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1. Introduction  
 

The contact force between wheels and rails is one of the 

main factors in the railway track design (Askarinejad and 

Dhanasekar 2016, Yan et al. 2018, Sadeghi et al. 2016a, 

Sadeghi et al. 2016b, Jansseune and De Corte 2017, Xia et 

al. 2018, Kahya and Araz 2017). The wheel-flat can cause 

substantial intensification of wheel/rail forces (Gandhi et al. 

2015, Kouroussis et al. 2015, Guo et al. 2017 and Zhu et al. 

2009). Severe train's brakes cause development of wheel 

flats in the wheel (Handoko and Dhanasekar 2006). Wheel 

flats induce severe dynamic forces, causing nonlinear 

damage accumulation in the rail (Kreiser et al. 2007). 

Therefore, detection of wheel flats and investigation of their 

effects on the track responses are important in the railway 

research (Jia and Dhanasekar 2007). Mostly, wheel flat is 

asymmetric about the center of the railway track (Zhu et al. 

2009 and Steenbergen 2007). For instance, while a wheel 

flat has been found on the right wheel, the left one is intact 

(Zhu et al. 2009 and Steenbergen 2007). The influence of 

the wheel-flat on the wheel/rail force has been investigated 

by two and three dimensional numerical models in the 

available literature. In the two dimensional (2D) model, a 

symmetry condition is considered in the track, and 

consequently, half of the track is simulated. This causes 

considerably less computational cost in the 2D models  
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compared with the three dimensional (3D) ones (Zou et al. 

2016, Sadeghi et al. 2016b). Therefore, despite the fact that 

the wheel flat is known as an asymmetrical phenomenon, 

various two 2D numerical models have been developed for 

the investigation of the effect of wheel flat on the wheel rail 

forces. Newton and Clark were the first to investigate the 

effect of wheel-flat on the wheel/rail force using a 2D 

model (Newton and Clark 1979). In their model, the railway 

track was simulated as a beam rested on an elastic 

foundation, the vehicle was modeled as a moving mass and 

the wheel/rail contact was considered as a nonlinear Hertz 

spring. They evaluated the accuracy of their theoretical 

results by conducting field measurements. Due to the 

limitations of solving the nonlinear problem in the 

frequency domain, the vehicle/track interaction problem 

with nonlinear Hertz spring has been usually investigated in 

the time domain (Yang et al. 1999). Further use of 2D 

models for the investigation of the effect of a single wheel-

flat on the wheel rail forces has been made by several 

researchers (Thompson et al. 2003, Wu and Thompson 

2004, Nielsen and Igeland 1995, Zhai et al. 2001, Sun and 

Dhanasekar 2002, Uzzal et al. 2008 and Uzzal 2012). In 

most of these studies, the wheel/rail contact was considered 

as a nonlinear Hertz spring and the wheel-flat was assumed 

as a half-cosine wave shape irregularity on the top of the 

rail.  

Although the amounts of flatness of the left and right 

wheels are mostly different (asymmetric wheel flats), the 

left and right sides of the railway track and the vehicle are 

assumed the same in the 2D models (Zhu et al. 2009 and 

Steenbergen 2007). This assumption might cause some 

errors in the 2D models results (Uzzal et al. 2009). Due to 
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the limitation of the 2D models in the consideration of 

asymmetric wheel flats, some 3D models have been 

developed in the literature (Uzzal et al. 2009). For instance, 

Uzzal et al. developed a 3D model of vehicle/ballasted track 

interaction problem to investigate the effects of different 

wheel-flats of the right and left wheels of a wheel set on the 

vehicle response (Uzzal et al. 2013). In their model, the 

vehicle was simulated as a wagon with seventeen degrees of 

freedom (DOF), the wheel/rail contact was considered as a 

nonlinear Hertz spring, and the track (composed of left rail, 

right rail and sleepers) was modeled as a two layered 

system. This model was further used to investigate the 

effects of the multiple wheel-flats of one wheel and two 

wheels on the vehicle response (Uzzal et al. 2014). 

In spite of considerably less computational costs of 2D 

models, it has been proved that the 2D models provide less 

accurate results compared to the 3D models (Sadeghi et al. 

2016b). However, it is not clear to which extend (or 

conditions) the 2D models are unreliable. In other word, an 

important question of “what is the optimum modeling 

technique to have the minimum computational cost while 

having sufficient accuracy?” has been left unanswered 

(Hamdoon et al. 2011, Nasr et al. 2018 and Shallan et al. 

