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Abstract.  The study is to investigate the free vibration of antisymmetric angle-ply conical shells having
non-uniform sinusoidal thickness variation. The arbitrarily varying thickness is considered in the axial
direction of the shell. The vibrational behavior of shear deformable conical shells is analyzed for three
different support conditions. The coupled differential equations in terms displacement and rotational
functions are obtained. These displacement and rotational functions are invariantly approximated using
cubic spline. A generalized eigenvalue problem is obtained and solved numerically for an eigenfrequency
parameter and an associated eigenvector of spline coefficients. The vibration characteristic of the shells is
examined for cone angle, aspect ratio, sinusoidal thickness variation, layer number, stacking sequence, and
boundary conditions.
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1. Introduction

The shells of non-uniform thickness are used in ship, rocket, missile and marine industry. The
main characteristic of variable thickness shells is to alter frequency, decrease weight, size and
ultimately cost of the structure. The composite laminated shell structures have gained interest of
engineers during last few decades due to specific properties tailored by suitable arrangement of the
stacking sequence of the layers. Moreover, required properties of the structure can be attained by
selecting the best aspect of the constituent layers in terms of choice of materials, number of layups,
thickness variation of each layer and boundary conditions.

Few researchers worked on anti-symmetric angle-ply structures. Among them the influence of
boundary conditions and transverse shear on vibration of angle-ply laminated plates and
cylindrical shells was investigated by Soldatos and Messina (2001). Angle-ply laminated conical
shells were analysed for their post buckling characteristics by Patel et al. (2008). Further,
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Viswanathan and Kim (2008) who studied free vibration of anti-symmetric angle-ply plates
including shear deformation. Moreover, State space differential quadrature method was used by
Alibeigloo (2009) to examine the static and vibration of axi-symmetric angle-ply truncated conical
shells. Recently, Qu et al. (2013) analysed anti-symmetric angle-ply laminates using unified
formulation for vibration analysis of composite laminated shells. Also, Xiang et al. (2014)
analysed angle-ply and cross ply laminates of conical, cylindrical shells and annular plates
structures.

But to the authors knowledge few researchers studied the free vibration of conical shells having
variable thickness. Kang (2014) investigated the free vibration of conical shells with linear
thickness variation using Ritz method. Selahi et al. (2014) analyse the functionally graded
truncated conical shells of variable thickness using differential quadrature method and fourier
series expansion. Free vibration of ring-stiffened conical shell of variable thickness loading with
fluid was analysed by Liu et al. (2014). Sofiyev et al. (2009) studied the vibration of orthotropic
conical shells varying with material properties, in which the variation being along the thickness
direction.

Different numerical techniques were used to analyse frequency of plates and shells. Among
them Lal and Rani (2014) studied the mode shapes and frequencies of sandwich annular circular
plates using differential quadrature method. Modified Fourier series was used to analyse the
vibration of conical shells by Jin et al. (2014). Dey and Karmakar (2012) investigated the natural
frequency of delaminated rotating conical shells using finite element approach. Recently,
Chernobryvko (2014) used Ritz method to analyse the free vibration of thin parabolic shells.
Akbari et al. (2014) analyse free vibration of conical panels consisting of functionally graded
materials using differential quadrature method. Haar wavelet method was used to analyse the free
vibration of functionally graded conical shells and annular circular plates (Xie 2014). Ansari used
a novel variational numerical method for analyzing the free vibration of composite conical shell
using Rayleigh-Ritz method. Free and forced vibration of coupled conical-cylindrical shells were
analysed using Fourier-Ritz method (Ma et al. 2014). Analytical and experimental study of free
vibration of joined conical shells was done by Shakouri and Kouchakzadeh (2014). Galerkin and
semi inverse method was used by Sofiyev (2014) to analyse the large-amplitude vibration of non-
homogeneous composite conical shells. Sofiyev and Kuruoglu (2014) studied the combined
influences of shear deformation and rotary inertia on the frequencies of cross-ply laminated
orthotropic cylindrical shells. Su et al. (2014) studied the three-dimensional vibration analysis of
thick functionally graded conical, cylindrical shell and annular plate structures using Fourier
series.

Firouz-Abadi (2014) higher order Shear deformation theory was used to analyse thick conical
shells using Forbenius method. Further, Higher-order equivalent single layer theories were used by
Tornabene et al. (2014) to investigate free vibration of doubly-curved shells. Moreover, stress and
strain recovery for doubly-curved sandwich shells were investigated using higher-order equivalent
single layer theory (Tornabene et al. 2014).

