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Abstract.  On the basis of the energy approach it is reported a development of the yield function and the 

constitutive equations for the orthotropic material with consideration of the crystal lattice constants and 

parameters of the crystallographic texture for the general stress state. For practical use in sheet metal 

forming analysis it is considered different loading scenarios: plane stress and plane strain states. Using the 

proposed yield function, the influence of single ideal components on the shape of yield surface was 

analyzed. The six texture components investigated here were cube, Goss, copper, brass, S and rotated cube, 

as these components are typically observed in rolled sheets from FCC alloys. 
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1. Introduction 
 

The current development stage of the technologies for aircraft production, automobile 

construction, shipbuilding and other industries is characterized by the continuous improvement of 

the existing constructional materials and technological processes of their forming, as well as by the 

research and development of new ones. The development of a rational, science-based technology 

in the metal forming processes is primarily concerned with the need of a detailed study of the 

structure (texture) formation, the material properties and the most extensive application of these 

properties in engineering analysis. 

One of the specific characteristics inherent in the majority of materials is the anisotropy of their 

properties, which is caused by the crystallographic structure and texture formation under high 

plastic strains (Truszkowski 2001). However, the assumption of the material isotropy is still being 

used as one of the main hypotheses in the analysis and calculations of metal forming processes. 

Although this hypothesis facilitates the solution of numerous metal forming problems, it does not 

actually meet the real deformation conditions. 

The abandonment of the assumption of the medium isotropy allows to generalize the metal 
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forming theory and to use the anisotropy effectively in technological processes (Hutchinson et al. 
1989, Banabic et al. 2000, Engler and Hirsch 2002, Hirsch and Al-Samman 2013). Despite the fact 
that over the recent years greater attention is paid to the theoretical and experimental research in 
the field of anisotropic plastic deformations (Banabic et al. 2010), there is still a number of 
unsolved problems. These issues are related primarily to the further development of the anisotropic 
plasticity theory in a form suitable for the engineering and technological analysis. 

In the plasticity theory for isotropic material the transition from the elastic condition to the 
plastic one is usually determined on the basis of the maximum shear stress criterion proposed by 
Tresсa (1864) and developed by Saint-Venant (1870) or from the maximum distortion strain 
energy criterion obtained independently by Mises (1913), Huber (1904). Hershey (1954), Hosford 
(1972) proposed a generalized record of the criterion mentioned above, taking into account the 
type of crystal lattice. However, a major drawback of these criterions is that they do not consider 
the crystallographic texture of materials and, consequently, the anisotropy of their physical, 
mechanical and plastic properties. 

Mises (1928) was the first to propose the anisotropic yield function, which is a quadratic stress 
function independent of the hydrostatic pressure. The physical interpretation of the coefficients 
appearing in this function was partially revealed later by Hill (1948), which proposed their 
determination for the orthotropic material through the yield strength under tension along the 
principal axes of anisotropy. 

Verification of these yield function proved its applicability for steels (Woodthorpe and Pearce 
1970), so for other materials, Hill (1979) proposed a non-quadratic yield criterion. However, it 
does not take into account the shear stresses and, therefore, it is only applicable in the case when 
the direction of the principal stresses coincides with the anisotropy axes. This disadvantage was 
eliminated by Barlat and Lian (1989), who proposed the generalized yield function that takes into 
account the shear stresses in the case of plane stress state. 

Hereafter, Mises anisotropic yield criterion (Mises 1928) was developed by Aryshenskii et al. 
(1969, 1990), who for the case of the general stress state, expressed its coefficients through the 
transverse-axial strain ratios (analogue of the Poisson’s ratio but in plastic field), using the equality 
of the invariants of the material tensor of the isotropic and anisotropic material. Then, the 
parameters of crystallographic texture (Aryshenskii et al. 1990) were embedded into the proposed 
yield function, using the hypothesis of proportionality of the elastic and plastic material deviators. 

For the general stress state, Barlat et al. (1991) on the basis of the Hershey-Hosford’s isotropic 
yield criterion developed the yield function, in which the stress tensor is expressed in terms of the 
coordinates parallel to the anisotropy axes. A generalization of this criterion was obtained by the 
stress tensor transformation using weighting factors (Karafillis and Boyce 1993). 

