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1. Introduction  
 

Delamination in composite structures may lead to 

considerable stiffness reduction or change their dynamic 

behaviors. It is difficult to intuitively predict the dynamic 

behavior of composite structures containing delamination 

damage as a result of their complexity due to the combined 

effect of anisotropy and geometry in delamination. To 

alleviate the possibility of unexpected problems in service 

due to the delamination of composites, techniques that can 

predict the future behavior after the delamination occurs are 

needed. 

Previous studies have used a guided or ultrasonic wave 

to detect on damage in composites. Williams et al. (2017) 

evaluated and imposed in-plane scattering matrices for the 

sparse array imaging of simulated damaged composites. Qi 

et al. (2009) used ultrasonic guided waves to develop a 

simulation toolbox for damage identification in composite 

structures. Luca et al. (2016) conducted a computational 

Lamb wave propagation in a laminated composite under 

impact loading. However, damage detection techniques 

based on sensitive waves may be infeasible in large-sized 

structures such as buildings or bridges. Such methods are 

complicated to be directly introduced to fiber-concrete 

hybrid structures because such sensitive waves are 

nonexistent in the real environments (Kim et al. 2012). To  
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address these issues, other researchers have investigated 

these methods using time history data resulting from 

various impact loads. For example, Lee and Wooh (2005a) 

identified stiffness degradation in isotropic and composite 

plates on the basis of dynamic response data employing the 

micro-genetic algorithm (Micro-GA). Lee et al. (2007) 

accounted for stiffness reductions in laminated composite 

plates by conducting filtered noisy impact tests. Sharif-

Khodaei et al. (2015) applied impact loads to identify 

damage in laminated composites using a self-diagnostic 

electro-mechanical impedance and neural networks. 

Chandrashekhar and Ganguli (2016) investigated the defect 

in laminated composites considering uncertainties of 

measurement and material based on free vibration data. 

However, the parametric examples which dealt with in the 

above researches are not of practical use since they 

considered a rectangular damage shape (Rus et al. 2006, 

Lee et al. 2008a, Trung et al. 2016). Rus et al. (2005) 

applied the boundary element method and typical genetic 

algorithms in order to determine in-plane damage in 

composites based on the first shear deformation theory 

(FSDT). This method has a limitation to predict damage 

shapes and loading conditions. 

Lee et al. (2008b) suggested a modified bivariate 

Gaussian function to examine damage associated with 

cracks. It was observed that this approach can account for 

an elliptical defect configuration with a small number of 

unknown variables, and was implemented into concrete 

decks subjected to impact loading on the basis of the 

combination of finite element method (FEM) and the 

Micro-GA (Bhattacharya et al. 2016, Lee and Noh 2014). 

Park et al. (2009) employed the Gaussian function to detect 

defects in bridges, which imposed moving vehicles as input  
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loads (Noh and Lee 2013). Rus and Lee (2016) studied an 

optimal reconstruction of the damage distribution in bridge 

decks by measuring the noisy response induced by traffic 

loads. However, such studies can be applicable to only 

conventional structures made of concrete or steel materials. 

Moreover, existing methods based on the Gaussian function 

can only account for the symmetric damage shape. 

This research proposes a mathematical method that can 

identify the stiffness degradation due to embedded 

delamination of composite plates under impact loads such 

as a seismic loading. Also, the combined method with the 

Micro-GA can reconstruct dynamic behavior after 

delamination associated with the combination of the 

identified stiffness reduction. To the best of this author’s 

knowledge, on the basis of the bivariate gamma function, 

existing studies on the reconstruction of the dynamic 

behavior of delaminated composite structures are very 

scarce. Additionally, this study focuses on the dynamic 

response reconstruction of delaminated composites for 

different measurement, loading location, delamination 

locations, and fiber angles. 

