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1. Introduction 
 

Cables, as a significant load carrying structural member, 

have a widespread application in civil engineering (Irvine 

and Caughey 1974, Ye et al. 2014, Li and Ou 2015). In the 

operational conditions, traditional steel cable has some 

limitations such as sag, corrosion, and fatigue. So, the use 

of lightweight, high-strength materials can overcome the 

problems and improve structural performance. Fiber 

Reinforced Polymer (FRP) materials like carbon-FRP, 

glass-FRP and basalt-FRP have been widely used, because 

their mechanical and chemical properties are superior to 

traditional materials in some ways (Nabil 2000, Cheng et al. 

2006, Wu et al. 2009, Upadhyay and Kalyanaraman 2010). 

The vibration characteristics of FRP cables have become 

a key concern in predicting the dynamic stability of long 

span FRP-cable-stayed bridges. Because the characteristics 

of FRP cables have the advantage of lightweight and high-

strength, which lead to bigger difference in structural 

dynamic characteristics. One of the primary parameters 

affecting the susceptibility of the cables during vibration is 

the cable damping (Fujino 2007, Ye et al. 2016, Kim et al. 

2017). For conventional long cables, whose lower natural 
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frequency will have a higher risk of resonance between 

thecables and the deck of bridge, and large dimensions will 

induce more load effects (Caetano 2007, Wu and Cai 2010). 

In order to improve the calculation accuracy and ensure 

the safety of bridge structure in engineering, a reasonable 

damping calculation method is needed. At present, there are 

two general methods: Rayleigh damping theory and energy 

dissipation damping theory. Yamaguchi and Ito (1997) 

studied the modal parameters of cable through free 

vibration response and forced vibration response 

respectively, and proposed the energy dissipation damping 

theory to estimate the modal damping ratio. EI Kady et al. 

(1999) researched the energy dissipation characteristics of 

steel cable and CFRP cable, and estimated the energy loss 

factor of the steel cables are 0.05. Xie et al. (2008) 

compared the difference of damping between steel cable 

and CFRP cable through energy dissipation damping theory, 

and indicated that the energy dissipation damping theory is 

more reasonable for steel cable than CFRP cable. Wang and 

Wu (2010) used the energy dissipation damping theory to 

evaluate damping ratio of hybrid basalt and carbon FRP 

cable with smart dampers. Yang et al. (2015) studied on the 

modal damping ratios of CFRP and BFRP cables through 

the experiments. In addition, the real ambient measurements 

are often like that of the lower frequency range of the 

spectrum and is not so clear due to the type of excitations, 

sensitivity, and location of the sensors (Ren et al. 2005a). 

Picking the peak is basically a subjective task. Particularly, 

the identification of cable damping by using PSD (power 

spectral density) is not always reliable. The vibration 

response of cable is generally collected by accelerometer  
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insensitive to the low order response. Thus, when the cable 

has low natural frequency, the natural frequency estimation 

is not accurate by acceleration method. 

Since the damping mechanism is very complicated, the 

damping matrix of multiple-degree-of-freedom system 

generally does not meet the criterions of Rayleigh damping, 

and the modal damping does not affect each other. When 

tension of the potential energy has a larger proportion, it is 

more difficult to get reasonable damping ratio. Besides, the 

damping calculation is affected by the energy loss factor of 

different materials. In order to evaluate the GFRP and 

BFRP damping characteristics, this study use the long-

gauge strain sensors to identify the modal parameters of 

cables, and discuss BFRP and GFRP damping calculation 

by using the energy dissipative damping theory and the 

Rayleigh damping theory. 

This study is organized as follows: (1) The vibration 

theory of cable and long gauge strain modal theory briefly 

introduced. (2) The vibration tests of BFRP and GFRP 

cables with different diameters were carried out. (3) The 

modal parameters of the cables have been measured and 

identified by long-gauge strain sensors and accelerometers. 