This approach is similar to the linear transformation of stress tensor (or deviator), which allows 
on the basis of any isotropic yield function to obtain an anisotropic one. In this case, the anisotropy 
of an orthotropic material is described by the components of the fourth order material tensor. 
Using two linear transformations Barlat et al. (2003) obtained the anisotropic criterion for plane 
stress state for the materials with the equal yield strengths of tension and compression. Banabiс et 
al. (2005) independently developed the same yield function, but written in a different form (Barlat 
et al. 2007). Also using the linear transformation Barlat et al. (2005), Braun and Besson (2003) 
proposed anisotropic yield criterions but for general stress state. 

Another approach is proposed by Cazacu and Barlat (2001, 2003), who transformed Drucker’s 
isotropic yield criterion (Drucker 1949) to orthotropic form. In this approach, initial isotropic 
invariants of the stress deviator were replaced by the similar generalized anisotropic invariants, 
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derived on the basis of the theory of representations of tensor functions. The above mentioned 
yield criterions describe the fully anisotropic plastic strain rates and yield behavior from a single 
function, as required by the associated flow rule (AFR). As a result, they aren’t applicable for 
materials with different tensile and compressive yield stresses. Contrary to this approach, 
Moayyedian and Kadkhodayan (2016) developed an advanced criterion based on non-AFR, which 
considers the strength differential effect and is dependent on structure of an anisotropic material 
(BCC, FCC and HCP). 

Thus, the modern yield functions in contrast to the earlier ones, which were derived to describe 
the behavior of any metal (Mises 1928, Hill 1948, 1979, Aryshensky et al. 1969, 1990), allow 
taking into account the peculiarities of the specific materials (Barlat and Lian 1989, Barlat et al. 
1991, 2003, 2005, 2007, Karafilis and Boyce 1993, Banabiс et al. 2005, Braun and Besson 2003, 
Cazacu and Barlat 2001, 2003, Moayyedian and Kadkhodayan 2016). It should be noted that the 
high accuracy of the recently proposed criterions is achieved by a large amount of the anisotropy 
coefficients (up to 18), determination of which involves numerous mechanical tests at different 
stress states (Soare and Banabiс 2008). 

Though the applied anisotropy coefficients characterize the anisotropy of plastic deformations, 
they do not take into account the reason of anisotropy, i.e., the crystallographic texture. Thus, the 
mentioned yield functions, on the one hand, allow describing the plastic flow of anisotropic 
materials. On the other hand, they do not allow carrying out technological analysis of metal 
forming processes considering the crystallographic texture. As a result, it is impossible to 
determine the composition of crystallographic texture in terms of the requirements of certain metal 
forming operations. 

In this paper, on the basis of the energy approach it is reported a development of the yield 
function and the constitutive equations for the orthotropic material with consideration of the 
crystal lattice constants and parameters of the crystallographic texture for the general stress state. 
 
 
2. General anisotropic yield function 
 

2.1 Distortion strain energy and equivalent stress 
 
Mises yield criterion or the maximum distortion strain energy criterion is commonly used in the 

analysis of metal forming processes. According to it, the material starts yielding when the elastic  
energy of distortion Ud reaches a critical value lim

dU  (Hill 1950), which is determined from  
tension or compression tests at the yield point. In this case, the yield criterion can be written as 
follows 

 lim 0d dF U U   . (1) 

The strain energy U0 can be divided into two parts: dilatation strain energy, Uh, that is due to 
change in volume, and distortion strain energy, Ud, that is responsible for change in shape. Then, 
the latter is defined as 

 0d hU U U  . (2) 

Taking into consideration the fact that the strain energy is equal to the half of the scalar product 
of the stress tensor, σij, by the strain tensor, εij, (in the case of the dilatation energy-volumetric 
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tensors), it is possible to transform Eq. (2) to 

 
1 1

2 6d ij ij ii jjU      . (3) 

