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Piezothermoelastic solution for angle-ply
laminated plate in cylindrical bending

G.P. Dubet, M.M. Upadhyay$, P.C. Dumirit, and S. Kumart?

Applied Mechanics Department, I.1.T. Delhi, New Delhi-110016, India

Abstract. Generalised plane strain solution is presented for simply supported, angle-ply laminated
hybrid plate under cylindrical bending. The arbitrary constants in the general solution of the governing
differential equations are obtained from the boundary and interface conditions. The response of hybrid
plates to sinusoidal loads is obtained to illustrate the effect of the thickness parameter and the ply-angle.
The classical lamination theory and the first order shear deformation theory are also assessed.
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1. Introduction

There is current interest to quantify the performance of smart plates with piezoeletric layers.
Three dimensional (3D) solutions are needed to assess two dimensional (2D) plate theories
for thermoelectroelastic analysis. Ray et al. (1992, 1993a) and Brooks and Heyliger (1994)
presented exact plane strain solution for simply supported single layer and cross-ply laminated
piezoelectric plates with distributed and patched actuators. Ashida et al. (1994a, 1994b) have
presented general plane strain solution of piezothermoelastic problems in orthotropic plates of
crystal class mm?2 in terms of potential functions and solved direct and inverse problems of
infinite plate subjected to heating on one surface and electric surface charge on both surfaces.
Piezothermoelastic plane strain solutions for single layer and hybrid cross-ply infinite flat
panel have been developed by Dube et al. (1996) and Kapuria et al. (1997). Tang et al.
(1996) have assessed 2D plate theories for rectangular hybrid cross-ply plates in the light of
3D solutions [Ray et al. (1993b), Heyliger (1994), Xu er al. (1995)]. Pagano (1970)
developed 3D solution for simply supported angle-ply laminated composite plate in
cylindrical bending under mechanical load. There is no solution available for angle-ply
laminated hybrid composite piezoelectric plates.

We present generalised plane strain solution for cylindrical bending of simply supported,
hybrid angle-ply laminated plate using mixed formulation. The arbitrary constants in the
general solution for each layer and the unknown extraneous charge densities at the interfaces
where potential or potential difference is prescribed are determined from the boundary and
interface conditions. Numerical results are presented for sinusoidal loads to illustrate the effect
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Fig. 1 Geometry of hybrid plate

of the thickness parameter and the ply orientation. The generalised plane strain solution has
been used to assess 2D classical lamination theory (CLT) and first order shear deformation
theory (FSDT) for angle-ply laminated hybrid plate.

2. Governing equations

Consider an infinitely long simply supported L-layered angle-ply laminated plate of span a
and thickness % as shown in Fig. 1. The bottom face of the first layer is at z=z,=-h/2 and the
top face of the Lth layer is at z=z,=h/2. The interface between the kth and the (k+1)th layer is
named as the kth interface. Let the thickness of kth layer be f*. The layer superscript is
omitted unless needed for clarity. The transverse displacement w and the tractions in the
inplane directions x and y are zero at the simply supported ends at x=0, a. These ends are
electrically grounded and maintained at the stress-free reference temperature. The panel is
subjected to electrothermomechanical load which does not vary along the longitudinal
coordinate y. Thus all the entities in this generalised plane strain problem are independent of
y. The layers can be elastic or piezoelectric exhibiting symmetry of orthorhombic crystal class
mm?2.

For linear piezoelectric medium, stress o', strain €, electric field E' and electric
displacement D', with respect to principal material axes x;, are related by

e'=Sc'+d"E’'+0ol, D'=dc’+¢€E’+qT where e=n+ed’, g=p+ea, e=dS", (1)
O-Iz [O-l 62 03 Tz3 T31 le]T, E’: [E]E2E3]T, 8’: [81 82 83 /)/23 %1 %z]T, D,: [D]D2D3]T. (2)
The superscript T denotes matrix transpose and T is the temperature rise above the stress-free
reference temperature. S, d, 7, o, p are the matrices of clastic compliance, piezoelectric strain
constants, permittivities, thermal expansion coefficients and pyroelectric constants. The

dependence of material property on temperature is not included in this study. For orthotropic
materials of class mm2, with poling in direction x,(z), the matrices of material constants with
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respect to the principal axes x; are given by:

g 0 0 Ny 0 O 0 0
=10 & 0|, n=0 1, 0|, g=|0|, p=|0|, (3a)
0 0 &; 0 0 7y Ls Ds
Sy S S5 0 0 0 0 0 dy ] (o ]
S §» S0 0 0 0 0 dsy 105}
S5 Sy S5 0 0 0 . 100 ds o (3b)
510 0 0 s.0 o, TT0 4.0 |, %o
0 0 0 0 Ss 0 ds 0 0 0
0 0 0 0 0 S| 0 0 0 0 |