2018). This indicates that there is a need to investigate the 

effectiveness of 2D models in accurate prediction of the 

effects of various single of asymmetric wheel-flats on the 

wheel-rail contact force. In response to this need, 2D and 

3D models of vehicle/track interaction problem were 

developed in this study. These models consider wheel/rail 

contact as a nonlinear Hertz spring and their solutions are 

based on Newmark integration method in conjunction with 

full Newton-Raphson incremental-iterative scheme 

(Sadeghi et al. 2016c). This solution method has the best 

performance from the aspect of its computational cost 

among others available in the literature (Sadeghi et al. 

2016c). The validation of results obtained by the models 

was made by comparisons of the results obtained from the 

models with those of experiments carried out in this study. 

Through a parametric study of the vehicle speed, track 

stiffness and wheel-flat length and depth, the level of 

accuracy, reliability, and cost effectiveness of the 2D and 

3D modeling techniques in the estimation of the effects of 

asymmetric single wheel-flats on wheel/rail contact forces 

were investigated, leading to propose an optimum modeling 

technique. 
 

 

2. Development of numerical models 
 

In order to investigate the effects of asymmetric single 

wheel-flats on wheel/rail contact forces, 2D and 3D 

numerical models of railway vehicle/track interaction were 

developed. The longitudinal and side views of the 3D model 

are presented in Figs. 1 and 2, respectively. As illustrated in 

Figs. 1 and 2, the track in the 3D model is composed of 

right and left rails and a supporting system. The rails were 

modeled us ing the Timoshenko beam elements 

(Przemieniecki 1985, Edem 2006) and the supporting 

system was simulated using the spring/dashpot elements 

(Sadeghi et al. 2016b). Wheel-flats cause high frequency 

excitation. According to the literature, shear deformation  

 

Fig. 1 Longitudinal view of the 3D and 2D models 

 

 

Fig. 2 Cross section view of the 3D model 

 

 

should be considered in the ranges of high frequency 

excitation. Therefore, the rail is modeled as Timoshenko 

beam element in order to consider the effect of shear 

deformation on the rail response. The rails were connected 

discontinuously to the subgrade (as a supporting system). 

The vehicle in the 3D model was modeled as a wagon with 

seventeen degree of freedom (DOF) (Kumaran et al. 2002). 

A view of the 2D model is presented in Fig. 1. In the 2D 

model, the rail and supporting system were modeled using 

the Timoshenko beam elements and the spring/dashpot 

elements, respectively. The vehicle of the 2D model was 

simulated as a wagon with ten DOF (Sadeghi and Fesharaki 

2013). The equation of motion of the vehicle and the track 

for both models (2D and 3D model) was written in Eq. (1), 

where K, C and M are the stiffness, damping and mass 

matrices of the whole system, respectively. The 

acceleration, velocity and displacement vectors of system 

are defined as Ẍ, Ẋ and X respectively and F is the force 

vector. 

𝑲𝑿 + 𝑪𝑿̇ +𝑴𝑿̈ = 𝑭 (1) 

The wheel/rail contact was considered as a nonlinear 

Hertz spring as formulated in Eq. (2) (Newton and Clark 

1979), where Fint
H

m
 is the wheel/rail contact force, CH is 

the Hertz spring constant, zwm
 is the vertical displacement 

of the wheel, zrm is the rail displacement at the wheel-rail 

contact point in the vertical direction, and zdm is the rail 

irregularity. 

In the 3D model, the sub-index “m” is “1” for the right 
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wheel and “2” for the left wheel. It is considered “1” for the 

2D model (Uzzal et al. 2013). 

 
(2) 

In the 3D model, the wheel vertical displacement (zwm
) 

was calculated using Eq. (3) in terms of the wheelset DOF, 

the vertical displacement (Zws)  and the rotation (∅ws ) 

about the longitudinal axis. In Eq. (3), b is the track gauge. 

The wheel vertical displacement (zw1
) is denoted by Zws 

in the 2D model (Sadeghi et al. 2016b and Uzzal et al. 

2013). 

𝑧𝑤𝑚
= 𝑍𝑤𝑠 + sign ×

𝑏

2
× 𝑠𝑖𝑛⁡(∅𝑤𝑠)⁡⁡⁡⁡sign

= {
+1⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡𝑚 = 1
−1⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡𝑚 = 2

 
(3) 

The governing differential equation of motions of the 

vehicle and the track (Eq. (1)) in both models (2D and 3D) 

was modified in order to incorporate the effect of the 

nonlinear Hertzian spring force. For this purpose, the 

internal virtual work of the Hertzian spring in the contact 

point at the analysis time t + ∆t ((δwint
H )

t+∆t
) was written 

as in Eq. (4) (Borst et al. 2012). 