(4) The modal damping calculation has been discussed by 

using the energy dissipative damping theory and the 

Rayleigh damping theory and the damping performance of 

BFRP and GFRP cables were compared. 

 

 

2. The theory of cable vibration and long-gauge 
strain 
 

2.1 The theory of cable vibration 
 

String vibration theory (Russell and Lardner 1998) is the 

rationale of cable tension measurement. The analysis of the 

cable dynamics shows that the physical model is similar to a 

beam under the axial tension as shown in Fig. 1, and Fig. 

1(b) shows the mechanical equilibrium analysis at any 

position. 

If considering cable's flexural stiffness 𝐸𝐼 , the free 

vibration equation of the linear density suspension cable can 

be established by using dynamics general principle when 

the damping is not included 

𝑚
∂2𝑢

∂𝑡2
+ 𝐸𝐼

∂4𝑢

∂𝑥4
− 𝑇

∂2𝑢

∂𝑥2
= 0 (1) 

 

 

where, 𝑢(𝑥, 𝑡) =crosswise displacement function. 

𝑚=thelinear density of string. EI=flexural stiffness of cable. 

𝑇=the tension force. 𝑡=the time. 

When both cable's boundary conditions of the 

component can be simplified as hinge, the solution of Eq. 

(1) is 

𝑇 = 4
𝑚𝑓𝑛

2𝑙2

𝑛2
−
𝑛2𝜋2𝐸𝐼

𝑙2
 (2) 

where, 𝑙=the effective length of the cable. 𝑓𝑛=the 𝑛𝑡ℎ 

natural frequency. 𝑛=the vibration order. 

When the flexural stiffness 𝐸𝐼 of cable is very small, 

such as 𝜇 = 𝑙√𝑇/𝐸𝐼  >80, it can be ignored comparing 

with the square of cable’s length (Li et al. 2009), then 

𝑇 = 4
𝑚𝑓𝑛

2𝑙2

𝑛2
. 

 

2.2 Damping theory of cable 
 

According to the Rayleigh damping theory (Clough and 

Penzien 1993), the vibration differential equation of 

multiple degrees of freedom structure can be expressed 

,𝑀-*𝑥̈(𝑡)+ + ,𝐶-*𝑥̇(𝑡)+ + ,𝐾-*𝑥(𝑡)+ = *0+ (3) 

where, ,𝑀-, ,C- and ,𝐾- are the mass matrix, damping 

matrix and stiffness matrix respectively; ,C- = 𝛼,𝑀- +
𝛽,𝐾- , 𝛼, 𝛽  are the Rayleigh ratios; *𝑥̈(𝑡)+ ,  *𝑥̇(𝑡)+  and 
*𝑥(𝑡)+  are the acceleration vector, velocity vector and 

displacement vector respectively. The Eq. (3) can be 

rewritten as 

,𝐴-*𝑦̇(𝑡)+ + ,𝐵-*𝑦(𝑡)+ = *0+ (4) 

where, *𝑦(𝑡)+ = {
*𝑥(𝑡)+

*𝑥̇(𝑡)+
} ;  ,𝐴- = [

,𝐶- ,𝑀-

,𝑀- ,0-
] , ,𝐵- =

[
,𝐾- ,0-

,0- −,𝑀-
]; 

Then, the complex eigenvalue equation of state is 

obtained 

(,𝐴-𝜆 + ,𝐵-) {
*𝜓+

*𝜓+𝜆
} = *0+ (5) 

To solve the Eq. (5), the complex eigenvalues are 

calculated, which are shown: 𝜆1, ⋯ , 𝜆𝑁，𝜆1
∗ , ⋯ , 𝜆𝑁

∗ . The 

relationship among of complex eigenvalues, natural 

frequency (𝜔𝑟) and damping (𝜉𝑟) are as follows 

  
(a) Deflection curve of cable (b) Cable element dynamic equilibrium 

Fig. 1 Vibration model of the horizontal cable 
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Fig. 2 The potential energy and strain energy of the cable 

element 

 