Denoting differentiation by a subscript comma, components of strain and electric field in
Cartesian coordinates are related to displacement components u, v, w along axes x, y, z and
electrical potential ¢ by

&=u,,&5§=0,&=w,, %=V, Ya =W, U, Yo =V, ; Ex =—¢,,E, =0,E.=—¢,. (4)
Consider kth layer whose orientation of the principal material axes x; and x, is at an angle 8

with respect to the axes x and y. Using Eqgs. (1)-(4), the constitutive equations for the
components with respect to the axes x, y, z, can be written as

U, =S 1,0 +8 20, +S 130 +S 16Ty —d 310, + T, (5)
0=8,0 +8,0, +8 50, +8 Ty —d 0, + 0T, (6)
w, =5 1,0: +:§230'y +8 5,0 +§36er —333@ +o,T, @)
v, =S4 Ty +8 45 Tax ‘314%’ ®)

w,tu, =§457Jyz +§5stx _EIS(P,H )

Ve =8160: +8 250, +8 360, +8 66Ty —d 360, + T, (10)
D, =d . T. +d 5T — €10, (11)

Dy =d T, +d 5T — €10, (12)

D, 233101 +3320'y +5330'z +E3ﬁfxy _-2333¢,z +ZI—3T, (13)

where
EH=c4Sn+c2s2(2512+S66)+s4522, §12=C282(Su+522—S66)+(C4+S4)S12,
S3=¢28 13452 5, Sis=2cs [CZS“+(s2—c2)(§12+0.5S66)—s2S22], S53=528 3+ ¢28 4,
82=54811+25%28 1 +Se6) +C4S 0, Sy6=2¢5 [528 1, +(c2—52)(S 1+0.58 ¢) — 25 ),
§33=S337 §36:2CS(S13_S23)’ §44:CZS44+S2S55, :5'_45205(355—544),
§55:s2S44+c2S55, 566=4c2s2(S11—2Slz+S22)+(c2—s2)2S66; c=cosf, s=sinb,
331=Czd31+52d32, 332=52d31+02d32a 333:‘133, 336=2CS(d31—d32)’ 53=Q3,
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d14—d25-—cs(d15 d24) d24—C2d24+52d15, dlg—s2d24+c2d15,
=020+ 5205, 0=S5204+C20, 05=05, O6=2cs (04— 0b),

€11 =C261+852Ey, E,=CS(E1—Ep), En=5%€)1+C2%y, E3=E&;. (14)

Let ks be the thermal conductivity coefficients in the principal directions x; of the material.
The equations of thermal, force and charge equilibrium without heat source, body force and
charge source are -

kT, +k.T, =0, (15)
O, +7..,=0, 1,,+17,,=0, 1,,+0,,=0, D, +D,,=0, (16)

with k=c’k,+s°k,, k,=k;. We introduce dimensionless coordinates & and {® for the kth layer as:

k-1
E=x/a, P=(z +h/2=Y 1o)/te, 17
i=1

Let the prescribed pressure, ambient temperature and ¢ or D, at the lateral surfaces at z=z; be
P.(&), T,(§), ¢,(&) or D(E). Let the number of applied potential differences for actuation be
L with the ith one V(f) being applied between the interfaces /; and m; with l<ml, and the
number of interfaces with prescribed potentials be L, with the gth one being @(&) for the
interface n,. Thus

at =0, 1; w=0, 6.=0, T,=0, $=0, T=0; (18)
at z=z; 0.=—P,;(§), 1.=0, 1.=0, ¢=0¢;(§) or D.=D;(&), j=1,2; (19a)
and at z=—h2, ; —kT,+hT=hT(&), z=h/2: k. T,+h,T=h,T&). (20)

h, and h, are the surface heat transfer coefficients at the surfaces of the plate. The special case
h,=h,=oc corresponds to the temperature of the surfaces being prescribed as T,(&) and T,(&).
The conditions of prescribed potential difference and prescribed potentials of interfaces are
expressed as

[#1a]™ = [0 ol P=Vil§), i=1, -, Lp; [@] ] =@y (§), g=1, -+, Lo (21)