(𝛿𝑤𝑖𝑛𝑡
𝐻 )𝑚

𝑡+∆𝑡 = CH(𝑧𝑤𝑚
− 𝑧𝑟𝑚 − 𝑧𝑑𝑚)

3
2⁡. (δZw𝑚

− δZr𝑚) 
(4) 

where CH , zwm
, zrm  and zdm  are as described earlier 

and δZwm
 and δZrm are the virtual displacements of the 

wheel and the rail in the contact point, respectively. Zr was 

discretized by using the linear interpolation functions, φk 

(k=1-4), as follows (Przemieniecki 1985) 

𝑧𝑟𝑚 =∑𝑧𝑟
k
𝑚
× 𝜑i

4

k=1

 (5) 

where Zr
1
m
, Zr

3
m

 are the vertical DOF of the rail element 

nodes i and j, respectively and Zr
2
m
, Zr

4
m

 are the rotational 

DOF of the rail element nodes i and j, respectively. i and j 

are the first and end points of the beam element, 

respectively. The rotational degree of freedom is 

independent from translation degree of freedom (Edem 

2006). The linear form of (δwint
H )

m

t+∆t
 for the left and right 

sides of the 3D model can be written as under (Borst et al. 

2012) 

(𝛿𝑤𝑖𝑛𝑡
𝐻 (𝒈, 𝛿𝒈))𝑚

𝑡+∆𝑡

= (𝛿𝑤𝑖𝑛𝑡
𝐻 (𝒈, 𝛿𝒈))𝑚

𝑡

+ 𝐷[(𝛿𝑤𝑖𝑛𝑡
𝐻 (𝒈, 𝛿𝒈))]𝑚

𝑡 ∆𝒈 
(6) 

where g , δg  and ∆g  are the displacement, virtual 

displacement and incremental displacement vectors, 

respectively. g is the vector of the wheel and the rail 

element DOF in the contact point in the 3D model as 

defined under 

 
(7) 

In the 2D model, Eq. (6) was used when sub-index m 

takes “1”. In addition, in 2D model the vector g  is 

modified as follows 

𝒈 = {𝑍𝑤𝑠 Zr
1
1

Zr
2
1

Zr
3
1

Zr
4
1}

𝑻
 (8) 

where,⁡D[(δwint
H (g, δg))]

m

t
⁡∆g, is the directional derivative 

of the internal virtual work of the Hertzian spring in the δg 

direction (Borst et al. 2012). Eq. (6) was rewritten in the 

following form (Eq. (9)) in order to derive the Hertzian 

internal force vector and the Hertzian tangent stiffness 

matrix (Borst et al. 2012). 

(𝛿𝑤𝑖𝑛𝑡
𝐻 (𝒈, 𝛿𝒈))𝑚

𝑡+∆𝑡 = 𝛿𝒈𝑇𝑭𝑖𝑛𝑡
𝐻 + 𝛿𝒈𝑇⁡𝑲𝑇

𝐻⁡∆𝒈 (9) 

where FH and KT
H are the Hertzian internal force vector 

and the Hertzian tangent stiffness matrix, respectively. In 

the 3D model, they were defined as Eq. (10). In Eq. (10), 

KT
H(n, o) is the component of the nth row and the oth column 

of the tangent stiffness matrix KT
H, and FH(n) is the nth 

component of the Hertzian internal force vector FH. Using 

Eqs. (10), the effect of nonlinear Hertz spring between the 

wheel and the rail was taken into the governing differential 

equation of motions of the whole system in the 3D model 

(Eq. (10)). In the 2D model, sub-index m takes 1 and the 

DOF of components of Hertzian internal force vector and 

the Hertzian tangent stiffness matrix were modified 

according to Eq. (8). In Eq. (10), the values of k and p are 

changed from 1 to 4. 

𝐾𝑇
𝐻(zws, zws) = ∑ (

3

2
CH(𝑑𝑧𝑚)

1 2⁄ )
m

2

m=1

 

𝐾𝑇
𝐻(∅ws, ∅ws) = ∑ ([−sign ×

b

2
× sin(∅ws) × FH]

2

m=1

+ [
3

2
CH(𝑑𝑧𝑚)

1 2⁄ (sign ×
b

2

× sin(∅ws))
2

])
m

 

𝐾𝑇
𝐻(zws, ∅ws) = ∑ (sign ×

b

2
× cos⁡(∅ws)

2

m=1

×
3

2
CH(𝑑𝑧𝑚)

1 2⁄ )
m

 

