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Abstract. Nanobeams are widely used as a structural element for nanodevices and nanomachines. The
development of nano-sized machines depends on proper understanding of mechanical behavior of these
nano-sized beam elements. Small length scales such as lattice spacing between atoms, surface properties,
grain size etc. are need to be considered when applying any classical continuum model. In this study,
Eringen’s nonlocal elasticity theory is incorporated into classical beam model considering the effects of axial
extension and the shear deformation to capture unique static behavior of the nanobeams under continuum
mechanics theory. The governing differential equations are obtained for curved beams and solved exactly by
using the initial value method. Circular uniform beam with concentrated loads are considered. The
displacements, slopes and the stress resultants are obtained analytically. A detailed parametric study is
conducted to examine the effect of the nonlocal parameter, mechanical loadings, opening angle, boundary
conditions, and slenderness ratio on the static behavior of the nanobeam.

Keywords: curved nanobeams; nonlocal elasticity; in-plane statics; exact solution; initial value method

1. Introduction

Nano-sized beam structures have great potential applications in many different fields such as
nanoscale actuation, sensing, and detection due to their remarkable mechanical, electronic and
chemical properties. High stiffness and strength, low density and good conductivity have made
nanobeams the foundation building element for nano electro-mechanical devices, ultrasensitive
sensors, semiconductor nanowires, atomic force microscopy etc. (Kong et al. 2000, Li and Chou
2003, Craighead 2000, Roukes 2001, Ekinci 2005). As a particular example, with small size and
large surface, carbon nanotubes stand out with their persistency in harsh chemical environment
(Zhao et al. 2002) and can respond to the external mechanical deformation rapidly with high
sensitivity. Scale of these materials makes experimental studies very challenging. Though, a
common result from the experimental studies in some metals and polymers is the size dependence
of mechanical properties and material deformation behavior in micro and nano-scale. The Young’s
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modulus was found to be extremely high in several experimental studies (Treacy et al. 1996,
McFarland and Colton 2005). Since the properties of nano materials are distinctly different from
those of the bulk material, they offer great potential applications and superior performance. In
view of this, it is of great significance to gain a full understanding of the static properties of
nanobeams.

In pursuit of understanding the mechanical behavior of nano-sized materials, molecular
dynamics (MD) simulations enable comparable investigations of dynamics of nano-materials to
experiments, and further bring out detailed information on interatomic interactions of nano-
materials and molecular complexes, which is essential for developing advanced experiments
(Arash et al. 2011). Besides the experiments and MD simulations, continuum mechanics approach
has also been considered for modeling nanobeams. Continuum models presented in literature are
generally based on classical (or local), and nonlocal continuum theories. In the classical continuum
models, stress state at a given point is determined by the strain state at the same point. They are
less computationally expensive, however, inherent restriction of classical continuum models, i.e.,
elimination of structural discontinuity at the atomic scale, reliability of the results of classical
models for the mechanical behavior of micro and nano structures is questioned. In order to resolve
the limitation, several useful theories and applications of the nonlocal continuum mechanics,
which allows the small scale effects to be included in analysis of nano materials have been
implemented in the studies. Couple stress theory, is a size-dependent continuum mechanics model
for the analysis of nanostructures which uses virtual work and kinematical assumptions to explain
the skew-symmetric nature of the couple-stress tensor and shows that mean curvature is in fact the
correct energy conjugate measure of deformation (Hadjesfandiari and Dargush 2011). This theory
is applied for the static bending and free vibration problems of a simply supported curved beam
(Liu and Reddy 2011) and it is concluded that the predicted trends confirm the size effect at the
micron scale observed in the experiments. Berrabah et al. (2013) proposed a unified nonlocal shear
deformation theory to study the bending, buckling and free vibration of nanobeams. Both small
scale effect and transverse shear deformation effects of nanobeams were considered in the model
and Hamilton’s principle was used for obtaining equations of motion and analytical solutions were
presented for the deflection, buckling load, and natural frequency of a simply supported
nanobeam. Recently, another size-dependent continuum approach, strain gradient theory became
very popular and different microbeam and microplate models are developed based on this theory.
Akgoz and Civalek (2013) investigated the buckling problem of linearly tapered micro-columns by
using a modified strain gradient elasticity theory. Bernoulli-Euler beam theory was used to model
the micro column and Rayleigh-Ritz method was utilized to obtain the solution. Li (2013) studied
the transverse vibrations of axially traveling nanobeams including strain gradient and thermal
effects and used the variational principle to obtain the differential equation of motion. Effects of
nanoscale parameter, temperature change, shape parameter and axial traction on the natural
frequencies were discussed through the examples.

