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Abstract. Three points bending flexural test was modelled numerically to study the crack propagation in the pre-cracked
beams. The pre-existing double internal cracks inside the beam models were considered to investigate the crack propagation and
coalescence paths within the modelled samples. Notch configuration effects on the failure stress were considered too. This
numerical analysis shown that the propagation of wing cracks emanating from the tips of the pre-existing internal cracks caused
the final breaking of beams specimens. It was also shown that when two notches were overlapped, they both mobilized in the
failure process and the failure stress was decreased when the notches were located in centre line. However, the failure stress was
increased by increasing the bridge area angle. Finally, it was shown that in all cases, there were good agreements between the
discrete element method results and, the other numerical and experimental results.

In this research, it is tried to improve the understanding of the crack propagation and crack coalescence phenomena in brittle
materials which is of paramount importance in the stability analyses of rock and concrete structures, such as the underground
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openings, rock slopes and tunnel construction.

Keywords:

three point bending test; beam; pre-existing double internal cracks

1. Introduction

The strength of concrete structures may be considerably
reduced due to the propagation and coalescence of internal
cracks under different loading conditions. The mechanical
behaviour of these internal cracks within the concrete can
affect the mechanism of failure and fracture of concrete
structures. Therefore, the mechanism of crack propagation
and control of cracking in concrete beams are generally
some serious problems in the fracture mechanics designed
base of engineering structures.

The Brazilian disc specimens under three and four-point
bending used to perform the flexure tests in concrete beams.
These experimental samples are specially prepared for
determining the Mode I and Mode II fracture toughness and
the tensile strength of the concrete structures. Several
researches used these tests to study the fracturing
mechanism of various materials under line loading
condition (Dai ef al. 2011, Wang et al. 2011, Wang et al.
2012, Yoshihara 2013, Lancaster et al. 2013, Jiang et al.
2014, Noel and Soudki 2014).

Zeng et al. (2014) predicted the fracture processes of
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asphalt mixtures by using the beam specimens under three-
point bending through a damage model mechanism.

They studied the effects of crack location and the
distribution of coarse aggregates on the damage behaviour
and crack propagation paths of the asphalt mixtures. They
also showed that these simulation results are in good
agreement with their corresponding experimental results.
The shear deformations in reinforced concrete beam (BRC)
specimens were studied by Wang et al. (2015) by
considering the low span-effective depth ratios. They
studied a multi-angle truss model which was proposed to
predict the diagonal crack angles. The bending moment
variation along the span was analysed and its effects on the
diagonal crack angles was also considered. Finally, their
experimental results were in the good agreement with the
numerical predictions of the diagonal crack angles. The
cracks initiation and propagation of the pre-existing cracks
in many brittle specimens and under various loading
conditions have been investigated by many experimental
and numerical works (Belytschko et al. 1999, Silling 2000,
Yang et al. 2009, Janeiro and Einstein 2010, Yang 2011,
Cheng-Zhi and Ping 2012, Ameen et al. 2011, Leonel ef al.
2012, Yoshihara 2013, Lancaster et al. 2013, Jiang et al.
2014, Janeiro and Einstein 2010, Zhou et al. 2012, Zeng et
al. 2014, Noel and Soudki 2014, Oliveira and Leonel 2014,
Zhou et al. 2015, Yang 2015, Haeri 2015, Li et al. 2015, Li
et al. 2016, Li et al. 2016, Haeri et al. 2016a, b, Sarfarazi et
al. 2014, Zhou et al. 2015, Sarfarazi et al. 2016a, b, c,
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Table 1 Micro properties used to represent the concrete

Parameter Value Parameter Value
Type of particle disc Parallel bond radius multiplier 1
density 3000 Young modulus of parallel bond (GPa) 40
Minimum radius 0.27 Parallel bond stiffness ratio 1.7
Size ratio 1.56 Particle friction coefficient 0.4
Porosity ratio 0.08 Parallel bond normal strength, mean (MPa) 7
Damping coefficient 0.7 Parallel bond normal strength, SD (MPa) 2
Contact young modulus 40 Parallel bond shear strength, mean (MPa) 7
(GPa)
Stiffness ratio 1.7 Parallel bond shear strength, SD (MPa) 2

(b)
Fig. 2 failure pattern in (a) physical sample, (b) PFC2D
model

Sarfarazi and Haeri et al. 2016, Sardemir 2016, Shuraim
2016, Shaowei et al. 2016, Bi et al. 2016, Zhou et al. 2016,
Wang et al. 2017, Silling 2017, Bi et al. 2017).

