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1. Introduction 
 

According to increasing the goods and passengers 

transportation industry in recent years, many countries have 

paid special attention to rail transport industry as a safe, 

inexpensive and environment-friendly system compared to 

other transportation modes. In parallel to developing the 

transportation technology, extending the precise and 

modern analysis and design tools seems essential. One of 

the most advanced analytical methods is modeling the 

vehicle/track dynamic interaction which has been 

investigated in the framework of commercial software or 

the developed codes by various engineers and researchers. 

For example, Kerr (2000, 2003) investigated the various 

measuring methods of rail support modulus and its effects 

on moving train loads. Cai and Raymond (1994) 

investigated the behavior of railway track as a beam on 

Winkler foundation caused by wheel and rail forces. Chang 

and Liu (1996) studied the dynamic behavior of railway 

track as a beam under a moving load using finite element 

method. Sun and Dhanasekar (2002) presented a dynamic 

model for calculation of railway track and wagon system 

interaction. Ishida and Suzuki (2005) surveyed the 

settlement of railway track caused by moving axle load. 
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Muscolino and Palmeri (2007) studied the response of 

railway track as a beam on viscoelastic foundation under 

the moving oscillators. Uzzal et al. (2008) modeled the 

vehicle-track interaction in ballasted railway track. Zakeri 

and Xia (2008), Zakeri et al. (2009) investigated the track 

parameters and rail irregularity by considering the railway 

track model including three layers under the effect of 

moving train. Rezvani et al. (2013) presented an analytical 

solution for dynamic analysis of railway bridges due to 

opposing moving trains. Xia et al. (2013) analyzed a train-

ladder track-bridge dynamic interaction numerically. 

Berggren (2009) studied the effects of track stiffness on 

railway behavior. Lei and Zhang (2010) studied the track 

stiffness by considering rail on the discrete supports. Zakeri 

and Ghorbani (2011) studied the behavior of transition zone 

due to moving train loads. In continuation, O'brien et al. 

(2012) investigated the subgrade subsidence by simulation 

of railway track and train. Esmaeili et al. (2014) studied the 

ground borne vibrations under the train moving loads and 

Byun et al. (2015) studied the conditions of railway 

substructure by a hybrid cone penetrometer. In other work, 

Wang et al. (2015) investigated the effects of embankment 

load on the settlement of railway foundation. 

Reviewing the existing technical literature regarding to 

vehicle/track dynamic interaction models show that the 

stiffness effects in track substructure components have not 

been investigated in detail up to now. The pyramid model is 

an applicable substructure model considering the pyramid 

shape of stress distribution under the foundation which 

firstly was introduced by Ahlbeck et al. (1978). This model 

was successfully implemented in a vehicle/ track interaction 

model by Zhai et al. (2004). In their study, the substructure 

included only the ballast layer and did not consider the  
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Fig. 1 Railway vehicle model 

 

 

substructure components such as subgrade and embankment 

layers. 

The present study is allocated to developing the 

previous studies of Zhai et al. (2004) model to obviate this 

shortage. Based on the different specifications of ballasted 

railway tracks such as ballast height, sleepers spacing and 

sleeper width, two different categories of track substructure 

stiffness model can be defined as types A and B. For 

ballasted track with rail, sleeper, ballast, subgrade and 

embankment layers, substructure stiffness model type A 

corresponds to the developed pyramid model of ballasted 

track by initiation the stress overlap areas in adjacent 

sleepers from the ballast layer while in type B the stress 

overlap areas originated from the subgrade layer. For this 

purpose, firstly the railway vehicle model including 

carbody, bogies and wheels is introduced. Then, the new 

substructure models for ballasted railway track with 

embankment layer including types A and B are presented 

and the stiffness equations related to A and B types are 

derived. In continuation, the railway track model with five 

layers including the embankment is simulated by using the 

finite element method. Then, this model under the moving 

train loads is analyzed. In the next stage, the type of new 

track substructure system is determined for various track 

specifications. Finally, a series of sensitivity analyses are 

performed on the track models with new substructure 

systems. 

 

 

2. Vehicle-track interaction model 
 

In this section, the numerical models of railway vehicle 

and track are presented. At first, the modeling of railway 

vehicle is described and then the new developed 

substructure models of ballasted railway are introduced. 

 

2.1 Railway vehicle model 
 
Firstly for modeling the railway vehicle, the motion 

equations of all vehicle parts are derived and then the mass,  

 

 

Fig. 2 Components of ballasted railway track 

 

 

damping and the stiffness matrices of vehicle are extracted. 

