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A dynamic finite element method for the estimation of cable tension
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Abstract. Cable supported structures have been widely used in civil engineering. Cable tension estimation has great
importance in cable supported structures’ analysis, ranging from design to construction and from inspection to maintenance.
Even though the Bernoulli-Euler beam element is commonly used in the traditional finite element method for calculation of
frequency and cable tension estimation, many elements must be meshed to achieve accurate results, leading to expensive
computation. To improve the accuracy and efficiency, a dynamic finite element method for estimation of cable tension is
proposed. In this method, following the dynamic stiffness matrix method, frequency-dependent shape functions are adopted to
derive the stiffness and mass matrices of an exact beam element that can be used for natural frequency calculation and cable
tension estimation. An iterative algorithm is used for the exact beam element to determine both the exact natural frequencies and
the cable tension. Illustrative examples show that, compared with the cable tension estimation method using the conventional
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beam element, the proposed method has a distinct advantage regarding the accuracy and the computational time.
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1. Introduction

Cable supported structures have been widely used in
civil engineering. The dynamic response of the cable, such
as the cable frequency and tension, has great importance in
cable supported structures’ analysis (Ma 2017, Maes et al.
2017, Park and Kim 2014), ranging from design to
construction and from inspection to maintenance. To date,
the finite element method is wildly used in the dynamics
response of the structures. However, the accuracy of the
numerical results depends not only the fitness of the
physical model to the true structure but also the use of the
proper element. For the conventional static finite element
method in which formulations are based on fixed shape
functions, the common method to improve the precision is
to increase the quantity of discrete elements (Zienkiewicz
and Taylor 2000). This approach would result in good
accuracy for static analysis when the number of degrees of
freedom (DOFs) is adequate. However, for structural
dynamic analysis, the shape function of the element is not a
fixed one for different modes because the modal shapes are
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frequency-dependent (Leung 1992, Banerjee 1997,
Hashemi and Richard 1994, Yuan et al. 2007, Ma 2010). In
that case, even though the number of DOFs is sufficient, the
calculated results are not exact, especially for the higher-
order frequency responses and complex structures (Yucel et
al. 2014). To prove the accuracy of dynamic analysis, a new
method named dynamic stiffness matrix (DSM) method
was proposed by Kolousek in1941 (Kolousek 1941). In the
DSM method, the shape functions of the element are
derived from the closed-form analytical solution of the
differential equation of the element, hence the stiffness and
mass matrices of the element are justifiably called ‘exact’.
The DSM method was firstly proposed by Kolousek
(Kolousek 1941), who later introduced the method into a
text book (Kolousek 1973) for the case of a Bernoulli-Euler
beam. Later, in order to consider the effect of axial load,
Mohsin and Sadek (1968) developed the dynamic stiffness
matrix of an axially loaded beam but ignored the shear
effect. Then, Cheng (1970) and Wang et al. (1970)
developed the dynamic stiffness formulation for a
Timoshenko beam based on considering the effect of shear
deformation and rotatory inertia, but in this formulation, the
effect of axial force is not considered. Subsequently,
Howson and Williams (1973), Cheng and Tseng (1973)
developed the dynamic stiffness matrix of an axially loaded
Timoshenko beam. The key component used in the DSM
method is the dynamic stiffness matrix accounting for both
stiffness and mass properties which are frequency
dependent. By solving the nonlinear eigenvalue problems,
infinite frequencies and mode shapes of the structures can
be obtained theoretically from the DSM. In the early stage,
solving such nonlinear eigenvalue problems is very difficult
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and thus limits the application of the DSM method.
Subsequently, Wittrick and Williams (1971) developed a
reliable and efficient algorithm to solve such problems,
generally known as the W—W algorithm in the literature.
Afterwards, the DSM method has been developed rapidly
and expanded to many other structures for nonlinear
analysis (Lunden and Akesson 1983, Banerjee and Williams
1985, Williams and Kennedy 1987, Issa 1988, Hallauer and
Liu 1982, Friberg 1983, Banerjeec 1989, Banerjee and
Williams 1992, Banerjee and Fisher 1992).