 

{
𝜆𝑟 = −𝜉𝑟𝜔𝑟 + 𝑖𝜔𝑟√1 − 𝜉𝑟

2

𝜆𝑟
∗ = −𝜉𝑟𝜔𝑟 − 𝑖𝜔𝑟√1 − 𝜉𝑟

2
 (6) 

The natural frequency (𝜔𝑟 ) and damping ( 𝜉𝑟 ) are 

calculated 

{

𝜔𝑟 = √𝜆𝑟𝜆𝑟
∗

𝜉𝑟 =
𝜆𝑟 + 𝜆𝑟

∗

−2𝜔𝑟

 (7) 

Energy dissipation damping theory is introduced as 

follows. According to the strain energy dissipated damping 

theory (Yamaguchi and Adhikari 1995), the modal damping 

for the 𝑖th mode is evaluated as the ratio of the modal 

dissipated energy per cycle (∆𝐷𝑖)  to the modal potential 

energy (𝑈𝑖) 

𝜉𝑖 =
1

4𝜋
∙
∆𝐷𝑖
𝑈𝑖

 (8) 

The loss factor 𝜂  is defined by the ratio of the 

dynamically dissipated energy (∆𝐷𝑖) to the relastic energy 

stored (𝐷𝑖) per circle of vibration 

𝜂 =  
∆𝐷𝑖
2𝜋𝐷𝑖

 (9) 

As shown in Fig. 2, the modal strain energy (𝐷𝑖) in the 

cable due to the dynamic stress from the initial state and the 

modal potential energy (𝑈𝑖) due to the initial tension T0 are 

as follows 

{
 
 

 
 𝐷𝑖 = ∫

𝐸𝐴

2
𝜀𝑠𝑖
2  𝑑𝑠

𝑙

0

𝑈𝑖 = ∫ 𝑇0𝜀𝑠𝑖  𝑑𝑠
𝑙

0

 (10) 

where, E = the Young’s modulus of the cable, A = the area 

of the cable, and 𝜀𝑠𝑖 = the modal strain of the element. 

 

2.3 Long-gauge FBG sensors and strain model 
theory 

 

The technology of distributed strain sensing is greatly 

required in engineering practices of civil infrastructure  

 
(a) schematic picture 

 
(b) actual sensor 

 
(c) sensor arrays 

Fig. 3 Packaged LG-FBG sensor 
 

 

monitoring and maintenance. A long-gauge fiber optic 

sensor has been developed based on the advantage of the 

Fiber Bragg Grating (FBG) technology (Chan et al. 2006, 

Li and Wu 2007, Xia et al. 2017). By designing the FBG 

sensor with a long gauge and fixing its two ends (Fig. 3), 

the in-tube fiber has the same mechanical behavior and 

hence the strain transferred from the shift of Bragg center 

wavelength represents the average strain (or say macro-

strain) over the sensor gauge length. An improved 

packaging design has also been proposed to enhance the 

measuring sensitivity of long-gauge FBG sensors by 

utilizing two materials with different modulus to package 

the optic fiber and to impose deformation within the gauge 

length, largely on the essential sensing part of the FBG (Fig. 

3). Due to its long gauge length, the developed LG-FBG 

strain sensing technique has the merit to measure structural 

damage (e.g., cracks) in a large area. Furthermore, the long-

gauge sensors can be connected in series to make an FBG 

sensor array (Fig. 3(c)), which is suitable for area macro-

strain measuring. 

