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1. Introduction  
 

Temperature-induced responses of bridge structure can 

cause significant deformation, damage of bearings and local 

nonlinearities (Dilger et al. 1983, Roberts-Wollman et al. 

2002). Therefore, it is required to determine the 

temperature-induced responses based on a reliable model. 

One of the critical issues to establish a reliable model is to 

identify the bridge model parameters of the bridge boundary 

conditions, especially when the bearings present nonlinear 

pattern with the increase of the load.  

Previous researches were mainly focused on the 

temperature distribution analysis and the temperature-

induced responses analysis of bridges (Kennedy and 

Soliman 1987, Shahawy and Arockiasamy 1996, Tong et al. 

2001). In the last two decades, with the application of 

bridge health monitoring system, researches on the 

temperature distribution and temperature-induced responses 

of bridge structure are increasingly in depth by monitoring  
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temperature field of bridge section and the measured 

temperature-induced responses data. For instance, based on 

the structural temperature monitoring data, Ding et al. 

(2013) obtained the temperature distribution of Runyang 

Yangtze river bridge, and proposed various temperature 

models of bridge cross section for temperature-induced 

responses analysis. By using the temperature monitoring 

data of many years in Tsing Ma bridge, Xu et al. (2009) 

analyzed the temperature field characteristics of the bridge, 

on the basis of which the temperature-induced responses are 

further analyzed. Xia et al. (2011) further analyzed the 

relation between structural vibration characteristics and 

non-uniform temperature field when the temperature of the 

structure is non-uniform distribution. Yang et al. (2017) 

investigated the long-term effect of ambient temperature on 

bridge strain, and a linear regression model between the 

temperature and the strain due to temperature was 

established based on one year monitoring data. 

However, the temperature-induced responses are not 

only related to temperature field of the bridge cross section 

but also the bridge parameters. To determine the 

temperature-induced responses is required to establish a 

reliable model. Recently, bridge model updating methods 

based on vibration data were developed to obtain the bridge 
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Abstract.  Temperature-induced responses, such as strains and displacements, are related to the boundary conditions. 

Therefore, it is required to determine the boundary conditions to establish a reliable bridge model for temperature-induced 

responses analysis. Particularly, bridge bearings usually present nonlinear behavior with an increase in load, and the nonlinear 

boundary conditions cause significant effect on temperature-induced responses. In this paper, the bridge nonlinear boundary 

conditions were simulated as bilinear translational or rotational springs, and the boundary parameters of the bilinear springs were 

identified based on the measured temperature-induced responses. First of all, the temperature-induced responses of a simply 

support beam with nonlinear translational and rotational springs subjected to various temperature loads were analyzed. The 

simulated temperature-induced strains and displacements were assumed as measured data. To identify the nonlinear translational 

and rotational boundary parameters of the bridge, the objective function based on the temperature-induced responses is then 

created, and the nonlinear boundary parameters were further identified by using the nonlinear least squares optimization 

algorithm. Then, a beam structure with nonlinear translational and rotational springs was simulated as a numerical example, and 

the nonlinear boundary parameters were identified based on the proposed method. The numerical results show that the proposed 

method can effectively identify the parameters of the nonlinear boundary conditions. Finally, the boundary parameters of a real 

arch bridge were identified based on the measured strain data and the proposed method. Since the bearings of the real bridge do 

not perform nonlinear behavior, only the linear boundary parameters of the bridge model were identified. Based on the bridge 

model and the identified boundary conditions, the temperature-induced strains were recalculated to compare with the measured 

strain data. The recalculated temperature-induced strains are in a good agreement with the real measured data. 
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model parameters (Jaishi and Ren 2005, Ren et al. 2005, 

Brownjohn et al. 2011). For instances, Nagayama et al. 

(2005) applied a bridge model parameter identification 

method to a full-scale suspension bridge. He et al. (2009) 

identified the bridge system parameters of a real bridge 

based on the dynamic field test data. Zhang et al. (2013) 

used a dynamic data post-processing method to identify the 

bridge dynamic characteristics based on the experimental 

vibration test of a long-span suspension bridge. Deng et al. 

(2010) further based on the updated bridge model to assess 

a long-span suspension bridge using long-term monitoring 

data. Chen et al. (2014) explored a novel damage detection 

technique based on stress influence lines of bridge 

components and validated the efficacy of the technique 

through a case study of the Tsing Ma suspension bridge. 

Since complex nonlinear behavior of structures has been 

observed not only when they are subjected to extreme loads, 

but also during the operational conditions, therefore, 

nonlinear structural system identification was received wide 

attentions in recent years. To identify the structural 

nonlinear parameters, Lei et al. (2015) presented an 

extended Kalman filter based method for structural 

nonlinear restoring forces identification, and the parameters 

of structural nonlinear restoring forces at the locations of 

the structural nonlinearities together with the linear part 

structural parameters can be identified in the study. Yu and 

Zhu (2015) proposed an integrated method for structural 

nonlinear damage detection based on time series analysis 

and the higher statistical moments of structural responses. 

Wang et al. (2015) quantified the structural nonlinearity 

based on the time-frequency features of the dynamic 

responses of the nonlinear structures. In real cases, the 

nonlinearity of the structure is usually observed in local 

elements, such as bearings, connections, and so on. 