𝐾𝑇
𝐻(zws, zr

k) = ∑ (−φk ×
3

2
CH(𝑑𝑧𝑚)

1 2⁄ )
m

2

m=1

 

𝐾𝑇
𝐻(∅ws, zr

k) = ∑ (−sign ×
b

2
× cos⁡(∅ws) × φk

2

m=1

×
3

2
CH(𝑑𝑧𝑚)

1 2⁄ )
m

 

𝐾𝑇
𝐻(zr

k, zr
p
) = ∑ (φk × φl ×

3

2
CH(𝑑𝑧𝑚)

1 2⁄ )
m
⁡

2

m=1

 

𝐹𝐻(zws) = ∑(Fint
H )

m

2

m=1

 

(10) 
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𝐹𝐻(∅ws) = ∑ (sign ×
b

2
× cos(∅ws) × Fint

H )
m

2

m=1

 

𝐹𝐻(zr
k) = ∑(−φk × Fint

H )
𝑚
⁡

2

𝑚=1

 

The governing differential equations of the vehicle and 

the track motions in both models, with the consideration of 

the wheel/rail contact as a nonlinear Hertz spring, were 

derived and solved in the time domain. A new solution 

algorithm developed by these authors (Sadeghi et al. 2016c) 

was used to solve the equations of the motions of both 

models in the time domain and in a coupled form. The 

solution algorithm is a combination of the Newmark-Beta 

integration method and the full Newton-Raphson iterative 

scheme (Sadeghi et al. 2016c and Borst et al. 2012). 

 

 

3. Validation of 3D numerical model 
 

To evaluate the accuracy of the 3D model results, a 

comparison was made between the results obtained from the 

model and those of field measurements. For this purpose, 

comprehensive field test was carried out in this research. 

Because of the dominant effect of the rail displacement on 

the wheel/rail contact force (as in Eq. (2)), the rail 

displacement was considered as an appropriate criterion for 

the comparison. The tests were performed in the Iranian 

largest metro network (in the capital city). A view of the 

field test location (near Shahid Zeino-Din station) is 

presented in Fig. 3. The slab track in the field was Rehda-

2000 with UIC54 rail lied on a concrete bed with stiffness 

and damping of 100 MN/m and 0.2 MN.s/m, respectively. 

The fastening space was 0.6 m. 

In order to consider the worst scenario, the test was 

performed on a part of the track which had a non-symmetric 

rail irregularity. That is, a half-sine irregularity was 

observed on the right rail head while the left rail has no 

irregularity. As shown in Fig 4, the irregularity of the right 

rail is located in the mid-span of the rail between two 

fastening system. The right rail irregularity amplitude and 

wavelength are 0.15 m and 2.5 mm, respectively. A view of 

the left rail condition is presented in Fig. 5. The metro train 

includes seven wagons (each has four axles). The axle load 

was 14 ton. Properties of the vehicle were obtained from 

Tehran metro car manufacture (CNR 2002). A view of the 

train at the test location is presented in Fig. 6 (a). The tests 

were made when the train passed with the speed of 25 

km/hr. A view of the train wheel on the rail is shown in Fig. 

6 (b). 

Four Linear Variable Displacement Transducers 

(LVDTs) were used to record the right and left rails 

deflections and the absolute slab displacements. A 

schematic view of the LVDTs arrangement is presented in 

Fig. 7. The first LVDT (LVDT1) was used to record the 

relative displacement of the right rail to the slab (near the 

irregularity point). The second LVDT (LVDT2) was used to 

record the absolute deflection of the slab at the right side of 

the track. From the data obtained from LVDT1 and 

LVDT2, the absolute vertical displacement of the right rail  

 

Fig. 3 Field test location 

 

 

Fig. 4 Right rail with irregularity 

 

 

Fig. 5 Left rail without irregularity 

 

 

(a) View of the train used in the test 

 

(b) Train wheel running on the rail 

Fig. 6 Views of train running on the rail 

 

 

was derived. Similarly, the absolute deflection of the left 

rail was derived from the data obtained from LVDT3 

(recording the relative deflection of the rail to the slab) and 

LVDT4 (recording the absolute defection of the slab). A 

view of LVDTs installation on the field test is presented in  
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Fig. 7 Left rail without irregularity 

 

 

(a) On the left rail 

 

(b) On the right rail 

Fig. 8 Installation of LVDTs on the rails 

 

 

Fig. 8. A data logger namely TMR-211 was used to record 

the data measured by LVDTs. A view of TMR-211 data 

recorder is presented in Fig. 9. The data obtained by the 

TMR-211 was transferred to a Laptop computer and 

processed using the TMR software (Fig. 9). The 3D model 

was run, taking into consideration the properties of the track 

and the vehicle (as the model input parameters). The 

vertical displacement of the right and left rails obtained 

from the model for the vehicle speed of 25 km/hr are 

compared with those of the field test in Figs. 10 and 11. The 

results were obtained when the fourth wagon was passed 

over the LVDTs positions. 