 

 

2. Gamma function based delamination model 
 

In the two-dimensional FE delamination model, three 

element types at the boundary of a delamination exist; element 

without delamination and elements at the lower and upper 

delaminated regions (Noh and Lee 2014, Hua et al. 2002, 

Park and Lee 2009, Achache et al. 2017). It is noted that the 

delaminating layer is not symmetric, and thus its bending-

twisting coupling stiffnesses are non- zero, as illustrated in 

Fig. 1. This physical characteristic yields various effects on 

the dynamic behavior of composites (Kassapoglou 2015). 

The displacement field based on the FSDT can be 

written as 

𝑢𝐿(𝜁1
𝐿 , 𝜁2

𝐿 , 𝜁3
𝐿) = 𝑢0

𝐿(𝜁1
𝐿 , 𝜁2

𝐿) + 𝜁3
𝐿𝜙𝜁1

𝐿 (𝜁1
𝐿 , 𝜁2

𝐿) 

𝑣𝐿(𝜁1
𝐿 , 𝜁2

𝐿 , 𝜁3
𝐿) = 𝑣0

𝐿(𝜁1
𝐿 , 𝜁2

𝐿) + 𝜁3
𝐿𝜙𝜁2

𝐿 (𝜁1
𝐿 , 𝜁2

𝐿) 

𝑤𝐿(𝜁1
𝐿 , 𝜁2

𝐿 , 𝜁3
𝐿) = 𝑤0

𝐿(𝜁1
𝐿 , 𝜁2

𝐿) 

(1) 

 

 

 

where 𝑢0
𝐿 , 𝑣0

𝐿  and 𝑤0
𝐿  are the components of the total 

displacement vector along the (𝜁1
𝐿 , 𝜁2

𝐿 , 𝜁3
𝐿) coordinates. And, 

𝑢0
𝐿 , 𝑣0

𝐿  and 𝑤0
𝐿  are the translations along the coordinate 

lines of material point at the lower part in delamination, and 

𝜙𝜁1

𝐿  and 𝜙𝜁2

𝐿  are the rotations in the 𝜁2
𝐿 − 𝜁3

𝐿  and 𝜁1
𝐿 − 𝜁3

𝐿  

planes, respectively (Lee and Park 2009).  

For a four-node element having five degrees of freedom 

(DOF) per node, a joint node is written as 

{𝛿𝛼
𝑀} = [𝑢0𝛼

𝑀 𝑣0𝛼
𝑀 𝑤0𝛼

𝑀 𝜙𝜁1𝛼
𝑀 𝜙𝜁2𝛼

𝑀 ]
𝑇
, 𝛼 = 1, 4 

{𝛿𝛼
𝐿} = [𝑢0𝛼

𝐿 𝑣0𝛼
𝐿 𝑤0𝛼

𝐿 𝜙𝜁1𝛼
𝐿 𝜙𝜁2𝛼

𝐿 ]
𝑇
, 𝛼 = 1, 4 

(2) 

where 𝛿𝛼
𝑀and 𝛿𝛼

𝐿 are the translations and rotations per node 

at the non-delamination and lower delamination parts, 

respectively. In this case, the eccentricity (𝑒) of the neutral 

axes at the two parts is inevitable for the plate element (Ju et 

al. 1995). The discrepancy can be consistent with the 

continuity condition at the connecting boundary of the two 

parts. 

𝑤0𝛼
𝑀 = 𝑤0𝛼

𝐿  ,  𝜙𝜁1𝛼
𝑀 = 𝜙𝜁1𝛼

𝐿 , 𝜙𝜁2𝛼
𝑀 = 𝜙𝜁2𝛼

𝐿 , 𝛼 = 1, 4 (3) 

By substituting Eq. (3) into Eq. (1), the DOF’s relationship 

can be written as 

𝑢0𝛼
𝐿 = 𝑢0𝛼

𝑀 − 𝑒𝜙𝜁1𝛼
𝑀  , 𝑣0𝛼

𝐿 = 𝑣0𝛼
𝑀 − 𝑒𝜙𝜁2𝛼

𝑀  , 𝛼 = 1, 4 (4) 

Similarly, the following relationship can be obtained for 

the upper part of delamination. 

