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Stiffness values and static analysis of
flat plate structures
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Abstract. Flat plate constructions are structural systems which are directly placed on columns without
any beams. Various solution methods have been introduced for the solution of flat plate structures under
horizontal and vertical loads. In most of these solution methods, models comprising of one column and
one plate have been studied. In other solutions, however, co-behavior of two reciprocal columns has been
investigated. In this study, interrelations of all the columns on one storey have been examined. At the end
of the study structure consisting of nine columns and four plates has been chosen as a model. Then unit
moment has been successively applied to each of these columns and unit moments carried over the other
columns have been found. By working out solutions for plates and columns varying in ratio, carry-over
factors have been found and these factors given in tables. In addition, fixed-end moment factors on the
columns arising due to vertical load were also calculated. Then citing slope-deflection equations to which
these results could be applied, some examples of moment and horizontal equilibrium equations have been
given.
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1. Introduction

Flat plate structure in which plates are places directly on columns without any beams can
generally be applied when a smooth ceiling is intended, and they are preferred because of the
large amount of time spent for formwork for the structures with beams (Timeshenko 1959).

For the solutions of flat plate structures under lateral and vertical loads various methods have
been applied and codes about that have been introduced. It was thought that it might be
appropriate in these solutions to analyze the structure by dividing into frames but it was
observed that the frame would not behave as it had been thought because of the fact that the
widths of the plates to replace the beams in these frames are larger than the widths of columns
(Frazer 1983, 1984). For this reason, some studies have been done in an attempt to determine a
width of frame that would show a real frame behavior, in other words, to determine the
effective width of plate (Khan 1964, Pecknold 1975, Vanderbild 1979).

In this study, however, attempt was made to investigate carry-over relationships between
columns depending on plate and column sizes in flat plate structures, and fixed-end moments
occuring due to the vertical loads (Kafrawy and Hartley 1984, Sharan, Clyde and Turcke 1978,
Elias and Georgiadis 1979). The solutions of the system are obtained by using a computer program
which is based on finite element method technique for plate bending problems (Unliioglu 1986).
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2. Assumptions and choosing a model based on

Fig. 1 illustrates a plan for a flat plate structure resting on corner, side and interior columns.
In this system our examinations were based upon four types of columns. In the plan presented
in Fig. 1, columns on the corners are nomenclatured as type A, those on the side perpendicular
to the lateral force direction as type B, the ones on the side parallel to the direction of force as
type C, and the ones inside as type D columns.

In this system, unit moment was applied to columns A, B, C and D successively and the
distribution of this moment to adjacent and nonadjacent columns was investigated. In solutions
realized by using computer programs, it was observed that significant amount of moment was
carried over to all the columns adjacent to the column on which unit moment was applied but
ignorable amount of moment was carried over to nonadjacent ones. Only 0.5-1% of the unit
moment is carried over to the nonadjacent columns. In this case, if it is accepted that unit
moment is not carried over to nonadjacent columns, system can be taken as a model comprising
of nine columns and four plates as given in Fig. 2. Making use of symmetry, it is also possible
to solve the model as a 1/4 system.

On the other hand, in solution for vertical load, vertical load was successively applied to each
plate in flat plate structure in Fig. 1 and fixed-end moments arising from this load has been
investigated. Between the fixed-end moments occuring in A, B, C and D type columns due to the
load applied to comer, side, and inner plates, a difference of 5% at most has occured. For simplicity,
vertical loading was applied only on the comer plates and fixed-end moments occuring on A, B, C
and D due to this loading were investigated. Solutions for this application were obtained by taking
1/4 of the structure in Fig. 1 symmetrically and loading the corner plate with vertical load.

Another assumption in these models is the discription of the columns in the structure.
Columns have been discribed by increasing the thickness of the elements in areas where the
columns are present. Since the rigidity of plates increase proportionally by cubic degree of thick-
ness, enough rigidity is obtained in the column area.
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Fig. 1 Plan of the flat plate system
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Fig. 2 Flat plate model which is applied to the solutions

3. Investigation with different sizes of plate and column

Making use of symmetry, solutions for both structure with unit moment application and for
the structure with vertical load application have been realized on a 1/4 structure. In these solu-
tions, /, length of plates was held constant while /, length was changed. This change was taken
as [,/1,=0.5-0.75-1.00-1.25-1.50 and for each /,/, ratio nine different solutions were obtained as
the combination 0.05-0.10-0.15 values of u//, and v/I, which are the ratios of column lengths
to the sides of plate in parallel direction to it. For each [,/ ratio, the ratio of column length to
plate lengths are shown on Table 1.

4. Unit moment application on columns and the evaluation of the moments

Making use of the moment carried over from a column on to which unit moment was
applied to another and let for free rotation, & moment carry-over factors were found as
follows.