Therefore, it is more reliable to detect the local nonlinearity 

of the structure. Ni et al. (2007) evaluated a bridge 

expansion joints using the long-term displacement and 

temperature measurements. Alamdari et al. (2014) 

introduced a nonlinear joint model updating method based 

on structural nonlinear frequency response function. Li et 

al. (2015) detect the damage of the shear connector linked 

the slab and girder based on the power spectral density 

transmissibility method. Wang et al. (2016) presented a 

model updating method based on the instantaneous 

amplitude and frequency of the measured dynamic response 

for structural joint nonlinear parameter identification. Gao 

et al. (2017) established the restoring force model for the 

cable-sliding modular expansion joints of continuous beam 

bridges to control the relative displacement and avoid 

collision when subjected to ground motions.   

Although the vibration based structural nonlinear 

parameter identification methods are very useful, it is hard 

to observe the variation of the structural boundary condition 

over a relative long time scale, especially, when the 

boundary conditions are changed due to the long term 

temperature effect or other long term load. As an alternative 

bridge parameter identification method, temperature 

induced responses are used for bridge parameter 

identification. In recent years, bridge parameter 

identification based on temperature induced response of site 

monitoring system has received increasing attention. For 

instance, Moaveni and Behmanesh (2012) updated the 

parameters of Dowling Hall pedestrian bridge based on 

temperature induced responses. Wei and Lv (2015) 

identified both local damages and the temperature 

difference in a gradient-based model updating method 

based on dynamic response sensitivity considering 

temperature effect. Yarnold and Moon (2015) and Yarnold 

et al. (2015) made comparative studies with bridge 

parameter identification based on temperature induced 

responses and vibration responses for Tacony-Palmyra 

bridge. Their results indicated that the accuracy of the 

identification methods based on temperature induced 

responses presents higher precision. 

In bridges, the bearings are critical local elements and 

usually present nonlinear pattern with the long term or 

extreme loads. Therefore, to establish a reliable model for 

temperature induced responses analysis, the boundary 

parameters of the bridge need to be calibrated. Therefore, 

there is growing recognition that the boundary conditions of 

the structural model need to be determined for bridge 

identification. Chaudhary et al. (2002) presented a two-

stage system identification method for bridge bearing 

stiffness and damping identification. Their results indicated 

that the identified bearing stiffness when the bridge is 

subjected to low-level excitations is larger than the values 

when the bridge is subjected to the high-level excitations. 

This phenomenon means the identified bearing stiffness is 

changed due to the level of excitations and presents 

nonlinear behavior. Dai et al. (2006) analyzed the effect of 

the stiffness of the rubber pads on the dynamic 

characteristics of a base-isolated bridge. 

In this paper, the relation between the nonlinear 

boundary conditions and the temperature induced responses 

were established based on the theoretical derivation of a 

beam structure with nonlinear translational and rotational 

boundary conditions. Moreover, the optimal objective 

function, based on temperature induced strains and 

displacements, was established for the nonlinear boundary 

conditions identification of the bridge. The nonlinear 

boundary parameters were identified by using the nonlinear 

least squares optimization algorithm. A beam structure with 

nonlinear translational and rotational boundary conditions 

was simulated as numerical example. The numerical results 

show that the bilinear boundary conditions can be 

effectively identified based on the temperature induced 

responses. Since the nonlinear boundary conditions can be 

caused by the dead load, live load and temperature load, 

therefore, the nonlinear boundary parameters were also 

identified based on the strain induced by these loads 

combination. Finally, according to the measured data of a 

tied arch bridge, the boundary condition parameters of the 

arch bridge were identified based on the proposed method. 

Since the bearings of the bridge did not perform nonlinear 

behavior, only the linear boundary parameters were 

identified. Based on the bridge finite element model and the 

identified boundary conditions, the temperature-induced 

strains were recalculated. The recalculated temperature-

induced strains are in a good agreement with the real 

measured data. 
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Fig. 1 Steel rubber bearing 

 

 

Fig. 2 Deformation diagram of beam structure w/o 

translational constraint spring under uniform temperature 

change 

 

 

Fig. 3 The constitutive relationship of the force-

displacement curve of the bilinear translational spring 

 
 
2. Temperature induced responses of a beam 
structure with nonlinear boundary conditions 
 

The fixed hinge rubber bearing and the sliding rubber 

bearing are the two basic bearings in bridges. A simple steel 

rubber bearing is presented in Fig. 1. In real cases, the 

stiffness of the fixed hinge rubber bearing cannot be 

infinity, and the stiffness of the sliding rubber bearing 

cannot be zero. Therefore, the bearings are usually 

simulated as spring elements with translational and 

rotational rigidities. In this section, a beam structures with 

bilinear translational and rotational boundary conditions is 

considered. The temperature induced displacements and 

strains of beam structure with bilinear translational 

condition subjected to uniform temperature change, and the 

bilinear rotational boundary condition subjected to linear 

temperature gradients are theoretically derived. 
 

2.1 Temperature induced responses of a beam 
structure with bilinear translational boundary condition 
under uniform temperature change 
 

A simple beam without translational constraint spring 

shows as Fig. 2(a). In the condition of the uniform 

temperature rise, the deformation of the simple beam shows 

as Fig. 2(b). In Fig. 2(b), δT is the translational deformation 

without translation constraint. When the translational 

deformation is constrained by a translational spring, the 

deformation of the beam structure is presented in Fig. 2(c). 

In Fig. 2(c), δU is the translational deformation with 

translation constraint, and δR is the constrained deformation. 

