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1. Introduction  
 

Stability of structures in presence of various loads is one 

of important issues in context of mechanical engineering. 

Since introduction of nano and micro scale problems, some 

researchers focused on this issue. Critical loads of structures 

due to various types of loading such as mechanical, thermal, 

electrical and magnetic loads in small scale problems needs 

more consideration. Our literature review indicates that 

various critical loads of sandwich structures in nano scale 

based on various shear deformation theory has not been 

mentioned in detail. To justify necessity of present issue, a 

comprehensive literature review is presented. 

The beam is one of the main members in various 

complex structures that used as column and bridge. Also, in 

nano and micro usages this member employed as oscillators 

for various wide applications. In other hand, to develop the 

beam performance in the buckling, bending and vibration 

behavior the designers have to make changes to the  
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structures. In recent years, various methods invented and 

presented for optimize behavior of the beams. Increasing 

the bending stiffness by using carbon nanotube that 

suggested by many scholars is one of the main proposals. In 

the other way, using new properties of the smart materials 

such as piezoelectricity and flexoelectricity to develop and 

optimize various behavior of the structure is main method 

that many of the researchers advised (Talebi et al. 2014, 

Ghasemi et al. 2017, Hamdi et al. 2017, Hamdia et al. 

2017, Ghasemi et al. 2018, Msekh et al. 2018, Vu-Bac et al. 

2018).  

Integration of nano structures with piezoelectric 

elements leads to an interesting problems in scope of 

mechanical engineering and nano-electro-mechanical-

systems (Marzbanrad et al. 2017, Rahmani et al. 2017, Wu 

et al. 2017). In recent years, advances in material 

engineering have led to the emergence of new materials 

known as carbon nano-tubes reinforcement composite 

(CNTRC). The behaviors of the beams in various subjects 

were studied by the researchers in the form of articles and 

books (Arvin et al. 2010, Asghari et al. 2010, Reddy 2011, 

Reddy and El-Borgi 2014). Various beam theories such as 

the Euler-Bernoulli, Timoshenko or first order shear 

deformation (FOSD), Reddy or parabolic shear deformation 

(PSD) and Levinson beam theories were employed based on 
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Abstract.  This research deals with thermo-electro-mechanical buckling analysis of the sandwich nano-beams with face-sheets 

made of functionally graded carbon nano-tubes reinforcement composite (FG-CNTRC) based on the nonlocal strain gradient 

elasticity theory (NSGET) considering various higher-order shear deformation beam theories (HSDBT). The sandwich nano-

beam with FG-CNTRC face-sheets is subjected to thermal and electrical loads while is resting on Pasternak's foundation. It is 

assumed that the material properties of the face-sheets change continuously along the thickness direction according to different 

patterns for CNTs distribution. In order to include coupling of strain and electrical field in equation of motion, the nonlocal non-

classical nano-beam model contains piezoelectric effect. The governing equations of motion are derived using Hamilton 

principle based on HSDBTs and NSGET. The differential quadrature method (DQM) is used to calculate the mechanical 

buckling loads of sandwich nano-beam as well as critical voltage and temperature rising. After verification with validated 

reference, comprehensive numerical results are presented to investigate the influence of important parameters such as various 

HSDBTs, length scale parameter (strain gradient parameter), the nonlocal parameter, the CNTs volume fraction, Pasternak's 

foundation coefficients, various boundary conditions, the CNTs efficiency parameter and geometric dimensions on the buckling 

behaviors of FG sandwich nano-beam. The numerical results indicate that, the amounts of the mechanical critical load calculated 

by PSDBT and TSDBT approximately have same values as well as ESDBT and ASDBT. Also, it is worthy noted that buckling 

load calculated by aforementioned theories is nearly smaller than buckling load estimated by FSDBT. Also, similar 

aforementioned structure is used to building the nano/micro oscillators. 
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the nonlocal differential constitutive relations of Eringen by 

Reddy (Reddy 2007, El-HakimKhalil et al. 2016, Eltaher et 

al. 2016, Mirzabeigy and Madoliat 2016, Ziaee 2016). 

There are some other theories in relation to beams such as 

trigonometric shear deformation beam theory (TSDBT), 

exponential shear deformation beam theory (ESDBT), 

hyperbolic shear deformation beam theory (HSDBT), and 

Aydogdu shear deformation beam theory (ASDBT) (Simsek 

and Reddy 2013, Ansari et al. 2016, Gui-Lin et al. 2017). 

 In order to investigate the stability response and 

buckling analysis of SWCNT embedded in an elastic 

medium, nonlocal elasticity and Timoshenko beam theory 

were implemented by Murmu and Pradhan (2009). They 

used both Winkler-type and Pasternak-type foundation 

models to simulate the interaction of the (SWCNT) with the 

surrounding elastic medium. According to their obtained 

results, the critical buckling loads of SWCNT were strongly 

dependent on the nonlocal small-scale coefficients and on 

the stiffness of the surrounding medium. Ansari and 

Sahmani were proposed a non-classical solution to analyze 

bending and buckling responses of nano-beams including 

surface stress effects (Ansari and Sahmani 2011). They 

evaluated the surface stress effects on the displacement 

profile and critical buckling load of the nano-beams in each 

type of beam theory. Numerical results presented in 

conclusions of aforementioned investigation indicated that 

the difference between the behaviors of the nano-beam 

predicted by the classical and non-classical solutions which 

depends on the magnitudes of the surface elastic constants. 

An analytical approach for buckling analysis and smart 

control of a single layer graphene sheet (SLGS) using a 

coupled polyvinylidene fluoride (PVDF) nano-plate 

investigated by Ghorbanpour Arani et al. (2012). Their 

results depicted that the imposed voltage is an effective 

controlling parameter for buckling of the SLGS. Yas and 

Samadi studied free vibrations and buckling analysis of 

nano-composite Timoshenko beams reinforced by single-

walled carbon nanotubes (SWCNTs) resting on an elastic 

foundation (Yas and Samadi 2012). In aforementioned 

investigation it is assumed that the SWCNTs aligned and 

straight with a uniform layout in whole uniform and three 

types of functionally graded distributions of CNTs through 

the thickness. The results obtained in the mentioned 

investigation indicated that the CNTs distribution play a 

very important role on the free vibrations and buckling 

characteristics of the beam. The bending, buckling and 

vibration behaviors of carbon nanotube-reinforced 

composite (CNTRC) beams are investigated by 

Wattanasakulpong and Ungbhakorn (Wattanasakulpong and 

Ungbhakorn 2013). They presented new results of bending, 

buckling and vibration analyses of CNTRC beams based on 

several higher-order shear deformation theories and also 

discussed in details.  

Simsek and Yurtcu examined static bending and 

buckling of a functionally graded (FG) nano-beam based on 

the nonlocal Timoshenko and Euler-Bernoulli beam theory 

(Simsek and Yurtcu 2013). They evaluated and discussed 

the effects of nonlocal parameter, aspect ratio, various 

material compositions on the static and stability responses 

of the FG nano-beam. Based on the modified couple stress 

theory (MCST), a unified higher order beam theory which 

contains various beam theories as special cases was 

proposed by Simsek and Reddy for buckling of a 

functionally graded (FG) micro-beam embedded in elastic 

Pasternak medium (Simsek and Reddy 2013). An analytical 

study on the buckling of double-nano-plate-system (DNPS) 

subjected to biaxial compression using nonlocal elasticity 

theory were studied by Murmu et al. (2013). According to 

results obtained in aforementioned investigation the 

buckling load decreased with increase of value of nonlocal 

parameter or scale coefficient. Also, the study indicated that 

the increase of stiffness parameter brings uniaxial and 

biaxial buckling phenomenon closer while increase of 

aspect ratio widen uniaxial and biaxial buckling 

phenomenon. Niknam and Aghdam attempted to obtain a 

closed form solution for both natural frequency and 

buckling load of nonlocal FG beams resting on nonlinear 

elastic foundation (Niknam and Aghdam 2015). They 

concluded that considering the nonlocal effects decreases 

the buckling load as well as natural frequency. In addition, 

according to results presented in the aforementioned study 

the effects of nonlocal parameters on fully clamped beams 

are more than other types of boundary conditions. In other 

investigation, the buckling behavior of orthotropic 

rectangular nano-plate was studied by Mohammadi et al. 