Wu et al. (2015) used domain decomposition method to study free vibration of conical shell
resting on Pasternak foundation. In addition to that, Zarouni et al. (2014) analysed the free
vibration of fiber reinforced composite conical shells resting on Pasternak-type elastic foundation
using Ritz and Galerkin methods. Zhang et al. (2015) analysed free vibration analysis of four-
unknown shear deformable functionally graded cylindrical micro shells based on the strain
gradient elasticity theory. Buckling of heterogeneous orthotropic composite conical shells under
external pressures with shear theory has been studied by Sofiyev (2016). In his work the equation
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Fig. 1 Coordinate system and geometry of truncated conical shell

of conical shells were derived using Donnell shell theory and approximated using Galerkin’s
method.

This paper aims to investigate the free vibration of anti-symmetric angle-ply conical shells of
non-uniform sinusoidal thickness variation including shear deformation and applying spline
approximation technique. The displacement and rotational functions are predicted using cubic
spline. Collocation with these splines yields a set of field equations which along with the
equations of boundary conditions, reduce to system of homogeneous simultaneous algebraic
equations on the assumed spline coefficients. Then the problem is solved using eigensolution
technique to obtain the frequency parameter. The eigenvector are the spline coefficients from
which the mode shapes can be constructed. The stability of the conical structure is analysed with
respect to the cone angle and length ratio in addition to that, the effect of lamination material,
lamination scheme and boundary conditions are analysed on the value of frequency parameter.
Graphs and tables signify the obtained results.

2. Formulation of the problem

Consider a truncated conical shell of constant thickness shown in Fig. 1. The orthogonal
coordinate system (x,6,z) is fixed at its reference surface, which is taken to be at the middle
surface. The radius of the cone at any point along its length is r=xsina. The radius at the small end
of the cone is r,=asina and the other end is rp=bsina. « is the semi-vertical angle and ¢ is the length
of the cone along its generator. The thickness variation is assumed along the axial direction is
considered as x-axis.

The stress resultants N;; and moment resultants M;; are defined as

(Nx’ NH ’Nxﬁ, QX,QH) ZI (GX,GG,TXQ,TXZ,TQZ ) dZ

z
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(MX, M, ,an’) :j (vaagvrxa ) zdz Q)

The stress-strain relations of the k-th layer by neglecting the transverse normal strain and stress,
are of the form

O_X(k) Qll(k) le(k) le(k) 0 0 gx(k)
Gg(k) le(k) sz(k) Qze(k) 0 0 5,9(k)
Txa(k) = Qle(k) Qze(k) Qee(k) 0 0 7x9(k) (2
10 0 0 QY Q| ]x,"
r 0 0 0 Q45(k) st(k) 7xz(k)

When the materials are oriented at an angle 8 with the x-axis, the transformed stress-strain
relations are

Gx(k) Gll(k) le(k) le(k) 0 0 8X(k)
Gg(k) Glz(k) (jzz(k) st(k) 0 0 59(k)
Txg(k) — 6160() st(k) 6660() 0 0 yxg(k) (3)
7,0 0 0 0 Q0 g ||y,
r ® 0 0 0 Q¢ Q" (5"

where Q and Q' are given by Viswanathan and Lee (2007).
The strain-displacement relations for conical shells having the radius r is given as

o 0 ow
X _%-I—Zl ' g€ = 1 %-I— W + Z l/IG ’ 7XZ = l//X + A
oX oX Xsing 060 xsina Xxsina 00 OX
_ L WMy M f L O Oy 1 W Y
Yo = ysing 00 | ox xsina 06 ox )% T xsina 0@  xsina'
oy 1 9y, 1 oy, 9y,

=% g, =— and K =— + 4
T ox ’ xsina 00 ’ xsina 00 = ox “)

Substituting Eq. (4) into Eq. (3) and then into Eq. (1) we get the equations of stress-resultants
and moment resultants as

N, A Ay As By B, By &y °

N, A, A, As B, By By 6‘90

N _ As As As B By Bg 7 90 ( 5)
M, B, B, Bs Dy D, Dy K,

M 0 BIZ Bzz Bze D12 Dzz Dze Ky

M X6 Ble Bze Bee D16 Dze Dee Kyo
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and
0
[QQJ _ K(AM AASJ 79z0 ©)
Q A As Vxz
The thickness of the k-th layer is assumed in the form
hy (X) =hg, 9(X) (7

where hg, is a constant thickness where g(x)=C, sin;:(?j and Cs is the coefficients of

sinusoidal variation.