The equilibrium and compatibility conditions at the interface between adjacent layers are:
[T1e]®=IT [l kool e/ t]0= Tl /1] k=1, -, L-1; (22)
[, v, W, G,y Ty T 0, D2 ) | 1] = [, v, W, Gy Ty T 0, D2 ) | ] Y, k=1, -+, L-1.(23a)

The applied potential difference V; induces extraneous surface charge density, say (&), and
-0(&) at the interfaces m, and /. The potential @, induces an extraneous surface charge
density, say 7,(&) at the interface n,. Hence the conditions (23a) for continuity of D, need to
be modified. For i=1, ---, L,

if m,#L, then D" =D g —0:(8), (23b)

if 1,40, then D] =D s+ 6 (£), (23c)
if m=L and D, is prescribed, then Eq. (19a) for D, is modified as [D,| ., |“=D,+ 0, (19b)
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if =0 and D, is prescribed, then Eq. (19a) for D, is modified as [D .| = D;— o, (19¢)
[D: | ] = [D: | 0] ™= 7,(),  q=1, -+, La. (23d)

3. General solution

The solution for the kth layer, satisfying boundary conditions (18), is taken in the form of
Fourier series:

(W, O;H 03’7 O-Z, TX,\U ¢9DZ’ T):Z(Wn, 0}", o-y”, O-Zny TX}’;;; ¢n,Dzn, Tn)Sinnn'ga
n=1
(u, v, Tyz, sz,Dx,Dy)=Z(un, Vn, Tyzn, szn,Dxn, Dyn) COS n7[§; (24)
n=1
(Pis ¢i7Di’Ti, ‘/iy ¢i, O-i; Ti)=Z(Pin9¢inaDina V @ T,") Sin nn’é. (25)
n=1

Substituting the expansion of T from Eq. (24) into the heat conduction Eq. (15) yields
T, o~ 2 To=0, with p,=nt(k./k,)"’, n=nn/a. (26)

Using the expansions (24), the thirteen constitutive and equilibrium Egs. (5)-(13) and (16) are
transformed into eight first order differential equations in terms of w,, v,, w,, 0, T, , To, O
D, and five algebraic equations for o, , 0,, 7,, D, , D, :

Dxn=—d_14'tyzn +E151'zxn -n E]]‘Pn , Dyn2324ryzn +E2572xn —;_812@1 ) 27
O'x,,=;P 11Un +;P12Vn +P 140z, +P 18Dz, + 1T, (28)
Gy, =P silin + 1P 33V +P 24Csyy + P 2eDe, +1:T0 (29
rxynz—r;pélu,, +;p62v,, +P 4O + P sDon + 1T, , (30)

with Pn:_§i1,Pi2=—§i6,Pi4=*(§i1§,13+§i2§,23+§ie§’36),Pi8=_(§i13, +§i23,32+§i63,36)3
=—8n0i+8,05+8 400, d'y=d;/e, Q=0 ~d ' qs, S =S, —dy d;

tj

1

S 11 S 12 S 16 _,11 §,12 _S—,16 )
S 12 S 22 S 6| = S 12 S,zz S,26 s (31)
s 16 S 26 S 66 S’ 16 §,26 §,66
and Xn,zzAX" +QTH ’ (32)
where Xo=[tte Vo Wn Oun Ton Toxn O D2’ .

The nonzero elements of matrix A and vector Q are given by:
a=-n, 015“S45, 016—555, ‘117—_” d157 015—544, a26—S455 a;= -n d14,
a31—n(S 1BPu +S 2P +S 36p61) a32-n(S 13P12+S nP2n +S 36D62)s Aa=N
a =S 13P14+S 23P24+S 36p64+S sy A=S 13P18+S 3P 28 +S 36Pestd s, as=-n Dets
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asz—“n ’Der 054——’1P64a ass—‘”Pss, am—";l— Pu, 062—"’1 P 064:“;P14,
@ 5= NP 13, a71—”(d31P11+d32P21+d36P61) anp=n (d31P12+d32P22+d36P62)
a74—d31P14+d32P24+d36P64+d33a a78_d31P28+d32p28+d36p68—1/833’
Ags=n d14, Age=n dls, ag=—n?€y B o
Q=Sit, +S23t2+536t6+a35 Q=-ntq, Q=-nt,, Q,=d% 1, +d32t2+d36t6+CI3/833- (33)
With p,, p=+ 1, the general solution of Eq. (2.26), in terms of two arbitrary constants A}
and A; is

