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Static analysis of laminated piezo-magnetic size-dependent curved beam
based on modified couple stress theory
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Abstract. Modified couple stress formulation and first order shear deformation theory are used for magneto-electro-elastic
bending analysis of three-layered curved size-dependent beam subjected to mechanical, magnetic and electrical loads. The
governing equations are derived using a displacement field including radial and transverse displacements of middle surface and
a rotation component. Size dependency is accounted based on modified couple stress theory by employing a small scale
parameter. The numerical results are presented to study the influence of small scale parameter, initial electric and magnetic
potentials and opening angle on the magneto-electro-elastic bending results of curved micro beam.
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1. Introduction

The piezoelectric materials are used in electro-
mechanical systems to convert deformations or stresses to
electric potential and conversely convert electric potential
to deformations or stresses in sensor and actuator
applications, respectively.  Application of electro-
mechanical systems in small scales such as micro attracted
researchers for further works based on non-classical
theories such as nonlocal Eringen elasticity theory, modified
couple stress theory and strain gradient theory. Although
combination of mentioned non-classical theories to
curvilinear coordinate system such as doubly curved and
curved beam leads to important issue in size-dependent
analysis of structures in curvilinear coordinate system,
however one can conclude that this subject has not been
carefully studied. The literature review is presented to show
that the subject of this paper needs some more
consideration.

Petyt and Fleischer (1971) studied radial vibration
analysis of a curved beam based on finite element method.
The numerical results including six lowest natural
frequencies of curved beam were calculated for various
boundary conditions such as simply supported, hinged and
clamped ends. Three dimensional analysis of a curved beam
based on geometrically non-linear formulation using the
total Lagrangian approach was studied by Karan et al.
(1989). The displacement field of element was included
three translations at the element nodes and thee rotations
about local axes. Ibrahimbegovi¢ (1995) studied three-
dimensional finite strain beam theory of Reissner based on
finite element method. It was shown that an improved
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representation of curved reference geometry significantly
increases accuracy of the results. Raveendranath ef al
(2000) expressed some performance of curved beam finite
element with coupled polynomial distributions for normal
and tangential displacements that makes it possible to
express the strain field in terms of only six generalized
degrees of freedom leading to a simple two-node element
with three degrees of freedom per node. Poon et al. (2002)
studied nonlinear buckling responses of clamped-clamped
curved beam subjected to sinusoidal excitation. The
governing equations of motion were solved using Runge-
Kutta numerical integration method. Kuang et al (2007)
investigated static responses of a circular curved beam
bonded with piezoelectric actuators. The curved beam was
actuated with piezoelectric layers. Bending analysis of a
functionally graded piezoelectric curved beam subjected to
external electric potential has been studied by Shi and
Zhang (2008). Theory of piezo-elasticity has been
employed for derivation of the governing equations of the
model and the bending results have been derived using
Taylor series expansion method. Piovan and Salazar (2015)
studied dynamics of curved magneto-electro-elastic beams
made from ceramic/metallic materials subjected to
magneto-electric fields. They considered some advantages
of this model as an element of electro-magnetic systems.
The results of this problem was validated using comparison
with existing references based on finite element method.
Zhou et al. (2017) studied the transient analysis of a curved
piezoelectric beam with variable curvature as piezoelectric
vibration energy harvester. Two dimensional shear
deformation theory was employed for electro-elastic
analysis of a functionally graded piezoelectric cylindrical
shell (2014). Tornabene and Ceruti (2013) investigated
static and dynamic analysis of laminated doubly-curved
shells and panels resting on Winkler-Pasternak elastic
foundations using Generalized Differential Quadrature
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method based on first-order shear deformation theory. The
influence of the both shell curvatures was included from the
beginning of the theory formulation in the kinematic model.
Validation of numerical results was performed through
comparison with results of commercial programs. They
mentioned that the results are in good agreement with
literature. Pouresmaeeli and Fazelzadeh (2016) studied the
influence of carbon nanotube reinforcement on the vibration
characteristics of the thick doubly curved functionally
graded composite panels. Five different patterns of carbon
nanotubes along the thickness direction were used for
reinforcements. First order shear deformation theory was
used to derive governing equations of motion based on
Hamilton's principle. The influences of volume fraction of
carbon nanotubes, thickness ratio, aspect ratio and curvature
ratio was studied on the responses. Free vibration analysis
of a size-dependent doubly curved shell in micro scale was
studied by Veysi ef al. (2017) based on a nonlinear analysis.
To account size dependency and nonlinearity in the
governing equations of motion, modified couple stress
theory and nonlinear Von-Karman relations were used.
Multiple scales method was used to obtain an approximate
analytical solution for nonlinear frequency response.
Modified couple stress formulation was used for free
vibration analysis of functionally graded microbeam with
crack and considering damping effect by Akbas (2018). The
damping effect was accounted based on Kelvin-Voigt
model. Ebrahimi and Barati (2018) studied stability analysis
of functionally graded piezoelectric nanobeam. To account
size-dependency, the nonlocal elasticity theory was used.
The effect of different external electric voltage, power-law
index, nonlocal parameter and slenderness ratio was studied
on the buckling loads of the size-dependent FGP
nanobeams. Rahmani ef al. (2018) studied Size dependent
bending analysis of micro/nano sandwich structures based
on a nonlocal high order theory. Forced vibration analysis
of metal foam nanoplate with various porosities was studied
based on nonlocal strain gradient theory by Barati (2017).
Ehyaei and Akbarizadeh (2017) studied free vibration
analysis of composite laminated beam based on modified
couple stress theory. Principle of minimum potential energy
was employed for derivation of governing equations of
motion. The numerical results were presented in terms of
material length scale parameter, beam thickness and various
distributions of layers.