The aforementioned research studies are mainly focused
on the calculation of the dynamic characterizes, i.e.,
frequencies and modal shapes. The DSM method and the
W-W algorithm are appropriate for use in frequency
calculation. Furthermore, there also exists another inverse
problem, i.e., axial load estimation, which is even more
important for the structural design, construction, inspection
and maintenance (Wang et al. 2015, Bao et al. 2017, Huang
et al. 2017, Kim 2018, Mohammadnejad 2018). Some of
the aforementioned literature considered the effect of axial
load on the frequencies of the beam. However, there are
rare studies on the inverse problem, i.e., identifying the
axial load from the measured frequencies for problems that
are not appropriate for the DSM method and W-W
algorithm.

Cable tension estimation is very important for cable
supported structures. There are two primary types of cable
tension estimation methods: the explicit formulae method
and the finite element method (Huang ef al. 2014, 2015).
The explicit formulae method can only be used for cables
with simple boundary conditions, in which the relationship
between the measured frequency and cable tension can be
expressed in closed form (Yan et al. 2015). For the
situations in which the explicit formulaec method cannot
work, the finite element method is used as an alternative.
Kim and Park (2007) proposed a technique to estimate the
cable tension from the measured natural frequencies by
using finite element analysis for system identification.
Wang et al. (2011) proposed a finite element method to
calculate the tension in cables with intermediate supports.
Liao et al. (2012) proposed a multiple frequency method for
cable tension estimation and structural parameter
identification based on a finite element model accounting
for cable bending stiffness, sag-extensibility, and other
geometric and material parameters. However, all of those
studies used the conventional finite element method. For the
aforementioned reasons, the conventional finite element
method is not accurate and efficient enough.

In this study, we propose an intermediate approach
called the dynamic finite element method, in which the
conventional finite element method is combined with the
DSM method to estimate the cable frequency and tension
accurately and efficiently. This combination is achieved
through the following steps: first, the exact analytical
solution of the differential equation of axially load beam,
which is nonlinear and frequency-dependent, is used as the
shape functions of the element; next, the stiffness and mass
matrices of the element are derived by using the variation
principle of potential energy; subsequently, the cables are
divided into several proposed exact elements, and the global
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Fig. 1 Nodal displacements of the element

stiffness and mass matrices are assembled; afterwards, the
iterative algorithm and finite element program are
developed to implement the exact beam element to
determine both the exact natural frequencies and cable
tension; last, illustrative examples are conducted to verify
the correctness of the proposed new element and method.

2. Shape function of the element

If the sag of the cable is negligible, then the tensioned
cable can be simulated using the axially loaded Euler-beam
element (Wang ef al. 2011); the nodal displacements of the
new element are shown in Fig. 1.

The general solution of the transverse vibration of the
axially loaded Euler-beam is (Zienkiewicz and Taylor 2000)

v(x)=a,sin(5x)+a, cos(5x) 0

+a,sinh(&x)+a, cosh(&x)

where

S=\N¢H+rt -7 (2a)
82\,\/§4+}/4 +0° (2b)

. Mo
= 2c
Y=g (2¢)
T
¢ 2EI (2d)
The general solution of the axial vibration is (Ma 2008)
u(x) =b, cos(ax)+b, sin(ax) (3)
Where
ma’
a= 4
A 4)

Egs. (1) and (4) can also be expressed as the following
matrix multiplication form

v(x)=[sin(5x) cos(sx) sinh(ex) cosh(ex)]

(5)
X[al a, & a4]T:Hla

u(x)=[cos(ax) sin(ax)], b,] =H,b (6)

Where a and b are vectors of undetermined coefficients
of displacement mode and can be expressed by nodal
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displacement. The vectors of axial displacement, transverse