As shown in Fig. 4, a force is input at a node, and 

structural responses are recorded by both accelerometers 

and LG-FBG area sensors. Similar to the derivation of the 

acceleration frequency response function (FRF), the FRF of 

dynamic macro strain is derived to be (Zhang et al. 2016, 

Zhang et al 2017) 

|  𝑟 𝑚 
 ̅ (𝜔)| =

𝜀𝑚̅(𝜔)

  (𝜔)
 

=
 𝑚  𝑚⁄   𝑟( 𝑖𝑟 −   𝑟)

𝑀𝑟√(𝜔𝑟
2 − 𝜔2)2 + (2𝜉𝑟𝜔𝑟𝜔)

2
 

(11) 

where, ω=frequency line, 𝜀𝑚̅ =macro strain of the element 

m,    =the force at the node p,  𝑟 𝑚 
 ̅ denotes macro-strain 

FRF at the mode r, 𝜔𝑟 =𝑟𝑡ℎthe structural frequency, 𝜉𝑟  = 

the 𝑟𝑡ℎ  damping ratio, and   =mode shape,  𝑚 =beam 

cross section height,  𝑚 =element length, 𝑀𝑟 =modal 

mass. 

It is seen that the macro strain FRF has a close 

relationship with the well-known acceleration FRF. 

Therefore, structural frequencies and damping ratios can 

also be identified from the poles of the macro-strain FRF.  

𝜀𝑠 

T 

𝜀 𝜀0 

∆𝑇 
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Table 1 Material property of experimental cables 

Cable l (m) 𝛼 (°) ϕ (mm) w (g/m) E (GPa) σ𝑢 (MPa) 

BFRP 6.2 28 13.6 305.1 48.30 1200 

BFRP 6.2 28 8.3 113.6 48.30 1200 

GFRP 6.2 28 13.6 305.1 51.12 750 

GFRP 6.2 28 8.3 113.6 51.52 750 

 

 

Moreover, the macro-strain FRF more closely resembles a 

displacement FRF than a velocity or acceleration one, 

which leads to that the macro-strain FRF provides a more 

sensitive indicator of structural frequencies at low modes, 

especially when the resonant frequency of the structure is 

small. 

 

 

3. Experimental verifications 
 

3.1 Design of the vibration test 
 

For the verification of the proposed approach for 

identifying cable force based on long-gauge strain, the 

damping characteristics of BFRP and GFRP cables are 

compared. The vibration test has been conducted. The 

mechanical properties of FRP cables are listed in the Table 

1, and the cables are the products of Green Material Valley  

Technology Co., Ltd, where l=length of the cable; 𝛼= 

obliquity of the cable; Φ=diameter of the cable; w=weight 

of the unit length cable; E=Young’s modulus of the cable; 

σ𝑢=tensile strength of the cable. 

In the experiments, the in-plane and out-plane long-

gauge FBG sensors were arranged at the quarter and middle 

of the cable respectively, and the accelerometers were 

installed at the same position. The detail testing apparatus 

are shown in Fig. 5. And in the experiment, the weights 

were used to increase the cable force. 

The maximum stress of the cables in the experiment was 

40 MPa, thus the material of the cable was in the elastic 

stage. The experimental cables are so thin that it is very 

likely to have some deviations in installing the long-gauge 

FBG sensors. To avoid this, the static load test was carried 

out, and then it could be tested that whether the long-gauge 

FBG sensors were parallel to the cable by using the multi-

stage loading strain curves. 

After unloading, the multi-stage load was conducted 

again and the in-plane impact force by hammer was applied 

on the cable next to the accelerometers respectively in every 

load case, which was less than 100 N. Besides, the data of 

acceleration and strain in cable free vibration test was 

collected by NI Data Acquisition and Optical Sensing 

Interrogator, as shown in Fig. 5(b). In this experiment, the  

 

 
(a) Test diagram 

 
(b) The experiments test 

Fig. 5 Cables vibration testing 

 

 

accelerometer is the piezoelectric accelerometer with the 

type of 393B04, which were bought from PCB Piezotronics, 

Inc, and the type of the long-gauge FBG sensor was TXD-

XF-050X. The sampling rate was set to 1000 Hz. 