If the translation constraint appears to be the bilinear spring 

constraint, the constitutive relation curve between force and 

displacement can be presented as Fig. 3. In Fig. 3, Fb and 

Db are the transitional load and displacement of the bilinear 

spring, respectively. k1 and k2 are the stiffness of the two 

stage of the bilinear spring. The expressions of the 

displacement δU and the strain of cross section εM of the 

beam structure with bilinear translation boundary conditions 

under the action of uniform temperature change can be 

obtained by the following theoretical derivation. 

When δU<Db, the theoretical relationship between 

displacement δU and strain of the cross section εM can be 

calculated as. 

𝛿𝑈 =
𝛼（𝑇 − 𝑇0）𝐿

1 +
𝑘1𝐿
𝐴𝐸

 (1) 

휀𝑀 = −
𝑘1𝛼(𝑇 − 𝑇0)𝐿

𝐴𝐸(1 +
𝑘1𝐿
𝐴𝐸

)
 (2) 

where, L is the initial length of the simple beam, α is the 

coefficient of thermal expansion, A is the cross-sectional 

area, E is the elastic modulus, T0 is the initial temperature, T 

is the global temperature after temperature change, and k1 is 

the initial stiffness value of the bilinear translational spring. 

When δU>Db, the theoretical relationship between 

displacement δU and strain εM can then be calculated as, 

𝛿𝑈 =
𝐹𝑏

𝑘1

+
𝛼（𝑇 − 𝑇0）𝐿 −

𝐹𝑏

𝑘1
−

𝐹𝑏𝐿
𝐴𝐸

1 +
𝑘2𝐿
𝐴𝐸

 (3) 

The relationship between the uniform temperature 

change and the temperature induced displacement and strain 

can be calculated as Eq. (4), 

휀𝑀 = −
𝐹𝑏

𝐴𝐸
−

𝑘2𝛼(𝑇 − 𝑇0)𝐿 −
𝑘2𝐹𝑏

𝑘1
−

𝑘2𝐹𝑏𝐿
𝐴𝐸

𝐴𝐸(1 +
𝑘2𝐿
𝐴𝐸

)
 (4) 

where, 𝑘2 is the stiffnes s value of the second stage of the 

bilinear translational spring, and Fb is the transitional force 

which is required for the translational boundary condition of 

the beam reaching the bilinear second stage. If δU<Db, the  
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Fig. 4 Deformation diagram of beam structure w/o 

rotational constraint spring under linear gradient 

temperature 

 

 

Fig. 5 The constitutive relationship of the moment-rotation 

curve of the bilinear rotational spring 
 

 

stiffness of the translational spring remains 𝑘1 , and the 

uniform temperature change has linear relationship with 

temperature induced displacement and strain. When δU>Db, 

the stiffness of the translational spring reduces to k2.  

 

2.2 Temperature induced responses of a beam 
structure with bilinear rotational boundary condition 
under linear gradient temperature change 
 

A simple beam without rotational constraint spring 

shows as Fig. 4(a). In the condition of the gradient 

temperature rise, the deformation of the simple beam shows 

as Fig. 4(b). The deformation of the beam structure with the 

rotational constraint boundary condition subjected to 

gradient temperature is shown in Fig. 4(c). In this paper, the 

rotational constraint spring is assumed to be bilinear 

rotational constraint spring, and the constitutive relation 

curve between moment and rotation is further illustrated in 

Fig. 5. In Fig. 4, 𝑇1 and 𝑇2 are the temperature on the top 

surface and bottom surface, respectively. θT is the rotational 

angle of the beam pin end without rotational constraint 

spring. θUis the rotational angle of the beam pin end with 

rotational constraint spring, and θR is the constrained 

rotational angle. In Fig. 5, Mb and θb are the transitional 

moment and rotational angle of the bilinear rotational 

constraint spring, respectively. kr1 and kr2 are the stiffness 

of the two stage of the bilinear rotational constraint spring. 

The expressions of the rotational angle θU and the strain 

휀𝑅 of the beam structure with bilinear rotational constraint 

spring under the uniform gradient temperature change can 

be obtained by the following theoretical derivation. 

When θU<θb, the theoretical relationship between the 

roational angular displacement θU and the strain εM is 

calculated as, 

𝜃𝑈 = −
𝛼(𝑇1 − 𝑇2)

2ℎ(1 +
𝑘𝑟1𝐿
3𝐸𝐼

)
 (5) 

휀𝑅 = −
𝑘𝑟1𝛼(𝑇1 − 𝑇2)𝑦

2ℎ𝐸𝐼(1 +
𝑘𝑟1𝐿
3𝐸𝐼

)
 (6) 

where, L is the initial length of the simple beam, α is the 

coefficient of thermal expansion, h is the height of beam 

structure, E is the elastic modulus, I is the inertia moment of 

cross-section, T1 is the temperature of the top surface, T2 is 

the temperature of the bottom surface, and y is the distance 

to neutral axis. Here, the positive direction of y points 

down, therefore, at the bottom surface, y=h/2, the strain has 

minus sign which means the stress is compressive stress. 

When θU>θb, the theoretical relationship between the 

roational angular displacement θU and the strain εR is 

calculated as. 