displacement and angle of deflection of nodes can be N, =H,C, =[Ny N,] (15b)
expressed as and
5, =[vi 0 v, 6 ]T (7a) Nvl—SIn (%) [gsh £c+35s) |+ cos(8x)[ esh(es-dc) |+
) sinh (&x)[ dsh(ec+ds) | +cosh (ex [5 gc+6s)ch)]
o,=|u, u, 7b
! [ ' '] (76) N, = S|n(5x)[ ch(ec+3s) |+cos(8x)[ ch(es-sc) ]+
Combining Egs. (5) and (7a) yields sinh (&x)[ sh(s-5¢)+6 |+cosh (ex)[ch(sc-¢s)]
0 1 0 1 a SII’](5X)
S| 0 . 0 a, N,; = —=—2[ &(esh+5s) | +cos(5x)[ dz(c-ch) |-
Y| sin(al)  cos(sl)  sh(el) ch(el) || a, (8) smh(gx)[6(55h+§s)]+cosh(gx)[&g(ch-c)]
ocos(ol) —dsin(ol) ech(el) esh(el)|| a
A a( ) (1) (<) () L2, N, = sm(5x)[8 c-sh) |+ cos(&x)[Sch-gs]+
sinh(&x)| &(sh-c) |+cosh(&x)| (es-Sch
Combining Eqgs. (6) and (7b) yields ( )[ (sh- ] )[( )]
= &o[1-c(ch-+sh) |+s[ %sh-5°ch|
S 1 © N, = C0s(cex) — cot (e sin (xx)
cos(al) sin(al)||b,
N,, = csc(al)sin(ax)
Thus, the matrices of the undetermined coefficients of
displacement mode can be given as
a=A/%,=Cp, (10a) 3. Stiffness and mass matrices of the element
b=A%, =C,3, (10b) 3.1 Axial stiffness matrix
Where C, and C, are the inverse matrices of A, The strain energy induced by axial deformation is
and A,, respectively; they are 1 el EA ¢!
I, =—j EAgzdx=—I (u')2dx (16)
[ . c.shoson LzSch_sishoe g o cooh 2% 27
g o & 9 where E, A are the Young’s modulus and the sectional area
£ s-ch c-sh s sh .
1| FSsh-ceoh+l === —h+c  ——+— of the element, respectively.
€ =3 chal s S locch & ch-c an The variation of the axial strain energy is
& o & & & Ve,
coch-Fssner S Csh g o E—$ o, :EAJ.Oé‘U (u)dx
L P 5 ¢ 5 ¢ | | (17)
= EASS] | NN, dx3,
1 0
Cy :[—cot(al) csc(al)} (12) Using the standard procedure of the finite element
method, the axial stiffness matrix of the element can be
In Eq. (11) expressed as
s =sin(sl),c=cos(s1), sh=sinh(el), ch =cosh(el) |
_ T '
o) K, (@)=EAJ N,"N,'dx (18)

= (g—g) sin(81)-sinh(&l) + 2(1-cos(51)- cosh (el ))

Substituting Eq. (10a) into Egs. (5) and Eq. (10b) into

Substituting Eq. (15b) into Eq. (18) and integrating
yields

Eq. (6), the continuous displacement of the element can be EA «al
expressed as a function of the nodal displacement as K, (a)) = TW
follows (19)
cos(al)+alcesc(al)  —(1+alcot(al))
V(X) = Nvﬁv (14a)
~(1+alcot(al))  cos(al)+alcsc(al)
u(x)=N,3, (14b)
3.2 Bending stiffness matrix

where

Nv = H1Cv = [Nvl sz Nv3

(15a)

The bending strain energy induced by bending
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deformation is
_ ! EI m2
I, = j07(v )2 dx (20)

where E, I are the Young’s modulus and cross sectional
moment of inertia of the element, respectively.
The variation of the bending strain energy is

EI [ " " _ I n "
= (2(v")-ov" - dx=EI | v 6v"dx (1)

Substituting Eq. (14a) into Eq. (21) yields

oIl

o1, = 68, (EI [ Nv”dx)ﬁv 22)
0
Using the standard procedure of the finite element
method, the bending stiffness matrix of the element can be
expressed as
I " "
K, ()=EI[ NN, dx (23)
From Eq. (15a), one obtains
Nv” — Hlqu (24)

Thus

K, ()=El j;(Hl”cv )T (Hl”Cv)dx

| (25)
_ T nT ” _ T
=EIC,” [ H,TH,"dxC, =EIC,"BC,
where
H,/ =
2 2 2 2 (26)
[-6%sin(5x) —57cos(dx) &”sinh(sx) &”cosh(ex)]
and
|
B=[ H,TH/d,
T s 52 _
8_2 S11 g_z S12 _813 514
52
g_zszz —Sp =Sy 27)
=5%" , ,
& &
75 7 Su
52
symmetry ?844
where
Si  Su Su Su
. S; Su Su
533 534
symmetry Sy
Sl-s-c s g-s-ch-5-c-sh  g-s-sh-5-c-ch+&
25 25 52 +et 5 +é’
Sl+s-c e-c-ch+d-s-sh-¢ g-c-sh+68-s-ch (28)
_ 25 5 +é’ 5 +é’
—¢l +sh-ch sh”
2¢ 2¢
&l +sh-ch
symmetry —_—

2e

Substituting Eq. (11) and Eq. (27) into Eq. (25), one
obtains the bending stiffness matrix as follows
Kvll Kv12 Kvl3 Kv14
K
K
K

v23 (29)

v33

v43

The detailed expression of K, is very complex and

can be obtained from symbolic computation using
mathematical software, such as Maple, from Eq. (25).