Among the size-dependent continuum mechanics models for the analysis of nanostructures, the
most popular approach is Eringen’s integral theory or nonlocal elasticity theory (Eringen, 1983).
This theory states that the stress at a given reference point of a body is a function of the strain field
at every point in the body; hence, the theory takes the long range forces between atoms and the
scale effect into account in the formulation. Application of nonlocal elasticity for the formulation
of nonlocal version of the Euler-Bernoulli beam model is initially proposed by Peddieson et al.
(2003). Since then, the nonlocal theory, including nano-beam, plate and shell models were
successfully developed using nonlocal continuum mechanics and many researchers reported on
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bending, vibration, buckling and wave propagation of nonlocal nanostructures (Wang 2005, Wang
and Shindo 2006, Polizzotto et al. 2006). Reddy (2007) improved existing classical Euler-
Bernoulli, Timoshenko, Levinson and Reddy beam theories by implementing nonlocal differential
constitutive equations. Pradhan and Sarkar (2009) studied the bending, buckling and vibration of
tapered functionally graded beams by using Eringen’s non-local elasticity theory. Both Euler-
Bernoulli and Timoshenko beam theories were considered and Rayleigh-Ritz method was used for
the solution. Paola (2013) investigated the dynamics of a nonlocal Timoshenko beam by modeling
nonlocal effects as long-range volume forces and moments mutually exerted by nonadjacent beam
segments. In this manner, various sources of nonlocal effects were addressed and pertinent
applications were discussed. Behera and Chakraverty (2014) studied the free vibration of
nonhomogeneous nanobeams based on nonlocal theory using boundary characteristic orthogonal
polynomial functions in the Rayleigh—Ritz method. A finite element method was presented for a
nonlocal Timoshenko beam model by Alotta et al. (2014). For most common attenuation functions
of nonlocal effects, exact closed-form solutions found for every element of the nonlocal stiffness
matrix. Numerical applications were presented for a variety of nonlocal parameters, including a
comparison with experimental data. Zemri et al. (2015) presented a nonlocal shear deformation
beam theory for bending, buckling, and vibration of functionally graded (FG) nanobeams by using
Eringen’s nonlocal constitutive relations. Higher-order variation of transverse shear strain through
the depth of the nanobeam was considered, therefore, shear correction factor was not required.
Zhang et al. (2015) proposed a microstructured beam-grid model for the vibration of initially
stressed rectangular plates with simply supported edges. Based on the model, exact small length-
scale coefficients were determined for the vibration problem of the initially stressed plate.
Taghizadeh et al. (2015) presented a 2-D finite element formulation by using the nonlocal integral
elasticity. The bending problem of a nanobeam was solved based on classical beam theory and
also 3-D elasticity theory using nonlocal finite elements. Comparison of the results with the
relevant literature demonstrate that the scale effect on mechanical responses of nanostructures can
be predicted successfully by the nonlocal elasticity theory. In another important study, a new
analytical approach considering the effective nonlocal shear stress field is proposed by Li (2014).
In the model, nano-structural stiffness of cylindrical nanostructures is enhanced with stronger
nonlocal effects. On the contrary, some studies show that increasing nonlocal effect increases the
deformation. Therefore, two kinds of nonlocal models are present: The nonlocal strengthening
model and the nonlocal softening model. The difference is caused by different surface effects such
as the long range attractive and repulsive interactions between atoms on the surface. Both models
are proved to be valid by the work of Li et al. (20153, b).

Most of these studies focused on straight beam formulation, however, it is known that these
structures might not be perfectly straight (Joshi et al. 2010). As an example, carbon nanotubes are
long and bent, the bending being observed in isolated carbon nanotubes between electrodes or
composite systems made from carbon nanotubes (Guo et al. 2000). The curvature may be
originated from buckling of axially loaded straight nanotubes or it is a result of fabrication and
waviness affects the material stiffness. Although carbon nanotubes are usually not straight and
have some waviness along its length, few investigations are known to be concerned with the
vibration of these nanostructures. Fisher et al. (2003) and Bradshaw et al. (2003) used
micromechanical methods for modelling and combined with finite element results. The study
revealed the importance of the curvature of a nanotube, because compared to the straight
nanotubes, the effective reinforcement is significantly reduced. As another example, classical
Euler-Bernoulli theory is applied by Mayoof and his co-worker Hawwa (2009) for the
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investigation of nonlinear vibration of a single-walled carbon nanotube with waviness along its
axis. The carbon nanotube was modeled as a harmonically excited beam under a transverse force.
Dynamic response was investigated in the context of the bifurcation and chaos theory.

In the study, in-plane static behavior of a planar curved nanobeam is investigated. Exact
analytical solution of in-plane static problems of a circular nanobeam with uniform cross-section is
presented. It is known that the size elimination of the nano scale effect may cause a significant
deviation in the results. This study aims to overcome the problem by using Eringen’s nonlocal
theory. Initially, the governing differential equations of static behavior of a curved nanobeam are
given by using the nonlocal constitutive equations of Eringen. The expressions for components of
Laplacian of the symmetrical second order tensor in cylindrical coordinates given by Povstenko
(1995) are implemented in Eringen’s nonlocal equations in order to obtain the governing equations
of a curved beam in Frenet frame. Based on the initial value method, the exact solution of the
differential equations is obtained. The displacements, rotation angle about the binormal axis and
the stress resultants are obtained analytically. The axial extension and shear deformation effects
are considered in the analysis. A parametric study is also performed to point out the effects of the
geometric parameters such as slenderness ratio, opening angle, loading and boundary conditions.
To the authors’ best knowledge, almost all of the studies on the nonlocal beam theory has been
discussed in the context of straight nanobeams. There is very limited number of papers on the
curved nanobeams and most of them neglect the effects of axial extension and shear deformation.
They use numerical and approximate solution methods and consider only the nonlocal effect of
bending moment. However, the results confirm a particular conclusion that bending deformation
of the nano-cantilever beam subjected to a concentrated force reveals no nonlocal effect (Li et al.
2015b). The present work will be helpful in the analysis and design of circular nanobeams with
various combinations of loadings, boundary conditions and material properties.

2. Analysis

Integral and gradient type nonlocal theories which include the characteristic length are used to
solve the problems of micro and nano beams. The characteristic length depends on lattice
parameter, granular size or molecular diameters. When the size of the beam is much larger than the
characteristic length, the results of the nonlocal theories converge to those of the local theory.
Nonlocal elasticity theories were proposed by several authors (Eringen 1983, Peddieson et al.
2003). According to Eringen’s nonlocal model, the stress values at a generic point are related to a
weighted integral of strains over a certain domain. In isotropic media, it is assumed that a unique
kernel weights all entries of stiffness tensor equally (Eringen 1983), and the equation is given as

o () = [ alx,x) oly(x') d M

where a{}l and a}j are nonlocal and local stress tensors, respectively, x and x’ are position vectors

for two material points in domain Q and « is a scalar kernel function. The integral constitutive
equations of nonlocal elasticity can be simplified to an equivalent partial differential equation by
making certain assumptions (Eringen 1983)

(1 _ ]/ZVZ)O'nl — o.l (2)

where V? is the Laplacian operator, 6™ and o' are the nonlocal and local stress tensors,
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respectively, and y = eya is the nonlocal parameter that describes the effect of small scale on the
mechanical behavior. The parameter e, is a constant which has to be determined for each material
independently and a is an internal characteristics length. Eringen (1983) estimated the parameter
ep as 0.39. Several authors reported that the value of eya varies between 0 to 2 nm for analyzing
carbon nanotubes (Sudak 2003, Wang and Hu 2005).