 

3.2 Experimental Verifications 
 

3.2.1 Analysis of the cable force 
Typical data analysis as follows. Fig. 6(a) shows the 

measured time history curves of acceleration and strain, 

which are free-decay responses after impacting test. And the 

FFT results of the responses are shown in Fig. 6(b). The 

results show that the identified natural frequencies are 

almost equal by acceleration and strain. 

Fig. 7(a) shows the multi-stage loading strain curves on 

different position and plane, which reveals that there is 

some tiny inaccuracy between the different long-gauge 

FBG sensors, but still basically identical. 

According to the calculated 𝜇𝑚𝑎𝑥 = 𝑙√𝑇/𝐸𝐼 = 29.8 < 

80, the flexural stiffness (EI) of the experimental cables  

 

Fig. 4 Strain and acceleration FRFs 
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(a) Time history curves of acceleration and strain 

 
(b) The FFT of acceleration and strain 

Fig. 6 Time history curves and FFT 

 

Table 2 The measured force of load case for different cables 

Cable force (N) Case 1 Case 2 Case 3 Case 4 

Thick BFRP 897.3 1307.3 1720 2183.9 

Thick GFRP 943.3 1286.6 1705.3 2242 

Thin BFRP 823.7 1192.4 1593.5 2045.6 

Thin GFRP 770.8 1114 1560.2 1933.8 

 

 

have to be considered in calculating cable force by the 

dynamic test method. The natural frequencies of the cable 

obtained by the dynamic strain and the acceleration in the 

vibration test are identical in the same load case, thus the 

identified cable forces by Eq. (5) are exactly same. 

Simultaneously, the cable force has been calculated by the 

static strain. 

The cable force by calculating and measuring in 

different load case are shown in Fig. 7(b). It can be seen 

that the calculated force by acceleration and dynamic strain 

are exactly same, and the absolute deviation by different 

methods is about 50 N. Table 2 lists the measured force 

under the different load case. 

Overall, the long-gauge FBG sensor can obtain the 

strain time curve with the sample frequency of 1000 Hz. 

The identified cables force based on the dynamic strain time 

curve and static strain both have a great precision. So, it is 

able to check the accuracy of identified cable force based on 

long-gauge strain by the proposed approach, which offers 

the doubling guarantees in identifying cable force for 

engineering. What’s more, compared with the traditional 

approach base on accelerometer, the long-gauge FBG 

 
(a) Strain induced by static force 

 
(b) Calculated and measured cable force 

Fig. 7 The static strain and cable force 

 

 

sensors have the advantage of good durability and have an 

excellent performance in low frequency range. Therefore, 

the proposed approach for identifying cable force based-on 

long gauge strain is greatly suitable for long-term 

monitoring of cable force. 

 
3.2.2 Analysis of the modal damping 
For researching the damping performance of BFRP and 

GFRP, the calculated distribution of the damping by energy 

dissipation damping theory and Rayleigh damping theory 

are discussed first. Assuming that the Rayleigh ratios 

𝛼 = 0.6 and 𝛽 = 1 × 10−5, and the energy loss factor of 

BFRP and GFRP 𝜂𝐵 = 𝜂𝐺 = 0.05. According to the Eq.  

(7) and Eqs. (8)-(10), the theoretical damping ratio of thick 

BFRP and GFRP cables has been calculated. 

As shown in Fig. 8, the two damping theories 

calculation both indicate that the modal damping of cable 

goes down as the cable force increased, and then gradually 

becomes gentle. Since the increase of the cable force lead to 

the cable potential energy and geometry stiffness goes up, 

which results in the ratio of the strain energy to the potential 

energy goes down. However, the high order modal damping 

is smaller than the low order modal damping in Rayleigh 

damping theory as shown in Fig. 8(a), which is the opposite 

in energy dissipation damping theory. Besides, Fig. 8(b) 

illustrates the modal damping ratio of the GFRP cable is 

little more than the BFRP cable, because of the Elastic 

modulus of the GFRP cable is slightly larger than BFRP 

cable. 