3.3 Stiffness matrix of the axial force

The axial strain energy induced by the axial force is
(Wang et al. 2011)

T ! n2
I, _Ejo (V)2 dx (30)
The variation of the strain energy is
Tl ’ ’ _ ! ! ’

éHI=EI02v~5v-dx—TIOV-5vdx 31

From Eq. (14a), one obtains
ST, = 58, (T [N Nv'dx)ﬁv =58, K 3, (32)

From Eq. (15a), one obtains

N, =H.C, (33)

Thus,

K, (o) :Tjo'(Hl’cv )T (Hl’Cv)dx

| (34)
=TC, [ H,"H,/dC, =TC,LC,
0
where
H, =
. . (35)
[écos(éx) —5sin(ox)  ecosh(ex) gsmh(gx)]
and
i ) 4
L=| H/Hd
[ 52 52 ]
?Sn 52 Slz S13 Su
(5‘2
) ?Szz _Szz _Sz4 (36)
=0¢ 2 e
?S.% ?SH
82
symmetry = A

where
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Sil S12 S13 S14
S: SZZ SZS 824
Si Su
symmetry S,
[ sl-s-c s? g-s-ch-5-c-sh  g-s-sh—5-c-ch+5 |
25 25 52+ e 5 +e (37)
Sl+s-c &-c.ch+d-s-sh-¢ g-c-sh+6-s-ch
B 25 6%+t 5%+l
N —el +sh-ch sh?
2¢e 2¢
gl +sh-ch
symmetry B
L 2¢e

Substituting Eqgs. (11) and (36) into Eq. (34), the
stiffness matrix corresponding to the initial tension can be
obtained as

t11 112 113 t14

121 t2

K K
K K
K, (a)) _ < 23 K124 (38)

t31 13:

R

t33 134

~ XXX
~ X X X

K K

t41 t42 143 t44

Because the detailed expression of Kj; is very complex,
it is not presented here. The expression can be obtained
directly via symbolic computation using mathematical
software based on Eq. (34).

3.4 Element stiffness matrix

Assembling the axial stiffness matrix, the bending
stiffness matrix and the stiffness matrix of the initial axial
force given in Egs. (19), (29) and (38), the total stiffness
matrix of the element is obtained as follows

K, (‘U) =
Ko 0 0 Ko 0 0
0 Kyu+Ky Kp+Ky 00 Kg+Ky Ky +Kg
0 Ku+Ky Kp+Kgp 00 Kp+Ky K+ Ky (39)
Koa 0 0 Ky 0 0
0 Kg+Ky Kg+Kgp 00 Kg+Kg Ky +Kg

0 Kv41 + Kl41 KV42 + Kl42 O KV43 + KMS KV44 + K!44

3.5 Element mass matrix
The potential energy due to the axial inertia force is
/ ..
I, = L) —m (i ) udx (40)
The variation of the potential energy is
[ a» o~
A, = J.ﬂ —m(ii ) Sudx
_ To 7oy Ty
=—m| Su'N, "N, iid (41)
P P T ..
=—%u m_[” N, N,dxu

The consistent mass matrix of the element is obtained as

Mll Ml4:|

(42)
M 41 M 44

M, ()= mJ.OINUTNudx:{

where

m(al —sin(al)cos(al))

M11 = M44 = .
2asin® (al) 43
m(sin(al)-alcos(al)) *+)
M14 = M41 = )
2asin® (al)

The potential energy due to the transverse inertia force
is

1 ..
M, = | —m(¥)vdx (44)
The variation of the potential energy is
/ s o
al,, = jo —m (V) vdx
= —m| 8NN, Vel (45)
!
=—vm| NN v
0
The corresponding mass matrix is obtained as

M, (@) =m[ NN, dx

Mo, My My My
_ Ms; My Mg (46)
Mg Mg
M

symmetry o

Note that the detailed expression of M is very complex,
thus it is not presented here. The expression can be obtained
directly via symbolic computation using mathematical
software based on Eq. (45).