If in a fixed-end beam with uniform cross section, as seen in Fig. 3, end moments occuring at
the ends 1 and 2 due to the rotation of end 1 as much as y; are taken as follows:

EJ
M12=4T‘V1 (1)

Table 1 Various ratios for column and plate lengths
1,/1=0.50-0.75-1.00-1.25-1.50

u/l, 005 005 005 010 010 010 015 015 0.15
v/, 005 010 015 005 010 015 005 010 015
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Fig. 3 Fixed-end moments of the beam

EJ
Mu=2=y, @

o carry-over factors of fixed-end beam shown in Fig. 3 are the factors of 4 and 2 in the
expression (1) and (2).

Solutions of the flat plate structures observed in the current study were done by using the
same beam analogy, and moment carry-over factors (¢t) were determined. This was done by
applying a unit moment to the axis of the column, and then the angle of rotation, the moments
carried to the columns around this column were established, finally carry-over factors of the
moment transfer to the adjacent columns were calculated.

Similar to the expression (1) and (2), carry-over factor can be given with the expression:

M-I

azE‘J«u/ ®)

as equivalent of [, plate length, and / beam span. Where J is the moment of inertia of the plate
with the width of /.

If unit moment (M,=1) is applied to column B in Fig. 4, moment as much as M,, M., and M,,
would occur in columns A, C and D, and a rotation of y would occur in column B. Here mak-
ing use of the expression (3), 0y, factor of column B can be calculated as follows:

Mg -1, 3 12-M,
L-h*  E-h-y L/l
"7
12
where A is the thickness of plate, Mj is the unit moment applied to column B, y; is the rotation
in column B due to unit moment, /, and /, are the dimensions of the flat plate in the direction of
x and y axes respectively, E is the modulus of elasticity of the material.
Similarly using moments of M,, M, and M, carry-over factors O, Opc and oy, can be
obtained as follows:
o = 12-M, _ 12-M, o = 12-M,
mEE oy b P TERw L TER w4/

“4)

O =

E

©)

Unit moments were applied to columns A, C, and D and using similarly the carry-over
moments passing to other columns, o carry-over moments were calculated (Unliioglu 1986). o
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carry-over factors for ratios of /,/1=0.50, 1.00, and 1.50 are given in Tables 2, 3, and 4.

5. Vertical load application on a plate and evaluation of fixed-end moments

In this system chosen for vertical loads, all the displacements were locked and vertical load-
ing was applied on the corner plate. Under this vertical load, fixed-end moments occuring in
columns A, B, C, and D were found as (MAX, MAy, MBX, MBy, MCx, Mcy, MD,,, MDy) Using these
values and considering distributed vertical plate loads for widths of /./2 for M, moments, and L/
2 for M moments, the following equations were written:

[ l

Rl 212
Mem 2| g2 (6)
x — T 5 s Yy~ A5
B: B
Table 2 « carry-over factors for ratio of /,//=0.50
L1 0.50
u/l, 0.05 0.10 0.15

v/, 0.05 0.10 0.15 0.05 0.10 0.15 0.05 0.10 0.15

Oy 2.35 2.70 3.03 3.17 3.61 4.03 4.06 4.61 5.16
Ol 5.04 5.46 5.87 6.86 7.42 7.95 8.78 9.53 10.23
Oce 4.29 4.98 5.64 5.55 6.40 7.21 6.92 7.97 8.98
Opp 944 1023 1099 1236 1334 1429 1538 1663 17.84
o=az —-068 -080 -094 -1.14 -134 -154 -170 -197 -226
=0y 0.59 0.70 0.81 0.85 0.98 1.11 1.33 1.30 1.46
Oup=0lpy 0.24 0.27 0.29 0.30 0.33 0.35 0.34 0.36 0.39
Otgc=0lcp 0.24 0.27 0.29 0.30 0.33 0.35 0.34 0.36 0.38
Opp=0ps  0.89 0.96 1.03 1.31 1.40 1.46 1.78 1.88 1.96
Ocp=0pc —104 -127 -150 -160 -193 -227 -225 -271 -3.18

Table 3 o carry-over factors for ratio of /,//=1.00

L/1, 1.00
ull, 0.05 0.10 0.15

v/l 005 010 015 005 010 015 005 010 015
s 134 161 188 170 202 232 208 245 281
Ot 264 292 318 337 369 399 411 449 485
Oce 255 310 363 313 377 439 377 453 525
Oon 517 569 617 636 697 754 763 834 901