Tornabene et al. (2017) used refined shear deformation
theory for free vibration analysis of laminated composite
arches and beams with variable thickness. Some important
works on the curved structure based on three dimensional
analysis were performed by Viola er al. (2013) and
Tornabene and Brischetto (2018).

A new shear deformation theory named four-unknown
refined theory as well as modified couple stress theory were
developed by Amar et al. (2018) for size-dependent bending
and free vibration analysis of functionally graded
microplate. The numerical results were presented in terms
of length scale parameter based on Navier’s technique. Vu-
Bac et al. (2016) provided a sensitivity analysis for
quantifying the influence of uncertain input parameters on
uncertain model outputs. The effectiveness of this study

were highlighted using numerical studies based on
analytical functions. Hamida ef al. (2018) provided a
sensitivity analysis for identification of key input
parameters affecting energy conversion factor of
flexoelectric materials. The numerical results indicated that
the flexoelectric constants are the most dominant factors
influencing the uncertainties in the energy conversion
factor. Ghasemi et al. (2018) presented a computational
methodology for topology optimization of multi-material-
based flexoelectric composites. They provided some
numerical examples for two, three and four phase
flexoelectric composites to demonstrate the flexibility of the
model that can be obtained using multi-material topology
optimization for flexoelectric composites. Some related
works to optimization and computational methods of
flexoelectric and piezoelectric structures were studied by
various researchers (Ghasemi et al. 2017, Thai et al. 2017,
Nanthakumar et al. 2016, Nguyen et al. 2018).

Author has prepared a comprehensive literature review
about the important works related to some significant topics
such as electro-magneto-clastic problems, size dependent
analyses in micro and nano scales and curved structures.
One can conclude that although some works on the curved
beam have been reported by various researchers, however it
is investigated that there is no comprehensive work on the
electro-elastic analysis of sandwich micro curved beam
subjected to electro-magneto-mechanical loads based on
first order shear deformation theory and modified couple
stress theory. To account size-dependency, a micro length
scale parameter based on modified couple stress theory is
included in constitutive relations. The governing equations
are derived based on principle of virtual work. The
numerical outputs such as displacements, rotation
component, maximum electric and magnetic potentials are
presented in terms of important parameters such as micro
length scale parameter, initial electric and magnetic
potentials and opening angle.

2. Size-dependency relations based on modified
couple stress

The schematic of curved beam is presented in Fig. 1.