(Mohammadi et al. 2014). In mentioned study, nonlocal 

elasticity theory was been implemented to investigate the 

shear buckling of orthotropic single-layered graphene sheets 

(SLGSs) in thermal environment. Grygorowicz et al. 

studied the analytical and numerical elastic buckling of a 

three-layered beam with metal foam core (Grygorowicz et 

al. 2015).  

Wu and Kitipornchai investigated the free vibration and 

elastic buckling of sandwich beams with a core and 

functionally graded carbon nanotube reinforced composite 

(FG-CNTRC) face sheets within the framework of 

Timoshenko beam theory (Wu and Kitipornchai 2015). The 

modified strain gradient (MSG) Reddy rectangular plate 

theory was extended by Mohammadimehr et al. for biaxial 

buckling and bending analysis of double-coupled polymeric 

nano-composite plates reinforced by functionally graded 

single-walled boron nitride nanotubes (FG-SWBNNTs) and 

functionally graded single-walled carbon nanotubes (FG-

SWCNTs) (Mohammadimehra et al. 2016). Shafiei and 

Kazemi presented an exhaustive analysis on the buckling 

behavior of two-dimensional functionally graded (2D-FG) 

tapered Euler-Bernoulli beams made of porous materials in 

nano- and micro-scales (Shafiei and Kazemi 2017). They 

concluded that Increment of FG power indexes along 

thickness (𝑛𝑧) and along axis (𝑛𝑥) decrease the buckling 

load. In the other research, Kameswara Rao and Bhaskara 

Rao presented the post-buckling behavior of thin-walled 

beam of open section supported by Winkler-Pasternak 

foundation subjected to an axial compressive load 

(Kameswara Raoa and Bhaskara Rao 2017). Zhu et al. 

adopted Eringen’s two-phase nonlocal integral model to 

carry out an analytical study on the buckling problem of 

Euler-Bernoulli beams (Zhu et al. 2017). According to 

results presented in mentioned study, the nonlocal effect 

reduced the buckling loads and also the effect could be first- 
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Fig. 1 Sandwich nano-beam with CNTRC face-sheets and 

attached coordinate system 

 

 

order or second order depending on the boundary 

conditions. 

With attention to literature review mentioned above and 

author’s knowledge, we can conclude that there is no 

published work about thermo-electro-mechanical buckling 

analysis of the sandwich nano-beams with face-sheets made 

of FG-CNTRC based on NSGET considering various 

HSDBTs. The sandwich nano-beam with FG-CNTRC face-

sheets is subjected to thermal and electrical loads. In this 

study it is assumed that the material properties of the face-

sheets change continuously in the thickness direction 

according to different patterns for CNTs distribution. The 

effects of piezoelectricity to consider coupling of strain and 

electrical field, various HSDBTs, NSGET, and Hamilton’s 

principle are used to derive governing equations of motion. 

Then DQM is used to calculate the critical buckling 

mechanical loads of sandwich nano-beam as well as critical 

buckling applied voltage and increment temperature. 

Furthermore, the comprehensive numerical results are 

presented to investigate the influence of important 

parameters such as various HSDBTs, length scale parameter 

(strain gradient parameter), nonlocal parameter, volume 

fraction of the CNTs, Pasternak foundation parameters, 

various boundary conditions, the CNTs efficiency 

parameter, and geometric dimensions on the buckling 

behaviors of FG sandwich nano-beam. 

 

 

2. Material properties of sandwich FG-CNTRC nano-
beams 
 

In this section, the schematic of problem is showed in 

Fig. 1 and a special consideration is accomplished to the 

material properties of sandwich nano beam and face-sheets. 

As can be seen in figure it is clear that the face-sheets are 

made from CNTRC that in which matrix is piezoelectric. 

Also, the core of the sandwich nano-beam is only fabricated 

by piezoelectric materials. Also, this can be seen the CNTs 

are aligned along thickness direction of the face-sheets with 

three patterns named 𝐅𝐆(𝐀𝐕), 𝐅𝐆(𝐕𝐀) and 𝐔𝐃. 

If we consider one element of the composite materials 

with the overall volume 𝑊, the following expression can be 

written between the volume of the reinforcing phase 

𝑊𝐶𝑁 and matrix 𝑊𝑚 as (Tornabene et al. 2016, Fantuzzi et 

al. 2017, Tornabene et al. 2017) 

CN mW W W= +  (1) 

Also, it is worthy noted that the mass fraction of 

nanoparticles 𝑤𝐶𝑁 and the mass fraction of the polymer 

matrix 𝑤𝑚  are calculated as the following form 

(Tornabene et al. 2016) 

,
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In which, 𝑀𝐶𝑁 and 𝑀𝑚 characterize the CNTs and the 

matrix masses, respectively. At this point, the volume 

fraction of the CNTs and matrix is defined as 

,
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The Mori-Tanaka scheme or the rule of mixtures are 

employed to calculate the effective properties of CNTRC 

(Tornabene et al. 2019, Natarajani et al. 2014). In order to 

improve calculation of the effective material properties of 

face-sheets made of CNTRC, the rule of mixtures with 

correction factors is used in this study. Therefore, some of 

the main CNTRC properties such as Young’s modulus 

(𝐸𝑟𝑐), expansion coefficient (𝛼𝑟𝑐) and density (𝜌𝑟𝑐) are 

calculated based on rule of mixtures with correction factors 

as the following form (Rafiee et al. 2014, Rabani Bidgoli et 

al. 2015, Madani et al. 2016) 
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(4) 

where, 𝜂𝑖 , (𝑖 = 1,2,3), 𝐸𝑖𝑖
𝐶𝑁 , 𝐺𝐶𝑁 , 𝛼11

𝐶𝑁, and 𝜌11
𝐶𝑁  are the 

CNT efficiency parameter, the Young’s modulus, the shear 

modulus, the expansion coefficient, the visco-elastic 

coefficient and density of the CNTs, respectively and 𝐸𝑚, 

𝐺𝑚, 𝛼𝑚, and 𝜌𝑚 are the corresponding properties for the 
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matrix. It is worthy noted that in whole of this context 

superscript 𝑟𝑐  and 𝑚  symbolize the reinforcement 

composite and matrix, respectively. also, volume fraction of 

CNTs (𝑉𝐶𝑁) and volume fraction of matrix (𝑉𝑚) are related 

by this relation 𝑉𝐶𝑁 +  𝑉𝑚 = 1  (Shen and Zhang 2012, 

Tornabene et al. 2017). In addition, regarding to studies 

performed by Tornabene et al. (Tornabene et al. 2016, 

Fantuzzi et al. 2017, Tornabene et al. 2017) if the through 

the thickness distribution is represented by 𝑉𝐶𝑁
𝑑 , the gradual 

variation of the nanoparticles along the normal direction 𝑧̅ 
for every layer is given by 

𝑉𝐶𝑁 = 𝑉𝐶𝑁
∗ 𝑉𝐶𝑁

𝑑  (5) 

Where, 𝑉𝐶𝑁
∗  can be calculated as the following form 

* CN
CN CN CN

CN CNm m

w
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w w
 

 

=
   

+ −   
   

 
(6) 

It is very important noted that there is no limitation on 

the choice of  𝑉𝐶𝑁
𝑑  because of the aforementioned approach 

is general, (Allahkarami et al. 2017, Fantuzzi et al. 2017). 

