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Abstract. Within the scope of the plane-strain state, by utilizing the three-dimensional linearized theory of
elastic waves in initially stressed piezoelectric and elastic materials, Lamb wave propagation and the
influence of the initial stresses on this propagation in a sandwich plate with pre-stressed piezoelectric face
and pre-stressed metal elastic core layers are investigated. Dispersion equations are derived for the
extensional and flexural Lamb waves and, as a result of numerical solution to these equations, the
corresponding dispersion curves for the first (fundamental) and second modes are constructed. Concrete
numerical results are obtained for the cases where the face layers’ materials are PZT-2 or PZT-6B, but the
material of the middle layer is Steel (St) or Aluminum (Al). Sandwich plates PZT-2/St/PZT-2, PZT-
2/IAIIPZT-2, PZT-6B/S/PZT-6B and PZT-6B/AI/PZT-6B are examined and the influence of the problem
parameters such as piezoelectric and dielectric constants, layer thickness ratios and third order elastic
constants of the St and Al on the effects of the initial stresses on the wave propagation velocity is studied.

Keywords: extensional and flexural Lamb waves; initial stresses; wave dispersion; piezoelectric material;
sandwich plate; third order elastic constants

1. Introduction

The study of coupling electro-mechanical problems related to the dynamics of structures
containing piezoelectric and elastic layers has great significance not only in the theoretical sense,
but also in the application sense. The reasons for this are the many applications of these types of
structures in almost all branches of modern industry such as aerospace, marine, mechanical
engineering, acoustoelectric devices etc. Among these dynamic problems, a special place is
occupied by problems regarding the wave propagation, especially near-surface and Lamb wave
propagation, of which, out of the aforementioned structures are sandwich plates which are widely
used in many technical applications. This is because Lamb waves in the sandwich or other type of
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layered structural elements made of piezoelectric and elastic materials can be used to obtain
reliable information on the carrying work capacity of the elements of constructions (see Ng 2015,
Wang et al. 2015 and others). For instance, Lamb waves can propagate long distances between
two top and bottom surfaces in thin-wall structures, and with the ability of carrying information
about the material, it has great importance for non-destructive testing and structural health
monitoring in plate-like structures.

It is evident that under the foregoing applications, it is necessary to have sufficient information
and knowledge about the influence of the piezoelectric layers mounted on the surface of the tested
structural elements on the wave propagation (or dispersion) in this element. It is also evident that
this type of information can be obtained by theoretical investigations carried out on the wave
propagation in the system consisting of a piezoelectric covering layer + elastic half-plane (for the
near surface waves) and in the sandwich plate consisting of the piezoelectric face and elastic core
layers (for the Lamb waves). Moreover, the study of acoustoelastic waves in the layered systems
with piezoelectric layers is required by the current importance, from the point of view of both
fundamental research and applications, in various acoustoelastic devices.

Thus, according of the foregoing discussions, we can conclude that the subject of the present
paper which relates to the study of Lamb waves in a sandwich plate consisting of piezoelectric
face and elastic metal core layers with static initial stresses is very important not only in the
theoretical sense, but also in the application sense. It should be noted that the initial stresses are
characteristic reference properties of the layered structures. These stresses can be caused by the
compounding procedure of these structures. They can also appear as a result of environmental
conditions (for instance, temperature). Moreover, static stresses caused by exploitational forces
can also be taken as the initial stresses with respect to those caused with additional small dynamic
perturbations. Consequently, there exist a lot of reasons for the appearance of the initial stresses,
and study as to how these stresses act on the wave propagation velocities also has importance. For
estimation of the significance of the investigation carried out in the present paper, we consider a
brief review of related works. We begin with a paper by Loja et al. (2013) in which the static and
free vibration behavior of functionally graded sandwich plates with piezoelectric outer layers was
examined. Under this examination, the corresponding third order refined plate theory is developed
and it is established that the model developed is quite adequate to describe the static behavior of
the piezoelectric layered structures.

Bassiouny (2012) studied the one-dimensional dynamic problem related to the coupled termo
piezoelectricity for the sandwich structure with piezoelectric layers. The generalized termo-
piezoelectric-elasticity relations are used and it is assumed that all sought values depend only on
the coordinate directed along the thickness of the plate. For solution to the corresponding
mathematical problems, the Laplace transformation with respect to time is employed. It is
established that using the generalized termo-piezoelectric-elasticity relations, the heat waves, as in
generalized termo-elasticity, propagate with finite speed.

Azrar et al. (2008) studied nonlinear vibration of the sandwich beam with piezoelectric face
layers and with initial imperfection. The beam is subjected to axial displacement and active
voltage which is generated by the top and the bottom piezoelectric layers. Obtained results take
into consideration the piezoelectricity, the beam initial imperfection and the axial load effects and
can be easily used in order to predict the nonlinear static and dynamic behaviours of sandwich
beams with layer actuators. The study is made within the scope of the Bernoulli-Euler beam theory
and von-Karmen type non-linearity for beams with initial imperfection.

In a paper by Jin et al. (2002), this type of near-surface wave dispersion is examined for the
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system of the piezoelectric covering layer made of PZT-4 and the half-plane made of Aluminum.
The results obtained in the paper by Jin et al. (2002) is developed in a work by Akbarov et al.
(2014) for other types of piezoelectric and half-plane materials. Moreover, in the work by Akbarov
et al. (2014) the influence of the initial stresses in the constituents on the near-surface dispersion is
studied.