Assembling the potential energy due to the axial inertia
force and the transverse inertia force given in Egs. (42) and
(46), the consistent mass matrix of the element is obtained
as follows

M., 0 0 M, O 0
M 22 M 23 O M 25 M 26
M 0 M, M
M (@)= 33 35 36
€ ( ) M “ 0 0 (47)
M 55 M 56
| symmetry Mes |

4. Algorithm and programming

Once the stiffness and mass matrices of the element are
obtained, the global stiffness and mass matrices of the beam
can be obtained by using the general assembly method of
the conventional finite element method. The equations of
motion for an un-damped free vibration system can be
expressed as the following form

K(w)D+M(w)D=0 (48)
where K(w) and M(w) are the global stiffness and mass
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matrices, respectively, 0 is a zero vector, and D is the vector
of nodal displacement, D is the second time derivative of
nodal displacement.

For an un-damped structure, the general solution of the
nodal displacement can be expressed as

D(t,x) = ¢(x)sin(ct +6) (49)
Substituting Eq. (49) into (48) gives
[K(@)-o’M(0)]D=0 (50)

By definition, D in Eq. (50) must has a nontrivial
solution, thus,

||K(a))—a)2M(a))||=O (51)

Eq. (51) is called the frequency equation of the system.
By solving this equation, the natural frequencies and
frequency vectors can be obtained.

The proposed method is called the dynamic finite
element method because both the stiffness matrix K(w)
and the mass matrix M(w) are dynamic and the values are
related to the frequencies.

Different from the static finite element method, the
stiffness and mass matrices of the new element are exact for
a specified frequency; as a result, the shape functions of
different natural frequencies are different. Frequency Eq.
(51) must be solved by using the iterative method. There are
two types of engineering problems: one is the natural
frequency calculation of a beam with a given axial force,
and the other is the axial force estimation of a beam with a
measured frequency.

4.1 Natural frequency calculation for a given axial
force

Fig. 2 shows the iterative algorithm for the natural
frequencies calculation of a beam with a given axial force
by using the proposed new dynamic element. During the
iteration procedure the shape function of the element is
updated. The iteration details are as follows:

1. Set the initial frequency

a(0)= {"3'1 (0) ©,(0) ®,(0)}=0 , in which 0 is a zero
vector. The first iteration is started as @=e(0)=0.

vector as

Substituting a)=a)l(0)=0 into Eq. (1) yields a=¢==0;
thus, the proposed new element is degenerated as the
conventional beam element considering the effect of the
axial force. By solving Eq. (51), the first set of approximate
frequencies o()={o,(1) (1) @,(D} is obtained.

2. Set the value of current frequency to the value
calculated from the first iteration, wza)l(l). New global
stiffness matrix K(w) and mass matrix M(w) are

reformed. Solving the corresponding eigenvalue problem
yields the second set of approximate frequencies

0(2)={o(2) @.(2) - 0,(2)

3. If |a)1 (1)—601(2)| <Tol, where Tol is the predefined

Set initial 1%t frequency w1(0)=0

’

Form and assemble element stiffness
and mass matrices K (w) and M ()

Solve eigenvalue problem and get the
first set of frequencies @ (1)

‘Set o=, (1) Update K (w) andM (o)

v

Solve eigenvalue problem and get the
second set of frequencies @ (2) 4

Yes, o converged, switch to
the iteration of @,

Y
Solve eigenvalue problem and get the ®=0,(3)
Y

third set of frequencies @ (3)

‘Set o= w,(2)Update K (@) and M (m*‘
=

Yes, o, converged, switch to
the iteration of ms;to w,

Repeat iteration until 31 - nth
frequencies are obtained

Fig. 2 Algorithm for the exact natural frequencies
calculation

convergence tolerance, then the iteration is terminated and
the final value of the first order frequency is @ = (2) ;

go to step 4 to calculate the second order frequency. If the
convergence condition is not satisfied, then repeat step 2
until the difference between the frequency results of the two
adjacent iterations satisfies the convergence tolerance.

