Structural Engineering and Mechanics, Vol. 62, No. 2 (2017) 247-258
DOI: https://doi.org/10.12989/sem.2017.62.2.247

Analytic solution of Timoshenko beam excited by
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Abstract. Beam-like structures such as bridge, high building and tower, pipes, flexible connecting rods and some robotic
manipulators are often excited by support motions. These structures are important in machines and structures. So, this study
proposes an analytic method to accurately predict the dynamic behaviors of the structures during support motions or an
earthquake. Using Timoshenko beam theory which is valid even for non-slender beams and for high-frequency responses, the
analytic responses of fixed-fixed beams subjected to a real seismic motions at supports are illustrated to show the principled
approach to the proposed method. The responses of a slender beam obtained by using Timoshenko beam theory are compared
with the solutions based on Euler-Bernoulli beam theory to validate the correctness of the proposed method. The dynamic
analysis for the fixed-fixed beam subjected to support motions gives useful information to develop an understanding of the
structural behavior of the beam. The bending moment and the shear force of a slender beam are governed by dynamic
components while those of a stocky beam are governed by static components. Especially, the maximal magnitudes of the
bending moment and the shear force of the thick beam are proportional to the difference of support displacements and they are
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influenced by the seismic wave velocity.
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1. Introduction

Beam-like structures or structural members are often
excited by the motions at supports or connections, e.g.,
piping system in nuclear power plants subjected to support
motions at their connections to containment buildings and
heavy equipment, long and slender structures such as
chimneys, towers, long bridges and oil pipeline subjected to
ground motions. They can be modeled as Euler-Bernoulli
beam subjected to multi-support motions if the foundation
or ground soil is assumed to be rigid. However, a flexible
connecting rod, some robotic manipulators, and some pipes
in nuclear power plants are not slender beams but rather
stocky ones. They are often excited by the motions
transmitted from connections or supports in main structures
or foundation. Thus, it is necessary to employ Timoshenko
beam that can represent both of slender one and stocky one.
Therefore, the vibration associated with Timoshenko beam
subjected to support motions is to be considered in this
investigation.

The vibration of the aforementioned beams is
characterized as the problem of flexural vibration with time-
dependent boundary conditions. Mindlin and Goodman
(1950) developed the quasi-static decomposition method for
Euler-Bernoulli beam and applied it to obtain a solution of
the problem. Many researchers have applied it to the
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analysis of structures subjected to multiple support
excitations by using various approaches such as time history
analysis, response spectrum method of analysis or
frequency domain spectral analysis (Masri 1976, Abel-
Ghaffar and Rood 1982, Clough et al. 1993, Chopra 1995,
Yau et al. 2007, Fryba et al. 2009, Yau 2009, Zhang et al.
2009, Datta, 2010, Liu et al. 2011, and Kim et al. 2013,
2015, 2016).

As for Timoshenko beam subjected to support motions,
there are not so many papers compared with those on Euler-
Bernoulli beam. Lee and Lin (1998) presented a solution
procedure  for elastically restrained  non-uniform
Timoshenko beams by generalizing the quasi-static
decomposition method. But there is a remark that such a
description concerns only for elastically restrained
Timoshenko beams and they did not treat the Timoshenko
beam subjected to support motions. Kim (2016) proposed a
solution procedure for responses of simply-supported
Timoshenko beams subjected to support motions using
eigenfunction expansion method. He applied the quasi-
static decomposition method to the system of the second
order differential equations of the beams to resolve the
difficulties of time-dependent boundary conditions.

The eigenvalues of Timoshenko beam and the beam
vibrations have been studied over the years by many
investigators (Han et al. 1999, Stephen et al. 2006,
Rensburg et al. 2006, Majkut 2009, Diaz-de-Anda et al.
2012, and Li et al. 2014). Han et al. (1999) presented
systematic analysis of four models such as Euler-Bernoulli,
Rayleigh, shear and Timoshenko beams. They presented the
orthogonal conditions of the eigenfunctions and the
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Fig. 1 Beam in flexure

procedure to obtain the forced response using the method of
eigenfunction expansion. Recently, Rensburg et al. (2006)
presented a mathematically systematic approach to solving
the eigenvalue problems associated with the uniform
Timoshenko beam model, of which the results are identical
to those of Han et al. (1999).