In cylindrical coordinates (r, 8, z), Eg. (2) can be rewritten as follows

oy —y*(V?e™), = op @)
agg —v*(V2e™),s = a9 @)

org — v (V2e™), 5 = org 5)
ot —y2(Ve™) = o, ©)
ag; —v*(V2e™),, = oo, Y
op —v*(Ve™), =0, 8)

The expressions for components of Laplacian of the symmetrical second order tensor are given
by Povstenko (1995). Using these equations, the Laplacian of the nonlocal stress tensor o™ in
cylindrical coordinates are obtained as follows

4 a2
(v2e™),, = Vioi — 355 ~ 72 (o — o) ©
4 9o 2
(VZ nl)gg =V gé +—= r2 90 r_z(o-r gé (10)
4
(Vzo-nl)rg = VZO-T ) ;161 +—= TZ 00 (GTT - (11)
1 2 doll
(Vzanl) = V2glY — r—arnzl = agz 12)
1 2 dol¥
(V2e™),, = V?ag, — —agzl + agz (13)
(Ve™), = V2ol (14)

where

0%f 190f 109%f 9%f
2f — J 15
v'f 6r2+r6r+r266’2+622 (15)
The Frenet coordinate system is used in the formulation of problems of curved beams. The
cylindrical and Frenet coordinate systems are given in Fig. 1. The stresses on a point A in the

cross-section of the curved beam in Fig. 1 are given in the cylindrical coordinate system as ggg,
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Fig. 1 The Frenet and cylindrical coordinates of a curved beam

o, and gg,. The normal stresses in radial direction o, and in z direction o,, and also shear stress
o,, are assumed as zero. For in-plane problems of planar curved beams, the normal stress in 8
direction opg and the shear stress o, and their resultants E*, F* and M} are considered in the
formulation. The relations between the stresses in Frenet and cylindrical coordinates are as follows

Op=—04=0; 0,=0,,=0; 0r=099 %0 (16)

Ont = —0Org *+0 X Op = Ogy *+0 X Onp = —0ypz = 0 (17)

R () is the curvature of the centroid of the cross-section (point C), and 7 is the coordinate of an
arbitrary point A shown in Fig. 1. Since a uniform circular beam is considered in this study, the
radius of the beam is constant, i.e., R(6) = R, and the coordinate r is described as

r=R4+7 Jor = or (18)

It is assumed that /R <« 1 (beam assumption).

EM(8), FM () and M () are the stress resultants of the cross-section at the coordinate 8 and
depend on only the coordinate 6. Thus, their derivatives with respect to the coordinate 8 are non-
zero and derivatives with respect to the coordinates # and z are zero.

The equilibrium equations (without body forces) in cylindrical coordinates are known as

ooy  oft—ofy  130fy oof (19)
nl nl nl ni
aare Zdrg 160'99 60'92 =0 (20)

or T r 00 0z
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dot o} 100} Aol
ar T r 46 0z
The equilibrium equations can be rewritten in the following form by using the Egs. (16)-(17)

=0 (21)

1 1007
! _ (22)
%60 +r a0 =0
aa;;} 1. 160515 aagzl
- - 9% _ (23)
or T ret a0 T oz
19055 _ 24)
r 00

Eq. (3) is arranged by substituting Eq. (9) and Eq. (15) for ¢/% in the following form

ol — 2 0%ory laarnrl iazarnrl 9%ory _iaare_i ol — g | = gl (25)
Y 01?2 r or r2 062 0z2 r rr 06 "

by using the beam assumptions, i.e. Egs. (16-17)

490 2
~72 98 T72%6 =0 (29)

is obtained.
Substituting Eq. (10) and Eqg. (15) fora into Eq. (4) yields

%26 1dc} 1 02%20} 9% 4 9o 2
o yﬂ( 0o 10009 | 107009 %>+—-rﬁw—oﬁ— %ﬂ:a& (27)

%06 ~ o2 ' r or 12 002 ' 9z2 ) 12 99 " 12

By using Eqgs. (16)-(17), previous relation simplifies to

926 10} 1 0%0% %0} 4 o™ 2
nl 60 60 66 66 76 nl l
- — —— — = 28
%0~V [( or: r or r? 002 0z2 ) rz2 00 r? 099] oz (28)
Substituting Eg. (26) into Eq. (28), the following is obtained
920 100 1 0%} 92%c}
nl 69 , 100gg 1 0"0gg 06 \| — 1 29
%60 = [( o7z "7 or 12 002 | 07 )] 700 @9
Eq. (5) can be arranged by substituting Eq. (11) and Eq. (15) for ¢4 as follows
0%a 1do 10%7% 9% 4 2
1 Org 0 Orp ré _
or0 V" [( o7z "7 or 1% 002 622> 0%+ 7 Zae _"99)] o (0
By using Egs. (16)-(17)
02 nl 1ao_nl 1 62 nl azo.nl 4 2 ao_nl
1 Org ro Orp re 1 60| _ 1
o0 ~¥ [( o7z "7 or 72 992 | oz >—r—zap9 T 72 99 ]‘“f" (31)

is obtained.
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The relation between the local and nonlocal stress resultants F} and F/* can be obtained by
integrating Eq. (29) over the cross-section.

agé 190yt 1 0%}, 0%a -U .
— — - %0 = 2
ﬂ l%e or? +r or +r2 062 * 0z2 aa A[Gee]dA (32)
Substituting Eqg. (18) into this equation yields
aggl 1 o)} 1 0% 9% _f :
ff [099 a7z "R+7 or +(R+f)2 302 T a2 )||%4= A[Uf’@]dA (33)

The following is obtained by assuming #/R <« 1 (beam assumption).