4.Set o, =0, (2) to obtain the iterative solution of the

second order frequency. New global stiffness matrix K(w)
and mass matrix M(w) are reformed. Solving the
eigenvalue Eq. (51) yields the third set of approximate

frequencies (3)= {ml (3) ©,(3) o, (3)}
S5.If |a)2 (2)_502 (3)| <Tol , where Tol is the predefined

convergence tolerance, then the iteration is terminated and
the final value of the second order frequency is @, = ®, (3)

; go to the next step to calculate the next order frequency. If
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Set initial frequency and @, (0) = @, (meas)
cable tension T (0) = mi*[ o, (meas)/z |

i

Form and assemble element stiffness and

mass matrices K (@) and M (o)

l PEAU)

T(i+1)=T(i)x7w1(i)

w,(meas)

Solve eigenvalue problem and
get new frequency @ (i)

<] (i)- @ (meas) <Tol

Complete! T =T (i)

Fig. 3 Algorithm for cable tension estimation using the
exact dynamic element

Fig. 4 Simple supported beam

the convergence condition is not satisfied, then repeat step 4
until the difference between frequency results of two
adjacent iterations satisfies the convergence tolerance.

6. Set @, =w, (n) to obtain the iterative solution until

all of the frequencies required are calculated.

Based on the above steps, a program for the natural
frequency calculation of a beam with a given axial force
was established using MATLAB as shown in Fig.2.

4.2 Axial force estimation from a measured frequency

Another engineering problem is determining the axial
force when the frequencies of the beam are measured. This
problem is valuable in the cable tension estimation of cable-
supported structures. As in the cable tension estimation, an
iterative method is required because two parameters w and
T must be updated. The iteration details of the use of the
measured first order frequency to estimate the axial force
are illustrated as follows:

1. In the first iteration, set wl(O)za)l(meas) and

T(0)=m|2|:a)1(meas)/ﬂ':|2 , where @ (meas) is the

measured first order circular frequency, and m and / are the
mass per unit length and the length of the beam,
respectively. The stiffness and mass matrices of the new

beam element can be obtained by substituting the values of
o and T into Egs. (39) and (47). Next, the global stiffness
matrix K(w) and the mass matrix M(w) can be obtained
according to the order of the degrees of freedom. By
solving Eq. (51), the first set of approximate solutions

@, (1) and T(1) are obtained.
2. If |oy(1)-@ (meas) <Tol , where 7ol is the

predefined convergence tolerance, then the iteration is
terminated, and the final value of the axial force is

T=T (1) . If the convergence condition is not satisfied, set

o=0a(1) and T=T(1)xa(1)/w (meas), return to step
1 to update the global stiffness and mass matrices and
obtain another set of approximate solutions a)(l) and

T(i) , and then repeat the iteration until the difference

between frequency results of two adjacent iterations
satisfies the convergence tolerance.

Based on the above steps, a program for the axial force
estimation of a beam with a measured frequency was
established using MATLAB. The algorithm for cable
tension estimation using the exact dynamic element is
shown in Fig. 3.

5. Examples

5.1 Natural frequency analysis of a simple supported
beam

Fig. 4 shows a simple supported beam with the
parameters E=m=A=I=T=L=1. The natural frequencies of
the transverse vibration of the beam can be calculated using
the following equation (Clough and Penzien 1995)

n’z? TL? El
o=yt nzﬁzEI\/; (52)

The first eight frequencies of the beam calculated using
Eq. (52) are listed in Table 1.

The beam is modeled with four meshes using the new
dynamic element and the algorithm proposed in this paper.
The result of frequency iteration, starting with initial
frequency wo=0, is shown in Table 2. From the iteration
history, the first, second and third natural frequencies
converge to the exact solutions in three, seven and twelve
iterations, respectively.

Using the proposed new element and algorithm, the
calculated results with 4 new elements are exactly the same
as the analytical solutions with six digits after the decimal
point. But, when using the conventional beam element
which is a static element based on Bernoulli-Euler theory,
much more elements are required to obtain a similar
accuracy solution. Solutions of frequency with different
meshes using the conventional beam elements are
summarized in Table 3. For the third order frequency, the
results calculated from the mesh consisting of 256
conventional beam elements are found to be the same as
those obtained by using 4 dynamic beam elements within
twelve iterations. That is to say, in order to obtain results
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Table 1 Exact frequencies of the simple supported beam