Though the method of eigenfunction expansion is valid
for the beams with typical or classical boundary conditions,
a fixed-fixed beam is chosen for analysis in this paper
because such a beam is frequently used in nuclear power
plants. For example, the pipes connecting between reactor
pressure vessel and steam generators or between reactor
pressure vessel and reactor coolant pumps are considered as
a thick beam. Since the bending moment and shear force are
main concerns in structural design, dynamic analysis
focusing on the structural loads is carried out by using the
proposed method. To check the correctness of the proposed
method, the dynamic responses of Timoshenko beam are
compared with those obtained by Euler-Bernoulli beam
theory. The comparison shows that their solutions match
well. The dynamic analysis for the fixed-fixed beam
subjected to support motions gives useful information to
develop an understanding of the structural behavior of the
beam. The information or findings are reported in this

paper.

2. Timoshenko beam subjected to support motions

The motion of Timoshenko beam with uniform cross
section is described by

PAY(X,1) = kGAJY"(x,t) — 0'(x, )} = a(x,1) 0
PlO(x,1) — E160"(x,t) — kGA{y'(x,t) — O(x,1)}= 0
where y(x, t) is the transverse displacement at a point x and
time t, O(x, t) is the angle of the rotation of a cross section,

| L
[

Fig. 2 A fixed-fixed beam subjected to the support
displacements, a(t) at the left end and b(t) at the right end

and q(x, t) is the transverse force per unit length as shown in
Fig. 1(a). A superimposed dot denotes a time derivative and
a superscript prime stands for a spatial differentiation. El,
pAd, L and x denote the flexural rigidity, mass per unit
length, the length of the beam and the shear correction
factor, respectively. For simplicity, but without loss of
generality, assume the load q(x, t) be zero during support
motions. The following constitutive equations for the
moment M(x, t) and the shear force Q(x, t) shown in Fig.
1(b) are used to derive the governing equations.

M (x,t) = E10'(x,t)
Q(x,1) = KGA{Y'(x,t) - O(x, 1)}

Consider a fixed-fixed beam in Fig. 2 for illustration.
The boundary conditions of the fixed-fixed beam are

y(-1.t)=a(t), y(,t)=b(t), 6(-1,t)=0, 6(l,t)=0 )

where a(t) and b(t) are support displacements prescribed by
records of support motion.

Assuming that the motion starts from rest, the initial
conditions are

y(x,00=0, y(x,00=0, 8(x,0)=0, O(x,00=0  (4)

@

2.1 Quasi-static displacements

By the quasi-static decomposition method, the total
displacements of y(x, t) and (x, t) are decomposed into two

parts
X,t S(xt w(X,t
YOO _ [yt [woxt) ©
o(xt)) 6]  [d(xt)
where ys(x, t) and 04(x, t) are quasi-static linear displacement
and quasi-static angular displacement, respectively, w(x, t)

and ¢(x, t) are dynamic contributions. The quasi-static parts
should satisfy the following partial differential equations

KGA(y: - 6,)=0
E16!+ xGA(y. - 6,) = ©)
S ys 95)—0

and the boundary conditions including non-homogeneous
ones
y.(-1,t) =a(),
y.(1,) =b(t),
6.(-1,t)=0,
6.(1,t)=0.

U]
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Solving Eg. (6) directly by using the boundary
conditions, we obtain following solutions.

Y. (1) = L, (x)-a(t) + L, (x)-b(t)

0,(x,t) = R, (x)-a(t) + R, () -b(t) B
where
1 1 3 l
Ll()():(1+3K){4|3 Tl (1+2K)} 2
1 1, 3 1
LZ(X):M{_FX +E(l+2K)X}+E (9)

3 01 (1, 1
R0 =R 003 oy 1)

In the above equation (9), K is defined as

El

" kGAI” (10)
2.2 Dynamic displacements

For free vibration, the equation of motion in Eq. (1) can
be rewritten in terms of the dynamic displacements

PAW — kGAW" - §') = —pAY, u
plg—Elg" — kGAW' — ¢) = —pl 6, (1)
or, in matrix form
M+ [Lliv)={f} (12)
where
PA 0O
ml- 5 o)
—KGAi KGAi
L]= dx? dx
d d? ’
~kGA— —El—5 +4GA
dx dx (13)
_w(x,t)
= {¢(x,t)} |
and
{f} - PAY,(X,1)
pl¢9 0

The boundary conditions corresponding to Eq. (7) are
rewritten in terms of dynamic components as follows

w(-1,t) =0,
w(l,t) =0,
(-1, =0,
#(1,t) = 0.