Since the thickness is assumed to be varying along the axial direction, we define the elastic
coefficients Aj;, Bj and Dj (extensional, bending-extensional coupling and bending stiffness’s)
corresponding to layers of uniform thickness with superscript ‘c’ as

A = Aij g(x), By= Bijc' g(x), Dy= Di? g(x)

c A [ 1 A
Aj = Zk:Qék)(Zk - Zk—l) | Bij = EEQSH(ZE - Zlf—l) J (8)
o -iyarE -2y for i-Las,
k
and A =K> Q¥ (z, -z,.,) for i,j=4,5, 9)
k

Here K is the shear correction factor meanwhile z,; and z, are boundaries of k-th layer. The
value for the shear correction factor K is chosen from the lamination scheme (Madabhusi-Raman
and Davalos 1996, Pai and Schulz 1999).

The elastic coefficients Az, Az, Ass, Bi1, Bio, Bao, Bes, Dig and Dy are identically zero for
antisymmetric angle-ply laminates (George 1999, Gibson 1994, Reddy 1997).

The displacement components uo, Vo, W and shear rotations v, y, are assumed in a separable
form as follows

U, (x,6,t) =U (x)e"e'*
v, (X,0,t) =V (x)e" e
w(x, 0,t) =W (x)e" e'*
 (x,0,1) =P, (x)e" e
w,(x,0,t) =¥, (x)e" e (10)

where n is the circumferential node number and w is the angular frequency.

Substituting Eq. (5) and Eqg. (6) in to the equilibrium equations and then substituting Eq. (10),
the resulting equation becomes as ordinary differential equations in terms of displacements and
rotational functions and can be written in the matrix form as
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Ly L, L, L [[U 0
L2l L22 L23 L24 L25 V 0
Loy Loy Lag Lag Les (\W =10 (11)
Lap Lap Lag Laa Lus | |F 0
_LSl L52 L53 L54 L55_ IPG 0
where
Ly = Aigdz Aig +A1931+A19'3—A29 S+ A ———— " e
! ! Yiyxdx Y x % 6 x25|na !
n n n
b = Al xsin o Aol e xsina dx A xsina Azl x2sina Al X’ sina
1
b = Aol xtan o dx +A0 xtan o A0 X tan o
n d N
-2B 4
L = 2By0 xsine dx 9 Ssina
d? . d 1d n® 1
L15:B169d?+8169 X B0 — % dx —+Bygd— +stgm Bis0 ~
d n n N
Lo = A2l e xsina dx A0 xsina + Azl x2sina e xsin o o X2 sina
2 2
%69 %69 '%eg——+Azzg —kALg————— Al ——A\%g +|1a)2
X dx x%sin’ a x? tan?
n n
L23:A22g 2 . +KA449 2 .
X“sSihatana X“sSinatana
d? d 1d 1d n’
24—8169 +8169 +28169 — + By = —+Byg +Bzeg "‘Bzﬁgﬁ
x dx x dx X“sin“ «a
n d 1
=2B —+ KA +B
Los %9 S sina dx “9 ana 29 xsina
1
L =~ A20 xtan o dx IR I x? tan o
n n
Ly =—Apd——— KA, 05—
X“sinatan o X“Sihatan o
d? 1 n? )
Ly = KA359 +KA359 +KA559———A22 05— +tKA 05— +1o
x*tan® « x%sin’ a