Therefore, in present study, the distribution of the CNTs 

along the face-sheets are given by 
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(7) 

In which 𝑉𝐶𝑁
𝑡  and 𝑉𝐶𝑁

𝑏  represent the volume fractions of 

the CNTs in top and bottom face-sheets, respectively. 
 

 

3. Formulation 
 

As mentioned before, higher-order shear deformation 

beam theory (HSDBT) is used for displacement field of 

beam as 
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In above equation, �̅� and �̅� are axial and transverse 

displacement components, 𝑢0  and  𝑤0  are axial and 

transverse displacement of mid-surface. In addition 𝜑(𝑧̅) is 

a function of 𝑧̅ that presents the transverse shear and stress 

distribution along the thickness of the beam (Simsek and 

Reddy 2013). Selection of 𝜑(𝑧̅)  is based on various 

HSDBTs as follows (Meiche et al. 2011, Tounsi et al. 2013, 

Belabed et al. 2014, Hebali et al. 2014, Li et al. 2014, Mahi 

et al. 2015, Arefi and Zenkour 2017a, b, c, d, e, f) 
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(9) 

Also in Eq. (8), 𝛾(�̅�, 𝑡̅) is the transverse shear strain of 

any point on the neutral axis (Simsek and Reddy 2013) and 

is specified as 

( ) ( )
( )0 ,

, ,
w x t

x t x t
x

 


= +


 (10) 

In Eq. (10), 𝜙(�̅�, 𝑡̅) is the total bending rotation of the 

cross sections at any point on the neutral axis. The linear 

strain-displacement relation considering the thermal strain 

is expressed as 

( )
2 2

0 0 0

2 2

0

xx

xz

u w w
z z T

x zx x

w

z x


  


 

    
= − + − −  
   

  
= − 
  

 
(11) 

In which, ∆𝑇 is the increment of temperature from the 

initial temperature (𝑇0) that is equal to ∆𝑇 = 𝑇 −  𝑇0. In the 

present study, it is assumed that the electric potential as a 

sum of a cosine and linear variation. Then the electric 

potential can be written as (Arefi et al. 2017, Arefi and 

Zenkour 2017a, b, c, d, e) 

( ) ( ) ( ) 02
, , cos ,

zV
x z t z x t

h
 =  +  (12) 

In Eq. (12), 𝛽 =
𝜋

ℎ
 and Φ̅(�̅�, 𝑡̅)  is electric potential 

distribution along the longitudinal direction (Ke, Yang et al. 

2010), 𝑉0 is the  applied electric potential (Liew, Yang et 

al. 2003). It is noted that  Φ̅(�̅�, 𝑡̅)  must satisfy the 

homogeneous electric boundary conditions. Regard to Eq. 

(12), the electric fields can be defined as (Arefi et al. 2017, 

Arefi and Zenkour 2017a, b, c, d, e, Arefi 2016) 
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The strain-stress relation for reinforcement composite 

face-sheets defined as (Li et al. 2015) 
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In general, the properties associated with the core and 

face-sheets represent with 𝑝  and 𝑓  superscripts, 

respectively. In addition, the constitutive relations for 

piezoelectric core layer are specified as 
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In which, 𝐷�̅�  and 𝐷�̅�  represent the electric 

displacement. In addition, 𝑒31 , 𝑒15  are the piezoelectric 

constants and 𝑘11, 𝑘33 are the dielectric constants (Liew 

et al. 2003, Rafiee et al. 2013). The Hamilton’s principle is 

used to drive governing equation of motion as (Komijani et 

al. 2014) 

( )
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s fT U U W dt   = − − +  (16) 

Where  𝛿𝑈𝑠 ,  𝛿𝑈𝑓 ,  𝛿𝑇  and 𝛿𝑊  are the variations of 

strain energy, reaction of foundation, kinetic energy and 

works due to external works, respectively. Variation of 

strain energy 𝛿𝑈𝑠 is calculated as 
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Variation of kinetic energy is represented as 

( )
0

L

A

u u w w
T z dAdx

t t t t
 

    
= + 

    
   (18) 

Variations of work done by the forces and the nonlinear 

elastic foundation are written as (Ghorbanpour Arani et al. 

2012, Kanani et al. 2014, Komijani et al. 2014) 
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Where F and Q are the axial and transverse forces per 

unit length respectively and 𝑁0 is the axial compressive or 

pretension force. Also, �̅�𝑤 and  𝐾𝑠 are linear spring and 

shear coefficients of foundation, respectively. Substituting 

Eqs. (8)-(11) into Eqs. (17)-(19) and consequently into Eq. 

(16), yields the governing equations of motions as 
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Where, 𝑁�̅�, 𝑄𝑥𝑧̅̅̅̅ , 𝑀�̅� and 𝑀�̅�
ℎ the resultants of forces 

and the moments. They are expressed as 
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M z z dz z dz z dz z dz

   




  
  

   

−

−

−

 
= =  + + 

 
 


= =



   
 + + 
    

= = + +

   



  

   

( ) ( )

( ) ( ) ( )
31 2

0 1 2

/ 2

/ 2

h

x xx
h

tt t

f p f

xx xx xx

t t t

M z z dz

z dz z dz z dz

 

     

−

 
 
 
 

= =

 
 + + 
 
 



  

 (21) 

The integration constants presented in Eq. (20) can be 

presented as 

( )
/2

/2

h

A
h

I z dz
−

= 

( )
( )

/21

/2
2

hB

h
B

zI
z dz

zI


−

      
=   

     


(22) 
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( )

( )

( )

2

1
/2

2
/2

2
3

D
h

D
h

D

I z

I z z z dz

I z

 



−

  
    

=   
   
    

  

In according to nonlocal strain gradient theory (Li and 

Hu 2016), the constitutive relations are expressed as 

( )( ) ( )( )

( ) ( )

( )( ) ( )( )

( )( ) ( )

( )( ) ( )

2 2 2 2

0

31

2 2 2 2

0 15

2 2 2 2

0 15 11

2 2 2 2

0 31 33

1 1

1 1

1 1

1 1

xx m xx

z

xz m xz x

x m xz x

z m xx z

e a E z l

E z z T e E

e a G z l e E

e a D e l k E

e a D e l k E

 



 





−  = −  −

 −

−  = −  −

−  = −  −

−  = −  −

 
(23) 

In Eq. (23), 𝛻2 = 𝜕2/𝜕�̅�2 is the Laplacian operator, 

�̅�0�̅� is the nonlocal parameter and 𝑙�̅� is the strain gradient 

length scale parameter. The nonlocal strain gradient 

constitutive relations in Eq. (23) can be written as follows 

( ) ( ) ( )

( ) ( )

( ) ( )( )

2
2 2 2

0 2

2 2

0 0 0

2 2

31 0

1

sin ,

xx
xx me a l E z

x

u w w
z E z z T

x x x z

e z x t E





 

 


− = −  



     
− + − −  −  

     

 −

( ) ( ) ( )

( )

2
2 2 2 0

0 2

15

1

cos

xz
xz m

w
e a l G z

x z x

e z
x

 
 



    
− = −  − +  

    

 
 

 

( )( ) ( )

( )

2 2 2 2 0
0 15

11

1 1

cos

x m

w
e a D e l

z x

k z
x






   
−  = −  − +  

   

 
 

 

( )( ) ( )