The initial conditions of Eq. (11) are also written as
follows

(14)

w(x,0) = =y, (x,0),

W(%,0) = —, (x,0),
#(%0) =6, (x.0), (15)
$(x.0) = —6,(x,0).

2.2.1 General form of solutions

Using the method of eigenfunction expansion method,
we can obtain the solutions of Eq. (11), i.e., w(x, t) and ¢(x,
t) that satisfy relevant boundary conditions and initial
conditions.

At first, consider the eigenvalue problem of Eqg. (12)

M+ [Lvi= 0} (16)

The solutions of Eqg. (16) are separable in space and
time. Thus, assume w(x, t) and #(x, t) as follows.

{W(X,t) =W (X)T (t)
P(X,1) = D(X)T (1)

With such an assumption, Eq. (16) can be written as

[L1-? M1V }= 0} (18)

where o is the frequency of T(t), and {V}'={W(x) ®(x)}.
Assuming the form of {V} as

W (x Y.
{\/}: () =] tigw (19)
o(x)] (Y,
where Y; and Y, are arbitrary constants.

Han et al. (1999) and Rensburg et al. (2006) obtained
the following solutions of Eq. (16).

(17

W [ g ) .
N}—{Q(X)}—{qz . ﬂz}e (20)
where

In EQ. (21), d and A are defined as follows

_[p—|+p—A)a)2 and
El  xGA
(22)
A=d?— PA Pl 2a)z_’<GA
xGA EI ol

Using Eqg. (20), we obtain the solutions of Eq. (18) after
several manipulations, as follows:

» When w? < kGAlpl

W (x)
{CD(X)

sinh(r;x)

A B +(1)2

——2~—cosh(r;x)

cosh(rlx)

+B ﬁ +(1)

{ sinh(r;x)
sin(r,x) 23)
{ A=) ——=2_cos(r,X)

cos (rz X)

sm(r X)
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where A, B, C, and D are arbitrary constants and r; and r»
are

1 1/2 1 1/2
- {5(—d +JZ)} and r, = {E(d n JZ)} (24)
« When w? > kGAlpl

W(x) sin(p,x)
{@(x)} : mcosuolx)

cos(plx)

(pl 2" sin(p,x)

sm(pzx)
(pz)2

(25)

———=2—cos(p,X)

cos(pzx)

(p2 227 sin(p,x)

where E, F, G, and H are arbitrary constants and p; and p,
are

1/2

fre-vm) wd p-{F@em) @

2.2.2 Frequency equations and normalized modes

Using the boundary conditions in Eq. (14), we can
obtain the following two frequency equations, i.e., one for
w? < kGAlpI and the other for w? < kGAlpl.

For o’ < kGAlpl, the frequency equation is

(Msin(rzl

2 rl
(A)
2 2 2 2
—(r. +(r,
ﬂ ( 2) COS(r2|)+ﬂ (1)
2 rl
(B)

) £ (m) costel) sinh(rll)j x

cosh(nl)
2
osh(rll)J @)

. sin(r,l)
sinh(r,1)

=0

For w® > kGAlpl, the frequency equation is

(ﬂz _(pz)z sin(p,l) - ﬂz _(pl)z . COS(pZI)Sin(pﬂ)jx
P, Py cos(p,!)
©
2_ 2 2_ 2 H 28
[ﬁ (P2)° cosp,1y— B2 (P) 's!n(pzl)cos(pll)j (28)
D, P, sin(p,l)

(D)
=0

Since the geometry and the boundary conditions of the
beam are symmetric with respect to x=0, we can separate
the natural modes of the beam into symmetric ones and
anti-symmetric ones. Thus, we will derive them when o? <
kGAlpI and when w? > kGAlpl, one by one.