2
T, :ZePiCA,”. (34)

The general solution of Eq. (32) is obtained as the sum of the complementary X; and X! with
X =e"Y. Substituting X; into the homogeneous part of Eq. (32) yields

Y =AY. (35)

Hence the exponent A and Y are eigenvalue and eigenvector pair of real matrix A. These
are obtained by QR algorithm after first reducing to Heissenberg form. The eigenvalues of A
are either real or occur in complex conjugate pairs. The complementary solution for pair of
eigenvalues 4,, A,=0£-if} with complex eigenvector Y; corresponding to A, can be expressed
in terms of two real constants C; and C; as

X:($)=F1(8)Cr+F3(8)Cs, (36a)
with  F1(&)=e*[cos(BEIR (Y1) —sin(BOYF (Y1)], F5(§)=e%[sin(BL)R (Y, y+cos(BL)F (Y(E)éi))

R and F indicate real and imaginary parts of a complex number. The complementary solution
for distinct real eigenvalue, say A,=p with eigenvector Y;, in terms of real constant Cj, is

X(O=F5(5)Cy  with Fy({)=erys. 37

Thus the complete complementary solution X,° can be expressed in terms of eight real
constants C," as

8
X3 FHOC, (38)
where the functional form of F;({) is given by Egs. (36) or (37) as per the nature of A.

Substituting T, from Eq. (34) into Eq. (32), the particular solution X,” of Eq. (32) can be
obtained as

2
X2=YGH{)Ar, whete Gr=—[A(p,)—pid /t]” Qerit. (39)
i=1
Thus the general solution of Eq. (32) is
8 2
Xa=) FH(E)Ci+Y GrOAr (40)
=1 i=1

The 2L constants A" for all L layers in the thermal solution are determined from the 2L
thermal boundary and interface conditions (20) and (22). The 8L constants C;" for L layers
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and L,+L, unknown charge densities o; and 7, are obtained from the 8L+L,+L, conditions
(19), (21) and (23). The various entities are then completely determined from (34), (40) and
(27)-(30). The numerical solution is obtained by taking finite number of terms, say N, in the
expansions (24).

The two dimensional uncoupled classical laminate theory (CLT), presented by Tauchert
(1992), and the first order shear deformation theory (FSDT), presented by Jonnalagadda et al.
(1994), for given thermoelectric field are assessed by comparison with the present plane strain
solution. In the 2D theories, the temperature distribution has been taken as the one obtained
by the exact solution of the heat conduction equation and the electric potential ¢ is assumed
to vary linearly across the thickness of the actuated piezoelectric layer and zero elsewhere.
Navier-type solutions are obtained for the 2D theories.

4. Numerical results and discussion

Results are presented for seven-layered hybrid plates made of an elastic substrate of
graphite-epoxy, with a distributed piezoceramic layer of PZT-5A having thickness A/10,
bonded to its top surface. The substrate is a six-layered, angle-ply laminate with the
orientations of the fibres of the plies being [8°/— 6°/8°], relative to x-direction. All plies of
the substrate have equal thickness. The material properties of the graphite-epoxy composite are
selected as in Xu ef al. (1995):

(YL,YT,GLT,GIT)=(181, 10.3, 7.17, 2.87) GPa, (VLT, Vn):(0.28, 0.33), (kL,kT)z(l.S, 0.5)
Wm K™, (o, o) =(0.02, 22.5) x 10° K", p:=0, 1, =n;=1.53 X 10 Bm, d;,=0
where L and T are directions parallel and transverse to the fibres. Y, G, v;, 0, d;, p; are
Young's moduli, shear moduli, Poisson’s ratios, permittivity constants, piezoelectric strain
constants and pyroelectric constant, respectively. The properties of PZT-SA are taken as in
Xu et al. (1995):
(Y1,Y5,Y3,G 1, G, G3)=(61.0,61.0,53.2,22.6,21.1, 21.1) GPa, (v, Va3, V13)=(0.35, 0.38,
0.38), (o1, 0, ) =(1.5,1.5,2.0)x 10° K, kx=ky=k,=1.8 Wm™ K, p;:=0.0007 Cm K,
(M, Ty M) = (1.53, 1.53, 1.50) X 10° F/m, (d 31, d 3, d 33, d s, d 15) = (<171, =171, 374, 584,
584 10" m/ V.

