourier transforms.
For this purpose, the effects of thickness ratios and applied
force amplitudes on the dynamic responses of the
nanosystem are examined. Moreover, the differences in the
dynamic response of the nanosystem with and without the
small-scale effects are inspected in order to illustrate the
importance of using the MCS theory respect to the size-
independent CT. It is worth noting that in this section the
stable solution obtained from the forward numerical
method, the forth order Rung-Kutta technique, is provided.

Before presentation of the dynamic results, in order to
validate the model and applied solution approached of the
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Fig. 3 The frequency response of the out-of-plane motion
for /=0: dashed line and unfilled circle predicted by
current study and Amabili (2004), respectively

governing equations, a comparative diagram is shown in
Fig. 3. In this figure, the out-of-plane motion frequency
response predicted by the current model for /=0 is plotted
and compared with the same results obtained by Amabili
(2004). It can be seen that the results are close to each other.

Fig. 4 shows the frequency response curves, maximum
amplitude versus excitation frequency, of the nanosystem
for /=1, 5, 10 and 20, respectively. The dimensionless
relaxation coefficient, initial excitation value and the
distributed transverse force amplitude values are assumed
as y=3, ®,=10 and f'=10. The excitation force frequency is
normalized by the nonlinear fundamental natural
frequencies. This figure displays that the nanosystem under
consideration has hardening type dynamic behavior.
According to the results, with increasing the thickness ratio
of the nanosystem the hardening behavior becomes
stronger. Moreover, the figure reveals that there are two
saddle-node bifurcations that happen in Q= 1.134 ®;; and
Q=1.157w,, for #/I=10 and Q=1.13 ®;;and Q= 1.15 o,
for h/I=20.

The effects of the applied force amplitude on the
frequency response of the nanosystem emphasized in Fig.
5(a—d). The dimensionless relaxation coefficient and
thickness ratios are selected y=3 and A//=1,5. The figures
show that there is no extra peak in the frequency response
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of the nanosystem with thickness ratio equaling to 1.
However, the Fig. 5(b)reveals that there are two extra peaks
before the resonance peak of the nanosystem with 4/=5 in
the neighborhood of Q = 0.22m;,; and Q = 0.3%9®,;. In
addition, Fig. 5(c-d) depicts that at the higher forcing
amplitudes, the number of the secondary resonances
increases and their amplitudes become bigger. The weaker
hardening type behaviors are also seen in the secondary
resonances. Moreover, the saddle-node bifurcations are
shifted to higher frequency ratios at the bigger forcing
amplitudes.

In order to scrutinize the dynamic response more, the
Phase plane, time history response, Poincare map and the
frequency spectrum, using the Fast Fourier Transform, of
the nanosystem at different frequency ratios, /=250 and
h/I=5, are depicted in Figs. 6-8. The figures are plotted for
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Q= 0.5(1)1,1

Q= 0.167w1,1, Q=0.501; and Q=1.62w,;. The frequency
spectrum shows that the nanosystem has super-harmonic
motion at Q= 0.167w:,; and the Fast Fourier Transform,
FFT, shows that there are several peaks in the frequnecies
equaling to 0.42,1.25, 2.1 and 2.94. Similarly, Fig. 7 shows
the existance of the super-harmonic motion at Q= 0.5,
and the two peaks are seen in the frequencies equaling to
1.25 and 3.77 in FFT analysis. This is the reason why the
extra peaks are seen at these frequency ratios in Fig. 5(d).

Also, Fig. 8 demonstrates that at Q=1.62®;,; the phase
planes create a continuous and closed curve and the
Poincare maps create one point. Therefore, the nanosystem
has a periodic motion at this frequency ratio.

The effects of the external force amplitude on the
vibration amplitude of the nanosystem of Fig. 4 at different
normalized frequencies, €/ ©,,=0.99,1, 1.02 and 1.03, are
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Fig. 9 The nanosystem force response at four frequency ratios ( / w11 =0.99, 1, 1.02, 1.03) at different thickness ratio and

y=3

depicted in Fig. 9. This figure shows that with increasing
the amplitude of the external force the vibration amplitude
increases uniformly for the Q/ ®;,;< 1, while no bifurcation
or jump is seen in the response path.In addition, with
decreasing the external force from /=25 the response path is
similar. However, at Q/ ®;,=1.02 and 1.03 the response

paths have two bifurcation points. One jump occurs when
the external force increases and the second one happens
when the force amplitude decreases. Therefore, the
response paths are different in these steps. This occurs
because the nanosystem has nonlinear behavior. In addition,
it can be seen that as the thickness ratio (4/) decreases the
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Fig. 10 Force and frequency response predicted via the MCST and size-independent classical theory; y=3, A/I=1

saddle-nodes bifurcations shift to higher forcing amplitudes.