𝜃𝑈 = −
𝑀𝑏

𝑘𝑟1

−
𝛼(𝑇1 − 𝑇2)

2ℎ(1 +
𝑘𝑟2𝐿
3𝐸𝐼

)
+

𝑀𝑏

𝑘𝑟1
(1 +

𝑘𝑟1𝐿
3𝐸𝐼

)

(1 +
𝑘𝑟2𝐿
3𝐸𝐼

)
 (7) 

휀𝑅 = −
𝑀𝑏𝑦

𝐸𝐼
−

𝑘𝑟2𝛼(𝑇1 − 𝑇2)𝑦

2ℎ𝐸𝐼(1 +
𝑘𝑟2𝐿
3𝐸𝐼

)

+
𝑘𝑟2

𝑀𝑏

𝑘𝑟1
(1 +

𝑘𝑟1𝐿
3𝐸𝐼

)𝑦

𝐸𝐼(1 +
𝑘𝑟2𝐿
3𝐸𝐼

)
 

(8) 

where, kr2 is the rotational stiffness value of the second 

stage of the bilinear rotational constraint spring. Mb and θb 

are the transitional moment and rotational angle of the 

bilinear rotational constraint spring, respectively. 

As presented in Eqs. (7) and (8), when θU<θb, the 

rotational stiffness of the rotational constraint spring 

remains 𝑘𝑟1, and the temperature difference between the 

top and bottom surfaces has linear relationship with the 

gradient temperature induced rotatioan angle and strain. 

When θU>θb, the stiffness of the rotational constraint spring 

reduces to 𝑘𝑟2. The relationship between the temperature 

difference between the top and bottom surfaces and the 

gradient temperature induced rotaional angle and strain can 

be calculated as Eq. (8). 

 

2.3 Temperature induced responses of a beam 
structure 
 

A simulated beam structure with the bilinear 

translational spring at the beam end is shown in Fig. 6. The 

main parameters of beam structure are shown in Table 1.  

The real stiffness values of the bilinear translational 

spring are, k1=440 kN/mm, k2=40 kN/mm, and the 

transitional load, Fb=530 kN. A strain sensor is assumed to  
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Fig. 6 The simulated beam structure with bilinear 

translational spring at the beam end 

 

Table 1 Basic parameters of the beam structure 

Beam structure parameter Real value 

length of the beam span, L 10 m 

elastic modulus, E 200 GPa 

area of cross section, A 4.91×10-2m2 

coefficient of thermal expansion α 1.12×10-5/℃ 
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Fig. 7 Strain at mid-span and displacement at end-span 

under various uniform temperature changes  
 

 

be installed at the top of mid-span, and a translational 

displacement sensor is assumed to be installed at the end of 

span. Based on the previous theoretical derivation, the strain 

at the mid-span and the translational displacement at the 

end-span due to uniform temperature changes from 0 to 

40ºC with 2ºC interval are calculated, and the results are 

presented in Fig. 7. As presented in Fig. 7(a) and Fig. 7(b), 

at the first stage, the stiffness of the translation spring is  

 

Fig. 8 The simulated beam structure with bilinear 

translational spring and rotational spring at each end 

 

Table 2 The calculated strains and displacements of the 

beam structure under various temperature load conditions 

Temperature 

increased on 

top surface 

(℃） 

Temperature 

increased on 

the bottom 

surface 

(℃) 

Calculated 

translational 

displacement 

(mm) 

Strain (με) 

Bottom 

surface 

at 1/4-

span 

Bottom  

surface 

at 

1/2-span 

Bottom 

surface 

at 

3/4-span 

Top 

surface 

at 

1/2-span 

18 10 1.0 -12.6 -11.6 -10.5 -7.5 

25 15 1.6 -14.8 -13.6 -12.4 -8.7 

30 18 1.9 -16.4 -15.0 -13.6 -9.4 

35 20 2.1 -17.9 -16.2 -14.5 -9.4 

45 25 2.7 -21.0 -18.8 -16.7 -10.2 

 

 

strong, and the displacement at end-span increase relatively 

slowly, and the strain at mid-span increase relatively fast 

when the temperature increases. However, at the second 

stage, the stiffness value of the bilinear translational spring 

reduces to 40 kN/mm, the displacement at end-span 

increase relatively fast, and the strain at mid-span increase 

relatively slowly when the temperature keeps increasing. 

In order to further calculate the temperature induced 

responses in a complex beam structure, a simulated beam 

structure with a bilinear translational spring and a rotational 

spring is considered in this case. The simulated beam 

structure is shown in Fig. 8. The basic parameters of the 

simulated beam are also shown table. The height of beam is 

0.22 m. The real stiffness values of the bilinear translational 

spring are, k1=100 kN/mm, k2=30 kN/mm, and the real 

transitional load is, Fb=89.5 kN. The real stiffness values of 

the bilinear rotational spring are, kr1=3×107N×m/rad, 

kr2=1×107N×m/rad, and the real transitional moment is, 

Mb=1089N×m. In this case, the strain sensors are assumed 

installed at the bottom of 1/4-span, mid-span, 3/4-span, and 

top of mid-span. A translational displacement sensor is 

assumed to be installed at the end of span with a 

translational spring. The strains and displacements under 

various temperature load conditions are presented in Table 

2. 
 