d n - 1
— KA.~ —B,g—— 1 KA.g +KA.g=
Lo = KA ax Y X’ sinatana A58 +KASG X
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Las =—Bx0 : i+KA4@| + B0
> %Y xtana dx *~ xsin *Y Y tana
=2B
L = 2Bied xsina +Bis0 xXsina
d2 n?
Ly, = Bleg +B169 _B16g —+st9 +Bzegﬁ
X“sin‘ o
n
__KAssg + B9 —H—
X“sinatana
d? d 1d n?
Las 119d JrDng dx —+Dyo— % dx JrDlzg D9 — +D66QW_KA559+|30)2
d n d n n n
L, = —+D,,g————+D -D. -D,
s~ 0 G ax 9 Xsin dx 120 xsing 29 xZsing*° ¥sina
d? d 1d 1d 1 n?
L51=Blsgd 2+Bleg X +2Bsg— < dx By — « dx —+By0 +Bzeg +stgm
— KALQ +B,g +oB g1 4
L “xtana 7 xsing 2 xsina dx
a =Bl KAug—— +Byg +Byg——
7% ytana dx “xsing °° xtana  2°° Xtana
L,=Deg——9 ip g1 9.p.g +Dy.g +D,,g
T sing dx o T xsing dx 0 xsina % xzsina 2% ¥2sina
d? 1d d 1 2
LsszDaegd >+ Dg0— X dx "‘Deeg dx —KA,,9 —Dge9 ;_D6ﬁg +Dzzgm+|3a’2
The following non-dimensional parameters are introduced:
x=X"2 " a<x<b and X e[01]
A=wl LS , afrequency parameter
\/An
h, ., h . i .
7/=r—, y =; , ratios of thickness to radius and to a length
a .
’B:E’ a length ratio
5k:th , relative layer thickness of the k -th layer.
G(X)=C,sin(zX) , thickness variation. (12)



1008 Saira Javed, K.K. Viswanathan, Z.A. Aziz and J.H. Lee

The new set of differential equations are obtained as

L L L L | (g 0
Loy Ly Lo Loy s | |V 0
L;l ng ng L; L; W =40 (13)
L L U Ll | [¥] [0
L L L | (B ) L0

where

o

. d G
L, =(Sz+510)nPCOSGCOfd—X+ S,— —S3p— Sy, P |Npcoseca

G
Lis :szpcota&+(sz%—s3 pj pcota

: d G
Ly, =2s;5np coseCa& + S5 ry npcosec o

d? G d 5 5 G
:SHW"‘ SlSE_Sl(Sp d_X+ S P + SN PCOSEC 0‘_5153 p
. d G
LZl:(sz+slo)npcoseCa&+[slog+slop+33pancoseCa

d2

~%0 %2

510[%+ pJ d(;( ( S0 —8,0p— Ks;;pcot? a + s, pn® cosec’ ajp+ﬂz

L’;3 = (53 + Ksy3) p’ncoseca coter

ol2 d G 5 )
815 515 +SP+285P | ax S.e| gt PTpnTcosecta |p

. d G
L5 = 25, pncoseca — +| Ksy; Cotar + 5,5 —Ncoseca | p
dXx G
Ly, =S pcotai—s p? cota
1 2 dX 3
= Ksl3) pncosec a cot o

2
* G 2
L, =Ks, E S3C0t a + Ks;;n® cosec a)p + A
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L34_Ksl4i—sl6p ncoseca coto + K514G +Ks,p
Lss =—316pcota%+(KslgncoseCa+smpcota) p
Ly, =2s,5npcoseca d +5 G'npcosec(;z
41 — 5 v 15~
dX G
. d? G d G
422515W+ SlSG sle s15 + 14 p+ 54PN’ cosec’ & | p

Lys = —Ksy, — d +5,5 p°NCOSeC o Cot o
dXx
2 ' '

L§4=S7&+S7(%+ p)&+(sg%p—sgpz+slzp2nzcoseczoe—K514J+/12p1
. d G
L45=(SgnCOSGCa+SlanOSGCa)p&—f— SBE_SQp_SlZp pncoseca

d2 G d G .
L, = =S5zt S +285P+5S6P [ g TS| g TP pnTcosecta | p

. d G
Ls, =2s,5pN COSECad—X +| Si6 ry ncoseca + Ks;;cota | p

. d G

L53:316pcotad—x+ slGEcota—Kslsncose0a+slepcota p

. d G

L54=(512+88)pn00860a&+ 3126+812p+89p pncoseca

d2 G' d '

L5 512 S12( j__[le p+5s,p° —Sep°n” cosec a+K513J+/12p1

dX

2.1 Spline collocation procedure

The displacement functions U, V, W and rotational functions Wy, We are approximated by cubic
spline functions in the range of X€[0,1] as

U(X) = Zzlaix‘ +§bj(X—xj)3 H(X-X;)
i=0 j=0

V(X) = icixi +§dj(X—Xj)3 H(X-X;)
i=0 j=0
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W(X) = Zzleix‘ +N21fj(X—xj)3 H(X=-X;)
i=0 j=0

i=0

o) =D g X+ py(X=X,) H(X=X,)
=0

2 N-1
o (X) =D X"+ g, (X=X;)* H(X=X)) (14)

i=0 j=0
Here, H(X-X;) is the Heaviside step functions. The range of X is divided in to N subintervals, at the
points X=X;, s=1,2,3,...,N—1. The width of each subinterval is 1/N and X;=s/N (s=0,1,2,...,N), since
the knots X; are chosen equally spaced.