Based on the results presented in Fig. 10, the maximum 

displacements of the left rail under the first and the second 

bogies are 0.78 mm and 0.83 mm, respectively. That is, the 

left rail displacements for the first and the second bogies are  

 

(a) Measurement on the site 

 

(b) Data logger TMR-211 

Fig. 9 Field measurement using TMR-211 data logger 

 

 

Fig. 10 Left rail vertical displacement 

 

 

Fig. 11 Right rail vertical displacement 

 

 

nearly the same (with 2% deference). The differences 

between the results obtained from the model and the 

measurement are in the range of (3-4%), having its 

maximum under the second bogie. The time history of the 

right rail displacement is presented in Fig. 11. As indicated 

in this figure, the maximum displacement of the right rail 

(which had irregularity) is about 1.99 mm. Comparison of 

the results presented in Figs. 10 and 11 shows that the  
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Table 1 Wheel-flats properties 

Wheel flat condition Length (mm) Depth (mm) 

Small 20 0.05 

Medium 150 1.5 

Large 100 0.9 

Very large 150 2.15 

 

 

Fig. 12 Schematic view of asymmetric wheel-flat condition 

 

 

maximum vertical displacement of the left rail is 50% lower 

than that of the right rail, indicating the considerable effects 

of the asymmetric rail irregularity on the results. As 

illustrated in these figures, the results obtained from the 3D 

model are in good agreement with those of the field test 

(having at the most 8% difference). In other word, the 3D 

model is reliable to predict the effect of asymmetric wheel-

flat on the wheel rail force. 

 

 

4. Reliability of 2D model in various wheel flatness 

conditions 
 

In order to investigate the reliability of the 2D modeling 

technique in the estimation of the effects of asymmetric 

single wheel-flats on the wheel/rail contact forces, the 

results obtained from the 2D model (developed in Section 

2) were compared with those of the 3D model validated in 

Section 3. The comparisons were made when there is 

asymmetric wheel flats condition. A schematic view of 

asymmetric wheel flats conditions is shown in Fig. 12. In 

the asymmetric wheel-flat condition (Fig. 12), the wheel-

flat is considered on the right wheel of the 3D model. 

Moreover, a wheel-flat was considered only on the first 

wheel of the vehicle in the 2D model. Four types of single 

wheel-flats (very large, large, medium and small) were 

considered in this study (Table 1) (obtained from Uzzal et 

al. 2013).  

The wheel-flat was considered as a half cosine rail 

irregularity in the middle of the rail as indicated in Eq. (11) 

where Zd(x), d and l are the rail irregularity at the location 

x, the wheel-flat depth, and the wheel-flat length, 

respectively (Newton and Clark 1979). 

𝑍𝑑(𝑥) =
𝑑

2
(1 − cos(

2𝜋𝑥

𝑙
)) (11) 

In the 3D model, the track was considered as two rails 

with UIC60 profile (Molatefi and Izadbakhsh 2013) laid on  

Table 2 Supporting system properties 

Supporting system type Stiffness (
𝑀𝑁

𝑚
) Damping (

𝑁.𝑠

𝑚
) 

Low stiffness 25 2 × 104 

Medium stiffness 150 6 × 104 

High stiffness 250 1 × 105 

 

Table 3 Vehicle properties 

Parameter magnitude 

Car body mass 58400⁡𝑘𝑔 

Bogie mass 3600⁡𝑘𝑔 

Wheelset mass 1900⁡𝑘𝑔 

Mass moment of inertia of the car 

body about x axis 
95576⁡𝑘𝑔.𝑚2 

Mass moment of inertia of the car 

body about y axis 
726462⁡𝑘𝑔.𝑚2 

Mass moment of inertia of the bogie 

about x axis 
1600⁡𝑘𝑔.𝑚2 

Mass moment of inertia of the bogie 

about y axis 
1801⁡𝑘𝑔.𝑚2 

Mass moment of inertia of the wheel-

set about x axis 
420.1⁡𝑘𝑔.𝑚2 

Primary suspension stiffness 788000⁡𝑘𝑁/𝑚 

Primary suspension damping 3500⁡𝑁. 𝑠/𝑚 

Secondary suspension stiffness 5320⁡𝑘𝑁/𝑚 

Secondary suspension damping 70000⁡𝑁. 𝑠/𝑚 

Longitudinal distance between bogies 10.36⁡𝑚 

Longitudinal distance between wheel-

sets in bogie 
2.5⁡𝑚 

Lateral distance between secondary 

suspensions 
1.6⁡𝑚 

Lateral distance between primary 

suspensions 
1.6⁡𝑚 

Hertz spring constant 87000000⁡𝑘𝑁/𝑚3 2⁄  

 