n 1 2 3 4 5 6 7 8

@, 1.648454 6.362265 14.216522 25212193 39.349405 56.628189 77.048556 100.610511

Table 2 Solution history of frequencies with four dynamic
beam elements

Iteration @, @, , @y Difference (%) Notes

1 0.000000  1.648843  6.386787 14.473669

2 1.648843  1.648454  6.383678 14.463397 2.361E-02

3 1.648454  1.648454  6.381683 14.462765 0.000E+00 @
converged

4 6.381683 6.370486 14.456250  3.052E-01

5 6.370486 6.362694 14.436259  1.292E-01

6 6.362694 6.362265 14.416265  6.745E-03

7 6.362265 6.362265 14.404511  0.000E+00 @,
converged

8 14.404511 14.265824  1.322E+00

9 14.265824 14.220717  3.468E-01

10 14.220717 14.216552  2.951E-02

11 14.216552 14.216522  2.118E-04

12 14216522 14.216522  0.000E+00 “s
converged

Table 3 Solutions of frequency with different meshes using
the conventional beam element

Cemens @ @, @,
4 1.648843 6.386787 14.473669
8 1.648479 6.363877 14.234615
16 1.648456 6.362367 14.217685
32 1.648454 6.362271 14.216595
64 1.648454 6.362265 14.216526
128 1.648454 6.362265 14.216523
256 1.648454 6.362265 14.216522

SOI;:;(SS;S 1.648454 6.362265 14.216522

of similar accuracy for the first three modes, eigenvalue
problems with 15 DOFs are solved twelve times by using
the new dynamic element, while eigenvalue problems with
771 DOFs are solved by using the conventional beam
element. The total number of linear equations should be
solved are 180 and 771 for models with new dynamic
element and conventional beam element, respectively. So,
the computational time should be greatly reduced using the
dynamic element. Moreover, for higher order frequencies or
for large models, the savings in computational time using
the new element can be more significant.

Comparisons of the solution times using the proposed
dynamic element and the conventional beam element are
shown in Table 4. All of the models are calculated using an
Acer M3970 PC with a four-core Intel i5-2300 2.8 GHz
CPU and AMD Radeon HD 6570 graphics card. From the
table, the computational time is reduced significantly using

Table 4 Comparison of the solution times and the mesh
divisions

, , w,
Computational
Conventional time(s) 0.051 0.152 2.161
clement Mesh divisions 32 64 256
Proposed ~Computational ), 0.127 0.913
dynamic time(s)
element Mesh divisions 2 3 4

Table 5 Comparison of the estimated cable tension

Proposed Conventional Conventional
element (4 element element
elements) (4 elements) (128 elements)
Estimation 10000 0.9814 0.9997
results
Difference (%) 0.00% 1.86% 0.03%
Calculation 0.56 0.33 3.75
time (s)

the proposed method, especially for large models and high
order frequencies.

5.2 Cable tension estimation

For the same example shown in Fig. 4, according to Eq.
(52), the exact internal force can be expressed using the
measured frequency as

m 2|2 2_2
- n?T - ”I—f El (53)

Assuming that the measured frequencies have the values
of the theoretical results, the axial force of the cable can be
estimated accurately using the method described in section
4.2. The beam is meshed with 4 proposed elements or 64
conventional beam elements, and the measured frequency is
the first order calculated natural frequency i.e.
@1=1.648454. The cable tension estimation results and
computational times are listed in Table 5. From the table, no
difference is found between the real cable force and the
calculated one using the proposed dynamic finite element
method. While the difference between the real cable force
and the calculated one using the conventional beam element
are 1.86% and 0.03% when the beam is meshed with 4
elements and 128 elements, respectively.

So, the proposed method is more efficient. To obtain the
same accuracy, the conventional beam element method
requires more computational time: nearly 6.7 times that of
the proposed method.

6. Conclusions

Based on the general solutions of the homogeneous
dynamic equilibrium equation for un-damped vibration of
an axially loaded beam, new element shape functions were
derived and a novel dynamic beam element was developed
for the exact natural frequency calculation and cable tension
estimation of a cable considering bending stiffness.
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Combining the new dynamic element and conventional
finite element method, iteration algorithms were proposed
for exact natural frequency calculation and cable tension
estimation. The program of cable tension identification
based on the proposed dynamic beam element was also
developed using MATLAB. The illustrative examples
showed that the method proposed in this paper has a distinct
advantage on the accuracy and computational time
compared with a conventional beam element, both in
natural frequency calculation and in axial force estimation.
In addition, the savings in computational time achieved
with the new element can be quite significant, especially for
large models. This new method can be widely applied to
determine the cable tension in cable supported structures
accurately and efficiently, especially for real-time structural
monitoring, which requires fast calculation.
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