=0y —-009 -012 -015 -014 -018 -022 -020 -025 -0.30
O c=0ca 0.43 0.55 0.67 0.60 0.76 0.91 0.81 1.00 1.18
O p=0ps 0.07 0.08 0.10 0.10 0.12 0.13 0.12 0.14 0.16
Oc=0lcp 0.07 0.08 0.10 0.10 0.12 0.13 0.12 0.14 0.16
Olgn=0pp 0.69 0.80 0.90 1.01 1.14 1.27 1.37 1.54 1.70
Xep=0pe —013 -017 -021 -017 -022 -028 -022 -028 -0.36
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Table 4 o carry-over factors for ratio of [,/1,=1.50

1,/1, 1.50

ull, 0.05 0.10 0.15

v/l 005 010 015 005 010 015 005 010 0.5
O 104 129 154 128 158 186 155 189 222
Otgs 1.94 218 241 241 269 296 291 323 355

e 201 252 302 244 301 358 287 357 423

Oipp 385 429 472 462 515 566 546 609  6.69
0=0p —002 -003 -004 -003 -004 -005 -005 -006 —-0.07
=0, 037 049 061 050 066 081 066 085  1.04
op=0p, 002 002 003 002 003 004 004 005 0.6
Ope=0s 002 002 003 002 003 004 004 005 0.6
Opp=0p; 059 070 081 08 09 110 110 128 145
Op=0pc —0.02 -003 -004 -003 -004 -005 -003 -005 -0.07

Fig. 4 Applied unit moment and its distribution to the other columns

where ¢ is the distributed vertical load effecting the plate. Also by including [ /1, ratios into the
expressions (6), the following fixed-end expressions of moment were found:

gk e _ gl
M=L> M=% (7)
B. B

where 3, and f3, are factors belonging to M, M fixed-end moments. These factors were given
for values of [,/1,=0.50, 1.00, and 1.50 in the Tables 5, 6, and 7. So M, and M moments to
occur in columns A, B, C, and D because of the vertical loading on a plate are found

6. Solution of flat plate structures by using « and g factors

By using o moment carry-over factors and f3 fixed-end moment factors obtained in this study
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Table 5 B fixed-end moment factors for ratio of [ //=0.50

L/l 0.50

ull, 0.05 0.10 0.15

v/l 0.05 0.10 0.15 0.05 0.10 0.15 0.05 0.10 0.15
B 16.4 153 14.6 14.4 13.5 12.9 13.1 12.4 11.9
By 60.4 552 511 54.7 50.6 47.4 51.6 48.1 45.4
- 229 21.7 20.5 18.8 17.9 17.1 16.3 15.6 15.0
Bs, 50.2 49.8 49.4 47.0 46.9 47.0 45.6 45.9 46.2
Be. 14.7 13.9 134 14.9 14.0 13.5 14.9 14.1 13.6
B 59.4 54.3 50.4 54.6 50.4 47.1 51.0 47.5 44.7
Bo. 214 20.4 195 20.5 19.5 18.7 19.5 18.6 17.8
Boy 48.1 479 47.8 46.3 46.2 46.3 44.8 45.0 45.2

Table 6 B fixed-end moment factors for ratio of /,/1=1.00

L1 1.00

ull, 0.05 0.10 0.15

v/l 0.05 0.10 0.15 0.05 0.10 0.15 0.05 0.10 0.15
Bu 322 29.0 27.2 28.6 26.2 24.8 26.1 24.2 23.0
By 322 28.6 26.1 29.0 26.2 242 272 24.8 23.0
Bax 33.9 313 29.3 29.8 27.8 26.3 26.9 25.3 24.0
gy 29.5 29.3 29.0 26.9 26.9 26.7 254 255 25.5
o 29.5 26.9 254 29.3 26.9 25.5 29.0 26.7 255
Bey 33.9 29.8 26.9 31.3 278 253 29.3 26.3 24.0
o 31.2 29.1 27.5 30.4 28.6 27.1 29.7 28.0 26.7
Bo, 312 304 29.7 29.1 28.6 28.0 27.5 271 26.7

Table 7 B fixed-end moment factors for ratio of [,//,=1.50

L/ 1.00

ull, 0.05 0.10 0.15

v/l 0.05 0.10 0.15 0.05 0.10 0.15 0.05 0.10 0.15
B 46.2 41.6 39.1 41.8 38.1 36.2 384 355 33.9
By, 222 19.5 17.7 20.3 18.0 16.5 19.2 17.1 15.8
Bax 46.0 42.3 395 41.5 38.6 36.4 38.1 357 33.9
Bey 20.1 20.1 20.0 18.6 18.7 18.7 17.7 17.8 17.7
- 40.8 374 359 40.4 375 36.1 40.0 374 36.2
Bey 26.7 22.6 199 24.9 21.3 18.9 234 20.2 18.0
Box 39.8 37.6 36.0 394 375 36.1 39.0 373 36.0
Bo, 25.0 24.0 23.0 234 22.6 21.8 221 214 20.7

433

for equations of slope-deflection, solutions for flat plate structures under lateral and vertical load

can be obtained (Kennedy and Madugule 1990).