 

Fig. 13 DP in asymmetric small wheel-flat condition 

 

 

the supporting system with properties presented in Table 2 

(obtained from Egana et al. 2006). The sleeper spacing was 

600 mm. As it is presented in Table 2, three different 

scenarios (supporting system with low stiffness, medium 

stiffness and high stiffness) were considered for the 

supporting system properties. The ranges of supporting 

system stiffness considered in the parametric study are in 

the ranges of equivalent stiffness of ballasted and slab 

tracks. Therefore, the results obtained from the parametric 

study are applicable in different types of railway 

superstructure such as ballasted or slab track. The number 

of time steps of each analysis was 6000. Six Timoshenko  
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(a) Right wheel 

 

(b) Left wheel 

Fig. 14 Maximum wheel/rail force of first wheel in 

asymmetric small wheel-flat condition obtained from 3D 

model 

 

 

beam elements were used to simulate the rail between two 

fastening systems. 

In the 2D model, half of the track and the vehicle were 

simulated. The wagon with the properties presented in 

Table 3 (obtained from Uzzal et al. 2013) was run with the 

speeds in the ranges of (10-300 km/hr). The DOF of the 2D 

and 3D models were 402 and 821, respectively. The 

difference between the maximum wheel/rail forces obtained 

from the 2D and 3D model was considered as the main 

criterion in the comparisons. This was due to the fact that 

wheel flat has a significant effect on the maximum 

magnitude of the wheel/rail force known as the main factor 

of inducing stress and deflection in the railway track 

components. In order to evaluate the reliability of the 2D 

model in unsymmetrical wheel flatness conditions, an index 

called DP (wheel/rail force Differences in Percentage) is 

defined to compare the maximum of wheel/rail force 

obtained from the 2D model with that of the 3D model (See 

Eq. (12)). In Eq. (12), Fmax
2D  and Fmax

3d,rw
 are the maximum 

wheel/rail force obtained from the 2D model and the right 

wheel/rail force obtained from the 3D model, respectively. 

𝐷𝑃 =
𝐹𝑚𝑎𝑥
2𝐷 − 𝐹𝑚𝑎𝑥

3𝐷,𝑟𝑤

𝐹𝑚𝑎𝑥
3𝐷,𝑟𝑤 × 100 (12) 

The DP in asymmetric small wheel-flat condition is 

presented in Fig. 13. Moreover, the maximum wheel/rail 

force obtained from the 3D model for the left and right 

wheels are presented in Fig. 14. As illustrated in Fig. 13, at 

the vehicle speed lower than 30 km/hr, DP is positive and  

 

Fig. 15 DP in asymmetric medium wheel-flat condition 

 

 

consequently the maximum wheel/rail force obtained from 

the 2D model is more than that of the 3D model. However, 

the DP is negative and subsequently the maximum 

wheel/rail force obtained from the 2D model is lower than 

that of the 3D model for the vehicle speed of more than 30 

km/hr. 

According to Fig. 13 (the case of small wheel-flat 

condition and low track stiffness), when the vehicle speed is 

changed, the variation of DP is negligible compared with 

those of the medium and high track stiffness. Fig. 14 

indicates that as the small wheel-flat condition is considered 

on the right wheel, the maximum wheel/rail force for the 

right wheel is more than that of the left. Based on Fig. 13, 

the DP for the vehicle speed of 150 km/hr and a high 

stiffness of the track support reaches almost 30 percent. As 

illustrated in Fig. 14, the maximum wheel/rail force in high 

stiffness tracks has a maximum at the vehicle speed of 150 

km/hr. It means that as the track stiffness is increased, the 

variation of vehicle speed has more influence on the DP 

variation. In the other word, when the track stiffness is high 

(see Table 2), the capability of the 2D model to predict the 

effect of asymmetric wheel-flat on the wheel/rail force is 

decreased as the vehicle speed is increased. Moreover, in 

case of the medium and high track stiffness, when the 

vehicle speed is increased, the DP is increased and 

therefore, the 2D model is not sufficiently reliable for 

prediction of the effects of asymmetric small wheel-flat on 

the wheel/rail force.  