J[ togiaa -y v [ Sott aa
-y ff 699 dA = ff [Ugg]dA

By using Leibniz integral rule (Abramowitz and Stegun 1972), Eq. (34) can be expressed as

1 92
ﬂffeedA Y2 8 Zﬂaeedfl y? Ra ﬂ%e Rzaezﬂ%e

f j ophdA = F* f f 0pgdA = F} (36)
A A

By substituting Eg. (36) into the Eq. (35)

_9 A—y—

(34)

(35)

where

2 l l 2 a2 l 2 l
gt _ 2 P LORN pRORRE L ORRE (37)
t TV 9 TV R o TRz o072 ¥ oz Tt

is obtained. Eq. (37) can be arranged by remembering the only non-zero derivatives are with
respect to 6 and other derivatives are zero
2 g2nl
YOR (38)
R% 062 t
Similarly; integrating Eq. (31) over the beam cross-section gives the relation between the local
and nonlocal stress resultants ! and £

azo_nl 160_111 62 nl azo_nl 4 2 ao_nl
ﬂ larnel_yz[( ro 1 r9+ re r6>__o_nl 69 || 44
A

nl
Ft -

or2 r oF 12 062 072 r2 1m0 12 59

A

(39)
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Eqg. (23) can be rewritten in the following form
dotg N dag, — _ 2075 _ 100515 (40)
ar 0z T r 00
Substituting Eq. (40) into Eq. (39) yields

0%0); 100y ~10%a); 0%0);\ 200}y 200y,
f] lo_:lgl_yz rB_l__ rB_I_ r9+ r9>+_ r6+_ 92] dA

or? r 0r 1?2 0602 0z2 r or r 0z

= ff 0'7{9 dA
A

Substituting Eq. (18) into this equation and assuming 7/R <« 1 (beam assumption) gives the
following equation

[[oeban-r ] Tt —ff ]
-y ff dA — -y —ff tL’)ZdA .U-arlgdA
A
By using Leibniz integral rule and the definitions

f f ydA = —Fn f L olgdA = —F! f f A = (43)

One can obtain the following expression by remembering the only non-zero derivatives are
with respect to 8 and others are zero

(41)

(42)

Rt =g = (44)

Multiplying both sides of Eq. (29) with coordinate 7 and integrating the resulting expression
over the beam cross-section yields the relation between the local and nonlocal stress resultants M}

and MJ*

Oeé 160963 1 620661, 62066 — ﬂ I =
o | + = + 7dA = || ogeTdA 45
ff{ 00 [( or? r or r? 002 072 "N (45)

Using integration by parts as given in the following equation

0
| 351rong2aa = [ {(Zyre29G0 - r Lo allaa e

and also using Leibniz integral rule, Eq. (45) can be arranged in the following form

02
ffagéfd/l—yzﬁff[aggr]dfl+2y —ff dA—?a ff[ L7]dA
4 2 4 V2 62 l 47)
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Fig. 2 Circular beam with nonsymmetrical boundary and loading conditions

where

f f opsTdA = MM f f opeTdA = M} f f OpgdA = F} (48)
A A A

By substituting Eq. (48) into the Eq. (47) and remembering the only non-zero derivatives are
with respect to 8 and others are zero, the following expression is obtained
2 2 pynl 2
1 Y ) Mb 14 1 _ 1
b —pz gz TRt =M (49)
In local elasticity theory, the governing equations of in-plane static behavior of a circular
uniform beam under concentrated loads (Fig. 2), considering the effects of axial extension and
shear deformation, are very well-known as (Tufekci and Arpaci 2006)

dw(0) _ R

—p - = u@®+ ﬂF,} ) (50)
du(9) kn R Fa(6)
0 -w(0) + —GA + RQ,(8) (51)
d,(®) R

TR E—IbMé(H) (52)
dMy(6) _ 53
= = —REL(®) (53)
dF}(6) _ Fl0) (54)

do
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dFEL(6)
deo

where u and w are the normal and tangential displacements, Q,, is the rotation angle about the
binormal axis, 6 is the angular coordinate; R is the radius of curvature of the beam; A is the cross-
sectional area; I, is the area moment of inertia of the cross-section with respect to the binormal
axis; k, is the factor of shear distribution along the normal axis; F! and F} are normal and
tangential components of internal force, respectively; M} is the internal moment about the
binormal axis; E and G are respectively Young’s and shear moduli. In this study, a circular beam
with uniform doubly symmetric cross-section is considered.

The equilibrium Eqgs. (53)-(55) are also valid in nonlocal elasticity and differentiated with
respect to the angular coordinate 6, and they are substituted into Egs. (38), (44) and (49). Then, the
obtained equations are substituted into the Egs. (50)-(52) and the governing differential equations
of nonlocal beams can be rewritten in the following form

= —F{(6) (%)

dw(8) R Y3\
du(6) k, R Y2\
0 - —w(6) + RQ,(0) + A <1 + Rz E(6) (57)
dQ,(©®) R
TR TR A (58)
dmy'6) .
S 59
T RE™M(8) (59)
arfte) .
= 60
7 E™M(8) (60)
dF (6) -
Nk L A 61
T F(6) (61)
Equations can also be stated in the matrix form as
dy(6)
T 62
75 = A®)y(©) (62)

where y(0) is the vector of variables, namely, w, u, Q, M,’}l, Ft”l, Fn”l, A(6) is the 6x6 coefficient
matrix. The solution of the Eq. (62) can be expressed as

y(6) =Y(6,00)y, (63)

where Y(60,8,) is the fundamental matrix; y, = y(6,) is the vector of initial values at the
coordinate 6, (in this study 8, = 0).
The solution of this equation can be written in the following form
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(WO vy v, v Yy Y Y[ WO
U@ | Yy Yy Yoz Vi Yos Yael| MO
(0) _ Y51 Y2 Yaz Yau Va5 Y3 nl (64)
Ml?l(e) Ve Yap Yaz Vi Yis Vi Mpo

FY(6) Ys1 Ys2 Yoz Yeu Yos Ys|FLD
LE"(6) ] Yo1 Yoo Yoz Yeau Yos YeellF]

The fundamental matrix satisfies the following requirements
dy(e,6,)
—:AHYB!B ) YB,Q :I
o (0)Y(6, 6) (80, 60) )
Y(61,6,)Y(62,05) =Y(61,63), Y(61,6,) =Y 1(6,,6,)
where 1 is the unit matrix.