However, in this study, the crack propagation
mechanism of concrete specimens is investigated by
simulating some flexural tests through a discrete element
approach using a sophisticated particle flow code
(PFC2D)). The crack initiation and propagation of the pre-
existing double internal cracks is investigated by simulating
the four points bending test. The effects of cracks
inclination angles and cracks configurations on the
specimens fracturing path with in the bridge areas of the
samples are studied by this numerical simulation procedure.
These numerical fracturing patterns are compared with the
corresponding experimental results showing that they are
well fitted with experimentally obtained patterns.

2. Particle flow code (PFC2D)

The mechanical behaviour of a material can be

Table 2 Brazilian tensile strength of physical and numerical
samples

1.5and 1.7
Numerical tensile strength (MPa) 1.5

Physical tensile strength (MPa)

[ 100cm

20cm

Fig. 3 The PFC specimen under three point bending test

simulated by the particle flow code (PFC2D) by
representing it as an assembly of circular particles that can
be bonded to one another. The discrete element approach
within the PFC2D (as described by Cundall and Strack
1979) can model the movement and interaction of the
particles within a particular material sample.

It should be noted that, the DEM was originally applied
to simulate the behaviour of granular materials. Then, by
introducing the ability to bond together the adjacent
particles using the parallel or/and contact bonds, the
procedure has been extended and applied to simulate the
more complex problems in solid mechanics. A concrete
beam specimen can be modelled by considering a
rectangular assembly of particles with specified statistical
size distributions which are bounded together with four
rigid walls. An automatic particle generator (with their radii
being distributed either uniformly or according to a
Gaussian distribution) is established in the computer code
to generate these particles. Then, the bonds are installed
into the neighbouring particles so that the overall
mechanical behaviour of the assembly is dominated by the
micro-properties of these particles and bonds. It was already
described in detail by Potyondy and Cundall, in 2003 that
the standard process of generating bonding particles
assemblies to represent a biaxial test model of a cylindrical
concrete sample involves the following five important
steps: 1) particle generation, ii) packing of the particles, iii)
isotropic stress installation (stress initialization with in the
particles), iv) floating particle (floater) eliminations and v)
bonding installation (the parallel bond is a better bond for
cementations material like concrete).

2.1 Preparing and calibrating the numerical model

The Brazilian test was used to calibrate the tensile
strength of specimen in PFC2D model (Ghazvinian et al.
2012). Adopting the micro-properties listed in Table 1 and
the standard calibration procedures (Potyondy and Cundall
2003), a calibrated PFC particle assembly was created. The
diameter of the Brazilian disk considered in the numerical
tests was 54 mm. The specimen was made of 5,615
particles. The disk was crushed by the lateral walls moved
toward each other with a low speed of 0.016 m/s. Figs. 2(a),



Simulation of crack initiation and propagation in three point bending test using PFC2D 455

(
©
(

(

Fig. 4 Different types of models with notch angularities of;
(a) 90°, (b) 60°, (c) 30° and (d) 0°

a)
)
<)
d)
(b) illustrate the failure patterns of the numerical and
experimental tested samples, respectively. The failure
planes experienced in numerical and laboratory tests are
well matching. The numerical tensile strength and a
comparison of its experimental measurements were
presented in Table 2. This table shows a good accordance

between numerical and experimental results. The numerical
and experimental load-displacement curves in Brazilian

(a)

(b)

(c)

(d)
Fig. 5 Different types of models with notch angularities (a)-
bridge area angularities(f) of; (a) 90°-90°, (b) 60°-60°, (c)
30°-30° and (d) 0°-0°
samples have been shown in Ghazvinian ef al. (2012).

2.2 Model preparation using particle flow code

After calibration of PFC2D, three point flexural tensile
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(a)
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(d)

Fig. 6 Different types of models with notch angularities (a)-
bridge area angularities(f) of; (a) 30°-145°, (b) 60°-165°,
(c) 60°-30° and (d) 30°-60°

tests were simulated by creating a beam model in PFC2D
(by using the calibrated micro-parameters) (Fig. 3). The
PFC specimen had dimension of 20 cmx100 cm. A total of
7,179 disks with a minimum radius of 0.27 mm were used

(b)

(c)

(d)
Fig. 7 Different types of models with notch angularities (a)-
bridge area angularities(f) of; a) 0°-60°, b) 0°-30°, (c) 90°-
60° and d) 90°-30°

to prepare the beam model. These models contain two
parallel centred cracks. These notches have various
configurations in the models (Figs. 4-7).