( ) ( )( )

2 2 2 2

0 31

2 2

0 0 0

2 2

33 0

1 1

sin ,

z me a D e l

u w w
z

x x x z

k z x t E




 

−  = −  

     
− + − −  

     

 −

 

(24) 

Based on defined mechanical and electrical relations in 

Eq. (24), the resultant components can be calculated as 

follows 

( ) ( )
2

2 2 2

0 2

2 2

0 0 0
1 22 2

1xx
xx m

T E

x x x

N
N e a l

x

u w w
A B B N N

x x x z




− = −  



     
− + − − −  

     

 

( ) ( )
2

2 2 2

0 2

2 2
1 10 0 0

1 1 22 2

1xx
xx m

T E

x x x

M
M e a l

x

u w w
B D D M M

x x x z




− = −  



     
− + − − −  

     

 

(25) 

( ) ( )
2

2 2 2

0 2

2 2
2 20 0 0

2 2 32 2

1xx

xx

h

h

m

T E

x x x

M
M e a l

x

u w w
B D D M M

x x x z




− = −  



     
− + − − −  

     

( ) ( )
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2
2 2 2 0

0 2

15

1

cos

xz
xz m xz

A

Q w
Q e a l A

x x

e z dA
x
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( ) ( )

( )

2
2 2 2 0

0 152
1

cos

x
x m

xx

D w
D e a l e

x z x

k z
x






   
− = −  − −    

 
 

 

( ) ( )

( )

( ) ( ) ( )( )

2
2 2 2

0 312

2

0 0 0

2

0

1

sin ,

z
z m

zz

D
D e a l e

x

u w w
z z

x x x

z T k z x t E

 

  


− = −  



    
− + − −  

    

 +  −

 

Where superscripts 𝑇  and 𝐸  represent thermal and 

electrical loads. Based on these comments, the force and 

moment resultants 𝑁𝑇 , 𝑁𝐸 ,   �̅�𝑇1, �̅�𝑇2, �̅�𝐸1 and �̅�𝐸2 are 

expressed as 

( ) ( )

( ) ( )

( ) ( )
( )

/ 2

/2 0 31

1 /2

1
/2 0 31

2 /2

2
/2 0 31

T H

E
H

T H

E
H

T H

E
H

E z z TN
dz

E eN

E z z TM
zdz

E eM

E z z TM
z dz

E eM








−

−

−

    
=      −  

    
=      −  

    
=      −  







 (26) 

It is noted that, 𝐴𝑥 , 𝐵𝑥  and 𝐷𝑥  in Eq. (25) are the 

stretching stiffness, stretching-bending coupling stiffness 

and bending stiffness coefficients, respectively, which can 

be obtained as 

( )
/ 2

/2

h

x

h

A E z dA
−

=   

( )
( )

/ 21

/ 2
2

hx

h
x

zB
E z dz

zB −

      
=   

     


( )

( )

( )

2
1

/2

2
/2

2
3

x
h

x
h

x

D z

D z z E z dz

D z





−

  
    

=   
   
    

  

(27) 

To obtain the equations of motion, Eq. (25) should be 

substituted into Eq. (20). Therefore, four coupled equations 

of motion are obtained 

( )

( )( )

( )( )

2 3 3 2
2 2 0 0 0

0 1 22 3 3 2

2 2

0

2 3 3 2
2 2 0 0 0

0 1 2 22 2 2 2
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1
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m x x x

A B B B
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u w w
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t t x t x t






     
−  − + − +        

−  =

    
−  − + − 

      

 (28) 
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( )

( )

( )

( ) ( )

2 4 4 3
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m m

xx zz
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l E E l
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In which, 𝐸15, 𝐸2
31, 𝐸3

31, 𝑘�̅��̅�  and 𝑘�̅��̅�  are calculated 

as the following form 

( )
( )

( )

( ) ( )

( )

( )

15
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2 31
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2
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2 2
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=



=

=
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 (29) 

Also, all of the coefficients defined in Eq. (28) are 

presented in appendix A of this paper. By defining 

following non-dimensional variables as 

0 0
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0
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The final dimensionless equations of motion are 

obtained as 

( ) ( )

( )

2 2
2 2 2 20 0

1 22 2

2
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: 1 1

1

u w w
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x x x x
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1
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1
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w
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(31) 

Boundary conditions to solve Eq. (31) are defined as 

(Ansari et al. 2014) 

0

0

u w for clamped ends

u w for hinged ends
x





= = =  =


= = =  =



 (32) 

 

 

4. Buckling analysis 
 

In order to solve the linear governing equations of 

motion for obtaining the critical thermal, mechanical and 

electrical loads, DQ method is employed. Based on the 

aforementioned method, the approximate solution of a 
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function 𝑓(𝑥) can be found in the form 

( ) ( )
1

N

j j

j

f x x
=

=  (33) 

Where, 𝑁 is the total number of grid points inside a 

closed interval. In this method, the smooth basis functions 

are selected as the various functions form such as 

Chebyshev polynomials, Exponential polynomials, and 

Fourier polynomials (Tornabene et al. 2014, Tornabene et 

al. 2014). Also, the Eq. (33) for the one-dimensional case 

can be written in matrix form as 

𝒇 = 𝑪𝝀 (34) 

In which, 𝒇 = [𝑓(𝑥1), 𝑓(𝑥2), 𝑓(𝑥3), … , 𝑓(𝑥𝑁)]𝑇  is the 

vector of the unknown function values, 𝝀 is the vector of 

the unknown coefficients 𝜆𝑗  and the components of the 

coefficient matrix 𝑪 are given by 𝐶𝑖𝑗 = 𝜓𝑗(𝑥𝑖) for 𝑖, 𝑗 =

1.2.3, … , 𝑁 (Tornabene, Fantuzzi et al. 2014). Since the 

n'th order derivative of the Eq. (33) can be computed, the 

derivative is directly transferred to the functions  𝜓𝑗(𝑥) , 

because the unknown coefficients 𝜆𝑗 do not depend on the 

variable 𝑥 (Tornabene et al. 2014) 

( ) ( )

1

, 1, 2,3,......, 1

nn N
j

jn n
j

d xd f x
for n N

dx dx




=

= = −  (35) 

Eq. (35) is rewritten as following matrix form 

( )
( )( ) ( ) ( ) ( )

, 1, 2,3,...,

i

n

jn n n n

ij jn

x

d x
f C with C x

dx

for i j N


 = = =

=

 (36) 

Therefore, the governing equations and boundary 

conditions are discretized by means of aforementioned 

method (Ghorbanpour Arani et al. 2012, Ghorbanpour 

Arani et al. 2012). In this investigation, the cosine pattern is 

employed to generate the DQ point system as the following 

form 

( )11
1 cos , 1,2,.....,

2 1
j

j
x j N

N

 −  
= − =  

−   

 (37) 

In addition, column vectors for variables 𝑢, 𝑤, 𝜙 and 

Φ are considered as follows 

   

   
1 2 1 2

1 2 1 2

... , ... ,

... , ... ,

N N

N N

u u u u w w w w

   

= =

=  =   
 (38) 

To solve Eq. (31) and associated boundary conditions 

Eq. (32) for nonlinear vibration analysis of the sandwich 

nano-beam by DQ method, the weighting coefficients for 

the second, third and fourth derivatives with attention to Eq. 