 

3. Nonlinear boundary parameter identification of a 

beam structure  
 

In this section, the nonlinear boundary parameters of a 

beam structure are identified based on the measured 

temperature induced responses. The optimization objective 

function is then established based on the temperature 

induced responses. The boundary parameters of bilinear 

translational and rotational springs are obtained by 

optimizing the created objective function in various load 

conditions.  
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Table 3 The identified boundary parameters of a beam 

structure with a translational spring 

The identified 

parameter 
Theoretical value Identified value Error 

Fb 530 kN 539 kN 2% 

Db 1.2 mm 1.2 mm 0% 

k1 440 kN/mm 449 kN/mm 2% 

k2 40 kN/mm 42 kN/mm 5% 

 

Table 4 The identified boundary parameters of a beam 

structure with translational and rotational springs 

The identified 

parameter 
Theoretical value Identified value Error 

Fb 89.5 kN kN 1% 

Db 0.9 mm 0.9 mm 0% 

k1 100 kN/mm 100 kN/mm 0% 

k2 30 kN/mm 30.4 kN/mm 1% 

Mb 1089 N×m 1000 N×m -8% 

θb 3.6×10-5rad 3.3×10-5rad -8% 

kr1 3×104kN×m/rad 3.02×104kN×m/rad 1% 

kr2 1×104kN×m/rad 1.02×104kN×m/rad 1% 

 
 
3.1 Boundary parameter identification of a beam 

structure with a bilinear translational spring 
 

A beam structure with a bilinear translational spring at 

the beam end is considered in the section. The beam 

structural is the same as presented in section 2.3. The basic 

parameters of the beam are also presented in table 1, and the 

strain at the top of mid-span and displacement at the end-

span are presented in Fig. 6. The simulated strain at the top 

of mid-span, and the displacement at the end-span under 

uniform temperature changes from 0 to 40ºC with 2ºC 

interval are assumed as measured values. 

According to measured temperature induced strains and 

displacements of the beam structure with bilinear 

translation boundary conditions, the optimization objective 

function can be established as. 

𝑭 = ∑ 𝑅𝜀(𝑖)2

𝑛

𝑖=1

+ ∑ 𝑅𝑑(𝑖)2

𝑛

𝑖=1

 (9) 

𝑅𝜀(𝑖) =
휀𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑(𝑖) − 휀𝑡ℎ𝑒𝑜𝑟𝑒𝑡𝑖𝑐𝑎𝑙(𝑖)

휀𝑡ℎ𝑒𝑜𝑟𝑒𝑡𝑖𝑐𝑎𝑙(𝑖)
× 100% (10) 

𝑅𝑑(𝑖) =
𝑑𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑(𝑖) − 𝑑𝑡ℎ𝑒𝑜𝑟𝑒𝑡𝑖𝑐𝑎𝑙(𝑖)

𝑑𝑡ℎ𝑒𝑜𝑟𝑒𝑡𝑖𝑐𝑎𝑙(𝑖)
× 100% (11) 

in which,  𝑅𝜀  is the normalized error between the 

measured temperature induced strain 휀𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑of the beam 

structure and the theoretical temperature induced strain 

휀𝑡ℎ𝑒𝑜𝑟𝑒𝑡𝑖𝑐𝑎𝑙 , 𝑅𝑑 is the normalized error between the 

measured temperature induced displacement 𝑑𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑  of 

the beam structure and the theoretical temperature induced 

displacement 𝑑𝑡ℎ𝑒𝑜𝑟𝑒𝑡𝑖𝑐𝑎𝑙 , i is the ith uniform temperature 

change load case, and n is the total uniform temperature 

change load cases, which is equal to 20 in this case. 

In this case, 휀𝑡ℎ𝑒𝑜𝑟𝑒𝑡𝑖𝑐𝑎𝑙  and 𝑑𝑡ℎ𝑒𝑜𝑟𝑒𝑡𝑖𝑐𝑎𝑙  are the 

function of the bilinear stiffness values of the translational 

spring k1 and k2, and the transitional load and displacement 

Fb and Db. By minimize the objective function of Eq. (9), 

the boundary parameters can be obtained. In this paper, the 

Levenberg-Marquardt nonlinear optimization approach 

(Marquardt 1963) is used to obtain the boundary 

parameters.  

The identified boundary parameters are shown in Table 

3. As presented in Table 3, the bilinear stiffness values of 

the translational spring k1 and k2, and the transitional load 

and displacement Fb and Db are well identified. The 

maximum error of the identified boundary parameter is 5%. 

 
3.2 Boundary parameters identification of a beam 

structure with bilinear translational and rotational springs 
 

Case 1: In order to further identify the boundary 

parameters based on the temperature induced responses in a 

complex beam structure, a beam structure with a bilinear 

translational spring and a bilinear rotational spring is 

considered in this case. The beam structural is the same as 

presented in section 2.3, and the model is presented in Fig.8 

in section 2.3. The basic parameters of the beam are 

presented in Table 1. The strain sensors are assumed 

installed at the bottom of 1/4-span, mid-span, 3/4-span, and 

top of mid-span. A translational displacement sensor is 

assumed to be installed at the end of span with a 

translational spring. The simulated strains and 

displacements are presented in Table 2 and assumed as 

measured data. According to the measured temperature 

induced strains and displacements of the beam structure 

with bilinear translation and rotational boundary conditions, 

the optimization objective function can be established as, 

𝑭 = ∑ ∑ 𝑅𝜀(𝑖, 𝑗)2

𝑛

𝑖=1

𝑚

𝑗=1

+ ∑ 𝑅𝑑(𝑖)2

𝑛

𝑖=1

 (12) 

As the same as Eqs. (9) to (11), 𝑅𝜀 is the normalized 

error between the measured temperature induced strain 

휀𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑  of the beam structure and the theoretical 

temperature induced strain 휀𝑡ℎ𝑒𝑜𝑟𝑒𝑡𝑖𝑐𝑎𝑙 . 𝑅𝑑 is the 

normalized error between the measured temperature 

induced displacement 𝑑𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑  of the beam structure and 

the theoretical temperature induced displacement 

𝑑𝑡ℎ𝑒𝑜𝑟𝑒𝑡𝑖𝑐𝑎𝑙 . i is the ith temperature load case, and n is the 

total temperature load cases, which is equal to 5 in this case. 

j is the jth measured points, and m is the total measure 

points, which is equal to 4 in this case.  