{𝛿}𝑈 or 𝐿 = [𝑇]{𝛿}
𝑈 or 𝐿

 {𝛿}
𝑈 or 𝐿

=
[𝛿1

𝑀 𝛿2
𝑈 or 𝐿 𝛿3

𝑈 or 𝐿 𝛿4
𝑀] 

(5) 

where the transformation matrix [𝑇] is used together with 

nodes. The element stiffness matrix [𝐾]
𝑒

𝑈 or 𝐿
 and the mass 

matrix [�̃�]
𝑒

𝑈 or 𝐿
 transformed by the matrix [𝑇]  are 

written as 

[𝐾]
𝑒

𝑈 or 𝐿
= [𝑇]𝑇[𝐾]𝑒

𝑈 or 𝐿[𝑇] 

[�̃�]
𝑒

𝑈 or 𝐿
= [𝑇]𝑇[𝑀]𝑒

𝑈 or 𝐿[𝑇] 
(6) 

 

Fig. 1 Delamination effects on dynamic characteristics and mechanical properties 

 

(a) Embedded delamination (b) Stiffness reduction shape 

Fig. 2 Bivariate gamma function based representation of the stiffness reduction caused by delamination 
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The distribution of the reduction in the stiffness 

associated with delamination can be obtained through the 

introduction of a modified bivariate gamma function with 

five unknown variables. The results for the bivariate chi-

square distribution obtained by Gunst and Webster (1973) 

are extended to the bivariate gamma distribution function 

with unequal shape parameters 𝛾1 < 𝛾2 provided by Smith 

et al. (1982). 

𝑓(𝑡1, 𝑡2; 𝛾1, 𝛾2, 𝜂) =
𝑡1

𝛾1−1
𝑡2

𝛾2−1
exp[−

(𝑡1+𝑡2)

1−𝜂
]

(1−𝜂)𝛾1Γ(𝛾1)Γ|𝛾2−𝛾1|
×

∑ ∑
𝜂𝑗+𝑘

(1−𝜂)2𝑗+𝑘
∞
𝑗=0

∞
𝑘=0

Γ(𝛾2−𝛾1+𝑘)

Γ(𝛾2+𝑗+𝑘)

(𝑡1∙𝑡2)𝑗𝑡2
𝑘

𝑗!𝑘!
, 𝜂 = 𝜌𝑐√

𝛾2

𝛾1
 

(7) 

where 𝑡1 = 𝛽1𝑥, 𝑡2 = 𝛽2𝑦, 𝛽1 is the scale factor of the 𝑥-

coordinate of local damage, 𝛾1 the measure of dispersion 

along the 𝑥-axis, 𝛽2 the scale factor of the 𝑦-coordinate 

of local damage, 𝛾2 the measure of dispersion along the 

𝑦 -axis, and 𝜌𝑐  the correlation coefficient between the 

variables 𝑥 and 𝑦. For the 𝑚th damaged element, Eq. (7) 

can be written as a single series formulation with regard to the 

modified Bessel function of the first kind (𝐼𝜈(𝑧)) 

𝑓(𝑡1, 𝑡2; 𝛾1, 𝛾2, 𝜂) =
𝑡1

𝛾1−1
𝑡2

𝛾2−1
exp [−

(𝑡1 + 𝑡2)
1 − 𝜂

]

(1 − 𝜂)𝛾1Γ(𝛾1)Γ|𝛾2 − 𝛾1|

× ∑
𝜂𝑘Γ(𝛾2 − 𝛾1 + 𝑘)𝑡2

𝑘

𝑘! (𝜂𝑡1 ∙ 𝑡2)𝑘/2

∞

𝑘=0

∙ 𝐼𝑣(𝑧)

= 𝛿(𝑚) 

(8) 

where 

𝐼𝑣(𝑧) = 𝑧𝜈 ∑
(−1)𝑗𝑧2𝑗

22𝑗+𝜈𝑗!Γ(𝜈+𝑗+1)
∞
𝑗=0 ,  𝜈 = 𝛾1 + 𝑘 − 1, 

𝑧 =
2(𝜂𝑡1∙𝑡2)1/2

1−𝜂
 

(9) 