(36) are determined as the following form 

( )

( ) ( )

( ) ( )
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(39) 

In which weighting coefficients 𝐶𝑖𝑗
𝜁

  are expressed as 
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(40) 

It is noted that in Eq. (40), 𝑀(𝜍𝑖) is represented as 

following form 

( ) ( )
1

N

i i j

j
i j

M


  
=


= −  
(41) 

The weighting coefficients for various derivatives such 

as the second, third and fourth derivatives are defined as 
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(42) 

Applying Eqs. (39) and (40) to Eq. (31) and also setting 

the inertia terms to zero and 𝑁0 = −𝑃, one can obtain a set 

of differential equations as 
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The boundary conditions of the sandwich nano-beam 

using DQ method are expressed as 
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(44) 

After implementation of the boundary conditions, Eq. 

(43) can be written in matrix form as 

   ( )   0dS P A U− =  (45) 

Clearly, the lowest positive solution of Eq. (45) gives 

the critical buckling load 𝑃𝑐𝑟 . 

 

 

5. Numerical results and discussion 
 

In this section, a parametric study is implemented to 

indicate the influences various HSDBTs, length scale 

parameter (strain gradient parameter), nonlocal parameter, 

volume fraction of the CNTs, parameters of Pasternak’s 

foundation, various boundary conditions, the CNTs 

efficiency parameter, geometric dimensions and other 

important parameters on designing and controlling the 

buckling behaviors of sandwich nano-beam with FG-

CNTRC face-sheets. The material properties and 

geometrical specifications of the sandwich nano-beam are 

presented in Table 1. 

 

5.1 Comparison and validation 
 

To justify the accuracy and trueness of the governing 

equations extracted in this study, a comparison with existing 

reference is represented. Fig. 3 shows comparison between 

the obtained results by solving the governing equations  

 

Fig. 2 critical buckling load versus length to height ratio 

(𝐿/ℎ) 
 

Table 1 The material and geometrical properties of the 

constituent material of the FG nano-beam (Ke et al. 2010, 

Rafiee et al. 2013) 

materials 

Young’s 

moduli 

(GP) 

Heat expansion 

coefficient 

(1/𝐶𝑜) 

𝑒31(C/m2) 𝑒15(C/m2) 𝑘11(C/Vm) 𝑘33(C/Vm) 

piezoelectric 226 0.9 × 10−6 -2.2 5.8 5.64 × 10−9 6.35 × 10−9 

CNT 5.6 × 103 3.4584 × 10−6     

 

Table 2 The Mechanical Critical load for different 

HOSDBTs with varying nonlocal parameter 

C_S Boundary Condition 

 FSDBT PSDBT TSDBT HSDBT ESDBT ASDBT 

e0a 𝑁𝑚
𝑐𝑟  

0.02 2.2676 2.2546 2.2550 2.2711 2.2543 2.2543 

0.04 2.2146 2.2021 2.2024 2.2250 2.2018 2.2018 

0.06 2.1317 2.1198 2.1201 2.1441 2.1195 2.1195 

0.08 2.0255 2.0144 2.0147 2.0381 2.0142 2.0142 

0.10 1.9035 1.8935 1.8937 1.9160 1.8933 1.8933 

0.12 1.7731 1.7640 1.7642 1.7863 1.7639 1.7638 

0.14 1.6403 1.6322 1.6323 1.6470 1.6321 1.6321 

0.16 1.5099 1.5028 1.5028 1.5202 1.5027 1.5026 

0.18 1.3852 1.3789 1.3790 1.4554 1.3790 1.3790 

0.20 1.2681 1.2621 1.2623 1.2862 1.2621 1.2618 

 

Table 3 The Critical voltage for different HOSDBTs with 

varying nonlocal parameter 

C_S Boundary Condition 

 FSDBT PSDBT TSDBT HSDBT ESDBT ASDBT 

e0a 𝑉0
𝑐𝑟(𝑚𝑉) 

0.02 276.53 274.95 275.00 276.96 274.91 274.91 

0.04 270.07 268.55 268.59 271.34 268.51 268.51 

0.06 259.96 258.51 258.55 261.48 258.48 258.48 

0.08 247.01 245.66 245.70 248.55 245.64 245.63 

0.10 232.14 230.91 230.94 233.66 230.89 230.88 

0.12 216.23 215.12 215.14 217.84 215.11 215.10 

0.14 200.04 199.04 199.06 200.85 199.04 199.03 

0.16 184.14 183.27 183.27 185.39 183.25 183.25 

0.18 168.93 168.16 168.17 177.49 168.17 168.17 
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Table 4 The Critical temperature rising for different 

HOSDBTs with varying nonlocal parameter 

C_S Boundary Condition 

 FSDBT PSDBT TSDBT HSDBT ESDBT ASDBT 

e0a ∆𝑇𝑐𝑟(�̇�) 

0.02 1890 1879 1879 1893 1879 1879 

0.04 1846 1835 1835 1854 1835 1835 

0.06 1776 1767 1767 1787 1766 1766 

0.08 1688 1679 1679 1698 1679 1679 

0.10 1586 1578 1578 1597 1578 1578 

0.12 1478 1470 1470 1489 1470 1470 

0.14 1367 1360 1360 1372 1360 1360 

0.16 1258 1252 1252 1267 1252 1252 

0.18 1154 1149 1149 1213 1149 1149 

0.20 1057 1052 1052 1072 1052 1051 

 

Table 5 The Mechanical Critical load for different 

HOSDBTs with varying nonlocal parameter 

C_C Boundary Condition 

 FSDBT PSDBT TSDBT HSDBT ESDBT ASDBT 

e0a 𝑁𝑚
𝑐𝑟 

0.02 4.3970 4.3540 4.3550 4.4470 4.3529 4.3529 

0.04 4.2029 4.1625 4.1635 4.2446 4.1617 4.1617 

0.06 3.9148 3.8785 3.8792 3.9523 3.8778 3.8778 

0.08 3.5723 3.5405 3.5410 3.6037 3.5400 3.5400 

0.10 3.2115 3.1843 3.1845 3.2342 3.1840 3.1840 

0.12 2.8594 2.8368 2.8368 2.8685 2.8367 2.8367 

0.14 2.5329 2.5168 2.5164 2.5126 2.5173 2.5172 

0.16 2.2427 2.2079 2.2247 2.1539 2.1940 2.1940 

0.18 1.9963 1.7355 1.7489 1.7335 1.7243 1.7243 

0.20 1.6102 1.4007 1.4116 1.4097 1.3916 1.3916 

S_S Boundary Condition 

 FSDBT PSDBT TSDBT HSDBT ESDBT ASDBT 

e0a 𝑁𝑚
𝑐𝑟 

0.02 1.1155 1.1131 1.1131 1.1220 1.1131 1.1131 

0.04 1.1025 1.1001 1.1001 1.1095 1.1002 1.1001 

0.06 1.0815 1.0791 1.0791 1.0881 1.0792 1.0792 

0.08 1.0534 1.0511 1.0511 1.0582 1.0511 1.0511 

0.10 1.0193 1.0171 1.0171 1.0246 1.0171 1.0171 

0.12 0.9805 0.9784 0.9784 0.9878 0.9785 0.9785 

0.14 0.9384 0.9364 0.9363 0.9416 0.9364 0.9364 

0.16 0.8940 0.8921 0.8921 0.8978 0.8921 0.8921 

0.18 0.8485 0.8467 0.8467 0.8498 0.8467 0.8467 

0.20 0.8029 0.8012 0.8012 0.8026 0.8012 0.8012 

 

 

extracted in this study and equation of motion obtained in 

Ref. (Yas and Samadi 2012). It is worthy noted that the 

Winkler and Pasternak foundation parameter effects were 

considered in Ref. (Yas and Samadi 2012). According to 

this comparison it is deduced that the present results are in a  

Table 6 the Mechanical Critical load, Critical voltage and 

Critical temperature rising for different HOSDBTs with 

varying small scale parameter (strain gradient parameter) 