The first set of models have two parallel notch situated
in horizontal centreline (Fig. 4). The notch lengths (a) were
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(d)

Fig. 8 Different types of models with notch angularities (a)-
bridge area angularities(f) of; (a) 90°-60°, (b) 60°-90°, (c)
30°-30° and (d) 0°-90°

2 cm. The bridge length (b) was 2 cm, i.e., distance between
internal tips of two joins. The angularities of joints related
to horizontal line were 90°, 60°, 30° and 0°, respectively.
The second set of models have two linear non-persistent
notch situated in middle of the model (Fig. 5). The notch
lengths (a) were 2 cm. The bridge length (bridge area) (b)
was 2 cm, i.e., distance between internal tips of two pre-

(d)
Fig. 9 Different types of cracked models with notch
angularities of; (a) 90°, (b) 60°, (¢) 30° and (d) 0°

existing cracks. The angularity of cracks and bridge area
related to horizontal line were 90°-90°, 60°-60°, 30°-30°
and 0°-0°, respectively.

The third sets of models have two oblique echelon notch
situated in middle of the model (Fig. 6). The notch lengths
(a) were 2 cm. The bridge length (b) was 2 cm. The
angularity of cracks and bridge area related to horizontal
line were 30°-145° (Fig. 6(a)), 60°-165° (Fig. 6(b)), 60°-30°
(Fig. 6(c)) and 30°-60° (Fig. 6(d)), respectively.

The fourth sets of models have two echelon notch
situated in middle of the model (Fig. 7). For creation of the
notches, firstly clump particle is set into the model, then
these clump is deleted from the model. The notch lengths
(a) were 2 cm. The bridge length (b) was 2 cm. The
angularity of cracks and bridge area related to horizontal
line were 90°-60° (Fig. 7(a)), 90°-30° (Fig. 7(b)), 0°-60°
(Fig. 7(c)) and 0°-30° (Fig. 7(d)), respectively.

This flaw geometry is different from those reported in
the previous studies, where only one flaw was used. The
beam was crushed by two lower circle walls moved upward
and one upper circle wall moved downward with a low
speed of 0.016 m/s. The failure force and crack initiation
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force were registered by taking the reaction forces on the
loading wall.

Concurrent with simulation of these models, four
different models with different configuration similar to
models tested by Haeri ef al. (2016) were prepared, i.e., two
vertical cracks; crack angle and bridge area angle are 90°
and 60° (Fig. 8(a)), (b) two inclined cracks; crack angle and
bridge area angle are 60° and 90° (Fig. 8(b)), (c) two
parallel inclined cracks; crack angle and bridge area angle
are 30° and 30° (Fig. 8(c)), (d) two horizontal cracks; joint
angle and bridge area angle are 0° and 90° (Fig. 8(d)).

3. Failure behaviour of numerical models

3.1 Failure mechanism of model consisting of two
surrounded notches

a) Failure mechanism in models with two parallel
notches
When two parallel notches exist in the model (Fig. 9(a)),
tensile crack initiates from lower edge of the model and
propagates vertically till coalesce with lower tip of the left
notch. A similar tensile crack initiates from upper tip of the
left notch and propagates vertically till coalesce with upper
edge of the model.

For cracks oriented at 60° (Fig. 9(b)), a tensile crack
initiates from lower edge of the model and propagates
vertically till coalesce with middle of the left notch.
Similarly, another tensile crack initiates from upper tip of
the left notch and propagates vertically till coalesce with
upper edge of the model.

For cracks with a 30° orientation (Fig. 9(c)), tensile
cracks initiate first from the lower edge of the model and
then from the upper tip of the left notch and propagate until
they coalesce with the outer edges of the specimen.

In the beam specimen with horizontal cracks (Fig. 9(d)),
a tensile crack initiates from lower edge of the model and
propagates vertically till coalesce with right tip of the lower
notch. Another tensile crack initiates from left tip of the
lower notch and propagates vertically and coalesces with
left tip of upper notch. This crack propagate parallel to
loading axis till coalesce with upper edge of the model.

b) Failure mechanism in models with two linear non-
persistent cracks

When two non-persistent notches exist in the model
(Fig. 10(a)), a tensile crack initiates from lower edge of the
model and propagates vertically till it coalesces with lower
tip of the lower notch. Another tensile crack initiates from
upper tip of the lower notch and propagates parallel to
loading axis until it coalesces with lower tip of the upper
joint. This crack grows until it reaches the upper edge of the
specimen. For notches oriented at 60° (Fig. 10(b)), the first
tensile crack initiates from lower edge of the model and
propagates vertically till coalesce with middle of the left
notch. The second tensile crack initiates from upper tip of
the left notch and propagates diagonally till coalesce with
lower tip of the right notch. The third tensile crack initiates
from upper tip of the right notch and propagates vertically
till it reaches the specimen edge. For the specimen with
notches oriented at 30° (Fig. 10(c)), a tensile crack initiates