« When w? < kGAlpl
Using the two  boundary  conditions  of
W(-1)=W(l) =0, we rewrite Eq. (23) as follows

sin(r,l)

sinh(r,1)

+ D(cos(r2 X)— %(E’II)) cosh(rlx)]

W(x) = C[sin(rzx) - sinh(rlx)j

Fr-(n) cos(r,X)
o=--c = (29)
+ﬁ +(5) s_m(rzl) cosh(r,x)

r sinh(r,1)
o)
r2
_ﬁz"'(rl)z cos(r,!)

r cosh(r,)

sin(r,x)

sinh(r,x)

If the boundary condition of ®(I)=0 satisfies ‘{the factor
(A) in Eq. (27)}=0’, the constant C in Eq. (29) vanishes.
Thus, Eq. (29) can be written as follows

W(X) = D(cos(rzx)— cos(r,]) osh(rlx)J
cosh(r,l)
ﬂz _(rz)2 sin(rzx) (30)
®)=D
_ﬂ +(r1) COS(rZI) Sinh(rlx)

r, cosh(r,l)

Since W(x) in Eg. (30) is symmetric with respect to x=0,
the corresponding natural mode is called symmetric mode
in this paper though ®(x) is anti-symmetric. The
corresponding normalized modes are expressed as

cos(r,, 1)
cos(r,, X) — m cosh(r, x)
W () 1 2 2
(D:(X) :F (ﬂr) ;(rZr) Sin(rZ,x) (31)
_(ﬁr)z-"_(rlr)2 Cos(rZrI) Slnh(r X)
h, cosh(r, 1) o

where m, = J._II{OA(Wr(X)/ D, ) + ol (®,(x)/D, )z}jx and

=1, 3, 5,..., n. Since symmetric modes regularly occur
before an anti-symmetric modes as natural frequency
increases, the mode number of the symmetric modes, r is
numbered as r=1, 3, 5, -+, n, where n is an odd number.

If the boundary condition of ®(I)=0 satisfies {the factor
(B) in Eq. (27)}=0°, the constant D in Eq. (29) vanishes.
Therefore, Eq. (29) can be written as follows

sin(r,l)

sinh(r,1)

W (x) :C[sin(rzx)— sinh(rlx)J
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IBZ _(r2)2

o(x)=-c| " _
B () sin(r)
r sinh(r,1)

cos(r,x)
(32)

cosh(r,x)

Note that W(x) in Eq. (32) is anti-symmetric with
respect to x=0. The corresponding normalized anti-
symmetric modes are

sin(r,,I)

Sin(rer)_Sinh(rlrl)Sinh(rer)
w ],
(D:(X) :F (ﬂr) rzr( ) COS(I‘ X) (33)
_ (ﬂr)z +(r1r)2 Sln(rZrI) COSh(I’ X)
r, sinh(r,,1) o
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2 2
ﬂ _(pz) COS(pZX)
o(x)=-G| (36)
ﬂ _(pl) Sl_n(pzl)COS(plX)
P, sin(pl)
The corresponding anti-symmetric normalized modes
are
Sin(pa,x) - S sin(p, )
( 1r|)
W],
=—1 (B) =(px)’ (37)
—~re ~22r? cos(p,, X
@’ (x) Jm, 2 (P=r%)
2 2 i
+(ﬂr) _(plr) Sl_n(per)COS(per)
Py sin(p,,1)

where m,=I (W.(x)/C,} + pl(®,(x)/C, } dx
[ fow p

r=2, 4, 6,..., m. The mode number, m is an even number
and m can be greater or less than n depending on a beam in
hand.