In the case of the stiffness reduction of a delaminated 

composite with dimensions of Lx and Ly in the x and y 

directions, the stiffness distribution at arbitrary x and y 

coordinates in the mth damaged element is written as 

𝜆(𝑚)(𝐱) = 1 − 𝛿(𝑚)(𝐱) (10) 

where λ(m)  and δ(m)  refer to the stiffness reduction 

parameter and the degree of damage, respectively. The five 

unknown parameters in the gamma function are regarded as 

 

 

𝐩 = [𝑝1 𝑝2 𝑝3 𝑝4 𝑝5]𝑇

= [𝑡1 𝑡2 𝛾1 𝛾2 𝜂]𝑇 (11) 

The variables 𝑡1 and 𝑡2 in Eq. (8) are transformed into 

the (𝑖 × 𝑗)th element 

𝑡 = {
𝑡1

𝑡2
} = {

𝛽1𝑥
𝛽2𝑦

} = {
𝛽1 ∙ 𝑖 ∙ 𝐿𝑥/𝐶𝑥

𝑑

𝛽2 ∙ 𝑗 ∙ 𝐿𝑦/𝐶𝑦
𝑑}, 

(𝑖 = 1,2, ⋯ , 𝐶𝑥
𝑑 and 𝑗 = 1,2, ⋯ , 𝐶𝑦

𝑑) 

(12) 

where 𝐶𝑥
𝑑 and 𝐶𝑦

𝑑 are the number of divided elements in 

the x and y directions, respectively. The modified bivariate 

gamma function proposed here can account for 

delamination-induced stiffness degradation for an 

asymmetric shape in comparison to existing methods based 

on Gaussian functions, as illustrated in Fig. 2. In the Micro-

GA, the stiffness reduction can be decided from the 

fluctuation in dynamic responses resulting from the 

delamination. 
 

 

3. Stiffness identification and behavior 
reconstruction 
 

The purpose of the proposed stiffness detection is to 

reconstruct dynamic behavior from the identification of the 

stiffness degradation associated with delamination damage. 

The accuracy of an existing gradient-based identification 

method may be impacted by insufficient initial input data. 

Because the overall procedure is related to the FE 

calculation in each iteration stage, the convergence is 

significantly dependent on the extent of the structural 

complexity. The Micro-GA has better convergence and 

accuracy in comparison to the conventional simple-GA 

(Mokaddem et al. 2014, Lee and Wooh 2005b). Thus, the 

Micro-GA is adopted in this study to solve the inverse 

problem, which reduces the computational efforts to 

compute the iterative FE process. In the inverse procedure, 

the FE model can describe the shift in the stiffness due to 

the delamination with five unknown parameters as indicated 

in Eq. (11). The following identification parameter vector in 

Eq. (11) is employed to estimate the local stiffness 

characteristics associated with the delamination. 

𝐩𝑠 = [𝑝1 𝑝2 𝑝3 𝑝4 𝑝5]𝑇

= [𝛽1 𝛽2 𝛾1 𝛾2 𝜂]𝑇 
(13) 

 

Fig. 3 An identification process of the location of a stiffness reduction owing to delamination and regression of response data 
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where 𝛽1, 𝛾1, 𝛽2, 𝛾2 are defined as before and 𝜂 denotes 

the correlation factor between the parameters 𝛾1 and 𝛾2. 

Dynamic response data obtained from combining the 

FEM and the Micro-GA are expressed as 

𝑍(𝐩𝑠)

= [ 𝑈11 𝑈12 ⋯ 𝑈1𝑁 ⋯ 𝑈𝑀1 𝑈𝑀2 ⋯ 𝑈𝑀𝑁 ]𝑇 
(14

) 

where 𝑠 is the number of identification variables, 𝑀 the 

number of measurement locations, 𝑁 the number of time 

steps, and 𝑈11 ,…, 𝑈𝑀𝑁  the dynamic response data. Thus, 

the detection of a stiffness reduction distribution yields a 

problem of computing identification variables in the gamma 

function when the values of the function 𝑍 match well 

with the measured data. Thus, the identification of a 

stiffness reduction distribution might be written as a 

minimization problem set as follows 

𝐌𝐈𝐍 (𝛱 = ∑[ 𝛹 − 𝑍(𝐩𝑠)𝑖𝑖 ]
2

𝑁

𝑖=1

) (15) 

where 𝛹1 ,…, 𝛹𝑁  are the measured dynamic data 

computed in the forward procedure. Based on the combined 

FE analysis and GA, the overall distribution of the degraded 

stiffness associated with delamination can be obtained from 

the identification of the unknown variables 𝐩𝑠. 