The influence of the medium wheel-flat on the DP is 

presented in Fig. 15. As indicated in this figure, the 

difference between the results obtained from the 2D and 3D 

models were increased when the wheel-flat size was 

changed from small to medium. Moreover, the effect of the 

medium wheel-flat on the maximum wheel/rail force 

obtained from the 3D model is illustrated in Fig. 15. As 

presented in Fig. 15, when the track stiffness is increased, 

the DP is increased and therefore, the 2D model perdition is 

less reliable. The variation of graphs presented in Fig. 16(a) 

is roughly the same as that of Fig. 14 (medium wheel-flat 

condition in the 2D model). As an interesting point, based 

on Fig. 16, when the vehicle speed is less than 200 km/hr, 

the maximum wheel/rail force on the left wheel is affected 

by the wheel-flat considered on the right wheel, but when 

the vehicle speed is more than 200 km/hr, the left wheel 

maximum wheel/rail force is not influenced by the wheel-

flat. In other words, when the vehicle speed is more than 

200 km/hr, the wheel-flat on the right wheel does not have 

any influence on the maximum wheel/rail force of the left  
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(a) Right wheel 

 

(b) Left wheel 

Fig. 16 Maximum wheel/rail force of first wheel in 

asymmetric medium wheel-flat condition obtained from 3D 

model 

 

 

Fig. 17 DP in asymmetric large wheel-flat condition 
 

 

wheel. As a conclusion, in case of asymmetric medium 

wheel-flat condition, the accuracy of the results obtained 

from the 2D model is decreased, when the track stiffness is 

increased. Moreover, as the train speed is increased, the 

capability of the 2D model in prediction of the effects of 

medium asymmetric wheel-flat on the wheel/rail force is 

reduced. 

The influences of large and very large wheel-flats on the 

DP are presented in Figs. 17 and 18, respectively. 

Moreover, the maximum wheel/rail force obtained from the 

3D model in cases of large and very large wheel-flat 

conditions are presented in Figs. 19 and 20, respectively.  

The general trend of the graphs presented in Figs. 17 

and 18 are almost the same. The DP is reached to its 

maximum (40%) in the high stiffness when the vehicle 

speed is 10 m/hr, for both of large and very large wheel-flat 

conditions. When the train speed is more than 200 km/hr,  

 

Fig. 18 DP in asymmetric very large wheel-flat condition 

 

 

(a) Right wheel 

 

(b) Left wheel 

Fig. 19 Maximum wheel/rail force of first wheel in 

asymmetric large wheel-flat condition obtained from 3D 

model 
 

 

the DP is slightly decreased compared to those of the train 

speed less than 200 km/r. As the track stiffness is decreased, 

the DP is decreased. As indicated in Figs. 19 and 20, the 

maximum wheel/rail force is reached to 900 kN and 1000 

kN respectively in cases of large and very large asymmetric 

wheel-flat conditions. Figs. 19 and 20 indicate that the 

maximum wheel/rail force is intensified when the wheel-

flat length and depth are increased. 

From the results obtained in can be concluded that, the 

reliability of the 2D model in prediction of the effect of 

asymmetric wheel flat condition on the wheel/rail force is 

decreased when the wheel-flat length and depth are 

increased. As an interesting point, when the wheel-flat 

length and depth are increased, the variations of track 

stiffness and vehicle speed have a considerable effect on the 

DP variation. In other words, the accuracy of the results 

obtained from the 2D model is more reliable when the track  
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(a) Right wheel 

 

(b) Left wheel 

Fig. 20 Maximum wheel/rail force of first wheel in 

asymmetric very large wheel-flat condition obtained from 

3D model 

 

Table 4 Wheel-flat ratios 

Wheel flat condition Wheel flat ratio 

Small wheel flat 0.0025 

Medium wheel flat 0.009 

Large wheel flat 0.01 

Very large wheel flat 0.01433 

 

 

Fig. 21 Asymmetric wheel-flat optimum modeling 

technique threshold 

 

 

stiffness is low and vehicle speed is less than 100 km/hr. 
 

 

5. Optimum modeling technique 
 

The computational cost of the 2D model was 84% lower 

than that of the 3D model in various conditions of the rail or 

the wheel (Zobrist and Ho 2000). As expected, the type of 

wheel-flat has no noticeable effects on the differences 

between the computational costs of both models. It is only 

dependent on the total time steps in the analysis and the 

total DOF of the models (Chen and Richard Liew 1995). 