The assumed spline functions given in Eq. (14) are approximated at the nodes (coincide with
the knots) and these splines satisfy the differential equations given in Eg. (13), at all X and
resulting into the homogeneous system of (5N+5) equations in the (5N+15) unknown spline
coefficients.

The boundary conditions considered are as follows.

(i) Clamped-Clamped (C-C). Both ends are clamped.

U=V=W=¥,=¥,=0atX=0andX =1
(i) Simply supported (S-S). Both ends are simply-supported.
V=W=N,=M,=¥,=0atX=0and X =1
(iii) Clamped—Free (C—F). (Small end is clamped and the large end is simply supported)
U=V=W=¥,=¥,=0atX=0and Ny =M, =Q, =Ny, =M,,=0atX =1
By applying any one of the boundary conditions, one can obtain 10 more equations on spline
coefficients. Combining these 10 equations with the earlier (5N+5) equations, we get (5N+15)
homogeneous equations in the same number unknowns. Thus, we have a generalized eigenvalue
problem in the form

[M1{a} = 2[PKa} (15)

where [M] and [P] are the square matrices, {q} is the column matrix of the spline coefficients and
A is the eigenfrequency parameter.

3. Numerical results and discussion

The present formulation is applied to investigate the free vibration of anti-symmetric angle-ply
conical shells having sinusoidal thickness variation under three different support conditions. All
numerical computations in this section, unless otherwise stated, three materials are considered:
Kevlar-49/epoxy (KE), Graphite/Epoxy (AS4/3501-6) (GE) and E-glass epoxy (EGE). Two and
four layered shells having ply orientations 30°-30° 45°-45°  30°-45°45°/-30°,
30°/-60°/60°/-30°, 60°—45°45°-60° and three support conditions C-C, S-S and C-F are
considered.

3.1 Convergence study
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In this subsection the frequency parameter with respect to different configurations are carried
out to confirm the convergence of the cubic spline method for anti-symmetric angle-ply conical
shells having variable thickness. The number of subintervals N of the range X €[0,1]. The value of
N started from 4 and finally it is fixed for N=16, since for the next value of N, the percent changes
in the values of /1 are very low, the maximum being 3%.

3.2 Validation

The comparative study have been made for constant thickness of the conical shells and given in
Viswanathan et al. (2015). The results are the reduced case of the present study to a constant
thickness of the shells.

3.3 Effect of different parameters of the conical shell and support conditions

Tables 1-3 shows the effect of sinusoidal thickness variation on fundamental frequency
parameter for C-C, S-S and C-F support conditions respectively. Table 1 shows that ply-angle
30°/—45°/45°/-30° shows the highest frequency parameter value and 45°—45° shows lowest. For
Table 2 ply-angle 45°/-45° depicts the highest frequency parameter and 30°/—30° depicts lowest.
In Table 3 contrary to Table 1 ply-angle 45°-45° shows the highest and 30°/—-45°/45°/-30° shows

Table 1 Influence of sinusoidal thickness variation C, on the fundamental frequency parameter A under C-C
support condition. n=2, y=0.05, «=60° and $=0.5

30°/-30° 45°/-45° 30°/-45°/45°/—30° 30°/-60°/60°/—30°
C. (KE/KE) (KE/KE) (KE/EGE/EGE/KE) (KE/EGE/EGE/KE)
A A A A
0.5 1.89811 1.69789 1.978668 1.80633
-0.3 1.90091 1.66187 1.988876 1.84567
-0.1 1.85594 1.65801 1.989119 1.87303
0.1 1.87737 1.61623 1.985853 1.89316
0.3 1.87101 1.65929 1.981819 1.84567
05 1.89773 1.68451 1.977488 1.80719

Table 2 Influence of sinusoidal thickness variation C, on the fundamental frequency parameter A under S-S
support condition. n=2, y=0.05, «=60° and $=0.5