Modified couple stress formulation is used in this paper
to derive size-dependent governing equations of a three-
layered curved microbearn subjected to transverse loads and
applied electric and magnetic potentials. The modified
couple stress formulation of a curved microbeam is
expressed as follows

1
Us = Ef (o0e — DE — BH + my)dV (1)
v

In which o and g are the stress and strain tensors, D and
B are electric displacement and magnetic induction, E and
H are electric and magnetic fields, m is the deviatoric part
of the symmetric couple stress tensor and y is the symmetric
curvature tensor that are defined as follows

, 1, o\ T
m=1+vl2)( X=E(V9+(V9)) 2
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Smart Layers

Fig. 1 The schematic figure of a three-layer curved
nanobeam

In which E is modulus of elasticity, V is Poisson ratio, I’
is the material length scale parameter. In addition, 0 is the
rotation vector.

The stress components, electric displacement and
magnetic induction are defined for the piezomagnetic
materials as (Arefi and Rahimi 2011b, 2012, 2014, 2015,
2015, Arefi et al. 2011, 2012, Arefi and Allam 2015, Arefi
and Zenkour 2017a, b, ¢, d)

=Ce—eE—qH
D =eg+ eE+ mH 3)
B = ge + mE + uH

in which @, & are stress and strain tensors, E, H are electric
and magnetic fields, D, B are electric displacement and
magnetic induction vectors. In addition, C,e,e,m,q, u are
elastic stiffness, piezoelectric, dielectric permittivity,
magnetoelectric, piezomagnetic, and magnetic permittivity
coefficients, respectively. In this stage and using the
principle of virtual work —d8U + 8V = 0, we can derive the
governing equations. The variation of strain energy &U
and external works 8V are defined as

oU = fff (66 — DSE — B6H + mby )dV (4a)

8V = f L (—q)6u,dA. (4b)

In which q is transverse load.

Before presentation of governing equations, the electric
and magnetic potentials should be defined. Electric and
magnetic potentials for piezomagnetic layers are expressed
as follows

P(r,0) = —IIJ(H)COS(—p) + ﬂp
¢0 (5)
¢(r,0) = —¢(9)cos(—p) +

P
In which, 0, q,')Oare applled electric and magnetic
potentials and p = ¢ + +— are defined for top and

bottom piezo-magnetic face sheets By definition of electric
and magnetic potential components (E,H) using
relation (E, H) = —V(lﬁ, (5), the constitutive relation can be
completed.

The governing equations can be obtained by substitution
of constitutive equations (Eq. (3)) into Egs. (4) as follows

AN,y 1dM,* 1d2M,,*
Sur: —Ngg + d@r Z d;Z Z d@zz + Klur
1 d?u, — 0
“12 dg2 1=
dNgg 1dM,,* 1
6“‘1‘{ 0 TVt 4M”1X =0
Sx: d;e vo + Mrg) + Myg — ENeaX (©)
ldNrex l XR ldNGZX ldpezx —
4 do 47 4 do 4 deo
sy — D, —2De _
Y T
_ dB,
5¢. - r - ﬁ —_

Substitution of resultant components in terms of basic
relations into governing relations leads to

1
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2
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3. Solution procedure

In this section, the solution procedure for electro-
magneto-mechanical bending analysis are developed. The
proposed solutions for a simply-supported curved sandwich
beam are expressed as

()= m;ﬁ {0 yemeny) ®)

in which @ = MR/ 1,- This solution indicates that two ends

of curved beam are radially restricted while they can move
freely along the circumferential direction. Substitution of
proposed solution into governing equations leads to
following well-known equation

[K1{x} = {F} ©)

In which X={Ur.U8.X.¥Y.®} is an unknown vector
corresponding to five unknown functions and [K] is
stiffness matrix. The elements of stiffness matrix are
expressed as