« When w?® > kGAlpl
Using the similar manner, we can obtain symmetric and
anti-symmetric eigenfunctions.
For the natural frequencies satisfying ‘{the factor (C) in
Eqg. (28)}=0’, we obtain the symmetric modes
182 _ ( P, )2

os(mX)J
®(x)=H 2

ﬂz_(pl)z COS(p2|) H
P, COS(DJ)Sln(plX)

The corresponding normalized modes are

cos(pl) .
0s(p,,1)

W(x)=H [cos(pzx) —%c

sin(p,x) (34)

c0S(p,,X) - 05(p,,X)

=——1(B) = (p,)’ (35)

sin(p,,X)
2r

(87 =(py)? cos(p,l)
plr Cos(plrl)

Sin(py,X)

where m, :_[_II{,OA(W,(X)/H,)2 +pl(®,(x)/H, }dx. The

mode number, r cannot be specified because there does not

exist a fixed regular pattern that symmetric or anti-

symmetric mode appears as natural frequency increases.
For the natural frequencies satisfying ‘{the factor (D) in

Eqg. (28)}=0’, we obtain the anti-symmetric modes as
follows
. sin(p,l) .
W (X) = G| sin(p,X) ————2sin(p,X)
sin(p,!)

where m, = | W (x)/G, f + pl (®,(x)/G, ] dx.
J oo i

2.2.3 Solution of dynamic displacements
Using the eigenvalues and the normalized modes, we
can rewrite Eq. (18) as

[L1- w2 M1, }= 10}

where w; is the r-th natural frequency and the vector {V,}
is the r-th normalized mode. The orthogonal conditions are
(Lee and Lin 1998)

j‘IM}T[M]M}dX=5m, rs=1 2, 3--
kT 1

where J,s is the Kronecker delta. The orthogonal conditions
in Eqg. (39) hold for the classical boundary conditions such
as hinged end, fixed end and free end.

The solutions w(x, t) and ¢(x,t) can be expressed in the
following eigenfunction expansion form

r=12 3 - (38)

(39)
‘M*}dx:a)f&rs, rs=1 2, 3.

wixt)| <& [W, (%)
{ ¢(X:t)}_;{ (D:(X)}m(t) (40)
so that, inserting Eq. (40) into Eq. (12), we obtain
> >{W”} )+ Z { Exi} ®
r=1 (41)
_ _pAys(X’t)
- _plés(xvt)
Multiplying through by {W.(x) ®@,(x)}, integrating

over the domain, and considering the orthogonal conditions,
we obtain the independent set of ordinary differential
equations

7,0+ o, ) =Q,), r=1 2, 3, (42)

where
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| !
) v 1= PAV (X1
Q,(t)= IIEN (x) q)'(x)]{—;ﬂ és(x.t)}dx

(r=1 2, 3--)

(43)

The response of Eq. (42) can be written as in the general
form

t
0. (1) = ijQ,(r) sin, (t—r)dz+7,, coso t
,
"o

' (44)
+@sina),t
wr
where
(x,0)
“W 0 @i0olu] {qﬁ( 0)} (45)
(r=1 2, 3--)
and
(x,0)
n,O—HN (0 @;(x )IM>{¢( 0)} o

(r=1 2 3--)

Inserting Eq. (44) into Eqg. (40), we obtain the general
response of the dynamic components

1 _
{W(x,t)} _ Z {wi(x)} Z! Q. (7)-sine, (t-7)dz o
S +1),, COS T+ o I sine, t

2

2.3 Total responses

2.3.1 Total displacements
Inserting Eq. (47) into Eq. (5), we obtain the total
displacements

y(x,t) _ Ys (X,1)
ox.t)|  |65(x,t)
iIQr(r)-sinw,(t—r)dT (48)

. {W:(x)} o,
r=1 @ r (X) nro
+1,, COS@t +—

r

sina,t

Using the quasi-static displacements in Eq. (8), Q,(t)
in Eq. (43) is expressed as follows

Q. () = Ad(t)+Bb(t), r=1 2 3 (49)

where
| |
,&r _ —(PAJ‘W:(X) L (X)dx + pl j(l):(X) . Rl(X)de
]l *I' (50)
B, - _(ij W, () L, () + pi [ @700 Rz(x)dx]
| -

i(7)
7 § the (k)-th time interval
o /\ """"" /'
v Y >
bt b/ bt o b [ty -
R

Fig. 3 Time history of support acceleration given in  the
form of a set of piecewise linear functions

By using Eqg. (49), the term of J'th (z)-sine, (t —7)dz
0

contained in Eq. (44) is expressed as

J‘Qr(r)-sinw,(t—r)dr
" t (51)
- Z\,J'a(r)-sinw,(t—r)dH é’,jﬁ(r)-sinw,(t—r)dr

which requires the time histories of support accelerations,
a(t) and bt).