Fig. 3 shows a procedure for detecting the location of 

damage associated with the delamination and regression of 

future responses employing the coupled gamma function 

and Micro-GA. From the combination of FE analysis and 

coupled Micro-GA based gamma function, the central 

location of a damaged region resulting from the 

delamination in composites, the overall distribution of the 

deteriorated stiffness, and the response predictions can be 

finally decided by identified unknown parameters, 𝐩𝑠 . 

From computing the unknown parameters, it is possible for 

the entire dynamic response data to develop a prediction 

model of the dynamic response through a regression 

analysis based on the measurement data. The reconstructed 

stiffness matrix at the mth element is written as 

�̃�(𝑚) = 𝛿(𝑚)[𝐊]𝑒
𝑚 (16) 

At a divided time step, 𝑡 = (𝑛 + 1)∆𝑡, the regressed 

displacement, �̃�, of the dynamic response data at each time 

step is expressed as 

�̃�[𝑛 + 1] = [�̂� + 𝜆0𝐌]
−1

[𝐟[𝑛 + 1]

+ 𝐌(𝜆0𝐮[𝑛] + 𝜆2�̇�[𝑛] + 𝜆3�̈�[𝑛])] 
(17) 

 

 

Fig. 4 Numerical model for parametric examples 

 

 

Fig. 5 Comparison of first natural frequencies for increase 

delamination sizes 

 

 

where 𝐟 indicates the effective load at the next time step, 

�̂� is the reconstructed system stiffness matrix, �̇� is the 

velocity vector, �̈� is the acceleration vector, and 𝜆0, 𝜆2, 

and 𝜆3 are constants for the time integration in Newmark’s 

method. 

 

 

4. Numerical examples 
 

4.1 Numerical model and verification 
 

[0/90]s and [45/-45]s laminates under impact loads are  

Table 1 Computational parameters for gamma function based micro genetic algorithms 

Parameter Range Combinations Binary digit Population size 
Maximum 

chromosome 

β1 1.5~10.0 8,192 15 

5 

(500~1,000 

generations) 

64 

β2 1.5~10.0 8,192 15 

γ1 0.01~10.0 4,096 12 

γ2 0.01~10.0 4,096 12 

η 0.01~0.95 1,024 10 
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considered for the numerical example. For convenience, 

this study assumes the load 𝐹(𝑡) as a narrow rectangular 

pulse of width 𝑡0 

 

 

𝐹(𝑡) = 𝐹0[𝐻(𝑡) − 𝐻(𝑡 − 𝑡0)] (18) 
 

0.025 msec 

 

0.075 msec 

 

0.125 msec 

 

0.250 msec 

 

0.375 msec 

 

0.500 msec 

 
 (a) Without delamination                (b) With delamination 

Fig. 6 Comparison of overall dynamic behaviors of composites without and with delamination. (Case II, a/h = 100, [0/90]s) 
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(a) Measurement 1 

 

(b) Measurement 2 

Fig. 7 Dynamic responses of composites with and without 

delamination at measurement locations (Case I, a/h = 100, 

[0/90]s) 

 

 

where 𝐻(𝑡) is the Heaviside step function and 𝐹0 is the 

magnitude of the load. This approximation is believed to be 

reasonable for impact loadings. Its pulse magnitude and 

duration are 100 kg and 50 sec, respectively. The time step 

(t) used in the computation is 10 sec. The geometry and 

material properties are as follow: 𝐿 = 1.0 m, 𝑎/ℎ = 100, 

𝐸1 = 52.5  GPa, 𝐸1/𝐸2 = 25 , 𝐺12 = 𝐺13 = 𝐺23 = 10.5 

GPa, 𝜈12 = 0.25, and 𝜌 = 800 kg/m3.  