Fig. 1 illustrates the railway vehicle configuration including 

carbody, bogies and wheels. This vehicle has 10 degrees of 

freedom including carbody with 2 degrees of freedom, each 

bogie with 2 degrees of freedom and each wheel with 1 

degree of freedom (Zakeri and Xia, 2008), (Zakeri et al., 

2009).  

In Fig. 1, parameters of “M”, “J”, “K” and “C” are 

mass, rotational moment of inertia, stiffness and damping of 

vehicle components respectively. Moreover, “Lt” and “Lc” 

are axis distance of bogie and wheel and axis distance of 

carbody and bogie respectively. Also in this paper, the 

specifications of vehicle are considered based on the Zakeri 

and Xia (2008) and Zakeri et al. (2009). In continuation, the 

details of new substructure models of ballasted railway are 

presented.  

 

2.2 New substructure models for ballasted railway 
track with embankment 

 
The main body of ballasted railway tracks contains 

several sections including rail, sleeper, ballast, subgrade and 

embankment. In the railway tracks, the ballast layer 

transfers the passing train loads to subgrade, works as 

drainage of surface waters, helps to leveling the rail surface, 

protects subgrade layer against freezing and restrains the 

vegetables growth in railway track. The role of subgrade 

layer is minimizing the amount of stress transferred from 

the ballast layer to embankment and reducing the imposed  
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Fig. 3 Pyramid model in ballast layer 

 

 

vibration from passing trains and resist against frost 

penetration. Also, the embankment body must be stable and 

satisfy the limitations of settlement during the passing of 

various trains (UIC Code 719R, 1994), (Leaflet No. 301, 

2002). Fig. 2 shows a railway track with five components 

containing rail, sleeper, ballast, subgrade and embankment 

layers. 

One of the applicable methods for calculating the 

stiffness of ballasted railway track layers is pyramid model. 

This method is based on the stress distribution under the 

sleeper (Zhai et al. 2004). Fig. 3 shows the pyramid model 

in the ballast layer considering the stress overlap area in this 

layer. 

In Fig. 3, “hb”, “hb2” and “αb” are the total height, height 

of stress overlap area and the angle of stress distribution in 

the ballast layer respectively. Also, “Ls” is the sleepers 

spacing. According to pyramid model, the force transferred 

to sleeper is calculated as follows 

e bQ qL L  (1) 

In this equation, “Q”, “q”, “Le” and “Lb” are force, 

stress, the effective length and width of sleeper respectively. 

Then the layer strain and settlement are obtained as follows 

z

z

q

E
 

 
(2) 

0

h

zS dz 
 

(3) 

In this equation, “εz”, “qz”, “S” and “E” are strain, stress, 

settlement and the elastic modulus respectively. Therefore, 

the layer spring stiffness (K) is calculated by dividing the 

force to settlement as follows 

Table 1 Mass and stiffness of ballast layer (Zhai et al. 2004) 
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(4) 

For track including the ballast layer, the ballast mass 

and stiffness are presented in Table 1. 

According to the various specifications of ballasted 

railway tracks such as ballast height, sleepers spacing and 

sleeper width, there are two types A and B for track 

stiffness equations with new substructure systems. As 

shown in Fig. 4, in type A the stress distribution in depth 

starts beneath the adjacent sleepers but their stress overlaps 

start from ballast layer where as in type B the stress overlap 

area begins from subgrade layer. Fig. 4 shows the pyramid 

model configurations respect to type A substructure model. 

In Fig. 4, hB1, hB2, hSub and hEm are the height of ballast layer 

without overlap area (first layer), ballast layer with stress 

overlap area (second layer), subgrade layer and 

embankment layer respectively. Also, KB1, KB2, KSub and KEm 

are the stiffness of the mentioned track substructure layers. 

Fig. 5 presents the stress distribution pattern in pyramid 

model of type B substructure model. 

In Fig. 5, hB, hSub1, hSub2 and hEm are the height of ballast 

layer, subgrade layer without stress overlap area (first 

layer), subgrade layer with stress overlap area (second 

layer) and embankment layer respectively. Also, KB, KSub1, 

KSub2 and KEm are the stiffness of the mentioned track 

substructure layers. Based on the developed pyramid 

models for railway track with new substructure system, 

their equations are derived. Tables 2 and 3 indicate the 

derived equations for two railway substructure models A 

and B respectively. 