Suppose the seismic waves or the support motions are
recorded in terms of acceleration at discrete time points and
thus the time histories of acceleration can be described by a
set of piecewise linear functions as shown in Fig. 3. Then
the support motions in the (k)-th time interval can be
expressed as follows

A0 (t) = At + BY

a® =1 S AU+ B+ C

a® () = Afk’t3 + ; BXt? + C{'t + DY

and (52)

B (1) = A;w +BY

b (t) = A;”t +BMt+CH

b (t) = A§k>t + ; B®t2 + CMt + DX

where A®, B®, A®and BX (k=1, 2, 3--) are

AL = A — 8y
tk+l _tk
. 4a,,-4a
BO) =g, — e "%y
k+1 _tk
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ag) = Bes =0
tk+1_tk
. (53)
B —f, — Dea =By
k+l_tk
The coefficients of C® and D® (i=1, 2) are

determined by the initial conditions in Eq. (4), and C{
and D® (i=1, 2; k=2, 3, 4, --) are determined
successively by following relations

1
Ci(k) — E Ai(k—l)th + Bi(kfl)tk +Ci(k—1)

—(%Nk)tk%Bfk)th
54
p® _ L awnp s Lpwny 2, cwny | prn 4)
i —EA. tk*’Ei t+C" 7t + D

—(% A®L P 4 % BMt,* + Ci‘k)tkj

Using the support displacements a®(t) and b™(t)
in Eq. (52), we can calculate the quasi-static displacements
in Eq. (8). Using a®(t) and b™(t) in Eq. (52), we can
also express Eq. (51) as follows when the current time t is
within the (k)-th time interval, i.e. t <t<t,,

J.Qr(r)-sina)r(t—r)dr

-1 tm

jl(Al(m)r +B™M )-Sin o, (t-7)dr

=

Y

tm

+J.(Al(k)2'+Bl(k))'Sinwf(t_T)dT (55)
i
k-1 tms1
Z (Aém’r+ B““) smw (t-7)dz
~ |m=l ¢
+B

(Aék)r +B{ )-Sin o, (t—-7)dr

— -~ L

+

k

Finally, we can calculate the total displacement in Eq.
(48) for a set of time histories of seismic accelerations or
support motions.

2.3.2 Bending moment and shear force
Using Eqg. (8) and Eq. (48), we can rewrite the bending
moment and the shear force in Eq. (2) as

Mtotal (X,t) =M static (X1t) +M dynamic(xlt)
Quotat (X,1) = Qguatc (X,t) + Qgynamic (X, 1)

where Mggiic and Qgatic denote static component of bending
moment and static part of shear force, respectively, and
Maynamic and Qgynamic denote dynamic components. They are
expressed as follows

(56)
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dR,(x)
dx

M gagc (X,1) = EI [a(t) +h(t)- dR, (X)j 57)

dynamm(x t) = El qu) (X) t) (58)

a() {420 -r. (0 |

: (59)
+b(t)- [ L) R2<x)j

Qstatic (Xrt) =xGA

Qe (1) = KGAZ(M—ét(x)Jn,m (60)

3. Application examples and discussions

To illustrate the vibration of Timoshenko beam excited
by different support motions at ends, the first 10 sec of the
1940 EI Centro Earthquake accelerogram (E-W component)
have been used as input support motions. To model
asynchronous or different support excitations as shown in
Fig. 4, it is assumed that the earthquake travelling waves
originate from the left and propagate longitudinally to the
right at the speed of 100 m/s. The wave velocity is quite
low compared with an actual one but the computed results

N

N
o
N

4 6 8 10
Time [sec]

Acceleration, dza(t)/ dt? [a]
o

(a) Prescribed time history of acceleration at the left support

N

o

Accelertion, d? b(t)/dt % [g]

2 4 6 8 10
-—>| Time [sec]
Time Delay (TD)
(b) Prescribed time history of acceleration at the right
support

Fig. 4 The fixed-fixed beam in Fig. 2 is subjected to the
accelerations, d*{a(t)}/dt* and d*{b(t)}/dt® at the left end
and the right end, respectively
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X 105

"\

Bending Moment [Nm]
(=)

-1
2 1
{ - (MtotaI)EBT """"" (MtotaI)TBT
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Fig. 5 Comparison of time histories of bending moment of
the slender beam (TD=0.60 sec)

are useful to develop an understanding of the structural
behavior. The time delay, TD, is computed from TD=(span
length)/(wave velocity).