Fig. 4 shows different delamination locations, loading 

points, and monitoring (measurement) points used in in the 

numerical model of simply supported composite plates. A 

concentrated step loading with a magnitude of 100 kN is 

applied at the upper or center of the plate. Table 1 indicates 

the computational parameters for damage detection 

associated the Micro-GA. In the inverse procedure, the 

location and degree of stiffness degradation owing to 

delamination are determined, and the reconstruction of the 

entire time history data is then computed. 

To validate the two-dimensional delamination model 

applied in this research, the induced natural frequencies are 

compared with those in the literature. Fig. 5 compares first 

natural frequencies of all clamped composites for increased 

delamination sizes. In the figure, C and L are the 

delamination size and the length of a plate, respectively. 

The applied plate model is developed on the basis of the  

 

(a) x-y plane view 

 

(b) 3D view 

 

(c) Micro-GA process 

Fig. 8 Determination of gamma function based 

delamination location, stiffness reduction, and Micro-GA 

procedure (upper loading, Case I, [45/-45]s) 

 

 

higher-order shear deformation theory. Dimensions of the 

plate of eight plies [0/90]2s are 127 × 127 × 1.016 mm3. A 

square embedded delamination is located at the center of 

the plate and on the mid-plane of the plate in the thickness 

direction. Material constants of a lamina (T300/943) are: 

𝐸1 = 134  GPa, 𝐸2 = 10.3  GPa 𝐺12 = 𝐺13 = 5.00  GPa, 

𝐺23 = 3.28 GPa, 𝜈12 = 0.33, and 𝜌 = 1,480 kg/m3. Note 

that these properties are used for only this example. It is 

found from the figure that the results for different 

delamination sizes obtained from this study match well with 

those of Hu et al. (2002). 
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Fig. 6 presents the difference between the overall dynamic 

behavior of the [0/90]s laminates for the delamination 

existence. It is indicated that the difference between the two 

behaviors increases as the time increases as a result of the 

delamination effects, especially for the delamination region. 

Fig. 7 shows comparisons of the dynamic response with and 

without delamination at various measurement locations. It is 

observed that the dynamic behavior of the two plates is similar 

at the region without delamination. 
 

4.2 Stiffness detection and behavior reconstruction 

 

 

The proposed algorithm regarding the modified 

bivariate gamma function was used to detect the stiffness 

distribution in composite plates. Fig. 8 shows the 

delamination identification in [45/-45]s laminates subjected 

to upper loading. Fig. 8(a) represents the calculated location 

and the extent of stiffness reduction owing to the 

delamination. Fig. 8(b) presents a three-dimensional view 

of the estimated stiffness degradation. Fig. 8(c) shows the 

best and average fitness values in the Micro-GA, as well as 

the mean of the best value of the population in each 

generation. In the figure, the best  fi tness value  

 
 

(a) Measurement 1 (b) Measurement 2 

  

(c) Measurement 3 (d) Measurement 4 

 

(e) Measurement 5 

Fig. 9 Reconstructions of time history data of laminated composites with [45/-45]s for different measurement locations (upper 

loading, Case I) 
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(a) x-y plane view 

 

(b) 3D view 

 

(c) Micro-GA process 

Fig. 10 Determination of gamma function based 

delamination location, stiffness reduction, and Micro-GA 

procedure (central loading, Case II, [45/-45]s) 
 

 

asymptotically decreases to the zero residual value. Figs. 

9(a) through (e) show comparisons of the measured and 

reconstructed time history data in laminates for different 

measurement locations. As observed, the regressed 

displacements are similar with the true ones in global 

behaviors. 