In these tables, the important parameters like “ρ”, “h”, 

“Le”, “Lb”, “Ls”, “α” and “E” are density, thickness, 

effective length of sleeper, width of sleeper, sleepers 

spacing, angle of stress distribution and elasticity modulus 

of railway track layers. For analysis the railway track under 

the moving train loads, a model of vehicle/railway track 

including new substructure system is developed. For this 

purpose, the railway track model with five layers is 

simulated by using the finite element method. In Fig. 6, this  
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track model including rail, sleeper, ballast, subgrade and 

embankment components is presented. 

In this track model, Kp, KB, KSub, KEm and KF are the 

stiffness of pad, ballast, subgrade, embankment and 

foundation respectively. Also, Ms, MB, MSub and MEm are the 

mass of sleeper, ballast, subgrade and embankment 

respectively. 

  

 

3. Numerical model validation 
 

For validating the present numerical model, a railway 

train-track dynamic interaction was modeled and the results 

were verified with the results of O'Brien et al. (2012). The 

 

 

obtained results from the present study and O'Brien et al. 

(2012) under moving train are presented in Fig. 7. 

As shown in Fig. 7, the obtained results in present study 

have a good agreement with the results of O'Brien et al. 

(2012). In continuation, a series of sensitivity analyses are 

accomplished on the railway track with new substructure 

systems. 

 

 

4. Sensitivity analysis on parameters of new 
substructure systems 
 

In this section, a series of sensitivity analyses on 

parameters of new substructure systems are performed. In  

  

 
Fig. 4 Type A substructure model 
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this way, the type of railway substructure system should be 

determined for different track specifications. In this regard 

for evaluating the relevancy of types A or B substructure 

model, firstly the track parameters are substituted in 

equations derived for type A and consequently the overlap 

area in the ballast layer (hB2) is calculated as follows 

2
2 tan

s b

B B

B

L L
h h




   (5) 

If this value (hB2) is positive, the selected substructure 

model type A is correct otherwise the calculation is 

repeated for substructure model type B. This procedure for 

 

 

determining the type of new substructure system for each 

track specifications should be done until the type of 

substructure model to be specified. Table 4 indicates the 

dominant substructure model for various track 

specifications. 

In continuation, two series of sensitivity analyses are 

presented corresponding to the effect of various track 

parameters on the track stiffness and the effect of track 

stiffness on vehicle/track dynamic interaction. 

 
4.1 Effects of track parameters on track stiffness 
 

Using the presented track parameters in Table 4, a series  

 

 

 

Fig. 5 Type B substructure model 
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of sensitivity analyses are performed on the track 

substructure stiffness. Fig. 8 depicts the stiffness of ballast 

and embankment layers versus ballast height for sleepers 

spacing 60 cm. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

 

 

Based on Fig. 8, the stiffness of ballast layer increases 

by increasing the sleeper width for all ballast height and it 

decreases by increasing the ballast height. Also, the 

embankment layer stiffness increases by increasing the  

Table 2 Derived equations for type A substructure model 

Layers Parameters Equations 

Ballast 

Mass      2 2 3 3 2

2 2

4
tan tan tan

3
B B b B e B B e B B B B B BM L h L h L h h h h   

 
      

 
 

Stiffness 

(Without stress 

overlap area) 

 
1

2

2
ln .

2

e b B

B B

e b B B

b e B B

L L tg
K E

L L h tg

L L h tg










    
    

    

 

Stiffness (With 

stress overlap 

area) 

2

2

1

2

2
ln 1

2 tan

s B

B B

B B

e B B

L tg
K E

h tg

L h








 
 

 
 

Subgrade 

Mass  1 22 tan 2 tan tanSub Sub s Sub e B B B B Sub SubM L h L h h h        

Stiffness 

1 2

2

2
ln 1

2 tan 2 tan

s Sub

Sub Sub

Sub Sub

e B B B B

L tg
K E

h tg

L h h





 


 
 

  

 

Embankment 

Mass  1 22 tan 2 tan 2 tan tanEm Em s Em e B B B B Sub Sub Em EmM L h L h h h h          

Stiffness 

1 2

2

2
ln 1

2 tan 2 tan 2 tan

s Em

Em Em

Em Em

e B B B B Sub Sub

L tg
K E

h tg

L h h h





  


 
 

   

 

Foundation Stiffness 1 2( 2 tan 2 tan 2 tan 2 tan )F s e B B B B Sub Sub Em Em FK L L h h h h E       

 Table 3 Derived equations for type B substructure model 

Layers Parameters Equations 

Ballast 

Mass 
2 24

tan tan tan
3

B B B e b e B B b B B B BM h L L L h L h h   
 

    
 

 

Stiffness 

 2

2
ln .