The input data for the beams with the section of hollow
circle are as follows: E=200 GPa, p=7860 kg/m® v=0.3,
outer diameter d,=0.32 m, inner diameter d;=0.22 m, and
shear correction factor x={6(1+v)(1+f)%/{(7+6v)(1+f)?
+(20+12v)f’} where f=d/d, (Blevins, 1979). The lengths
are: L=60 m for a slender beam and L=2 m for a stocky
beam, respectively. The time delay for the 60 m long beam
is 0.60 sec and that for the 2 m long beam is 0.02 sec.

All the responses are calculated by using the first ten
modes of each beam throughout this paper because they
yield sufficiently converged solutions. The natural
frequencies used in the sender beam are much lower than
the critical frequency of w.=(xGA4lpI)**® while the first seven
frequencies of the stocky beam are lower than . and the
rest of them are higher than ..

3.1 Numerical simulation for the slender beam

To check the correctness of the proposed method, the
calculations for the slender beam of length 60 m are carried
out by using Euler-Bernoulli beam theory (EBT) (Chen et
al. 1996) as well as Timoshenko beam theory (TBT) and the
results are to be compared. It is expected that the two
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Fig. 6 Comparison of time histories of shear forces of the
slender beam (TD=0.60 sec)

responses of the slender beam are nearly identical because
the effects of rotary inertia and shear deformation of the
slender beam are so small that they can be neglected.

Since the bending moment and the shear force are main
concerns in structural design, their time histories due to the
support motions are plotted in Fig. 5 and Fig. 6,
respectively. The reason that the time histories at the ends
are presented in Fig. 5 and Fig. 6 is that the maximal
structural loads may occur at ends in the fixed-fixed beam.
Fig. 5 and Fig. 6 show when the maximums of the structural
loads occur at ends. They also show that the results based
on TBT agree with those based on EBT well.

Decomposing the bending moment ((Mioa)7eT) and the
shear force ((Qiotar)teT) @t X=%£30 m into their static
components ((Msatic)ter and (Qstatic)tst) and dynamic
components ((Maynamic)tet and (Qaynamic)tet), We plotted
them in Fig. 7 and Fig. 8, respectively. Fig. 7 and Fig. 8
show that the magnitudes of static components are small
compared with the corresponding dynamic components, i.e.,
the magnitudes of M, and Qi are governed by their
dynamic components. Such kind of beams are called
‘dynamic component-dominated beam (DCD beam)’ in this
paper. According to author’s experience, the lower the
fundamental frequency is and the larger the slenderness
ratio of s (=L/r, where r is radius of gyration) is, the more
dominant the dynamic components become. In this
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Fig. 9 Comparison of time histories of bending moments of the stocky beam (TD=0.02 sec)

example, the fundamental frequency is 3.0425 [rad/s] and

the slenderness ratio is 618.03.

3.2 Numerical simulation for the stocky beam

Consider the fixed-fixed stocky beam of span length 2 m,
which belongs to an extreme case of a thick beam. The time

histories of bending moment and shear force at x=t1 m
caused by the support motions are plotted in Fig. 9 and Fig.
10, respectively. Fig. 9 and Fig. 10 show that the results
based on TBT do not agree with those based on EBT. This
is because the Euler-Bernoulli beam theory does not take
account of the effect of rotary inertia and shear deformation.

Decomposing (Miota)ter and (Qutar)ter at X=t1 m into
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(TD=0.02 sec)

static components and dynamic components, respectively,
we plotted them in Fig. 11 and Fig. 12. Fig. 11 and Fig. 12
show that the magnitudes of My and Qo are governed by
their static components, that is, the static components are
very large compared with the dynamic components and thus
the dynamic components can be neglected. This contrasts
with the behavior of the slender beam considered in the
previous section. This kind of beams are called ‘static
component-dominated beam (SCD beam)’ in this paper.