S_S Boundary Condition 

 FSDBT PSDBT TSDBT HSDBT ESDBT ASDBT 

𝑙𝑚 𝑁𝑚
𝑐𝑟 

0.002 1.1111 1.1087 1.1087 1.1175 1.1088 1.1088 

0.004 1.1113 1.1089 1.1089 1.1176 1.1089 1.1089 

0.006 1.1115 1.1091 1.1091 1.1179 1.1091 1.1091 

0.008 1.1118 1.1094 1.1094 1.1182 1.1094 1.1094 

0.010 1.1122 1.1098 1.1098 1.1186 1.1098 1.1098 

0.012 1.1127 1.1103 1.1103 1.1190 1.1103 1.1103 

0.014 1.1133 1.1108 1.1108 1.1196 1.1109 1.1109 

0.016 1.1139 1.1115 1.1115 1.1203 1.1115 1.1115 

0.018 1.1147 1.1122 1.1122 1.1210 1.1123 1.1123 

0.020 1.1155 1.1131 1.1131 1.1220 1.1131 1.1131 

S_S Boundary Condition 

 FSDBT PSDBT TSDBT HSDBT ESDBT ASDBT 

𝑙𝑚 𝑉0
𝑐𝑟(𝑚𝑣) 

0.002 135.5057 135.213 135.21 136.2804 135.2176 135.2176 

0.004 135.5218 135.229 135.226 136.2965 135.2337 135.2337 

0.006 135.5485 135.2557 135.2527 136.3234 135.2603 135.2603 

0.008 135.5859 135.2931 135.2901 136.3611 135.2977 135.2977 

0.010 135.6341 135.3411 135.3381 136.4094 135.3458 135.3458 

0.012 135.6929 135.3998 135.3968 136.4689 135.4045 135.4045 

0.014 135.7625 135.4692 135.4662 136.5376 135.4739 135.4739 

0.016 135.8427 135.5493 135.5463 136.6254 135.5539 135.554 

0.018 135.9336 135.6401 135.6372 136.7088 135.644 135.6441 

0.020 136.0347 135.741 135.7381 136.8252 135.7466 135.7499 

S_S Boundary Condition 

 FSDBT PSDBT TSDBT HSDBT ESDBT ASDBT 

𝑙𝑚 ∆𝑇𝑐𝑟(�̇�) 

0.002 925.96 923.96 923.94 931.25 923.99 923.99 

0.004 926.07 924.07 924.04 931.36 924.10 924.10 

0.006 926.25 924.25 924.23 931.54 924.28 924.28 

0.008 926.50 924.50 924.48 931.80 924.53 924.53 

0.010 926.83 924.83 924.81 932.13 924.86 924.86 

0.012 927.24 925.23 925.21 932.54 925.26 925.26 

0.014 927.71 925.71 925.69 933.01 925.74 925.74 

0.016 928.26 926.25 926.23 933.61 926.28 926.29 

0.018 928.88 926.87 926.85 934.18 926.90 926.90 

0.020 929.57 927.56 927.54 934.97 927.60 927.62 

 

 

good agreement with the obtained results by Ref. (Yas and 

Samadi 2012). One can conclude that buckling load is 

decreased with increase of ratio L/h.  

 

5.2 Parametric study 
 

The Mechanical Critical loads of the sandwich nano-
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beam with FG-CNTRC face-sheets in term of different 

nonlocal parameter are calculated for various HOSDBTs in 

Table 3. According to these results, it can be concluded that 

increasing the nonlocal parameter leads to decrease the 

Mechanical Critical loads. It is because of aforementioned 

parameter causes decreasing the stiffness of the sandwich 

nano-beam. Other conclusion that can be deduced form the 

results represented in this table is the amounts of the 

Mechanical Critical load calculated by PSDBT and TSDBT 

approximately have same values as well as ESDBT and 

ASDBT. Also, it is worthy noted that buckling load 

calculated by aforementioned theories are smaller than 

buckling load estimated by FSDBT.  

Furthermore, regard to the obtained results presented in 

Table 3, the Critical voltage of the sandwich nano-beam is 

decreased by increasing the nonlocal parameter. The 

obtained results indicated critical voltage calculated by 

HSDBT has bigger value rather than other HOSDBTs. 

The Critical temperature rising in term of nonlocal 

parameter is presented in Table 3. According to these results 

increasing the nonlocal parameter caused decrease of the 

Critical temperature rising. 

The Mechanical Critical load for two other boundary 

conditions (clamped-clamped and simple-simple) is 

calculated in Table 5.  

In Table 6, the Mechanical Critical load, Critical voltage 

and Critical temperature rising for various small scale 

parameters (strain gradient parameter) are presented. 

According to these results can be deduced that increasing 

strain gradient parameter caused to increase of the 

Mechanical Critical load, Critical voltage and Critical 

temperature rising for the sandwich nano-beam with various 

HOSDBTs and different boundary conditions. 

The influences of strain gradient parameter on 

Mechanical Critical load are investigated for various 

boundary conditions in Table 7. Regard to these results, it is 

concluded that increase of strain gradient parameter on 

buckling behavior is independent from boundary 

conditions. 

The effects of CNTs distribution patterns in face-sheets 

with varying height to length ratio on buckling behavior are 

studied in Table 8. In accordance to these results it can be 

deduced that 𝐴𝑉  pattern has the smallest Mechanical 

Critical load, Critical voltage and Critical temperature rising 

with respect to other distribution patterns. Also increasing 

the height to length ratio caused to increase the Mechanical 

Critical load, Critical voltage and Critical temperature 

rising.     

In accordance to results presented in Table 9, it can be 

deduced that enhancing the volume fraction of CNTs in 

face-sheets and efficiency parameter lead to increase of the 

Mechanical Critical load. In addition, if Mechanical Critical 

load and electrical load are simultaneously applied on 

sandwich nano-beam, the increase of electrical load leads to 

decrease the buckling mechanical load.      

In order to investigate the effects of Winkler parameter 

of elastic foundation on non-linear buckling behavior of the 

sandwich nano-beams, Mechanical Critical loads are 

calculated in Table 10 for three different thermal loads with 

varying Winkler parameter foundation. Regard to the  

Table 7 The Mechanical Critical load for different 

HOSDBTs with varying small scale parameter (strain 

gradient parameter) 

S_C Boundary Condition 

 FSDBT PSDBT TSDBT HSDBT ESDBT ASDBT 

𝑙𝑚 𝑁𝑚
𝑐𝑟 

0.002 2.2499 2.2376 2.2378 2.2696 2.2374 2.2374 

0.004 2.2504 2.2381 2.2383 2.2701 2.2379 2.2379 

0.006 2.2513 2.2390 2.2392 2.2708 2.2388 2.2388 

0.008 2.2526 2.2402 2.2405 2.2718 2.2400 2.2400 

0.010 2.2542 2.2418 2.2420 2.2730 2.2415 2.2415 

0.012 2.2562 2.2437 2.2440 2.2744 2.2434 2.2434 

0.014 2.2585 2.2459 2.2462 2.2758 2.2457 2.2457 

0.016 2.2612 2.2485 2.2488 2.2769 2.2482 2.2482 

0.018 2.2642 2.2514 2.2517 2.2796 2.2511 2.2511 

0.020 2.2676 2.2546 2.2550 0.4677 2.2543 2.2543 

C_C Boundary Condition 

 FSDBT PSDBT TSDBT HSDBT ESDBT ASDBT 

𝑙𝑚 𝑁𝑚
𝑐𝑟 

0.002 4.3306 4.2907 4.2912 4.4107 4.2903 4.2903 

0.004 4.3327 4.2927 4.2932 4.4124 4.2922 4.2922 

0.006 4.3360 4.2959 4.2965 4.4151 4.2955 4.2955 

0.008 4.3408 4.3005 4.3011 4.4188 4.3000 4.3000 

0.010 4.3469 4.3064 4.3070 4.4234 4.3058 4.3058 

0.012 4.3543 4.3135 4.3142 4.4287 4.3129 4.3129 

0.014 4.3631 4.3219 4.3226 4.4343 4.3212 4.3212 

0.016 4.3731 4.3314 4.3323 4.4394 4.3307 4.3307 

0.018 4.3845 4.3422 4.3431 4.4428 4.3413 4.3413 

0.020 4.3970 4.3540 4.3550 0.3970 4.3529 4.3529 

 

 

results, it is noted that with increasing the Winkler 

foundation, the Mechanical Critical load increases. In 

addition, the Mechanical Critical load decreases by 

enhancing simultaneously thermal load.    