The response under the following sinusoidal thermoelectromechanical loads is determined:
qb1—¢2 O Tl—-Tz—O P1—0 P2 poSin n’&

2 $=¢,=0, T,=0, T,=T,sin & P,=P,=0,
. (pl-—o ¢2 (Z)OSIII 71'5 Tl—Tz—O Pl-—Pz—O

T/s are the prescribed temperatures of the surfaces of the plate. The interface of the
piezoclectric layer with the substrate is grounded. The results for the three cases are
nondimensionalised as follows with S=a/h, d;=374x10" CN", 0,=22.5x10° K, E,=10.3
GPa:

1. (w u) 100(w, u)ET/hSpO,(o;,o;,rxy) 10(@,0;,Txy)/5p0,(o;,tyz,ru) S o,
107, T )/Spo, = 0drE;/hS’py, D, =D, /d, S* Do
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2. (W, 0)=1000w,u)/h 08Ty (Gx, Oy, Ty O, Tye, T) = 10(Gk , Gy, Ty, S703, S T,
ST )/ 04 ETo, ¢ =0dy/h oy ST, D, =D,/ErdyoyT;
3. (W, W=10(w, Su)/S’d; ¢y, (G:, G, Tu)=0.1(C:, Oy, To)A/Erdr o, ¢=0/,
D.=0.01 D, h/E;d#¢o; (G, B, T ) =(S O, Tz, T )Sh/Erdr .

Table 1 Effect of S for hybrid plate under pressure load of case 1

S 0 15° 30° 45° 60° 75° 90°
u(0, —0.5h) 4 -1438 -1.654 -2369 -4024 -7721 -1281 -14.36
10 -1.268 -1430 -2025 -3542 -7.133 -1216 —13.66
_ 100 -1.229 1381 -1952 3442 -7.012 1203 1352
w(0.5a, 0) 4 -1919 -2129 -2771 -3965 -5994 8292 8969
10 -1.009 -1.123 -1524 -2430 -4209 -6301 —6.887
_ 100 —0.8331 09287 1282 -2133 3866 —5920 —6.489
0/0.5a, —0.5h) 4 7.974 7.721 7.147 6.253 5.234 4.639 4.531
10 7.031 6.892 6.532 5.861 4.954 4.406 4312
_ 100 6.815 6.705 6.402 5.783 4.896 4.358 4.267
0{0.5a, 0.4h"7) 4 -6.831 -6609 -5824 -4515 -2894 -1.749 -1.520
10 -6321 -6201 -5682 -459% -2964 -1752 —1.519
_ 100 -6223 -6123 -5666 —-4625 -2982 -1753 -1.519
6{0.5a, 0.5h) 4 -4328 —-4744 -6.059 -8513 -1214 -1510 -15.77
10 -3.199 3535 -—-4728 -7280 -11.29 -1444 1510
_ 100 -2993 -3313 -4476 -7.046 -11.14 -1432 1498
0,0.5a, —0.5h) 4 0.1271  0.6010 2.066 4.493 6.740 4.613 1.269
10 0.1120 0.5441 1.922 4.312 6.546 4.403 1.207
_ 100 0.1086  0.5310 1.892 4278 6.506 4.358 1.195
0,(0.5a, 0.4h ) 4 -0.3112 -0.7123 -1.862 -3429 -4118 2233 -0.5892
10 -0.1332 -05242 -1.713 -3472 -4268 -2162 -0.4515
_ 100 -0.0995 —-0.4887 —1690 -3496 —4308 —2.149 -0.4256
6,(0.5a, 0.5h) 4 —-1.843 -1998 —-2486 —-3398 —-4759 5898 -6.162
10 -1203 -1326 -1.762 -269 —-4180 -5376 —5.634
_ 100 -1.086 —-1202 -1625 -2563 —-4.074 -5282 —-5.539
(0.5a, 0) 4 -0.5300 —0.5264 —05130 —0.4840 -0.4393 -0.4061 -0.3996
10 -0.5410 —0.5368 -0.5215 -04883 -04377 -0.4019 -0.3952
_ 100 —0.5427 -0.5383 -0.5228 -0.4889 -0.4371 -0.4009 -0.3942
7,40, —0.35h) 4 0.0 -06092 -1173 -1.620 -1574 -0.6137 0.0
10 00 -0629 -1238 -1.708 -1.612 -0.6030 0.0
3 100 0.0 -06318 -1250 -1.727 -1.619 -0.6001 0.0
70, 0) 4 -4.738 -4750 4738 —4604 —-4360 —-4.193 -4.162
10 -4964 4942 4865 —4.681 4398 4209 —4176
B 100 -5013 -4983 —-4891 -4.695 -4404 -4212 —-4.178
1,(0.5a, —0.5h) 4 0.0 1.777 3.403 4.499 4.109 1.542 0.0
10 0.0 1.632 3.196 4.348 4.013 1.474 0.0
_ 100 0.0 1.598 3.152 4.321 3.993 1.459 0.0
&0.5a, 0.45h) 4 -0.8316 —-09176 —-1.179 -1.667 —-2503 —-3.463 —3.747
10 -04221 -04697 —-0.6366 —-1015 1759 -2.637 —2.883
. 100 ~0.3498 -0.3900 —0.5382 —-0.8958 —1.624 —-2486 —2.725
D.(0.5a, 0.45h) 4 0.1665 01872  0.2529  0.3756 0.5504 0.6763 0.7006
10 0.1642 0.1822  0.2459  0.3810 0.5844 0.7267 0.7530
100 0.1639  0.1813  0.2443  0.3817 0.5911 0.7366 0.7632
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The response of the hybrid plates to pressure load of case 1, obtained using generalised
plane strain solution, is presented in Table 1. The values of the displacements and stresses, at
points where they are high, are given for three values of S and seven values of 6. It is
observed that the ply-angle 6 has a significant effect on all the displacement and stress