In this case, 휀𝑡ℎ𝑒𝑜𝑟𝑒𝑡𝑖𝑐𝑎𝑙  and 𝑑𝑡ℎ𝑒𝑜𝑟𝑒𝑡𝑖𝑐𝑎𝑙  are the 

function of the bilinear stiffness values of the translational 

spring k1 and k2, the transitional load and displacement Fb 

and Db, the bilinear stiffness values of the rotational spring 

kr1 and kr2 , and the transitional moment Mb and rotational 

angle θb of the bilinear rotational constraint spring. By 

minimize the objective function of Eq. (12), the boundary 

parameters can be obtained. Again, the Levenberg-

Marquardt nonlinear optimization approach is also used to 

obtain the boundary parameters. 
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Strain sensor

      Translational 

displacement sensorStrain sensor

 

Fig. 9 The simulated continuous beam structure with 

bilinear translational spring and rotational spring at each 

end 

 

Table 5 Basic parameters of the continuous beam structure 

Continuous beam structure parameter Real value 

length of the beam span, L 2×10 m 

elastic modulus, E 200 GPa 

area of cross section, A 4.91×10-2m2 

coefficient of thermal expansion α 1.12×10-5/℃ 

 

Table 6 The calculated strains and displacements of the 

beam structure under various temperature load conditions 

Temperature 

increased on 

Translational 

displacement 

(mm) 

Span 1 Strain (με) Span 2 Strain (με) 

top 

surface 

（℃） 

bottom 

surface 

(℃) 

Bottom surface 

at Top 

surface at 

1/2-span 

Bottom surface at 
Top 

surface 

at 

1/2-

span 

1/4-

span 

1/2-

span 

3/4-

span 

1/4-

span 

1/2-

span 

3/4-

span 

18 10 1.5 -13.2 -10.1 -12.4 -8.3 -15.8 -13.1 -10.5 -9.6 

25 15 2.1 -16.5 -12.6 -12.9 -10.4 -19.8 -16.4 -13.1 -12.3 

30 18 2.5 -20.1 -15.2 -14.4 -12.5 -23.8 -19.7 -16.2 -14.3 

35 20 2.9 -25.9 -19.1 -17.9 -15.6 -29.9 -24.7 -20.6 -17.6 

45 25 3.7 -35.3 -25.7 -22.8 -20.9 -40.1 -33 -28.1 -23.3 

 

 

The identified boundary parameters are presented in 

Table 4. As presented in Table 4, the bilinear stiffness 

values of the translational spring k1 and k2, and the 

transitional load and displacement Fb and Db are well 

identified. The maximum error of the identified boundary 

parameter of the translational spring is within 1%. The 

bilinear stiffness values of the rotational spring kr1 and kr2, 

and the transitional moment Mb and rotational angle θb are 

also well identified, and the error is within 8%. 

Case 2: To further verify the effectiveness of the 

proposed method, a continuous beam structure with a 

bilinear translational spring and a bilinear rotational spring 

is considered in this case. The continuous beam structure 

model is shown in Fig. 9. The basic parameters of the beam 

are presented in Table 5. The height of the beam is 0.22 m 

with two spans. The real stiffness values of the bilinear 

translational spring are, k1=100 kN/mm, k2=30 kN/mm, and 

the real transitional load is, Fb=89.5 kN. The real stiffness 

values of the bilinear rotational spring are, 

kr1=3×107N×m/rad, kr2=1×107N×m/rad, and the real 

transitional moment is, Mb=1089N×m. In this case, the 

strain sensors are assumed installed at the bottom of 1/4-

span, mid-span, 3/4-span, and top of mid-span of each span. 

A translational displacement sensor is assumed to be 

installed at the end of the second span with a translational 

spring. The strains and displacements under various 

temperature load conditions are presented in Table 6. 

The identified boundary parameters are presented in  

Table 7 The identified boundary parameters of a beam 

structure with translational and rotational springs 

The identified 
parameter 

Theoretical value Identified value Error 

Fb 89.5 kN 90.5 KN 1.1% 

Db 0.9 mm 0.89 mm -1.1% 

k1 100 kN/mm 101 kN/mm 1.0% 

k2 30 kN/mm 30.7 kN/mm 2.3% 

Mb 1089 N×m 994 N×m -8.7% 

θb 3.6×10-5rad 3.32×10-5rad -7.8% 

kr1 3×104kN×m/rad 3.06×104kN×m/rad 2.0% 

kr2 1×104kN×m/rad 1.05×104kN×m/rad 5.0% 

 

 

Table 7. As presented in Table 7, the bilinear stiffness 

values of the translational spring k1 and k2, and the 

transitional load and displacement Fb and Db are all well 

identified. The maximum error of the identified boundary 

parameter of the translational spring is within 2%. The 

bilinear stiffness values of the rotational spring kr1 and kr2, 

and the transitional moment Mb and rotational angle θb are 

also well identified, and the error is within 9%. 