The exact analytical solution of the differential equations and the fundamental matrix of a
circular uniform nanobeam can be obtained easily in the following form

Y1, = cos @ (66)

le = sin 6 (67)

Y13 = R(1 —cos0) (68)
R?(0 — sin 0)

- / 69

Yo = —pr (69)

R3 ( 3sin 6 Hcose)

R y?
Yis = — > + > + (BcosB +sinB)|(1+—=

El, 2EA RZ 0
k,R y?
_n- —si 14 =
+ZGA(HCOSH 51n9)< +R2>
R3 fsinf\ ROsinh v?\ k,ROsin6 y?
Yie = ——(1—cosf — L PSR 71
16 EI,,( €08 2 ) 2EA < R2> T TRz (71)
Y21 = - Sin9 (72)
Y5, =cosf (73)
Y23 == RO Sln 9 (74)
2R%Z;  6\?
Y24_ = E—Ib(Sln E) (75)
R3 fsinf\ ROsinb y?\ k,ROsin6 y?
Y. =—(1— 6 — )— L I 76
ST G 2 2EA < * R2> 2GA ( * R2> (76)
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R3 _ R _ v
Yo6 ===—(6cosB —sinB) + —— (6 cosf —sinf) |1+ —

2E1, 2EA R?
+ knR (BcosB +sinf) |1+ V—Z 70
2GA R?

Y33 = 1 (78)
g = 79

RZ
Y35 = E_Ib (9 —sin 9) (80)

2R? 6\?

=——_—_(sin—= 81
Y36 =~ 51, (Sm 2) (81)
Y4_4 = 1 (82)
Yis = R(1 —cos @) (83)
Y46 == _R Sin 9 (84)
Ys5 = cos 6 (85)
Y5 = sinf (86)
Y¢5 = —sin@ (87)
Y6 = cos @ (88)

All other terms of the fundamental matrix are zero. The inverse of the fundamental matrix can
also be obtained analytically and it is not given here for the brevity.

If the initial values wq, ug, Qpuo, MM, Fii, FM . are known, the solution are obtained
analytically. The initial values are solved from a system of linear equations obtained from
boundary conditions.

The classical boundary conditions are known as:

1-Hinged End:  w, =0, u,=0, M} =0.

2-Clamped End: wy =0, u,; =0, Qp,=0.

3- Free End: MM =0, FY=0, FM =o0.

In this study, as a general case, a beam with point loads at the coordinate (6 = 8y) is
considered (Fig. 2). The beam has two regions and the solutions for both regions are

y1(61) = Y(64,60)y10 for —04 <0, <0k (89)
y2(62) = Y(6,,0x)y2k for Ok <0, <06g (90)

where y« is the vector of initial values for the second region at coordinate 8. The continuity
condition at that point is
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y1(0x) — K=y (91)
whereK=[0 0 0 Mgy, Fx: Fgn]T isloading vector. Thus, Eq. (90) is rewritten as
y2(62) = Y(8,,0,)y,(0k) — Y (0, 0xk)K (92)
Substituting Eqg. (89) into Eq. (92)
¥2(02) = Y(0,,0¢)Y(Ok, 00)y10 — Y(0,, 0K (93)
Using Eq. (65), Eq. (93) can be arranged as follows
¥2(62) = Y(62,600)y10 — Y(62,60) Y1 (Ok, 0o)K (94)

Thus, the unknown initial values are solved by using three simultaneous linear equations for
each end. Now, it is possible to specify analytically the displacements, rotation, and internal forces
and bending moment of the beam.

3. Numerical evaluation

In this section, several geometries, boundary and loading conditions are considered for
numerical examples. These include hinged-hinged, clamped-clamped, hinged-clamped and
clamped-free ends as boundary conditions; point loads in normal direction (normal force, E,),
tangential direction (tangential force, F;) and binormal direction (bending moment, M;) as loading
types. The loads are applied at any coordinate 8. The slenderness ratio of the beam A =

R Bt/\/I/_A is changed from 20 to 150 and the cross-section of the beam is considered as circular.
Opening angle of the beam (8,) is taken as between 10° and 180°. Various problems are solved
and the exact analytical equations of the displacements, rotation and the stress resultants are
obtained. The effects of nanoscale parameter and variation of geometric parameters on the static
behavior of a circular nanobeam analyzed and discussed through the proposed method. Small scale
parameter (R/y) is considered to change from 1 to 10 and y is taken as 1.56 nm. Poisson’s ratio
and Young’s modulus is taken as v = 0.3 and E = 1 TPa, respectively. These values are taken
from Hu et al. (2009), however, in this study the results do not depend on these values, since they
are given as ratio of the results of local and nonlocal theories. The effects of axial extension, shear
deformation and their nonlocal effects, along with the nonlocal effects of bending (binormal)
moment are included in the equations. The results are presented for four different cases, in which
(i) all effects are considered, (ii) only axial extension effect is considered, (iii) only shear
deformation effect is considered, and (iv) none of the effects are considered.