According to generalized Hooke’s law (Hosford 2005) the strain tensor is 

 ij ijkl ijS  , (4) 

where Sijkl is the compliance tensor with respect to the principal axes of anisotropy. 
Assume that S′pqrs is the compliance tensor in the case when the principal axes of anisotropy 

coincide with the crystallographic axes [001], [010] and [100] of the crystal lattice. For the 
orthotropic material with the cubic crystal lattice such tensor contains only three independent  
compliance constants 1111S , 1122S   and 2323S  . Then, according to Adamesku (1985) the  
components of the tensor Sijkl is expressed in terms of the components of S′pqrs as 

 

 
  
  

1111 2323

1122 2323

2323 2323

4 1 ,

2 1 ,

2 1 ,

iiii i

iijj k i j

ijij k i j

S S S A

S S S A

S S S A

     

         

         

 (5) 

where A′ is the anisotropy factor of a crystal lattice, Δi are the parameters of the crystallographic 
texture. The anisotropy factor is defined as 

 1111 1122

23232

S S
A

S

  


. (6) 

For a certain crystallographic orientation {hkl}<uvw> the parameters of the crystallographic 
texture are defined as 

 

 
2 2 2 2 2 2

22 2 2

i i i i i i
i

i i i

h k k l l h

h k l

 
 

 
, (7) 

where hi, ki, li are Miller’s indices, which determine the i-th direction in the crystal with respect to 
the principal axes of anisotropy. 

Assuming that Hooke’s law is valid until yielding and substituting Eq. (4)-(5) in Eq. (3) lead to 

  2323 3 2
15d ijkl ij kl

S
U A K  


  . (8) 

Here the fourth order material tensor Kijkl is expressed as 

  
 

 

12 31 12 31

12 12 23 23

31 23 23 31

23

31

12

0 0 0

0 0 0

0 0 0

0 0 0 4 5 2 0 0

0 0 0 0 4 5 2 0

0 0 0 0 0 4 5 2

ijklK

   
   
   






   
    
    

   
 
 

  

, (9) 
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where the generalized anisotropy factors ηij are defined as 

 
 15 1 1

1
3 2 5ij i j k

A

A


            
. (10) 

It follows from Eq. (10) that anisotropy is determined by anisotropy of the crystal lattice (A′), 
i.e., chemical composition of alloy, and by crystallographic texture (Δi), i.e., its thermo-mechanical 
treatment. Note that the anisotropy of materials with different factors A′ differs even for materials 
with the same crystallographic texture. The elastic isotropic material (A′=1) will be plastic 
isotropic as well. 

In the case under consideration, the distortion strain energy of isotropic material (Hill 1950) can 
be defined as 

   2
2323

2
3 2

15
iso
d eqU S A    , (11) 

where σeq is equivalent stress. Assuming isotropy as special case of anisotropy, it is feasible to 
equate the right hand sides of Eq. (8)-(11) and determine the equivalent stress of the orthotropic 
material as 

 
1

2
eq ijkl ij klK    (12) 

or in the expanded form 

 

      2 22
12 11 22 23 22 33 31 33 11

1 2
2 2 2

12 12 23 23 31 31

1

2

5 5 5
4 .

2 2 2

eq         

     

      

                        

 (13) 

Thus, Eq. (12) contains the constants of the crystal lattice and the parameters of 
crystallographic texture. Note that in the case of isotropic material, when A′=1 (for example, 
tungsten crystal (Landolt-Bornstein 1966)) and/or Δi=1/5 (Adamesku 1985), i.e., ηij=1, Eq. (13) 
simplifies to Mises yield function. 
 

2.2 Constitutive equations and equivalent strain rate 
 
The components of strain tensor εij are defined by the following equation 

 ij
ij

d

dt


 , (14) 

where t is the time, d/dt denotes the convected derivative and ξij is the strain rate tensor. According 
to associated flow rule (Hill 1950) the latter is expressed as 

 eq
ij

ij


 







, (15) 
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where λ is non-negative multiplier. 
Under small plastic strains, it is feasible to assume that anisotropy does not change during 

deformation, i.e., ηij=const. Then, differentiating Eq. (12) according to Eq. (15) yield 

 

   

   

   

11 12 11 22 31 33 11

22 23 22 33 12 11 22

33 31 33 11 23 22 33

12 12 12 23 23 23 31 31 31

1
,

2

1
,

2

1
,

2

5 5 5
2 , 2 , 2 .