Based on the half power point method, the first three 

orders damping ratio has been calculated by the testing  
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(a) Rayleigh damping theory 

 
(b) Energy dissipation damping theory 

Fig. 8 Distribution of the calculated damping ratio 

 

 

acceleration data, considering there are some discreteness in 

the experimental damping ratio, the vibration test has been 

carried out six times in every load case and selected four 

close testing data to calculate the modal damping ratio.  

The calculated damping ratios of experimental BFRP 

and GFRP cables are shown in Fig. 9. The results show that 

a general trend of the first and second modal damping ratio 

decreases with the load case increases in the experiment, 

while the experimental damping results show little 

discreteness compared with the theoretical distribution of 

the damping ratio. The second modal damping ratio is 

smaller than the first modal damping ratio, which coincides 

with the Rayleigh damping theory. In addition, the modal 

damping of GFRP cables are generally greater than BFRP 

cables and thick cables are greater than thin cables. Due to 

the experimental the first modal damping shows obvious 

downtrend as the cable force increase, which has been fitted 

by the energy dissipation damping theory and Rayleigh 

damping theory. 

The fitted curve of modal damping ratio by energy 

dissipation damping theory shown in Fig. 10. The trend of 

fitted curves is consistent with the theoretical. The 

calculated 𝜂′ is larger than 1 and greater than the loss 

factor of steel cables and CFRP cables, which 𝜂𝐶𝐹𝑅𝑃 and 

𝜂𝑠𝑡𝑒𝑒𝑙  are closed to 0.05, which indicates the calculated 𝜂′ 
is not the real energy loss factor 𝜂 and the modal damping 

of experimental cables are not only the cause for strain 

energy dissipation, but also the cause of boundary 

conditions and medium. 

If the Rayleigh ratios are calculated by the experimental 

natural frequency and modal damping ratio, it would result 

in error of the calculated Rayleigh ratios 𝛼, 𝛽 due to the  

 
(a) BFRP thick cable 

 
(b) BFRP thin cable 

 
(c) GFRP thick cable 

 
(d) GFRP thin cable 

Fig. 9 The testing damping ratio of the cables 

 

 

testing error, which would cause enormous error in 

calculating modal damping by calculated Rayleigh ratios 

𝛼, 𝛽. Therefore, the experimental the first modal damping is 

fitted by Rayleigh damping theory, and the Rayleigh ratios 

𝛼, 𝛽 of the cables by fitted are shown in Fig. 11. The 

distributions of modal damping calculated by Rayleigh  
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(a) Thick cables 

 
(b) Thin cables 

Fig. 10 The fitting modal damping by energy dissipation 

damping theory 

 

 

damping theory are closer to the actuals than energy 

dissipation damping theory, and the damping performance 

of GFRP cables is better than BFRP cables. 

 

 

4. Conclusions 
 

According to these experimental results, this study had 

verified the accuracy of the proposed approach for 

identifying cable force, and explored the methods to assess 

the damping performance of BFRP and GFRP. The 

conclusions are as follows: 

The proposed approach based on the combination of 

both dynamic and static strain has a great precision in cable 

force identification, and because of long-gauge FBG 

sensor’s good durability and excellent performance in low 

frequency, it possesses huge potential for long-term 

monitoring of cable force. The experimental damping of 

FRP cables decreases with the increase of cable force. The 

trend of experimental damping changes is similar with the 

evaluation for modal damping characteristic calculated by 

Rayleigh damping theory and energy dissipation damping 

theory. In comparison of the theoretical and testing results, 

the distribution of modal damping calculated by Rayleigh 

damping theory is closer to the actuals, and the damping 

performance of GFRP cables is better than BFRP cables. 
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