Table 2 Effect of S for hybrid plate under thermal load of case 2

S 0 15° 30° 45° 60° 75° 90°
u(0, —0.5h) 4 -3658 -4380 -5486 -10.27 -33.79 -8766 1093
10 06661 0.0162 —0.9965 -5904 -31.77 -90.78 -113.9
100 1.873 1.222  0.1592 —-4878 -31.30 —-9138 -11438
w(0.5a, 0) 4 2.917 3.450 5.268 8.150 7.681 —4.065 —9.595
10 3.654 4214 6.282 10.09 1065 -1.566 —7.308
100 3.740 4.304 6.417 10.43 11.22  -1.088 —-6.872
0,0.5a, —0.5h) 4 2.028 1353 0.8212  0.8587 1.811 3.062 3.448
10 -0.3694 —0.9071 -0.9261 -0.1350 1.574 3.166 3.594
100 -1.039 -1536 -1413 -0.4017 1.514 3.185 3.622
0,0.5a, 0.4h7) 4 5.327 3.839 1.352 -1453 4341 -6302 —6.825
10 2.673 1.676  0.3216 1589 4249 -6.228 -6.751
100 1.946 1.081 0.0416 -1.622 -4229 -—-6213 -6.737
6,(0.5a, 0.5h) 4 -1713 —-1.169  0.3915 3.507 8.435 12.29 13.30
10 -3872 -3351 -1724 1.911 7.811 12.16 13.22
100 —4396 —-3878 —-2230 1.536 7.672 12.13 13.20

6,0.5a, —0.5h) 4 0.0323  0.0807 0.1698  0.4097 1.654 2171 0.9654
10 -0.0059 -0.1025 -0.3670 -0.3933 1.205 2.201 1.006

100 -0.0166 —0.1538 -0.5191 -0.6150 1.088 2.205 1.014

6,0.5a, 0.4h ) 4 -9455 -8613 -6318 -3.093 -0.6544 1330 -2.073
10 -9630 -8896 -6.664 -3.122 -0.4251 —-1.267 —2.044

100 -9669 -8967 -6.753 -3.125 -03691 1255 —2.038

0,0.5a, 0.5h) 4 —-4881 —4683 -4114 -2992 -1.253 0.0546 0.3847
10 -5586 —5400 -4819 3526 —1.455 0.0124 0.3579

100 -5759 -5575 4989 -3.652 -1.501 0.0025 0.3512

640.5a, 0.1h) 4 -0.3558 —-02710 -0.2577 -05538 1293 -2021 -—-2.231
10 0.4497 0.4577 0.2834 -0.2601 -1.258 -2102 —2.327

100 0.6775 0.6637 04318 -0.1843 -1.248 -2118 -2.346

7,0, 0.25h) 4 0.0 0.8778 1.737 2254 1.914 0.7469 0.0
10 0.0 09219 1.918 2.535 2.079 0.7635 0.0

100 0.0 09222 1.953 2.603 2.118 0.7669 0.0

7.(0, 0.25h) 4 0.7059 03151 0.0129 0.1122 0.6888 1.331 1.516
10 -0.2010 -0.4720 -0.5076 -0.1358 0.6739 1.416 1.615