3.1 A quarter circular beam with a tip force

In this example, a quarter circular cantilever nanobeam loaded with a normal force F, at the
free end is considered (Fig. 3). The normal and tangential displacements and the rotation angle at
the free end B are obtained analytically as follows

Fyk, R FOR) v2\  F,R®
= ) 1+ 5 95
Ve ( 26 2ea)\* Y ®2Z) * 280, (%)
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Fig. 3 A quarter circular cantilever beam with a tip force

B (FoknnR FonR) v?\ FymR3 (96)
Y8 =\"46a T 4EA Rz) " 4E1,
FyR?
0,y = 2 97

As seen from these equations, the nonlocal parameter y /R is important for a very small radius
of curvature. The results of the classical (local) theory can be obtained by cancelling out the term

Y/R.
Functions of tangential displacement w = w(#), normal displacement u = u(8) and rotation

angle Q; = Q,(6) can be obtained as follows

Fok,R FyR 2 Fok,R FyR\ /m 2
W(9)=( on 0—)<1+V—>COSQ+( o n +0—)(—+9)<1+%>sin9

2GA  2EA R? 2GA ' 2EA) \2 8)
FoR3 p/m _
+ 2E1 [(E+9)sm9 +c059]
FoR FoknR> s y? FoR3 /m
= (== - - — 99
u(0) <2EA+ SCA (2+9) 1+R2 cosH+2EIb(2+9)cost9 (99)
F,R?
Q,(0) = ——cos 6 (100)
El,

3.2 Pinched nanoring

In this example, static behavior of a pinched circular ring (Fig. 4) is studied. These structures
are observed in experimental studies (Kong et al. 2004, Huang et al. 2012).
The normal displacements at points A and B are obtained as



490 Ekrem Tufekci, Serhan A. Aya and Olcay Oldac

— Undeformed Curve

Undeformed Curve
— All Effects

Nonlocal, All Effects
Shear Deformation

----- Local, All Effects
Axial Extension

— No Effect

(@) (b)

Fig. 5 The displacement diagram for the nanoring obtained (a) by local and nonlocal theories (b)
nonlocal theory considering the effects (1 = 20 and R/y = 1)

_ FoR? (n 2) N (FoﬂR N FoknﬂR) - Y2 (101)
Ya =g, \4 ) T\aEa T T aca R?
_ (FoR®  2F,R® N (FOR FoknR) - y? (102)
Y8 =\2E1, ~ wEL, )T \2EA” 264 R?
and the moments are
2FyR

(103)

bA =
T
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2
Myz = FoR (1 - ;) (104)

Fig. 5(a) shows the displacement diagram for local and nonlocal theories. The slenderness ratio
is A = 20 and nonlocal parameter isy/R = 1. The results of both theories are slightly different
and the difference decreases when nonlocal parameter y/R decreases. In order to investigate the
effects of axial extension and shear deformation, the displacement diagram is given in Fig. 5(b).
The results show that the displacements rather close to each other even if the slenderness ratio is
20. As in the local theory, it is found that the axial extension has the dominant effect.

3.3 Clamped-clamped nanobeam loaded at the midspan

The effects of several parameters on the static behavior of a circular nanobeam with clamped
ends are studied in this example. The beam is loaded by a normal force F, at its midspan (Fig. 6).

The ratio of nonlocal and local displacements u,/uy; and moments My, /M, at the midspan
are obtained for several parameters. The effects of small scale parameter R/y, slenderness ratio 4
and opening angle 6, on the displacement ratio u,/uy;, and moment ratio Myy/M,, at the
midspan are studied.

Fig. 7(a) shows the displacement ratio against the small scale parameter R /y for the beam with
the opening angle of 6, = 120° and different slenderness ratios A = 50,100 and 150. The effect
of small scale parameter R/y on the displacement ratio uy/uy; is more significant for smaller
slenderness values. This effect attenuates if the opening angle of the beam is decreased (i.e., the
curves representing the displacement ratio becomes closer for different slenderness ratio). It is
observed that, the small scale effect becomes more important for a slender beam with considerably
small opening angle.

The effects of axial extension and shear deformation on the displacement are studied for several
values of opening angle and slenderness ratio. For the brevity, only the results for a beam with
opening angle of 8, = 120° and slenderness ratio of A = 50 is given in Fig. 7(b). The difference
between the results of the cases (i.e. considering axial extension or considering shear deformation)
increases with the increasing slenderness. From the figure, one can see that the axial extension has
the dominant effect for all opening angles and slenderness ratio. The beam theory neglecting the

Fig. 6 Clamped-clamped circular nanobeam loaded at the midspan (8, = 120°)
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6, =120° 6,=120°,A=50
15 15

—A=%0 — All Effects

14 A=100 14
A=150 Axial Extension
— No Effect

Shear Deformation
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UolUo

12 12

11 11

1.0 1.0

2 4 6 8 10 2 4 6 8 10
Rly Rly

(@) (b)
Fig. 7 The effect of R/y on the ratio of local and nonlocal displacements u,/u,, for a clamped-clamped
beam with 6, = 120°(a) For different values of A (b) For different effects

6, =120° 6, =120°, A =50
108}y
\ — All Effects
Shear Deformation
1.06 Axial Extension
— No Effect
S 10
2
1.02
1.00 - =
2 4 6 8 10 2 4 6 8 10
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Fig. 8. The effect of R/y on the ratio of local and nonlocal moments M,,,/M,,; for a clamped-clamped
beam with 6, = 120°(a) For different 4 values (b) For different effects

effects of axial extension and shear deformation gives acceptable results for only a slender and
deep curved beam where the bending deformation is the main effect. Moreover, when the beam is
stubby, the shear deformation effect becomes also significant. The displacements for the case
neglecting all effects (i.e., only the nonlocal effects of bending moment is considered) are same for
both local and nonlocal theories. Similar result is obtained by Li (2015) for straight beams with
concentrated loads.

Fig. 8(a) gives the diagram of the moment ratio M, /M, against the small scale parameter
R/y for the beam with the opening angle of 6, =120° and slenderness ratio of
A =50,100and 150. The difference between the results of the cases (i.e., considering axial
extension or considering shear deformation) increases with the increasing slenderness. This result
shows that the axial extension is the main effect on the displacement ratio. Moment ratio increases
with the increasing slenderness ratio for larger opening angle and the curves obtained for different
slenderness ratio become closer with the decreasing opening angle.