 

3.3 Dead load effect on boundary parameter 
identification of a beam structure with bilinear boundary 
conditions 
 

A real structure is not only subjected to temperature 

load, but also dead load and live load. It is likely that 

boundary conditions of the structure will enter into the 

nonlinear stage due to the combined action of temperature 

load, dead load and live load. Especially, when the strain 

gauges are installed in the structure before it begins to bear 

the dead load, the measured strain includes the strain caused 

by the dead load.  Since the temperature load varies much 

slower than the vehicle load varies, therefore, the fast 

varying portion of the strain induced by the vehicle live 

load can be simply filtering out. Therefore, in this section, 

the vehicle live load is not considered in this section. 

However, the dead load, especially when the structure is 

forced assembly, may causes significant assembly stress of 

the bearing, and the bearing that contains assembly stress 

may be more easily to enter the nonlinear stage due to 

temperature load. 

In this case, a beam structure as shown in Fig. 10 is 

considered. The strain sensors are assumed installed at the 

bottom of 1/10-span, 2/10-span, …, and 10/10-span. The 

basic parameters of the beams structure are also presented 

in Table 1. The constitutive relation curve between force 

and displacement is presented in Fig.11. The real stiffness 

values of the bilinear translational spring are, k1=100 

kN/mm, k2=30 kN/mm, the real transitional load is, Fb=420 

kN, the real transitional displacement is, Db=4.2 mm. The 

real stiffness values of the linear rotational spring is 

kr=1×104kN×m/rad. In this case, we considered the 

translational spring transfer to the second nonlinear stage 

when the bearing load reaches to 420 kN. In real case, the 

translational spring is probably hard to enter the nonlinear 

range only due to temperature load. However, with the  
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Fig. 10 The simulated beam structure with bilinear 

translational spring and rotational spring at each end 

considering dead load effect 

 

 

Fig. 11 The constitutive relationship of the force-

displacement curve of the bilinear translational spring 

subjected to the dead load and temperature load 

 

Table 8 Temperature load cases 

Temperature load 

case 

The increased 

temperature on the 

top surface (℃) 

The increased 

temperature on the 

bottom surface (℃) 

1 89.5 kN 90.5 KN 

2 0.9 mm 0.89 mm 

3 100 kN/mm 101 kN/mm 

4 30 kN/mm 30.7 kN/mm 

 

 

combination with the dead load and live load, the spring 

may enter the nonlinear stage. In this case, the rotational 

spring is considered as a linear spring, since the dead load 

induces opposite sign strain of the temperature induced 

strain, which will not let the rotational spring enter into the 

nonlinear stage. In this case, the dead load Fa is set to 100 

kN/m. The temperatures of top surface and bottom surface 

are both assumed to be increased. The six temperature load 

cases are presented in Table 8.  

The measured strains including dead load effect of the 

measured points are presented in Fig. 12. The strains 

induced by dead load are presented in Fig. 13. It is 

necessary to eliminate strain of beam structure caused by 

dead load, and then identify parameters of the boundary 

condition of the beam structure by using the proposed 

method based on the temperature effect. Usually, the strain 

due to dead load can be obtained when the structure is just 

constructed without bearing any load. In our case, the 

simulated strains due to dead load are directly subtracting 

from the total strain. The strains due to temperature loads 

are presented in Fig. 14. 

An objective function as same as Eq. (9) can be created 

based on the temperature induced strains. The nonlinear 

least squares optimization algorithm is also used to optimize 

the objective function. The identified boundary parameters  

 

Fig. 12 Strain data of measure points due to dead load and 

temperature load  
 

 

Fig. 13 Strain data due to dead load 

 

 

Fig. 14 Strain data due to temperature load cases 

 

 

of the beam structure are illustrated in Table 9. As presented 

in Table 9, the boundary parameters are effectively 

identified based on the proposed method. 

 

 

4. Boundary parameter identification of Yuanze 
bridge 
 

In this section, based on the Yuanze bridge’s measured 

strain data, the proposed method is used to identify the 

boundary parameters of the bridge finite element model. 

Then, the temperature induced responses of the bridge are 

recalculated. 
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Table 9 The identified boundary parameters of a beam 

structure considering dead load effect  

The identified 
parameter 

Theoretical value Identified value error 

Fb 420 kN 411 kN -2% 

Db 4.20 mm 4.11 mm -2% 

k1 100 kN/mm 100 kN/mm 0% 

k2 30 kN/mm 31.5 kN/mm 5% 

kr 1×104kN×m/rad 1.04×104kN×m/rad 4% 

 

 

Fig. 15 The finite element model of Yuanze bridge 

 

 

Fig. 16 Strain gauges layouts 

 

 

4.1 The bridge background and the finite element 
model establishment 
 

Yuanze bridge is an important bridge across Qingyi 

river, in Wuhu city, Anhui province in China. The main 

bridge is a mid-height deck steel pipe concrete tied arch 

bridge with auxiliary arches. The span arrangement of the 

bridge is 40 m+135 m+40 m. Based on the design and 

construction plan, the three-dimensional finite element 

model of the bridge is established. The initial bridge finite 

element model, with pinned boundary conditions, is shown 

in Fig. 15. The finite element model contains 1340 

beam188 elements, 432 shell63 elements, 38 link10 

elements, 2016 solid45 elements and 495 mass21 elements. 
 