Fig. 10 presents results of Case II under the same 

conditions as those in Case I, except for central loading. It can 

be found from the figure that the detection in Case II also 

seems to be accurate, as identified in Case I. Use of the 

bivariate gamma function highlighted that the proposed  

 

(a) Measurement 2 

 

(b) Measurement 3 

 

(c) Measurement 4 

Fig. 11 Reconstructions of time history data of composites 

with [45/-45]s for different measurement locations (central 

loading, Case II) 
 

 

method approaches to the true values. On the other hand, 

the convergence rate varies from case to case, as shown in 

Fig. 10(c). The extent of stiffness reduction is dependent on 

the location of the delamination and loading condition. Figs. 

11(a) through (c) show comparisons of the true and 

reconstructed time history data in composites for 

measurements 2-4.  

As may be observed from the figures, the entire 

regressed time history data are slightly different from the 

measured ones. This difference is not significant because 
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the local modes are not major factors in the overall behavior 

of laminated composites subjected to impact loads. For the 

global mode, the reconstructed time history data agree well 

with the measured data, regardless of small measurement 

range. The proper choice of the range of measurement 

influences the probability of data reconstruction. The 

change in reconstruction associated with different 

measurement locations can be ignored; the change of the 

fitness value is insignificant. This research addresses the 

applicability of the combined Micro-GA and gamma 

function to estimate the location of delamination and 

associated behavior in a composite structure. 
 

4.3 Correlation coefficient for different fiber angles 
 

Figs. 12 and 13 show contours of the correlation 

coefficients between the measured and reconstructed 

responses. In the figures, the red contours indicate a high 

correlation between the two data while the yellow contours 

indicate a low correlation between the two data. As 

expected, the reconstructed responses obtained from this 

research are well-correlated to the true ones except for few 

points near the boundaries. For the two cases, the  

 

 
 

correlation coefficients also show that the response 

predictions for [±45/-45]s laminate are more accurate than 

those for [0/90]s laminate. Additionally, there is a 

significant increase of coefficients at the central points in 

comparison to the plate edges. This is predictable because it 

is expected that the wave propagation speed and magnitude 

increase near the loading points. The accuracy of the 

reconstruction depends on many parameters such as ply 

angles, loading and measurement points, and locations of 

delamination. 
 

 

5. Conclusions 
 

In this research, the delamination of laminated 

composites under impact loads was identified from a 

combination of mathematical and numerical methods. The 

proposed approach using a modified bivariate gamma 

function presents excellent numerical efficiency and 

applicability for real structures. The stiffness reduction 

owing to delamination is relatively accurately transformed 

to damaged shapes through use of the modified bivariate 

gamma function. The following conclusions were made 

  

(a) [0/90/90/0] (b) [45/-45/-45/45] 

Fig. 12 Induced correlation coefficients of the reconstruction of dynamic responses of composites for all measurement 

locations (upper loading, Case I) 

  

(a) [0/90/90/0] (b) [45/-45/-45/45] 

Fig. 13 Induced correlation coefficients of the reconstruction of dynamic responses of composite for all measurement 

locations (central loading, Case II) 
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from the parametric results obtained in this study.  

• In the two-dimensional finite element formulation on 

the basis of the first shear deformation theory, three 

different types of elements were used at the boundaries of a 

delamination. The results using the proposed two-

dimensional delamination model agree well with those 

reported in an existing study. This model is recommended 

to be used for the effective memory management and 

efficiency of the iterative computation. 

• The combined Micro-GA and gamma function method 

is computationally efficient since it enables to optimize the 

location of damage with a small number of unknown 

parameters. The high sensibility of this method enables to 

detect the damage from only slight change in the dynamic 

response data associated with the delamination.  

• The rate of the detection convergence is dependent on 

the location of the delamination and loading and 

measurement condition. The layup sequence of laminates 

also has an influence on the probability of detection. 

Therefore, it is required to optimize the measurement 

location and loading condition for the better convergence. 

• The reconstructed responses induced from this 

research match well with the measured ones except for few 

points near the boundaries. It is found that there is a 

significant increase of the reconstruction sensibility at the 

central points in comparison to the plate edges. This is 

associated with the increase of the wave propagation speed 

and magnitude near the loading points. 
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