2

e b B

B B

e b B B

b e B B

L L tg
K E

L L h tg

L L h tg










    
    

    

 

Subgrade 

Mass 

 

   2 2 3 3 2

2 2

( 2 tan ) 2 tan tan

4
( 2 tan ) tan tan

3

b B B Sub e B B Sub Sub

Sub Sub

e B B Sub Sub Sub Sub Sub Sub

L h h L h h

M
L h h h h h

  


  

    
 
     
  

 

Stiffness 

(Without stress 

overlap area) 

 
1

1

1

2

2 tan 2 tan 2
ln .

2 tan 2 tan 2

e b Sub

Sub Sub

e B B b B B Sub Sub

b B B e B B Sub Sub

L L tg
K E

L h L h h tg

L h L h h tg



  

  




      
    

      

 

Stiffness (With 

stress overlap 

area) 

2

2

1

2

2
ln 1

2 tan 2 tan

s Sub

Sub Sub

Sub Sub

e B B Sub Sub

L tg
K E

h tg

L h h





 


 
 

  
 

Embankment 

Mass 
1

2

2 tan 2 tan

2 tan tan

e B B Sub Sub

Em Em s Em

Sub Sub Em Em

L h h
M L h

h h

 


 

  
  

  
 

Stiffness 

1 2

2

2
ln 1

2 tan 2 tan 2 tan

s Em

Em Em

Em Em

e B B Sub Sub Sub Sub

L tg
K E

h tg

L h h h





  


 
 

   

 

Foundation Stiffness 1 2( 2 tan 2 tan 2 tan 2 tan )F s e B B Sub Sub Sub Sub Em Em FK L L h h h h E       

 

780



 

Vehicle/track dynamic interaction considering developed railway substructure models 

 

 
Fig. 6 Model of railway track with new substructure system 

 

 

Fig. 7 The validation of numerical model 

 

Table 4 The type of substructure model for various track 

specifications 

Sleepers 

spacing (cm) 

Ballast 

height (cm) 

Sleeper width(cm) 

20 25 30 

50 

20 B A A 

30 A A A 

40 A A A 

50 A A A 

60 

20 B B B 

30 A A A 

40 A A A 

50 A A A 

70 

20 B B B 

30 B B A 

40 A A A 

50 A A A 

A Type A substructure model 

B Type B substructure model 

 

 

ballast height. Fig. 9 illustrates the stiffness of ballast and 

embankment layers versus sleepers spacing for ballast 

height 30 cm. 

As can be observed from Fig. 9, the stiffness of ballast 

and embankment layers increases by increasing the sleepers 

spacing. Fig. 10 shows the stiffness of ballast and 

embankment layers versus ballast height for sleeper width 

25 cm. 

 

 

Fig. 8 Ballast and embankment layers stiffness for sleepers 

spacing 60 cm 

 

 

 

Fig. 9 Ballast and embankment layers stiffness for ballast 

height 30 cm 
 

 

As can be seen from Fig. 10, the stiffness of ballast layer 

decreases by increasing the ballast height and it increases 

by increasing the sleepers spacing especially for the high 

ballast heights. Also, the embankment layer stiffness 

increases by increasing the ballast height and sleepers 

spacing. 
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Fig. 10 Ballast and embankment layers stiffness for sleeper 

width 25 cm 
 

Table 5 Ballasted track specifications (Zakeri and Xia 2008, 

Zakeri et al. 2009) 

Parameter Symbol Value Unit 

Ballast Damping CB 120 kNs/m 

Ballast elastic modulus EB 125 MPa 

Pad Damping CP 140 kNs/m 

Pad stiffness KP 140 MN/m 

Subgrade damping CSub 90 kNs/m 

Subgrade elastic modulus ESub 80 MPa 

Embankment elastic 

modulus 
EEm 65 MPa 

Embankment damping CEm 90 kNs/m 

Foundation elastic 

modulus 
EF 45 MPa 

Soil damping CF 40 kNs/m 

 

 

4.2 Effects of track parameters on vehicle/track 
interaction 

 
In this section, the results of sensitivity analyses on track 

specifications according to Table 4 are presented. Table 5 

shows the dynamic specifications of components in 

ballasted track for analysis under moving train loads. 

Fig. 11 indicates a sample of ballasted track response 

under the passing train. In this figure, the track 

specifications includes the ballast height of 20 cm, sleeper 

width of 20 cm and sleepers spacing of 60 cm which refers 

to type B substructure model according to Table 4. 