The influences of the 
𝒉𝒇

𝒉𝑯
 ratio and Pasternak coefficient 

of elastic foundation on Mechanical Critical load are 

studied in Table 11. Regarding to aforementioned results 

can be concluded that enhancing the 
𝒉𝒇

𝒉𝑯
 ratio and Pasternak 

coefficient lead to increase of the Mechanical Critical load 

in whole of the volume fraction of CNTs in face-sheets and 

efficiency parameter. 

The effects of the considering different small scale 

theories on buckling behavior of the sandwich nano-beam 

are presented in Table 12. According to these results, 

nonlocal elasticity theory (NET) has the smallest 

Mechanical Critical loads with respect to other theories 

such as nonlocal strain gradient elasticity theory (NSGET) 

and classic elasticity theory (CET) in various HOSDBTs. 

 

 

6. Conclusions 
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Analysis of the buckling behavior of the sandwich nano-

beams with FG-CNTRC face-sheets was implemented in 

this investigation. The nonlocal strain gradient elasticity 

theory and different higher order shear deformation beam 

theories were simultaneously considered for calculation of 

critical buckling load. In order to include coupling of strain 

and electrical field, the nonlocal non-classical nano-beam 

model involved piezoelectric effect. After solving the 

governing equations by DQM, the critical mechanical load, 

critical voltage and critical temperature rising were 

calculated. Then, the influences of some main parameters 

such as the effects of important parameters such as various  

 

 

HSDBTs, small scales parameter, volume fraction of the 

CNTs, foundation parameters, various boundary conditions, 

the CNTs efficiency parameter, and geometric dimensions 

on the buckling behaviors of FG sandwich nano-beam were 

studied in detail. The most important results of this study 

are presented as:   

1. According to results, the mechanical critical load, 

critical voltage and critical temperature rising of the 

sandwich nano-beam were significantly decreased by 

increasing/decreasing the nonlocal parameter/the small 

scale parameter (strain gradient parameter). It means that 

considering the nonlocal and strain gradient parameters led  

Table 8 the Mechanical Critical load, Critical voltage and Critical temperature rising for different CNTs distribution patterns in 

face-sheets with varying height to length ratio 

 ASDBT & S_S Boundary Condition  HSDBT & S_S Boundary Condition  FSDBT & S_S Boundary Condition 

 AV UU VA  AV UU VA  AV UU VA 

R =
ℎ

𝐿
 𝑁𝑚

𝑐𝑟   𝑁𝑚
𝑐𝑟   𝑁𝑚

𝑐𝑟  

0.0385 0.7227 1.3675 0.9494  0.7265 1.3772 0.9588  0.9512 1.3702 1.2539 

0.0357 0.6235 1.1800 0.8193  0.6258 1.1854 0.8244  0.8206 1.1820 1.0788 

0.0333 0.5434 1.0286 0.7142  0.5453 1.0357 0.7172  0.7151 1.0301 0.9386 

0.0313 0.4778 0.9046 0.6280  0.4787 0.9082 0.6305  0.6288 0.9057 0.8269 

0.0294 0.4233 0.8016 0.5566  0.4244 0.8046 0.5590  0.5572 0.8025 0.7351 

0.0278 0.3777 0.7153 0.4966  0.3789 0.7181 0.4989  0.4971 0.7160 0.6542 

0.0263 0.3391 0.6422 0.4459  0.3397 0.6441 0.4472  0.4462 0.6428 0.5892 

0.0250 0.3061 0.5797 0.4025  0.3065 0.5820 0.4037  0.4028 0.5802 0.5275 

0.0238 0.2777 0.5259 0.3652  0.2782 0.5270 0.3660  0.3654 0.5263 0.4826 

0.0227 0.2530 0.4793 0.3328  0.2535 0.4809 0.3334  0.3330 0.4796 0.4388 

R =
ℎ

𝐿
 𝑉0

𝑐𝑟(𝑚𝑣)  𝑉0
𝑐𝑟(𝑚𝑣)  𝑉0

𝑐𝑟(𝑚𝑣) 

0.0385 88.13 166.77 115.78  88.60 167.96 116.93  115.99 167.09 152.92 

0.0357 76.04 143.91 99.92  76.32 144.56 100.53  100.07 144.15 131.56 

0.0333 66.27 125.44 87.09  66.50 126.31 87.47  87.21 125.63 114.46 

0.0313 58.26 110.31 76.59  58.38 110.76 76.89  76.68 110.45 100.84 

0.0294 51.63 97.76 67.87  51.75 98.13 68.17  67.95 97.87 89.65 

0.0278 46.06 87.23 60.56  46.20 87.58 60.84  60.62 87.32 79.78 

0.0263 41.35 78.31 54.37  41.43 78.54 54.54  54.42 78.39 71.86 

0.0250 37.32 70.70 49.09  37.38 70.98 49.23  49.12 70.76 64.33 

0.0238 33.86 64.14 44.53  33.93 64.27 44.64  44.56 64.19 58.85 

0.0227 30.86 58.45 40.58  30.92 58.64 40.66  40.61 58.49 53.52 

R =
ℎ

𝐿
 ∆𝑇𝑐𝑟(�̇�)  ∆𝑇𝑐𝑟(�̇�)  ∆𝑇𝑐𝑟(�̇�) 

0.0385 602 1140 791  605 1148 799  793 1142 1045 

0.0357 520 983 683  521 988 687  684 985 899 

0.0333 453 857 595  454 863 598  596 858 782 

0.0313 398 754 523  399 757 525  524 755 689 

0.0294 353 668 464  354 671 466  464 669 613 

0.0278 315 596 414  316 598 416  414 597 545 

0.0263 283 535 372  283 537 373  372 536 491 

0.0250 255 483 335  255 485 336  336 484 440 

0.0238 231 438 304  232 439 305  305 439 402 

0.0227 211 399 277  211 401 278  277 400 366 
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Table 9 the Mechanical Critical load for different CNTs efficiency parameter and volume fraction in face-sheets  

with varying critical buckling electrical load 

 TSDBT, UU Pattern & 𝑉𝑐𝑛 =  0.17, 𝜂 =  0.142 TSDBT, UU Pattern & 𝑉𝑐𝑛 =  0.12, 𝜂 =  0.137 TSDBT, UU Pattern & 𝑉𝑐𝑛 =  0.28, 𝜂 =  0.141 