(b)

(d)

Fig. 10 Different types of cracked models with notch
angularities (a)-bridge angularities(f) of; (a) 90°-90°, (b)
60°-60°, (c) 30°-30° and (d) 0°-0°

from lower edge of the model and propagates vertically till
coalesce with lower tip of the right notch. Another tensile
crack initiates from upper tip of the right notch and
propagates vertically till it coalesces with upper edge of the
model. When two non-persistent horizontal notches exist in
the model (Fig. 10(d)), a tensile crack initiates from lower
edge of the model and propagates vertically till coalesce
with left tip of the right notch. Another tensile crack
initiates from this place and propagates vertically till it
reaches the upper edge of the specimen.

c) Failure mechanism in models with two oblique
echelon notches

When the joint angle and the bridge area angle are 30°
and 145°, respectively (Fig. 11(a)), a tensile crack initiates
first from the lower edge of the model and approaches the
tip of the upper notch. Another tensile crack initiates from
this point and grows until it reaches the upper edge of the
model. When joint angle and bridge area angle are 60° and
30°, respectively (Fig. 11(b)), the first tensile crack initiates
from lower edge of the model and propagates vertically till
it coalesces with lower tip of the upper notch. The second
tensile crack initiates from this point and propagates
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(b)

(b)

(d)
Fig. 11 Different types of cracked models with notch
angularities (a)-bridge angularities(0) of; (a) 30°-145°, (b)
60°-30°, (c) 60°-165° and (d) 30°-60°

vertically until it coalesces with the upper edge.

When joint angle and bridge area angle are 60° and
165°, respectively (Fig. 11(c)), tensile cracks initiate from
two points on the lower edge of the model and propagate
diagonally till they reach the upper tip of the upper notch.
Another tensile crack initiates from the upper tip of the
upper notch and propagates vertically till it coalesces with
the upper edge of the model. When joint angle and bridge
area angle are 30° and 60°, respectively (Fig. 11(d)), a
tensile crack initiates from lower edge of the model and
propagates vertically till it coalesces with left tip of the
right notch. Another tensile crack initiates from this place
and propagates vertically till it coalesces with upper edge of
the model.

d) Failure mechanism in models with two echelon
notches
When joint angle and bridge area angle are 0° and 60°,
respectively (Fig. 12(a)), tensile crack initiates from lower
edge of the model and propagates vertically till coalesce
with right tip of the lower notch. Another tensile crack

(d)

Fig. 12 Different types of cracked models with notch
angularities (a)-bridge angularities(f) of; (a) 0°-60°, (b) 0°-
30°, (¢) 90°-60° and (d) 90°-30°

initiates from this place and propagates parallel to loading
axis till coalesce with edge of the model.

When joint angle and bridge area angle are 0° and 30°,
respectively (Fig. 12(b)), first set of tensile crack initiates
from lower edge of the model and propagates vertically till
coalesce with lower tip of the lower notch. Second set of
tensile crack initiates from upper tip of the lower notch and
propagates diagonally till coalesce with lower tip of the
upper notch. Third set of tensile crack initiates from upper
tip of the upper joint and propagates vertically till coalesce
with edge of the model. When joint angle and bridge area
angle are 90° and 60°, respectively (Fig. 12(c)), tensile
crack initiates from lower edge of the model and propagates
nearly vertically till coalesce with upper edge of the model.
In this condition none of the notches mobilized in failure
process. When joint angle and bridge area angle are 90° and
30°, respectively (Fig. 12(d)), tensile crack initiates from
lower edge of the model and propagates vertically till
coalesce with right tip of the lower notch. Another tensile
crack initiates from this place and propagates vertically till
coalesce with upper edge of the model.
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(d)

Fig. 13 Different types of cracked models with notch
angularities (a)- bridge angularities(f) of; (a) 0°-60°, (b)
30°-30°, (c) 60°-90° and (d) 90°-90°

e) Failure mechanism in models with different notch
configurations

When joint angle and bridge area angle are 0° and 60°,
respectively (Fig. 13(a)), first set of tensile crack initiates
from lower edge of the model and propagates vertically till
coalesce with lower tip of the lower notch. Second set of
tensile crack initiates from upper tip of the lower notch and
propagates diagonally till coalesce with lower tip of the
upper notch. Third set of tensile crack initiates from upper
tip of the upper joint and propagates vertically till coalesce
with edge of the model.