1 1
Ky, = _214330»’4 - [;A35 + A11] a’—A,,

1 3 1
Ky, = +ZA3305 - [ZAss — A, _A11] a,

1
K3 = +Z [Asz + “134]053

1
- [A12 — A3 —As — ZAssR] a,

K14 = +A14a2 - A6 ,
K15 = +A150(2 —_ A7,
1 1
Ky = 114330»'3 + [A4 + A — ;A35] a,

1 1
Ky, = — [A4 + ZA33] a? — [Au + ZA35]'

11,
K23 = — [AS + ZA32 + ZA34:| a

1
+ [Au — A5+ ZA35R],

Ky = [As — Ayyla
K5 = [A7 - A15]6¥,

1
K3, = _Z[Ass + Agsla’®

(10)

1
+ [AS - RA11 + ZRA35:| lZ,

11,
K32 = - [AS + ZA33 +ZA36:| a

1
+ [RAll + ZRA35:|,

2 2 1 4
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K34 = +[Ag + RAyp]a,
K35 = (A1 + RAss)a,
Ky = +4530% — Ay,
Kyp = —[Az3 — Asela,
K43 = —[Azs — Ay7 — Azsla
K4_4_ = +A290(2 + A181
Kis = +A450a” + Ayo,
Ksi = +A436a” — Azouy,
Ks; = —[Az6 — Axola,
Ks3 = —[Azs — Ay1 — Azsla
K5y = +A300° + Ay,
Kss = +A310% + Ay

11 1,
K33 = — [Ag + _A32 + _A34 + _A37] a

In addition, the elements of the force vector {F} are
expressed as

_dNy, dN,
27 de  de
_ My adMy (11
3 de de
Fy = =Dy — Dy

4. Results and discussions

In this section, the numerical results of the problem are
presented. Before presentation of numerical results, the
material properties of elastic core and piezomagnetic layers
should be introduced for core and piezomagnetic layers as

Core

E =118TPa v =0.25 (12)
Piezomagnetic face-sheets

Coppe® = 286GPa C,9.9" = 45.3GPa
egor” = erge? = —4.4(C/m?)
ergo” = egrg’ = 11.6(C/m?)
do0r” = dree” = 580.3(N/Am)
dree” = qore” = 550(N/Am)
€, =93 x10711(C/mV) (13)
€go? = 8 x 10711(C/mV)
m,,P = 3 x 1072(Ns/CV)
mge? = 5 X 10712(Ns/CV)
UP =157 x 107*(Ns?/C?)
Uge? = —5.9 X 107*(Ns?/C?)
The electro-magneto-elastic bending results are
presented in this section in terms of important parameters of

the sandwich curved microbeam such as micro length scale
parameter, applied electric and magnetic potentials, and
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Fig. 2 Variation of radial displacement u, in terms of
applied electric potential W,
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Fig. 3 Variation of radial displacement u, in terms of angle
of beam 6

opening angle. To account micro length scale parameter, a
dimensionless parameter 1 is defined as: I'=1x
17.65 um.

4.1 Comparison and validation

This section presents a comparison with previous works
for validation. For this aim, reference (Shi and Zhong 2008)
is used. Shown in Fig. 2 is influence of applied electric
potential W, on the variation of radial displacement u,
based on present formulation and results of Shi and Zhong
(2008).

In addition, comparison between current and previous
results (Shi and Zhong 2008) for radial displacement u, in
terms of angle of curved beam 6 for W, = 100V is
presented in Fig. 3. One can conclude that present
numerical results in this paper are in good agreement with
reference.

Figs. 4 and 5 show variation of dimensionless radial and
transverse displacements u,/h , u;/h of middle surface
in terms of micro length scale parameter 1 and opening
angle 8 = L/R.