The results of the cases considering or neglecting the axial extension and shear deformation
effects for a beam with opening angle of 8, = 120° and slenderness ratio of A = 50 is given in
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Undeformed Curve MNonlocal, All Effects ----- Local, All Effects
(a) (b)
— Undeformed Curve —— All Effects Shear Effect Axial Effect —— No Effect
(c)

Fig. 9 Displacements obtained by local and nonlocal theories (R/y = 1) (@) 8, = 120°, A = 100; (b)
6, = 30°, 1 =100; (c)6, =30° =100

Fig. 8(b). Axial extension is the main contributing effect for all opening angle, as expected.
Moment ratio increases with decreasing opening angle for all slenderness ratio.

As it is well known from the local theory, the Euler beam theory gives acceptable results for a
slender and deep curved beam, but the results are not reasonable when the curved beam is shallow.
Deep and shallow curved beams exhibit different static and dynamic behavior (Tufekci and Arpaci
2006, Tufekci 2001). A shallow curved beam deforms along a different path representing another
characteristic deformed shape.

In order to exhibit the effect of the shallowness h/¢ (Fig. 2), a clamped-clamped beam in Fig. 6
is considered here. The displacements obtained by local and nonlocal theories are given in Fig.
9(a) for 6, = 120°, A = 100 and in Fig. 9(b) for 6, = 30°, A = 100. The dashed lines show the
results of local theory; the solid lines show the results of nonlocal theory. The deformation of
nonlocal theory is significantly different than that of the local theory. The ratio of the
displacements at the midspan increases with the decreasing opening angle, and it decreases with
the increasing small scale parameter.

In Fig. 9(c), the displacement curves obtained by nonlocal theory with the cases considering
(red line) and neglecting (blue line) the effects of axial extension and shear deformation. For
6 = 30° and 4 = 100, not only the displacements at the crown but also the characteristics of
deformed shapes are different. The effect of axial extension is significant for a shallow curved
beam even if it is slender. Thus, the realistic deformed shape of a shallow beam cannot be obtained
by neglecting the effects of axial extension and shear deformation. It should be noted that the
shallow beam with opening angle of 30° and slenderness ratio of 100 is still slender in this
example.

Fig. 10 gives the effects of small scale parameter, slenderness ratio and opening angle on the
displacement ratio of a clamped-clamped beam. The effect of small scale parameter on the
displacement ratio of a beam with 6, = 120° increases with decreasing slenderness ratio (Fig.
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Uolig, 1.2 UolUioL

1.0
0.8

(b) 1 = 150

©R/y=1

Fig. 10 The effects of small scale parameter, opening angle and slenderness ratio on the displacement
ratio of a clamped-clamped beam

10(a)). The displacement ratio of a beam with A = 150 has maximum value at the opening angle
around 30° for all R/y values (Fig. 10(b)). The effect of opening angle on the displacement ratio
increases, then decreases gradually for smaller slenderness ratio (Fig. 10(c)). The change is more
significant for larger values of slenderness ratio.

Fig. 11 shows the change of moment ratio M, /M, with the small scale parameter, opening
angle and slenderness ratio. The small scale parameter slightly affects the moment ratio for slender
beams while considerable changes are observed for beams with smaller slenderness ratio (Fig.
11(a)). The moment ratio increases for small scale parameter and/or for small opening angle. The
moment ratio of a beam with A = 150 has a maximum value at the opening angle around 8, =
30° for all R/y values, and a sharp decrease is observed for smaller angle (Fig. 11(b)). When the
opening angle increases, the moment ratio increases for smaller angle, and then decreases
gradually afterwards. However; for larger slenderness ratio, this change is more significant. (Fig.
11(c)).

The diagrams of rotation angle (©;), binormal moment (M,,), tangential force (F;) and normal
force (F,) diagrams of the beam with R/y = 1, 6, = 120° and A = 50 are shown in Fig. 12. Solid
red line represents the results of nonlocal theory and dashed red line represents those of the local
theory.
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Fig. 11 The effects of small scale parameter, slenderness ratio and opening angle on the moment
ratio of a clamped-clamped circular beam
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Fig. 12 (a) Slope (b) Binormal moment, (c) Tangential force, (d) Normal force diagrams of the beam with
R/y =1,06, =120°and A = 50
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3.4 Effect of boundary conditions

In the previous example, a clamped-clamped beam is investigated in details. In this section, the
effects of boundary conditions (i.e., hinged-clamped and hinged-hinged) on the static behavior of
nanobeam are investigated in details.

The effects of small scale parameter, slenderness ratio and opening angle on the displacement
and moment ratio of a hinged-clamped and hinged-hinged beams are studied. The results are not
given here for brevity, since they are similar to the ones obtained for a clamped-clamped beam
(see Figs. 10, 11). The diagrams of displacement, rotation angle (£;), binormal moment (M),
tangential force (F;) and normal force (F,) diagrams of the hinged-clamped beam with R/y = 1,
0, = 120° and A = 50 are shown in Fig. 13. The differences between the results of displacement
and rotation angle obtained from local and nonlocal theories are larger than those of clamped-
clamped beams.

Fig. 14 shows the change of displacement ratio uy/u,; against the small scale parameter R /y
for different boundary conditions. Here, the opening angle is 6, = 120° and slenderness ratio is
A = 150. The clamped-clamped beam is affected most by the small scale parameter and hinged-
clamped and hinged-hinged are the following boundary conditions, respectively. If the slenderness
ratio decreases for the same opening angle, the curves become closer, and the scale effect increases
considerably.