4.2 Installation of sensors and data acquisition 
 

Since two sliding rubber bearing are used in the bridge, 

therefore, two boundary parameters of the bridge are 

selected for identification. In order to identify the finite 

element boundary parameters of Yuanze bridge, two strain 

gauges are installed at the two ends of the bridge to measure 

the longitudinal strains (Fig. 16). Since the strain gauges are 

installed after the construction of the bridge, therefore, the 

measured strains are induced the strains induced by live 

load and temperature load. Strain data are acquired by using 

the strain gages. Since the temperature sensors and strain 

sensors are shared with same strain gauges, the temperature 

changes (the difference between the temperature when 

installed the strain gauges and the temperature when 

measure the data) of the bridge are also measured.  

The strains at the two measured points during 24 hours 

are measured. The temperature changes are also measured. 

In this section, the temperature is assumed as uniformly 

change of the whole bridge. The average temperature of the 

two measure points in 24 hours are presented in Fig. 17.  

 

Fig. 17 The average temperature change of the two 

measured points  
 

 

(a) The strain data at measured point 1 at the left end of the 

bridge 

 

(b) The strain data at measured point 2 at the right end of 

the bridge 

Fig. 18 The measured strain data of the bridge  
 

 

The measured strain data are presented in Fig. 18. The 

red solid lines in Fig. 18 are the measured strain data with 

sampling rate of 0.2 measured data per minute. The 

measured strains including the vehicle load and temperature 

load effects. Since the temperature varies much slower than 

the vehicle load varies, therefore, the slow varying portion 

of the strain is induced by the temperature load. Therefore, 

the square dotted black lines are the slow varying strain by 

filtering from the original data.  To further for the bridge 

model boundary parameter identification, every one hour 

temperature induced strains of each measured point are 

selected for the boundary parameters identification. 

In order to further verify the accuracy of the bridge 

model, the temperature induced strains during due to the 

bridge model with hinged immovable supports (the 

boundary bearing are designed hinged immovable supports) 

and the bridge mode with translational springs are 

recalculated. The uniformly temperature changes as 

presented in Fig. 17 are considered for the simulation. The 

comparison of the simulated strains and the measured 

strains are presented in Fig. 19. As presented in Fig. 19, the 

recalculated strains based on the bridge finite element 

model with spring ends are in a good agreement with the 

measure data. 
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(a) The recalculated strains and measured strains at 

measured point 1 due to temperature load of Yuanze bridge 

 

(b) The recalculated strains and measured strains at 

measured points due to temperature load of Yuanze bridge 

Fig. 19 The recalculated strains and measured strain 

 

Table 10 The identified boundary parameter 

 Identified results（kN/mm） 

Left end of the bridge 936.5 

Right end of the bridge 943.6 

 

 

4.3 Boundary parameter identification of Yuanze 
bridge 
 

To obtain the boundary parameter of the bridge, the 

boundary conditions of the two ends of the bridge are 

simulated as translational spring. Again, the temperature 

induced strains (measured every one hour) of each 

measured point are selected for the boundary parameters 

identification. Since the bearings of the real bridge do not 

perform nonlinear behavior, only the linear boundary 

parameters of the springs are identified. On the basis of the 

temperature induced strains, the optimization objective 

function shown can be created based on the propose 

method. The boundary parameters are identified by 

nonlinear least squares optimization algorithm. Table 10 

illustrates final identified linear boundary parameters of the 

bridge model. 
 

 

5. Conclusions 
 

In this paper, the nonlinear boundary conditions of the 

bridge model are identified based on the measured 

temperature-induced responses. The temperature-induced 

responses of a simply support beam with nonlinear 

translational and rotational boundary conditions subjected 

to various temperature loads are analyzed. The objective 

function based on the temperature-induced responses is 

created, and the nonlinear boundary conditions can be 

identified by using the nonlinear least squares optimization 

algorithm. A beam structure with nonlinear translational and 

rotational springs is simulated as a numerical example, and 

the nonlinear boundary parameters of the model are 

identified based on the proposed method. The boundary 

parameters of a real arch bridge are also identified based on 

the propose method. Based on the theoretical derivations, 

numerical simulations, and the real bridge application, the 

specific conclusions of this paper can be summarized 

below. 

• For a beam structure, the translational boundary 

condition of the structure indicates proportionally to 

temperature effect caused by uniform temperature change, 

and rotational boundary condition also present 

proportionally to temperature gradients. Based on the 

relation between the temperature induced responses and 

boundary conditions, the boundary parameters can be 

identified using the optimization method. 

• Through the numerical simulation of a beam structure 

with nonlinear translational and rotational boundary 

conditions, the nonlinear boundary parameter can be 

effectively identified based on the temperature induce 

responses. The temperature induced strain can also be easily 

extracted from the measure strains including the strains due 

to dead and live loads. 

• On the basis of temperature induced strains, the 

boundary parameters of Yuanze bridge model are identified. 

Based on the bridge model with spring ends, the 

temperature induced strains are recalculated. The 

recalculated strains based on the bridge model with spring 

ends are in a good agreement with the measure data. 
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