30°/-30° 45°/-45° 30°/-45°/45°-30° 30°/-60°/60°/-30°
C. (KE/KE) (KE/KE) (KE/EGE/EGE/KE) (KE/EGE/EGE/KE)
A A A A
-0.5 0.464538 0.846208 0.658875 0.768956
-0.3 0.448166 0.830173 0.673435 0.754662
-0.1 0.441287 0.822360 0.679602 0.747286
0.1 0.439051 0.817331 0.682040 0.745142
03 0.439343 0.813349 0.682908 0.748210

0.5 0.441047 0.834038 0.683260 0.755064




1012 Saira Javed, K.K. Viswanathan, Z.A. Aziz and J.H. Lee

Table 3 Influence of sinusoidal thickness variation Cs on the fundamental frequency parameter A under C-F
support condition. n=2, y=0.05, «=60° and $=0.5

30°/-30° 45°/-45° 30°/-45°/45°/-30° 30°/-60°/60°/-30°
Cs (KE/KE) (KE/KE) (KE/EGE/EGE/KE) (KE/EGE/EGE/KE)
A A A A
-0.5 0.459758 0.669860 0.216367 0.483233
-0.3 0.462389 0.676056 0.215041 0.467554
-0.1 0.456876 0.678195 0.228210 0.452433
0.1 0.448064 0.669158 0.235597 0.453609
0.3 0.437928 0.657365 0.208621 0.460534
0.5 0.427357 0.664105 0.216380 0.483723
30 25 14
30°/-30°
s | KE/TKE 12
a =30° 20
10
/—20 fom —~
N W s N .
S5 S S
\:;{; m=1 3-(;10 m=1 \26 mi,l,
3 m=2 3 m=2 8 m=2
10 m=3 m=3 a m=3
5
g 2
0 === 0 0
0.1 03 0.5 0.7 0.1 0.3 0.5 0.7 0.1 03 ﬂ 0.5 0.7
(@ Cc-C (b) S-S (c) C-F

Fig. 2 The angular frequency discrepancies with respect to aspect ratio for two layered shells: Cs=0.25,
n=2 and y=0.05

the lowest frequency parameter value. It is evident from three tables that fundamental frequency
parameter differs with the increase of sinusoidal thickness variation. In addition to that
fundamental frequency discrepancies shows that the values of fundamental frequency is highest
for C-C followed by S-S and C-F support conditions. Except for 30°/—30° ply-angle for which the
frequency value is almost same for S-S and C-F support condition.

Figs. 2 (a)-(c) enables us to examine the effect of aspect ratio which is actually length ratio of
the conical shell on angular frequency behavior. The lamination angle 30°/—30°, material KE/KE,
cone angle a=30°, coefficient of sinusoidal variation Cs=0.25, circumferential node number n=2
and ratios of thickness to radius y=0.05 are fixed. The general behavior of three angular frequency
curves is similar to each other, in which the angular frequency value w,, (m=1,2,3) remains almost
same between 0.1<$<0.2 and increases afterwards between 0.3<$<0.8. For conical shell with C-C
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40 30 16

4 | 30°/30° y
KE / KE =

30 0 12
o =45 20

3
o, (x10° Hz)

15

o, (x10° Hz)

0.1 0.6 0.1 0.6
B B
(a) c-C (b) S-S (c)C-F
Fig. 3 The angular frequency discrepancies with respect to aspect ratio for two layered shells: C;=0.25,
n=2 and y=0.05

50
30°/30°
KE / KE
a = 60°

45
40
35
Pt
E 30
‘o 25
—
.20

15

(@) Cc-C (b) S-S (c)C-F
Fig. 4 The angular frequency discrepancies with respect to aspect ratio for two layered shells: Cs=0.25,
n=2 and y=0.05

and S-S support conditions the trend of the curves are identical as compare to the curve of C-F
support condition. Examining the angular frequency discrepancies of three support conditions
shows that the value of the angular frequency is highest for C-C support conditions followed by S-
Sand C-F.

Effect of different cone angles on the relationship between aspect ratio and angular frequency is
presented in Figs. 3 and 4. The characteristic curve are similar as for Fig. 2. Finally concluded that
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Fig. 5 The influence of aspect ratio on the fundamental angular frequency of two layered shells having
different lamination materials: C=0.25, n=2 and y=0.05
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Fig. 6 The influence of aspect ratio on the fundamental angular frequency of four layered shells having
different lamination materials: Cs=0.25, n=2 and y=0.05

the angular frequency value varies for different cone angles with the increase of aspect ratio.
Fig. 5 demonstrates the different lamination materials effecting the fundamental angular



Vibration analysis of a shear deformed anti-symmetric angle-ply conical shells... 1015

frequency with the increase of aspect ratio of two layered shell for different support conditions.
Figs. 5 (a)-(c) exhibits that the value of angular frequency for lamination material GE >KE>EGE
for all the support conditions considered. The curvature of the curves for C-F support conditions is
slightly different with that of C-C and S-S support conditions.