2 2 2

eq

eq

eq

eq eq eq

      


      


      


          
  

     

     

     

               
     

 (16) 

Using the additional condition (σ11−σ22)+(σ22−σ33)+(σ33−σ11)=0, it is possible to transform Eq. 
(16) to 

 

11 22
11 22

12 31 23

3322
22 33

23 12 31

33 11
33 11

31 23 12

23 3112
12 23 31

12 23 31

1
2 ,

1
2 ,

1
2 ,

1 1 1
, , ,

5 5 52 2 2
2 2 2

eq

eq

eq

eq eq eq

   
   

  
   

   
   

     
    

 
     

 
     

 
     

  
  

 (17) 

where N=1/η12+1/η23+1/η31. 
Substituting Eq. (17) in Eq. (13), the equivalent strain rate can be expressed as 

 

2 2
3311 22 22

2
12 31 23 23 12 31

1 2
2 2 22

33 23 3111 12

31 23 12
12 23 31

1 1 1
2

1 1
.

5 5 54
2 2 2

eq
   

     

   
     

               
     

                    

 (18) 

Again, in the case of isotropy Eq. (18) transforms to the classic formula for the equivalent 
strain rate. 
 
 
3. Application to rolled sheet metals 
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Due to crystallographic structure and the characteristics of the rolling process, sheet metals 
generally exhibit a significant anisotropy of mechanical properties (Banabic 2010). In fact, the 
rolling process induces a particular anisotropy characterized by the symmetry of the mechanical 
properties with respect to three orthogonal planes, i.e., orthotropy. In the case of the rolled sheet 
metals, the orientation of principal anisotropy axes is as follows: rolling direction, transverse 
direction and normal direction. To characterize the proposed yield function as applied to rolled 
sheet metals, suppose the directions of normal stresses σ11 and σ22 are in the sheet plane and the 
direction of normal stress σ33 is through the thickness. Moreover, the directions of stresses σ11 and 
σ22 coincide with the rolling and transverse directions. From the point of sheet metal forming two 
cases are of interest: plane stress and plane strain states. 
 

3.1 Plane stress state 
 
Consider thin sheet that is acted upon only by load forces that are parallel to it. In this case, 

stress perpendicular to the sheet is negligible compared to those parallel to it, i.e., σ33=σ23=σ31=0. 
Thus, simplifying Eq. (13), the equivalent stress is expressed as 

    33 0 2 2 2
12 31 11 12 23 22 12 11 22 12 12

1 5
2 4

22
eq
                    

 
. (19) 

Using the plane stress condition and the equation of incompressibility 

 11 22 33 0     , (20) 

Eq. (18) reduces and the equivalent strain rate is defined by 

 
   

33

2 2 2
0 12 23 11 12 31 22 12 11 22 12

12 23 31
12

2 1
2

54
2

eq
          

   

    
 

 
. (21) 

 
3.2 Plane strain state 
 
In the case when the length of the sheet or plate is much greater than the other two dimensions, 

the strains associated with length are constrained by nearby material and are small compared to the 
cross-sectional strains. The plane strain assumption is used to analyze such metal forming 
processes as bending of wide sheets, stretch-forming, rolling, etc. 

In the case under consideration, using the condition σ11>σ22>σ33, the plane strain state is defined 
by ξ22=ξ12=ξ23=0. Then, it follows from Eq. (16) that 

 12 11 23 33
22

12 23

   
 





. (22) 

Using the plane strain condition and Eq. (20) and (22), it is possible to transform in Eq. (13) to 

  22
2

20 231
11 33 31 31

31

1 5
4

1 22
eq
     



      
 



 (23) 
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and Eq. (18) to 

 
 

22

2
0 12 23 2 31

33
12 23 31

31

1
2

54
2

eq
    

   

 
 

 
. (24) 

 
 
4. Illustrative example 
 

In sheet metals, crystallographic orientations are not random but show preferred orientations 
around one or several components (Choi et al. 1999). After rolling, for FCC alloy sheets, these 
components are mainly {112}<111> (copper), {110}<112> (brass), {123}<634> (S) and 
{100}<011> (rotated cube) orientations, with the relative amounts dependent on rolling 
conditions. After annealing, depending on the process conditions, the resulting texture mainly 
composed of the {100}<001> (cube) and {110}<001> (Goss) recrystallization components. Using 
the proposed yield function, it is possible to analyze the influence of these single ideal components 
on the shape of yield surface. 