Since the DOF of a 3D model is about 5 times more than 

that of a 2D model, the consuming time of the 2D model is 

about 150 times less than that of the 3D model (Chen and 

Richard Liew 1995). In the asymmetric wheel-flat 

condition, the results obtained from the 2D model are 

different than those of the 3D model. Based on the results 

presented in Figs. 13, 15, 17 and 18, the difference between 

the results obtained from the 2D model and the 3D model, 

is in the ranges of 0.03 to 40 percent. Therefore, in the 

asymmetric wheel-flat condition, a threshold can be derived 

in which the use of 2D modeling technique is justifiable. 

Based on the results discussed above, the wheel-flat 

characteristics, the train speed and the track stiffness are the 

dominant factors in the accuracy of the results obtained 

from the 2D model. The ratio of wheel-flat length to its 

depth (WFR) was taken as an index (Eq. (13)). As the WFR 

is increased, the maximum wheel/rail force is increased. 

The WFR for small, medium, large and very large wheel-

flats are presented in Table 4. 

𝑊𝐹𝑅 =
𝑊ℎ𝑒𝑒𝑙𝑓𝑙𝑎𝑡⁡𝐿𝑒𝑛𝑔𝑡ℎ

𝑊ℎ𝑒𝑒𝑙𝑓𝑙𝑎𝑡⁡𝐷𝑒𝑝𝑡ℎ
 (13) 

According to the literature (Chen and Richard Liew 

1995), 10% errors in prediction of wheel/rail force is 

reasonably acceptable. Based on this suggestion, a threshold 

(bandwidth), in which the results of 2D model can be 

acceptable, was developed (Fig. 21). In this figure, the 

vehicle speed is drawn against the WFR for various track 

stiffness. The track stiffness level is considered as the 

contour. If the intersection point of the lines drawn from 

WFR (the Y axis) and the vehicle speed (the X axis) is 

placed under the contour line, the 2D model is optimum 

modeling technique; otherwise the 3D model should be 

used. This figure can be used as a guideline to adapt the 

best modeling technique in prediction of rail-wheel contact 

forces. The optimum modeling technique proposed in this 

study can be used in the simulation of the straight railway 

lines. 

 
 

6. Conclusions 
 

There is a controversy over the use of three or two 

dimensional models for prediction of the wheel/rail contact 

forces. While 2D models are cost-effective and less time 

consuming compared to 3D models, their accuracy is 

questionable particularly when the wheel has flatness. In 

fact, the wheel flat is an asymmetry phenomenon in the 

railways. Despite this fact, two dimensional (2D) models of 

railway vehicle/track interaction have been mostly used in 

the investigation of the effect of wheel-flats on the dynamic 

wheel-rail force in the literature. In this paper, cost 

effectiveness and the reliability of two dimensional models 

of railway vehicle/track interaction compared with three 

dimensional ones were investigated, leading to drive an 
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optimum modeling technique. Two 2D and 3D models of 

the vehicle/track interaction were developed. The validation 

of the results obtained from the 3D model was made by 

comparing the results with those obtained from a thorough 

filed investigation carried out in this research. Comparisons 

of the results obtained from the 2D and 3D models were 

made from two aspects: computational cost and accuracy of 

the results obtained.  

Comparisons of the analyses times of the 2D and 3D 

model indicate that the computational cost of 2D models is 

considerably less (150 times) than that of the 3D model in 

all wheel flat cases. On the other hand, the accuracy of the 

results obtained from the 2D model in some track and wheel 

flat conditions have considerable errors. The difference 

between the results obtained from 2D and 3D models is 

between 0.03 to 40 percent. It was shown that the results of 

the 2D models are reliable for particular ranges of vehicle 

speed, railway track stiffness and wheel-fats lengths and 

depths. In case of asymmetric small wheel-flat condition 

and low track stiffness, the differences in the results 

obtained from 2D and 3D models are negligible in 

comparison with those of medium and high track stiffness. 

As the wheel/rail force is increased, the differences are 

increased. The difference between 2D and 3D model is 

increased when the wheel-flat size was changed from small 

to medium, large and very large. Also, as the track stiffness 

is increased, the difference is increased.  

Using the results obtained, an optimum modeling 

technique for the investigation of the effect of single wheel 

flat on the wheel/rail force was derived by compromising 

between the accuracy and the computational cost. The 

optimum technique is presented in a diagram which takes 

into consideration the vehicle speed, the track stiffness and 

the ratio of wheel-flat length to wheel-flat depth. This 

diagram is a guideline for adapting an optimum modelling 

technique in the investigation of the effect of single wheel 

flat on the wheel/ rail force. 
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