When the angularity of non-persistent notches and
bridge area related to horizontal line were 30° (Fig. 13(b)),
tensile crack initiates from lower edge of the model and
propagates vertically till coalesce with lower tip of the right
notch. Another tensile crack initiates from upper tip of the
right notch and propagates vertically till coalesce with
upper edge of the model.

When joint angle and bridge area angle are 60° and 90°,
respectively (Fig. 13(c)), first set of tensile crack initiates

Fig. 14 Cracking patterns in double cracked beam
specimens containing different crack positions: (a) Two
vertical cracks; (b) Two inclined cracks; (c) Two parallel
inclined cracks; (d) Two horizontal cracks (Haeri et al.
2015)

(a) ’ (b) ‘|
7/ ‘[
,,,,,,,,,, e
© - (@ ‘
‘
Fig. 15 Numerical simulation of crack propagation

paths and cracks coalescence for double cracked beam
specimens under three-point bending: (a) Two vertical
cracks; (b) Two inclined cracks; (c) Two parallel inclined
cracks; (d) Two horizontal cracks (Haeri et al. 2015)

from lower edge of the model and propagates vertically till
coalesce with lower tip of the lower notch. Second set of
tensile crack initiates from upper tip of the lower notch and
propagates diagonally till coalesce with lower tip of the
upper notch. Third set of tensile crack initiates from upper
tip of the upper joint and propagates vertically till coalesce
with edge of the model.

When joint angle and bridge area angle are 90° and 90°,
respectively (Fig. 13(d)), the first set of tensile crack
initiates from lower edge of the model and propagates
vertically till coalesces with the right tip of the lower notch.
The second tensile crack initiates from this place and
propagates vertically till coalesce with left tip of the upper
joint. The third set of tensile cracks initiate from right side
of upper notch and propagates vertically till coalesce with
edge of the model.

Totally, the results show that when two notches are
overlapped, nearly two notches mobilized in failure process.
Also, the failure stress is decreased when notches exist in
centre line. The failure stress is increased by increasing the
bridge area angle.

As can be observed by comparing between Figs. 13 and
14, there is good accordance between numerical simulation
and experimental results obtained by Haeri er al. (2015).
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Fig. 16 variation of failure stress versus notch configuration

Haeri et al. (2015) simulated numerically the crack
propagation in beam models with same notch configuration.

Comparison between Figs. 13 and 15, shows that the
simulated propagation paths are in good agreement with the
corresponding high order DDM numerical results obtained
by Haeri et al. (2015).

3.2 The effect of notch configuration on the failure
stress

Fig. 16 shows the effect of notch configuration on the
failure stresses. Failure stress (o) was measured based on
maximum momentum on the beam (M), maximum distance
from neutral line (c) and momentum inertia (1), i.e.,

Mc
a = PR As can be seen from Fig. 1(a), when two notches

exist vertically in middle of model, failure stress has
minimum value, i.e., 3.4 MPa. Fig. 3(b) shows that model
number 5 with two linear vertical notches has minimum
failure stress, i.e., 3.6 MPa. Fig. 3(c) shows that model
number 12 with two linear vertical notches has minimum
failure stress, i.e., 6 MPa. Fig. 3(d) shows that model
number 12 with two linear vertical notches has minimum
failure stress, i.e., 3.5 MPa. Totally, it can be concluded that
model number 1 with two vertical notches has minimum
tensile strength.

4. Conclusions

A discrete element approach simulating the four point
bending concrete specimens has been proposed to study the
mechanism of crack propagation in concrete beam
specimens. In this approach, each specimen contains two
pre-existing internal cracks specially prepared within the
modelled samples. Then, various types of these specially
prepared double cracked beam specimens are numerically
tested by using a two-dimensional particle flow code. These
numerical analyses results well illustrate that the cracks
propagation paths can be produced by the coalescence
phenomenon of the pre-existing internal cracks in these
tests. However, it has been shown that the fracturing of
double cracked specimens occurs mainly by the propagation
of wing cracks emanating from the tips of the two pre-
existing internal cracks. These results also showed that
when the two notches were overlapped, they mobilized in
failure process. Also, the failure stress was decreased when
these notches were located in centre line of the modelled
samples. The failure stress was also increased by increasing
the bridge area angle with in the simulated test samples.

It has been shown that there is a good agreement
between the discrete element simulating results obtained in
this research and the other numerical and experimental
results cited in the literature.

It’s to be note that the limitations of DEM are (Donze et
al. 2009): (a) Fracture is closely related to the size of
elements, and that is so called size effect. (b) Cross effect
exists because of the difference between the size and shape
of elements with real grains. (c¢) In order to establish the
relationship between the local and macroscopic constitutive
laws, data obtained from classical geomechanical tests
which may be impractical are used.
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