100 -0.4626 —0.7001 -0.6526 —0.1983 0.6688 1.433 1.634

7,(0.5a, 0.4k ") 4 0.0 3.150 5.473 6.453 5.226 2.258 0.0
10 0.0 2.712 5.123 6.546 5.418 2.289 0.0

100 0.0 2.587 5.023 6.570 5.464 2.295 0.0

$(0.5a, 0.45h) 4 -0.2988 -0.2919 -0.2715 —-0.2424 -0.2294 -0.2690 —0.2883
10 -0.2591 -0.2559 -0.2450 -0.2261 -0.2212 -0.2709 —0.2943

R 100 -0.2514 -0.2490 -0.2401 -0.2232 -0.2199 -0.2715 -0.2958
D,0.5a, 0.45h) 4 8.280 8.250 8.166 7.991 7.694 7.432 7.358
10 8.441 8.411 8.317 8.103 7.742 7.444 7.365

100 8.478 8.448 8.351 8.129 7.752 7.447 7.366
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components. However, the thickness parameter has a less pronounced effect on G, 1, 7., D..
The value of electric potential induced in the elastic substrate, not included for brevity, is
found to be negligible. The comparison of CLT and FSDT solutions with the generalised
plane strain solution is presented in Fig. 2. In Figs. 2-4, the entities plotted are normalised

Table 3 Effect of S for hybrid plate under potential load of case 3

S o 15° 30° 45° 60° 75 90°
u (0, —0.5h) 4 1.354 1.504 2.105 3.356 5.311 6.825 7.123
10 1.568 1.700 2.285 3.595 5.644 7.164 7.452
100 1.621 1.750 2.331 3.645 5.710 7.231 7.517
w (0.54, 0) 4 1.997 2.216 2915 4221 6.081 7.418 7.675
10 1.702 1.883 2.527 3.890 5.942 7.376 7.640
100 1.640 1.814 2.444 3.818 5912 7.367 7.633

6 (0.5a, —0.5h) 4 -0.7509 —0.7529 -0.6903 -0.5659 -0.3851 -0.2510 -0.2248
10 -0.8695 -0.8854 -0.8260 -0.6694 —04293 -0.2646 —0.2352

100 ~0.8991 —-09193 -0.8627 —-0.6964 —04394 -0.2673 -0.2372

6,(0.54,04h7) 4 2121 1.961 1.630 1.207 0.7660 0.4985 0.4485
10 1.754 1.659 1.476 1.174 0.7656 0.4944 0.4446

100 1.672 1.590 1.442 1.169 0.7662 0.4936 0.4438

6 (0.5a, 0.5h) 4 ~-3.162 -3.048 -2710 -2.103 —-1273 -0.7004 -0.5919
10 -3363 -3269 —-2960 -2321 —1376 -0.7338 -0.6172

100 -3406 -—3316 3015 -2369 1397 -0.7402 -0.6220

6,0.5a, -0.5h) 4 -0.0120 —-0.0604 -02040 -04191 -0.5315 -0.2806 -0.0629
10 -0.0138 -0.0722 -02498 -05122 -0.6190 -0.3042 -0.0658

160 -0.0143 —-0.0752 -02623 -0.5369 -0.6398 -0.3091 -0.0664

6,054,0407) 4 0.0371 0.1540 04665  0.8512 0.9678 0.4922 0.1263
10 0.0285  0.1297 04296  0.8534 1.005 0.4995 0.1246

100 0.0267 0.1242 04216  0.8559 1.015 0.5011 0.1243

0 (0.5a, 0.5h) 4 -3.810 -3.769 -3.648 -3430 -3132 -2926 —-2.886
10 —-3.878 -3844 -3733 -3503 -3163 -2932 -2.890

100 -3.892 -3.860 -3.752 -3.520 -3.170 -2933 -2.891

6 (0.5a, 0.1h) 4 4.738 4.686 4.376 3.634 2.462 1.606 1.273
10 5.619 5.533 5113 4.155 2.693 1.693 1.512

100 5.828 5.735 5.286 4.272 2741 1.710 1.526

7,0, 0.25h) 4 0.0 1.284 2.397 2.878 2.095 0.5768 0.0
10 0.0 1.372 2.670 3.294 2.369 0.6245 0.0

100 0.0 1.385 2731 3.397 2.434 0.6346 0.0

T (0, 0.4h7) 4 -1024 -9904 -8922 -7169 -4776 —3.131 —2.820
10 -10.79 -1051 -9626 —-7788 -5075 -3237 -2904