To predict the yield surfaces of single ideal components, consider the plane stress state 
(σ33=σ23=σ31=0) and assume that the principal directions of the stress tensor are coincident with the 
anisotropic axes, i.e., σ11=σ1, σ22=σ2 and σ12=0. Then, Eq. (19) can be written in the form 

    
2 2

1 1 2 2
12 31 12 12 232 2 0

eq eq eq eq

       
   

   
           

   
. (25) 

This equation geometrically represents the intersection of the yield surface with the σ1−σ2 plane, 
where σ3=0. 

Consider the sheet from copper for which components of compliance tensor S′pqrs are 
S′1111=15.0 TPa-1; S′1122=−6.30 TPa-1 and S′2323=3.33 TPa-1 (Landolt-Bornstein 1966), i.e., A′=3.203 
(Eq. (6)). The parameters of crystallographic texture and the generalized anisotropy factors 
calculated using Eq. (7) and (10) for stated components are listed in Table 1. The influence of  
 
 
Table 1 The parameters of crystallographic texture and the generalized anisotropy factors of single ideal 
components 

Component 
The parameters 

of crystallographic texture 
The generalized anisotropy factors

Name Orientation Δ1 Δ2 Δ3 η12 η23 η31

Copper {112}<111> 0.333 0.250 0.250 0.533 1.116 0.533 

Brass {110}<112> 0.250 0.333 0.250 0.533 0.533 1.116 

S {123}<634> 0.281 0.278 0.250 0.617 0.835 0.814 

Rotated cube {100}<011> 0.250 0.250 0.0 -0.054 1.703 1.703 

Cube {100}<001> 0.0 0.0 0.0 1.703 1.703 1.703 

Goss {110}<001> 0.0 0.250 0.250 1.703 -0.054 1.703 

Isotropy - 0.20 0.20 0.20 1.0 1.0 1.0 
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(a) Deformation components (b) Recrystallization components 

Fig. 1 Yield curves for different texture components 
 
 
these parameters upon the yield loci is demonstrated in Fig. 1. 

It is seen that depending on the crystallographic texture the yield surface changes grossly. Note 
that the yielding of textured sheet metal can start earlier ({112}<111>, {110}<112>, {123}<634>) 
or later ({100}<011>, {100}<001>) in comparison with isotropic material. 

The calculated curves for ideal texture components agree well with the yield surfaces received 
by Backofen (1972), Choi et al. (1999), Piehler (2009), who used the crystal plasticity theory, in 
particular, Taylor and Taylor-Bishop-Hill models. 
 
 
5. Conclusions 
 

The phenomenological yield criterions applied in technological analysis of the metal forming 
processes do not take into account the crystallographic texture of materials. The proposed yield 
function considers the crystal lattice constants and the parameters of crystallographic orientation of 
material. This function is applicable to orthotropic materials with cubic crystal lattice in case when 
texture does not change, for example, under small elastic-plastic strains. The main practical 
significance is possibility to predict the effect of crystallographic texture of rolled sheets on yield 
stresses and R-values. In addition, the proposed yield criterion allows determining the 
characteristics of the metal forming processes considering the texture of sheet metal. 
Consequently, it allows designing the composition of crystallographic texture depending on the 
requirements of the metal forming processes or products performance. Notice that an ideal texture, 
e.g., for improved formability of a part or minimum earing (Nakamachi and Xie 2001, Zhao et al. 
2004), can be developed using optimization techniques on the basis of the proposed yield function 
(Kusiak et al. 2012). 
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