(d)

©)

Nonlocal, All Effects =---- Local, All Effects

Undeformed Curve

Fig. 13 The nonlocal and local (a) displacements, (b) rotation angles, (c) binormal moments, (d)
tangential forces, (e) normal forces of a hinged-clamped beam (6, = 120°, A =50, R/y = 1)
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6, = 120°, A = 150
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Fig. 14 The effects of small scale parameter R/y on the displacement ratio for several boundary
conditions (6, = 120°, A = 150)

Table 1 The displacement and rotation angle ratio of beams with various boundary and loading conditions
(6, =120°, 1 =50,R/y = 1)

All effects Axial Ext. Shear Def. No Effect
U
— 1.36406 1.29453 1.13543 1
UpL
Wo
— 1.17921 1.14423 1.04743 1
WoL
Qpo
0.96825 0.97567 0.99293 1
'QbOL
Wo
— 0.96825 0.97567 0.99293 1
WoL
Qpo
1.01987 1.00237 1.01758 1
QbOL
Uy
— 1.48699 1.42853 1.21499 1
UpL
Wo
— 1.37311 1.30450 1.13453 1
WoL
'Q'bO
0.96583 0.93209 1.02748 1
‘Q‘bOL
u
2 2.03697 1.01461 1.02824 1
UpL
Qpo
1.04750 1.00606 1.04238 1
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Table 1 Continued

— 1.40005 1.33234 1.15290 1
UpL,
bo 0.66189 0.70091 0.93618 1
Qpoy,
Wo
— 1.28485 1.22737 1.09486 1
Wor
Qpo
0.979295 0.96171 1.01690 1
‘Q‘LILJOL
2 0.66189 0.70091 0.93618 1
UpL
bo 1.04033 1.00692 1.03503 1
Qpop,

In Table 1, the displacement ratio ugy/uy;, Or wy/wg, and rotation angle ratio Qq/Qpq; are
given for several loading and boundary conditions. The effects of axial extension and shear
deformation is investigated. The beam has 8, = 120°, 4 = 50, R/y = 1. The axial extension has
the dominant effect for all loading and boundary conditions. The shear deformation effect must be
considered for such a stubby beam in order to obtain a satisfactory result, as it is expected.

3.5 Beam with nonsymmetrical boundary and loading conditions

A circular nanobeam with non-symmetrical boundary and loading conditions, which is not
available in the literature, is studied in this section. A hinged-clamped circular beam with opening
angle of 6, = 120°, slenderness ratio of 2 = 50 and small scale parameter of R/y = 1 is loaded at
the coordinate of 8, = 30° with a normal force F, (Fig. 15). The displacement, rotation angle,
binormal moment, normal and tangential forces are given in Fig. 16. The results are obtained by
both nonlocal and local theories for the case considering all effects. As seen from the figure, the
displacement and rotation angle are slightly different than those of local theory. The difference
disappears for higher values of R/y. Minor differences are observed for the force and moment
diagrams.

ba

Fig. 15 A hinged-clamped circular beam with nonsymmetrical loading conditions.
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)

Nonlocal, All Effects ----- Local, All Effects

Undeformed Curve

Fig. 16 (a) Displacement, (b) Rotation angle (c) Binormal moment, (d) Tangential force, (¢) Normal
force diagrams of hinged-clamped beam loaded with F,; at 6, = 30° (6, = 120°, 1 =50,

Ry =1)

4. Conclusions

A new size-dependent general beam theory is presented within the framework of Eringen’s
nonlocal elasticity theory for static behavior of curved nanobeams. Nonlocal constitutive equations
are implemented in the classical beam equations. Axial extension and shear deformation effects
and their size-dependent effects along with the size-dependent effects of bending moment are
incorporated in the analytical model. Initial value method is used for the exact solution and the
results are obtained analytically.

Other modeling techniques are suffering from some shortcomings. Atomistic approach is
incapable of modeling complex atomic structures and computationally expensive. On the other
hand, classical continuum approach gives relatively simple formulations but it is inadequate for
modeling because of the size-free deficiency. In most of the studies, nanobeams are assumed to be
perfectly straight beams, but they may also be fabricated curved to be used as sensors, resonators
for nanotechnology applications. Motivated by this fact, the nonlocal beam equations are obtained
and an exact solution is developed for the static problems of planar curved nanobeams. The
equations provide sufficient generality in the choice of loading and boundary conditions. Main
contribution of this study is to give the exact analytical solutions for the circular curved beams
with uniform cross-section.

Illustrative examples of circular curved nanobeams bearing concentrated loads are discussed to
highlight the effects of nonlocal parameter, axial extension, shear deformation, slenderness ratio,
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opening angle, loading and boundary conditions as well as the connections between this nonlocal
beam model and classical (local) beam theory.

For a slender clamped-clamped beam with opening angle 6, = 120° loaded with a normal
force at the midspan; if the small scale parameter R/y and slenderness ratio A decrease, the
displacement ratio uy/u,; increases and similarly moment ratio M;,/My,, IS also increases.
When the small scale parameter R/y and opening angle 6, decreases, the displacement ratio
Ug/Ug, and moment ratio My,/M,,, increases. For smaller opening angle, the ratio of
displacements and moments decreases slightly. For smaller values of slenderness ratio, if opening
angle 6, increases the ratio of displacements and moments increase and then decreases gradually.
For larger values of slenderness ratio, the change is more significant.

Other types of boundary and loading conditions are also investigated and similar results to are
obtained. Besides, the effects of axial extension and shear deformation and also shallowness are
studied and it is found that the results are similar to those of the local theory.

The results of displacement and rotation angle ratio are tabulated for all classical boundary
conditions and loading types, considering the axial extension and shear deformation effects.

An illustrative example for unsymmetrical loading and boundary conditions is also studied and
the results are given in details.

While only uniform circular nanobeams bearing concentrated loads are investigated in this
paper, the equations can easily be expanded to provide sufficient generality in the choice of
loading and geometry. Based on the analysis presented here, it is also possible to investigate the
dynamics of curved nanobeams. Also, for engineering applications, it may be possible to develop
an exact nonlocal beam finite element.

Advances in nanoscience and nanotechnology shaped the modern world in the last decade.
Theory, modeling and simulation have played a critical role in these advances. With the solution
method proposed herein, it would be very helpful in design and fabrication of curved beam
components in MEMS and NEMS applications, particularly those whose main duties are to
transfer securely the applied forces.

It is expected that the results obtained from the present study are got to instruct the engineering
design of nano devices.
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