149

Fig. 4 Variation of dimensionless radial displacement u, /h
in terms of micro length scale parameter [ and opening
angle 8 = L/R

Fig. 5 Variation of dimensionless transverse displacement
u,/h in terms of micro length scale parameter [ and
opening angle 8 = L/R

Fig. 6 Variation of rotation component ¥ in terms of micro
length scale parameter [ and opening angle 8 = L/R

One can observe that with increase of micro length scale
parameter | and decrease of opening angle 6, both radial
and transverse displacements are decreased significantly. It
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Fig. 7 Variation of maximum electric potential ¥ in terms
of micro length scale parameter [ and opening angle 6 =
L/R

Fig. 8 Variation of maximum magnetic potential 10°® in
terms of micro length scale parameter and opening angle
6 =L/R
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0 1 R 3 a 5

0

Fig. 9 Variation of dimensionless radial displacement u,./h
in terms of initial electric and magnetic potentials

can be concluded that with increase of micro length scale
parameter, the stiffness of curved beam is increased and

0.0302
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e ®y=001  —e-D=0.02 e B,=0.03

0.0300

0 1 2 ‘Pn 3 a 5

Fig. 10 Variation of dimensionless transverse displacement
u./h in terms of initial electric and magnetic potentials
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Fig. 11 Variation of rotation components 9 in terms of
initial electric and magnetic potentials
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o

Fig. 12 Variation of maximum electric potential ¥ in terms
of initial electric and magnetic potentials

consequently  both  displacements are  decreased
significantly. In addition, it is concluded that with increase
of opening angle of curved beam, the stiffness is decreased
and then the displacements are increased.

Shown in Fig. 6 is variation of rotation components
in terms of micro length scale parameter [ and opening
angle 8 = L/R. the same behavior concluded for Figs. 4,5
can be observed for Fig. 6.

Distribution of maximum electric and magnetic
potentials through thickness direction are presented in Figs.
7, 8 in terms of micro length scale parameter [ and
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Fig. 13 Variation of maximum magnetic potential 10°® in
terms of initial electric and magnetic potentials

opening angle 6 = L/R, respectively. The numerical results
indicate that the maximum electric and magnetic potentials
through thickness direction are decreased with increase of
micro length scale parameter [ and decrease of opening
angle 0. One can conclude that with increase of micro
length scale parameter [, the stiffness of micro curved
beam is increased that leads to decrease of maximum
electric and magnetic potentials.

The influence of initial electric and magnetic potentials
is studied on the magneto-electro-elastic results of sandwich
curved microbeam. Shown in Figs. 9 and 10 are variation of
dimensionless radial and transverse displacements u,/h ,
u;/h in terms of initial electric and magnetic potentials
Y,.d, . One can conclude that both displacement
components are increased with increase of initial electric
W, potential and decrease of initial magnetic potential ®.
These conclusions are in accordance with results of
previous works (Arefi and Zenkour 2017c, Arefi et al
2017a, b).

Variation of rotation component, maximum electric and
magnetic potentials through thickness direction is presented
in Figs. 11, 12 and 13 in terms of initial electric and
magnetic potentials W,.®,. The numerical results show
that the rotation component, maximum electric and
magnetic potentials are increased with increase of initial
magnetic potential @, and decrease of electric potential
Y.

5. Conclusions

Magneto-electro-elastic bending analysis of a three-
layered curved nanobeam was studied in this paper based
on modified couple stress formulation and first-order shear
deformation theory.

Principle of virtual work was used to derive governing
equations in terms of displacement field and magnetic and
electric potentials. The numerical results were presented in
terms of micro length scale parameter, opening angle, initial
electric and magnetic potentials. Some significant outputs
of this analysis are expressed as follows:

To account size dependency in analysis of curved
microbeam, modified couple stress formulation was

employed. The numerical results show that with increase of
micro length scale parameter associated with this theory, the
stiffness of curved microbeam is increased and
consequently the displacements, rotation component,
maximum electric and magnetic potentials are decreased
significantly.

The opening angle as a geometric parameter has
significant influence on the bending results of curved
microbeam. it is concluded that with increase of opening
angle of curved microbeam, the stiffness is decreased and
then the displacements, rotation, maximum electric and
magnetic potentials along the thickness direction are
increased.

Initial electric and magnetic potentials lead to significant
change of bending results. It is observed that with increase
of initial electric potential and decrease of initial magnetic
potential, the radial and transverse displacements are
increased. In addition, it is observed that the rotation
component, maximum electric and magnetic potentials are
increased with increase of initial magnetic potential @,
and decrease of electric potential W¥,.
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