As in frame structures, using moments in joints whi~"i are the junction points of column and
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Fig. 5 Flat plate system

plate in flat plate structures, on the other hand, making use of lateral equilibrium equation, o
moment carry-over factor and f fixed-end moment factor can be used. These equations were
explained on an example.

For this, a structure given as an example shown in Fig. 5, we tried to explain how moment
and lateral equilibrium equations are used. Because of the symmetry and antimetry in the system,
except for lateral displacement, 4 unknown (rotation of joints) instead of 16 unknown (rotation
of joints) can be taken. Rotation angles of 1st floor vy, y,, v, and y,, where the second
subscript shows the number of floors, while the first subscript shows the number of joints of
floor i (Fig. 5a and b).

As an example, we can take the equation of the moment equilibrium at joints where column
A and plate on floor i meet. The notation to be used in equations are given below:

h; : slab thickness of floor i

H; : heigth of floor i

[, 1, : side lengths parallel and perpendicular to the lateral force of the plate i

xs by

u, v, . column size of floor i
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0, : relative displacement of floor i

J; : inertia moment of the plate on floor i

Jci ¢ inertia moment of the column on floor i

q : uniformly distributed vertical load per unit area of plate
From this, the following equations can be written:

I -h’

Ji= Y12: (8)
V- ul.3

Jci = 12 (9)

In equation to be written signs of moment, joint rotation, axial rotation angles and shear
forces are accepted as clockwise positive.

If moment equilibrium equation at the point column A on floor i meets the plate:
moments of plate:

E 'J,' E ‘J,’ E 'Ji E 'Ji
79 7 Vi + Oca ] Yo + Oy Y, + Oy Yy (10)
moments of column (due to the angles of rotation):
4.-F-J, 4.FE -Jg, 2:E-J, 2-E-J,
H Vi H.. k Y, + T Viiat —“Fm_ﬂ‘ Yrin (11)
moments of column (due to the relative displacements &):
6-FE-J, 6-FE-J,,
- G G (12)
H, H,
fixed-end moments due to vertical loads:
EY: q- lx3
M= (13)
XM=

expressions of (10), (11), (12), and (13) are added and corrections made, the following equation
can be written:

E| o +4| G+ G0 + 2 ( +o +o )+
L AA H, H., Y, L Oca - Yo B4 " Y, pa - Wa,
Jci Jci+1 Jci JCH-I —4
PR g Yt g, Ve | E S0 s G P M0 (14)

i i+1

Equation of lateral equilibrium on floor i
shear forces due to the rotations at the end of the columns on floor i:

E 'Jci
(WiiaH W W+ Y W s, W+ ) (15)

H?

-6
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Shear forces due to & displacements of the columns on floor i is:

E 'Jci
H’

4112

5 (16)

Thus, lateral equilibrium equations of the floor i for 1/4 of the structure can be written as:

E ‘Jci E 'Jci Qioor
(Wit W Wt W s s Yty ) +4 | 12— = Z

.2 H3

i i

6 5

17)

where Q,’;,,,,, is the total of all lateral forces on the floor i.

All moment and lateral equilibrium equations can be formed similarly. From the solution of
these equations all the displacements can be obtained and the moments of the plates and
columns on joints can be found.

When the moment equilibrium equations are formed, the symmetricity of the system can be
used by giving attention to the following points.

If the axis of symmetry is passing through the middle of the plate, the equilibrium equation of
the moment can be written as it is in Eq. (14). If the axis of symmetry is passing through the
axes of columns, the equation can be formed by taking half values of inertia moments of the
columns and plates in the 1/2 structure. In this case, double values of the results of the columns
should be taken into consideration as the end moment.

7. Conclusions

From the solutions realized in this study, slab stiffness were determined and from the
moments carried over to the other columns due to the unit moment applied column o carry-over
factors were obtained. In addition, from vertical loads accumulating on column areas f3 fixed-
end moment factors were determined.

In most of the previous studies, the plates determining the effective width were accepted as a
beam. As it is known, when one end of a beam element is let free a moment is applied to this
end only half of the moment is carried over to the other end. Whereas, it can be seen from the o
carry-over factors obtained from the current study, when the rotation of a column is let free and
unit moment is applied to this point, half of the moment is not carried over to the other columns
through the plate. Since the applied unit moment is distributed to the other columns through the
plate on the sides and across it, the moment carried to the opposing column is more less than
half of the applied moment. For this reason it is not convenient to accept the plate as a beam
(Saether 1994).

o moment carry-over factors, especially when [ /[, ratios are small, are more important for
lateral and cross translations.
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