 S_S S_C C_C S_S S_C C_C S_S S_C C_C 

𝑁𝑒 𝑁𝑚
𝑐𝑟 𝑁𝑚

𝑐𝑟  𝑁𝑚
𝑐𝑟  

4.133 5.2253 6.3372 8.3590 4.9838 5.8520 7.4336 5.7018 7.2932 10.1785 

4.216 5.3076 6.4192 8.4404 5.0661 5.9340 7.5150 5.7841 7.3752 10.2599 

4.298 5.3899 6.5012 8.5218 5.1484 6.0160 7.5964 5.8664 7.4572 10.3413 

4.381 5.4722 6.5832 8.6031 5.2308 6.0980 7.6777 5.9487 7.5392 10.4226 

4.463 5.5546 6.6652 8.6845 5.3131 6.1800 7.7591 6.0311 7.6212 10.5040 

4.546 5.6369 6.7472 8.7659 5.3954 6.2620 7.8405 6.1134 7.7031 10.5854 

4.629 5.7192 6.8292 8.8473 5.4778 6.3440 7.9219 6.1957 7.7851 10.6668 

4.711 5.8016 6.9112 8.9286 5.5601 6.4260 8.0033 6.2781 7.8671 10.7482 

4.794 5.8839 6.9932 9.0100 5.6424 6.5080 8.0846 6.3604 7.9491 10.8295 

4.877 5.9662 7.0752 9.0914 5.7248 6.5900 8.1660 6.4427 8.0311 10.9109 

Table 10 the Mechanical Critical load for different CNTs efficiency parameter and volume fraction in face-sheets with  

varying Winkler parameter of elastic foundation 

 ASDBT, VA Pattern, 𝑉𝑐𝑛 =  0.17, 𝜂 =  0.142 & 

S_S boundary condition 

ASDBT, UU Pattern, 𝑉𝑐𝑛 =  0.17, 𝜂 =  0.142 & 

S_S boundary condition 

ASDBT, AV Pattern, 𝑉𝑐𝑛 =  0.17, 𝜂 =  0.142 & 

S_S boundary condition 

 𝑁𝑇 =  0 𝑁𝑇 =  0.0654 𝑁𝑇 =  0.1307 𝑁𝑇 =  0 𝑁𝑇 =  0.0654 𝑁𝑇 =  0.1307 𝑁𝑇 =  0 𝑁𝑇 =  0.0654 𝑁𝑇 =  0.1307 

𝐾𝑤 𝑁𝑚
𝑐𝑟  𝑁𝑚

𝑐𝑟  𝑁𝑚
𝑐𝑟  

0.0183 2.0469 1.9818 1.9167 2.5370 2.4149 2.2928 1.7813 1.7162 1.6511 

0.022 2.2336 2.1686 2.1034 2.7238 2.6017 2.4795 1.9681 1.9030 1.8379 

0.0256 2.4204 2.3553 2.2902 2.9105 2.7884 2.6663 2.1548 2.0897 2.0246 

0.0293 2.6072 2.5421 2.4769 3.0973 2.9752 2.8530 2.3416 2.2765 2.2114 

0.033 2.7939 2.7288 2.6637 3.2841 3.1619 3.0398 2.5284 2.4633 2.3981 

0.0366 2.9807 2.9156 2.8504 3.4708 3.3487 3.2265 2.7151 2.6500 2.5849 

0.0403 3.1674 3.1023 3.0372 3.6576 3.5354 3.4133 2.9019 2.8368 2.7717 

0.0439 3.3542 3.2891 3.2240 3.8443 3.7222 3.6001 3.0886 3.0235 2.9584 

0.0476 3.5410 3.4758 3.4107 4.0311 3.9089 3.7868 3.2754 3.2103 3.1452 

0.0513 3.7277 3.6626 3.5975 4.2178 4.0957 3.9736 3.4621 3.3970 3.3319 

Table 11 the Mechanical Critical load for different  
hf

hH
 ratio and CNTs volume fraction in face-sheets with varying  

Pasternak parameter of elastic foundation 

 ASDBT, UU Pattern, 𝑉𝑐𝑛 = 0.17, 𝜂 =  0.142 & 

C_C boundary condition 

ASDBT, UU Pattern, 𝑉𝑐𝑛 =  0.12, 𝜂 =  0.137 & C_C 

boundary condition 

ASDBT, UU Pattern, 𝑉𝑐𝑛 =  0.28, 𝜂 =  0.141 & 

C_C boundary condition 
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K𝑠 𝑁𝑚
𝑐𝑟  𝑁𝑚

𝑐𝑟  𝑁𝑚
𝑐𝑟  

0.0007 6.7804 7.1478 7.3152 5.2216 5.4703 5.5835 9.8568 10.4609 10.7359 

0.0008 6.8804 7.2478 7.4152 5.3216 5.5703 5.6835 9.9568 10.5608 10.8359 

0.0009 6.9804 7.3478 7.5152 5.4216 5.6703 5.7835 10.0568 10.6608 10.9359 

0.0011 7.0804 7.4478 7.6152 5.5216 5.7703 5.8835 10.1568 10.7609 11.0359 

0.0012 7.1804 7.5478 7.7152 5.6216 5.8703 5.9835 10.2568 10.8609 11.1359 

0.0013 7.2804 7.6478 7.8152 5.7216 5.9703 6.0835 10.3568 10.9608 11.2359 

0.0015 7.3804 7.7478 7.9152 5.8216 6.0703 6.1835 10.4568 11.0608 11.3359 

0.0016 7.4804 7.8478 8.0152 5.9216 6.1703 6.2835 10.5568 11.1608 11.4359 

0.0017 7.5804 7.9478 8.1152 6.0216 6.2703 6.3835 10.6568 11.2608 11.5359 

0.0019 7.6804 8.0478 8.2152 6.1216 6.3703 6.4835 10.7568 11.3608 11.6359 
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to decrease/increase the bending stiffness of the sandwich 

nano-beams. Regarding to differences between buckling 

loads obtained with and without considering small scale 

effects indicate aforementioned parameters have significant 

influences on buckling behavior of the sandwich nano-

beams with FG-CNTRC face-sheets. 

2. One of the main results that can be deduced form the 

results is the amounts of the critical buckling mechanical 

load calculated by PSDBT and TSDBT approximately have 

same values as well as ESDBT and ASDBT. Also, it is 

worthy noted that buckling load calculated by 

aforementioned theories was nearly smaller than buckling 

load estimated by FSDBT. 

3. Numerical results indicate that distribution patterns 

have main effects on buckling behavior of sandwich nano-

beams. Regarding to obtained results 𝑈𝑈  CNTs 

distribution pattern has the largest critical buckling 

mechanical load, critical buckling applied voltage and 

critical buckling temperature increment. 

4. In accordance to the results, it is worthy noted that 

with increasing the Winkler foundation, the buckling 

mechanical load increased. In addition, the mechanical 

buckling load decreased by enhancing simultaneously 

thermal load.    

5. Regarding to results, it concluded that enhancing the 

volume fraction of CNTs in face-sheets and efficiency 

parameter led to increase of the buckling mechanical load. 

In addition, if buckling mechanical load and electrical load 

are simultaneously applied on sandwich nano-beam, the 

increase of electrical load led to decrease the buckling 

mechanical load.      

6. Geometric dimensions of the sandwich nano-beam 

can strongly change the critical buckling load. The results 

indicate that Enhancing the 
𝒉𝒇

𝒉𝑯
 ratio and Pasternak 

coefficient led to increase of the mechanical buckling load 

in whole of the volume fraction of CNTs in face-sheets and 

efficiency parameter. 
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Abbreviation 
 
FG functionally graded 

CNTs carbon nanotubes 

PDE partial differential equation 

ODE ordinary differential equation 

UD uniform distribution 

SWCNT single-walled carbon nanotube 

CFs carbon fibers 

CNTRCs carbon nanotube-reinforced composites 
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MEMS micro-electro-mechanical systems 

NEMS nano-electro-mechanical systems 

MLPG meshless local Petrov-Galerkin 
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