According to author’s experience, the higher the
fundamental frequency of a beam is and the smaller the
slenderness ratio is, the more dominant the static
components become. In this example, the fundamental
frequency is 2189.4 [rad/s] and the slenderness ratio is
20.601.

3.3 Bending moment and shear force affected by the
time delay

Since Mgynamic and Qgynamic Of the stocky beam or SCD
beam are so small compared with the static components
(Mstatic and Qstatic), Miotar @nd Qyorer CaN be calculated easily
only by static components, without dynamic analysis. Thus,
from Egs. (8)-(10), Eq. (57) and Eq. (59), we have

L1 am-btk (1)

Mtoral (X!t) = Mstatic (X't) = 2|_21+ 3K
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The above equations state that the magnitudes of
bending moment and shear force are propotional to the
difference between support displacements, a(t)-b(t). We
plotted a(t)-b(t) in Fig. 13 for differnt time delays, which
shows that different TD produces different time history of
a(t)-b(t) and the magnitude of |a(t)-b(t)| increases as the
time delay(TD) increases. This implies that the magnitudes
of bending moment and shear force increase as the wave
velocity decreases.

For the stocky beam, the time histories of total bending
moment and total shear force at x=1 m are plotted in Fig.
14(a) and Fig. 14(b) for four different TD’s, which show
that the maginitudes of bending moment and shear force
increase as the TD increases. The maximal maginitudes are
(Ivltotal)max:“?’x106 Nm and (Qtotal)max53X106 N: respeCtiVEIy
when TD=0.06 sec. But the maximal magnitudes of
dynamic components in the corresponding time histories at
the same location are (Mgyamic)max<200 Nm  and
(Quynamic)max=500 N, respectively.

Fig. 13 and Fig. 14 show the following facts: (i) There is
a similarity between the pattern of the time history of a(t)-
b(t) in Fig 13 and the pattern of the time histories of Mg
and Qut in Fig. 14 for each TD. (ii) The maximal
magnitudes of |M| and |Quom| OCCUr at the time that the
maximal maginitude of |a(t)-b(t)| occurs. (iii) |Mta| and
|Qtotal] are minimal when TD=0.0. These facts are closely
related to the facts that My and Qg are governed by
Mstatic and Qstatic, respectively and that their magnitudes are
proportional to |a(t)-b(t)| as explained in Egs. (61) and (62).

Quar (%:1) = Qe (1) = ————{a(t) - b(t)} (62)

4. Conclusions

This study proposes an analytic method based on
Timoshenko beam theory to predict the bending moment
and the shear force of the beam subjected to support
motions. The analytic responses of a fixed-fixed beam
subjected to a real seismic support motions are illustrated to
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Fig. 14 Time histories of bending moment and shear force
of the stocky beam affected by time delay (TD)

show the principled approach to the proposed method since
fixed-fixed thick beams are frequently used in nuclear
power plants. The results of the dynamic analysis are useful
to develop an understanding of the structural behavior of
the beam, and they are as follows:
* In the DCD (dynamic component-dominated) beam
such as the slender beam considered in this paper, the
total moment and the total shear force are governed by
the dynamic components, that is, the static components
of the structural load are small compared with the
dynamic components.
* In the SCD (static component-dominated) beam such
as the stocky beam considered in this paper, the total
moment and the total shear force are governed by the
static components, that is, the static components of the
structural load are very large compared with the
dynamic components. Thus, the dynamic components
can be neglected. Therefore, it is possible to estimate
bending moment and shear force without dynamic
analysis in SCD beam.
* In the SCD beam, the magnitudes of bending moment
and shear force are propotional to the difference
between support displacements. For this reason, the
maximal magnitudes of bending moment and shear
force vary as the TD changes. In other words, the maxial
magnitudes of structural loads vary depending on the
wave velocity. In this paper, we omitted mentioning the
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following fact with an appropriate parameter in detail:
The higher the fundamental frequency of a beam is and
the smaller the slenderness ratio is, the more dominant
the static components become. Further researches on an
appropriate parameter to define SCD beam are required
to utilize the feature in a structural design without
dynamic analysis.
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