100 -1091 -10.65 -9.782 —-7925 5138 -3258 -2920

T,(05a,04h7) 4 00 04409 07580 0.8451 0.5867 0.1637 0.0
10 0.0 03823 07091 0.8572 0.6153 0.1678 0.0

100 0.0 03688 0.6986  0.8621 0.6225 0.1687 0.0

¢ (0.5a, 0.45h) 4 0.5006  0.5007 05009  0.5014 0.5022 0.5027 0.5028
10 0.5007 05007 05010 0.5016 0.5024 0.5030 0.5031

100 0.5007 05008 05010 0.5016 0.5025 0.5031 0.5032

D ,(0.5a,0.45h) 4 —-1279 -1286 -1305 -1340 -1387 -—1419 1425
10 -1.269 -1274 -1292 -1328 -1381 -1417 1424

100 -1.267 -1272 -1289 1325 -1380 -1417 -—1.424
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with respect to their values for the plane strain solution of a plate with S=a/h=100, e.g., the
deflection w in these figures represents w/[w for §=100 using plane strain solution]. It is
observed from Fig. 2 that the values of o, obtained by FSDT and CLT solutions differ by less
than 10% from the plane strain solution even for thick plates with #/a=0.2. The deflection w
predicted by the 2D theories is in agreement with the plane strain solution for thin plate with
h/a=0.01, but differ as the plate becomes thicker. The FSDT solution for deflection is a
significant improvement over the CLT solution. The FSDT underestimates the deflection by
less than 5% for plates with A/a<1/10.

The response to thermal load of case 2, obtained using plane strain solution, is presented in
Table 2. It is observed that the ply-angle 8 has a significant effect on all the displacement and
stress components. The transverse shear stress 7, is maximum at or near the interface of the
piezoelectric layer with the substrate. The electric potential induced in the elastic substrate is
found to be negligible for the thermal load case also. The FSDT and CLT solutions are
compared with the plane strain solution for load case 2 in Fig. 3. It is observed that w and o,
predicted by the 2D theories are in good agreement with the plane strain solution for very thin
plates with #/a=1/100, but the error increases by large amount with increase in the thickness
parameter h/a of the plate. The FSDT solution is not a significant improvement over the CLT
solution for the thermal load case.

The response of the hybrid plates to electric potential load of case 3, using plane strain
solution, is presented in Table 3. It is observed that for the potential load case also, the ply-
angle 8 has a significant effect on the displacement and stress components. However, the
thickness parameter has the least effect on the displacements and the stresses as compared to
the mechanical and thermal load cases. The transverse shear stress 7, is maximum at the
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interface of the piezoelectric layer with the substrate. The CLT and the FSDT are assessed for
load case 3 in Fig. 4. It is observed that the FSDT does not provide improved results
compared to the CLT. Both the 2D solutions are in good agreement with the 3D solution, the
error being less than 5% even for plates with h/a <1/10.

The distributions of ¢ and D, across the thickness of the piezoelectric layer, obtained by
plane strain solution, are displayed in Fig. 5 for load cases 1 and 3. It is observed that the
variation of ¢ is almost quadratic and that of D, almost constant for the pressure load case.
Their variations for the thermal load case 2, not displayed for brevity, are similar. For the
potential load case 3, the variation of ¢ is almost linear and that of D, almost constant. These
variations can be adopted in 2D theories.

5. Conclusions

Analytical generalised plane strain solution is presented for cylindrical bending of simply
supported angle-ply laminated plate subjected to thermoelectromechanical load. Numerical
results are presented for hybrid plates made of a substrate of graphite-epoxy angle-ply
laminated composite with a PZT-5A layer bonded to its top surface and subjected to
sinusoidal loads. The displacements and the predominant stresses in the substrate are
significantly affected by the ply-angle and the span-to-thickness ratio. The interface between
the substrate and the piezoelectric layer is subjected to relatively higher shear stress for the
thermal and the electrical potential loads. This may cause debonding of the piezoelectric layer.
The CLT and the FSDT solutions are assessed. The FSDT solution is found to be an
improvement over the CLT solution for plates under pressure load, the error being less than
5% for h/a<1/10. The FSDT and the CLT solutions are good for plates under electrical load,
the error being less than 5% for plates with 4/a<1/10. The FSDT solution for plates under
thermal load is not an improvement over the CLT solution. Both these solutions are in close
agreement with the plane strain solution for plates with h/a=1/100 under thermal load, but
have large errors for plates with h/a=1/40. The variation of ¢ across the actuated piezoelectric
layer is almost linear and across the unactuated one is almost quadratic.
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