As can be observed from Fig. 11, the vertical 

displacement of rail is more than other track components. 

Fig. 12 depicts the absolute maximum of rail and ballast 

 

Fig. 11 Track response under the passing train 

 

 

 

Fig. 12 Rail and ballast layers responses for sleepers 

spacing 60 cm 

 

 

displacements versus ballast height for sleepers spacing 60 

cm. 

As can be seen from Fig. 12, the responses of rail and 

ballast layers decrease by increasing the ballast height. Also 

by increasing the sleeper width, the response values of rail 

decrease. Fig. 13 presents the responses of rail and 

embankment layers versus sleepers spacing for ballast 

height of 30 cm. 

Based on Fig. 13, rail vertical displacements increase by 

increasing the sleepers spacing. Also, the response of 

embankment decreases with the increase in sleepers 

spacing. Fig. 14 presents the responses of rail and 

embankment layers versus ballast height for sleeper width 

of 25 cm. 

According to Fig. 14, the displacement of rail decreases 

by increasing the ballast height. Also, the responses of 

embankment layer decrease with increase of ballast height. 
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Fig. 13 Rail and embankment layers responses for ballast 

height 30 cm 
 

 

5. Conclusions 
 
In this paper, firstly the models of railway vehicle and 

ballasted track were presented. The model of railway 

vehicle included carbody, bogies and wheels. Then, many 

new substructure models of ballasted railway track were 

developed. Based on various ballasted track specifications, 

two different categories of new substructure models were 

introduced. The substructure model type A covers the 

ballasted track with multi components including 

embankment layer by initiation of the stress overlap area in 

adjacent sleepers from the ballast layer while in 

substructure model type B, the stress overlap areas take 

placed in subgrade layer. According to substructure models 

type A or B, the relevant equations of pyramid model were 

derived. In the next stage, the model of ballasted track 

including multi components under the moving train loads 

was simulated and solved and verified by using the finite 

element method. In continuation, a series of sensitivity 

analyses on parameters of new substructure models and the 

railway track system were accomplished and consequently 

the following important finding were achieved: 

• Two types of track substructure models were presented 

for various track specifications. For example, the track 

substructure type was B for sleepers spacing of 50 cm, 

ballast height of 20 cm and sleeper width of 20 cm while 

the railway substructure type was A if sleeper width was 

30 cm. 

• The ballast stiffness decreased by increasing the ballast 

height. For sleepers spacing 60 cm, the stiffness of 

ballast layer decreased 38.2, 41.3 and 44.3 percent by 

increasing the ballast height from 20 to 50 cm for 

sleeper widths 20, 25 and 30 cm respectively. 

 

 

Fig. 14 Rail and embankment layers responses for sleeper 

width 25 cm 
 

 

• The stiffness of subgrade, embankment and foundation 

increased by increasing the ballast height. By increasing 

the ballast height from 20 to 50 cm, the stiffness of 

subgrade, embankment and foundation increased by 20, 

7.42 and 5.1 percent respectively. 

• The stiffness of ballast layer increased by increasing 

the sleeper width. For sleepers spacing 60 cm, the 

ballast stiffness increased by 33.4, 28.1, 23.3 and 20.2 

percent by increasing the sleeper width from 20 to 30 

cm for ballast heights of 20, 30, 40 and 50 cm 

respectively. Also, The mass of ballast layer increased 

by increasing the sleeper width. For sleepers spacing 60 

cm, the ballast mass increased by 29, 20.1, 13.4 and 9.5 

percent by increasing the sleeper width from 20 to 30 

cm for ballast height 20, 30, 40 and 50 cm respectively. 

• The ballast layer stiffness increased by increasing the 

sleepers spacing. For sleeper width 25 cm, the ballast 

stiffness increased 0.2, 4.1, 8.9 and 12.3 percent by 

increasing the sleepers spacing from 50 to 70 cm for 

ballast height 20, 30, 40 and 50 cm respectively. 

• The stiffness of embankment layer increased by 

increasing the sleepers spacing.  By increasing the 

sleepers spacing from 50 to 70 cm, the embankment 

stiffness increased by 40 percent.   

• By increasing the ballast height, rail and ballast 

vertical displacement decreased. The responses of rail 

and ballast decreased 2 and 10 percent with increase of 

ballast height from 20 to 50 cm respectively. 

• The response of rail increased by increasing the 

sleepers spacing. By increasing the sleepers spacing 

from 50 to 70 cm, the rail vertical displacement 

increased 6.5 percent. 
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