Two different combination of layer materials are considered in Figs. 6(a)-(c). Generally the
angular frequency increases as the aspect ratio increases. The increase is slow between 0.1<4<0.3
and strict afterwards. Moreover, lamination combination KE/EGE/EGE/KE intends lower
frequency than GE/KE/KE/GE under three support conditions considered.

Four layered shells with lamination and material scheme as 30°/-45°/45°/-30°
(GE/KE/KE/GE) are considered to study the effect of cone angle on the frequency parameter value
in Figs. 7(a)-(c). Characteristics curve shows nearly similar pattern for three figures showing strict
decrease in the value of frequency parameter between 10°<a<30° and becomes slow afterwards.

Different lamination angle 30°/-60°/60°/-30° (GE/KE/KE/GE) is considered in Fig. 8 as
compare to Fig. 7. The frequency parameter values for C-C support condition is lowest as compare
to other two. The curvature of the curve is similar as in Fig. 7. Moreover for S-S support
conditions the difference between the values of first and second mode is more than other boundary
condition.

The influence of cone angle on the variation of frequency parameter value is studied four
layered shells in Fig. 9 under C-C support conditions. The frequency value decreases until a=30°
and becomes almost linear afterwards. Examining the effect of circumferential node number n=2
and n=4 it is concluded the value of the frequency parameter lowers with the increase of
circumferential node number.

Fig. 10 (a) and (b) intends to study the effect of different lamination material scheme and cone
angle on frequency parameter value for C-C support conditions. The general behavior of three

4 4 !
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2
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m m=1 ;Lm 2 Am 2
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(a) C-C (b) - ©C-F

Fig. 7 The frequency parameter discrepancies with respect to cone angle for four layered shells: C;=0.25,
n=2, y'=0.5 and $=0.5
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Fig. 8 The frequency parameter discrepancies with respect to cone angle for four layered shells: C;=0.25,
n=2, y'=0.5 and $=0.5
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Fig. 9 The frequency parameter discrepancies with respect to cone angle for four layered shells under C-C
boundary conditions: C,=0. 5, '=0.5 and $=0.5

modes is similar. Specifically, curvature of the modes m=2,3 is steeper than that of m=1 for both
figures. Moreover, it is concluded that shell consisting of KE/EGE/EGE/KE shows higher
frequency as compare to EGE/GE/GE/EGE material.

Four layered shells consisting of different lamination materials are studied in Fig. 11 under C-C
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Fig. 10 The frequency parameter discrepancies with respect to cone angle for four layered shells under C-
C boundary conditions: n=2, Cs=0.25, y’=0.5 and $=0.5
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Fig. 11 The frequency parameter discrepancies with respect to cone angle for four layered shells under C-
C boundary conditions: n=2, Cs=0.25, y’=0.5 and $=0.5

support conditions. It is seen that with the increase of cone angle the frequency parameter value
decreases strictly until a=30° and the decrease is slow afterwards. Moreover, the difference in the
frequency value of mode m=2,3 is less for GE/KE/KE/GE than EGE/GE/GE/EGE material shell.

Fig. 12 presents the impact of cone angle on the frequency parameter for two layered shells
comprise of different materials KE and GE under S-S support conditions. General trend of the
curvature for three modes is similar but the effects of using different materials alter the frequency
which may be beneficial for designers to design required structure.
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Fig. 12 The frequency parameter discrepancies with respect to cone angle for four layered shells under S-
S boundary conditions: n=2, C;=0.25, y'=0.5 and 5=0.5

4. Conclusions

The present study investigates the free vibration of anti-symmetric angle-ply conical shells
having sinusoidal thickness variation under shear deformation theory. The vibrational behavior of
conical shells is analyzed for three different support conditions. The vibration characteristic of the
shells is examined for cone angle, aspect ratio, sinusoidal thickness variation, layer number and
stacking sequence. It is concluded that variation of the geometric parameters and materials affect
the frequency, whether this effect is significant or marginal may be valuable for the engineers of
related field.
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