The viscoelastic nanosystem force and frequency
responses predicted via the classical continuum theory and
the MCST are shown in Fig. 10 while the frequency ratio,
Q/w; 1, and forcing amplitude are 1.03 and 70. As the figure
shows, the predicted responses of the two theories are very
different. Particularly, for the MCST theory, the first saddle
node bifurcation is at /=3.9 while for the classical theory,
this occurs at /=3. Additionally, the MCST-based response
amplitudes are much smaller than the values predicted by
the CT at f > 5. In addition, it is seen that the classical
theory predicts a stronger nonlinear hardening type
behavior. Furthermore, there is a secondary resonance in the
frequency response of the classical theory. However, there
is no extra peak in the frequency response of the MCST.
This figure highlights the importance of considering the
small-scale effects proved by many experiments using the
size-dependent theories such as the MCST instead of the
size-independent continuum theory for prediction of the
viscoelastic nanosystem resonance response with higher
accuracy.

4. Conclusions

Current paper examined the time-dependent natural
frequency and extra resonance in super-harmonic motions
of a viscoelastic nano-resonator. The resonator was assumed
as a nanoplate with simply supported boundary condition.
Then, a new coupled size-dependent theory was developed
for the nonlinear viscoelastic material with using the
modified coupled stress theory. The viscoelastic material
was considered to follow the Leaderman nonlinear integral.
In order to predict the nanosystem oscillative behavior at
relatively large deformations, the von-Karman nonlinearity
was used. The virtual work was induced by the viscous
forces obtained by applying the Leaderman integral. With
incorporating the size-dependent potential energy, kinetic
energy, and an external excitation force work based on the
Hamilton’s principle, the viscous work equation was
balanced. The obtained coupled equations were a set of
nonlinear second-order integro-differential partial

equations. Theses equations were solved using the
expansion theory, Galerkin method and the fourth-order
Runge—Kutta technique. Then, the free vibration of the
nanosystem was analyzed by performing the Hilbert—-Huang
Transform. Furthermore, the nonlinear forced vibration
characteristics including the primary and secondary
resonances due to the super-harmonic motions, of the
nanosystem exposed to a distributed harmonic load were
examined in the form of the frequency response, force
response, Poincare map, phase portrait and fast Fourier
transforms. Finally, the following results were obtained:

* Frequency analysis reveals that, (i) the natural
frequency of the viscoelastic model unlike the elastic one
decreased over the time. Therefore, this model predicts
time-dependent natural frequencies unlike the elastic one.
Moreover, the natural frequencies predicted by this model
were smaller than those predicted by the elastic model; (ii)
the fundamental natural frequencies predicted by the
proposed model were larger than those predicted by the
size-independent classical theory at each thickness ratio.

. The nonlinear frequency responses of the
nanosystem revealed that: (i) the nanosystem dynamic
behavior was a hardening type; (ii) stronger hardening
behavior was predicted at bigger thickness ratios; (iii)
super-harmonic frequencies existing in the response of the
nanosystem cause to extra resonance specially at smaller
frequency ratios;(iv) higher secondary resonances were seen
at bigger forcing amplitudes; (v) with ignoring the small
size-effects, the secondary resonance shifted significantly;
(vi) the MCST predicted a minor hardening behavior and
lower response amplitudes than the size-independent
classical theory.

* The force-response analysis on the nanosystem
showed that: (i) the nanosystem displayed continuous
response path when the frequency ratios are smaller than
one. However, there were jumps in the response path for the
frequency ratios bigger than one; (ii) decreasing the
thickness ratio (4/]) postponed the happening of saddle-
nodes bifurcation; (iii). Taking into account the small-size
effects causes shifting the saddle-node bifurcations to
higher forcing amplitudes.
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