Pang et al. (2008) studied Rayleigh type surface waves for the system consisting of the
covering layer made of PZT-4 and piezomagnetic half-space. It should be noted that the results
obtained in the works by Pang et al. (2008) and Akbarov et al. (2014), which relate to the case
where the covering layer material is PZT-4, agree with each other in the qualitative sense.

Note that in all the investigations reviewed above (except the work by Akbarov et al. 2014), it
is assumed that there are no initial stresses in the constituents of the layered systems with
piezoelectric constituents. However, up to now, a certain number of investigations have been made
related to the influence of the initial stresses on the wave propagation in the layered systems,
containing elastic constituents only. For instance, a paper by Gupta et al. (2012) deals with the
study of torsional surface waves in the system consisting of homogeneous covering layer with
finite thickness and an initially stressed heterogeneous half-space. Equations of motion of the layer
are written within the scope of the classical linear theory of elastic waves, however, equations of
motion of the pre-stressed inhomogeneous half plane are written within the scope of Biot’s (1965)
incremental deformation theory. Numerical results on the influence of the initial stresses in the
half-space on the dispersion curves are presented and discussed. Moreover, in the papers by
Akbarov et al. (2008, 2011), Lamb wave dispersion in the sandwich plate made of highly-elastic
compressible materials is investigated and it is assumed that the layers of the plate have initial
finite strains. The problem is studied by utilizing the first version of the initial deformation theory
of the three-dimensional linearized theory of elastic waves in initially stressed bodies (Guz 2004).
The results obtained in the papers by Akbarov et al. (2008, 2011, 2014) were also detailed in a
monograph by Akbarov (2015).

Thus, it follows from the foregoing review that up to now there have been no investigations
related to the study of Lamb wave propagation in the sandwich plate with piezoelectric face and
elastic core layers. Therefore in the present paper the first attempt is made in this field and Lamb
wave propagation (dispersion) in the sandwich plate with initial stresses is investigated utilizing
the three-dimensional linearized theory of elastic waves in electro-elastic bodies with initial
stresses. Concrete numerical results, i.e., dispersion curves are presented for the case where the
face layers’ materials are PZT-2 and PZT-6B, and the material of the core layer is Steel (St) or
Aluminum (Al). Mechanical relations for the materials Al and St are given through the Murnaghan
potential to take into consideration the effect of the third order elastic constants of these materials
on the behavior of the Lamb wave propagation. Consequently, numerical investigations are
examined for the PZT-2/St/PZT-2, PZT-2/Al/PZT-2, PZT-6B/St/PZT-6B and PZT-6B/Al/PZT-6B
sandwich plates and the influence of the problem parameters such as piezoelectric and dielectric
constants, layer thickness ratios and third order elastic constants of the St and Al on the effects of
the initial stresses on the wave propagation velocity is studied.

2. Formulation of the problem

Consider the Lamb wave propagation in a sandwich plate consisting of an initially stressed
core-middle metal elastic layer with thickness 2H.,. and of two initially stressed piezoelectric face
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Fig. 1 The geometry of the sandwich plate consisting of the pre-stressed piezoelectric face layers and
pre-stressed middle layer

layers each of which has a thickness Hpz and each of which is made from the same material. With
the mid-plane of the core layer of the plate, we associate the Cartesian coordinate system OX;X,Xs
(Fig. 1) and the position of the points of the constituents we determine by the Lagrange
coordinates in this system. Assume that the layers of the plate have infinite length in the directions
of the Ox; and Ox; axes (the coordinate axis Oxs is perpendicular to the figure plane and therefore
is not shown in Fig. 1). Below, the values relating to the upper and lower face layers will be
denoted by the indices (1) and (3), respectively, while the values relating to the core layer will be
denoted with the upper index (2). Moreover, the values relating to the initial (residual) stresses will
be denoted by the upper indices (m),0where m=1,2 and 3.

We employ the second version of the small initial deformation version of the three-dimensional
linearized theory of elastic waves in initially stressed elastic and piezoelectric bodies
(TDLTEPWISB) (see the references Guz (1999, 2004), Yang (2005) in which this version is called
the linearized wave propagation theory in initially stressed piezoelectric materials) for
investigation of the dispersion of Lamb waves in the foregoing initially stressed sandwich plate.
According to this version of the TDLTEWISB, the initial stresses in the bodies under
consideration are determined within the scope of the classical linear theory of electro-elasticity.
Taking the foregoing assumption into account, we consider the case where the initial stresses in
the layers of the plate are homogeneous and determined as follows.

al(T)'O =const,, #0, ol(g‘)'o = Ug;),o =0, m=12,3. (1)

According to the electro-elasticity relations for the piezoelectric materials, which will be given

below, in the initial state in the case where the piezoelectric material is polled along the direction

of the Ox, axis (Ox, axis), the component ™ (g(™?) of the electric field vector and the

component ng)o (Dl(m)o) of the electric displacement vector differ from zero and are determined
through the initial stresses in (1) and the elastic, piezoelectric and dielectric constants of the
corresponding material. However, the components of the electric field vectors and electric
displacement vectors do not enter into the considered version of the linearized equations of motion
of electro-elasticity for the piezoelectric materials. Therefore we do not give here the expression
for calculation of the values of these quantities. Note that these expressions can be established by
the reader with the use of the electro-elasticity relations which will be given below.

We note that the initial stresses determined by the expressions in (1) can be caused by the
uniformly distributed static normal forces acting simultaneously at the ends of the sandwich plate,
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i.e., at x;—oo and x;—+oo. This is because, according to the Saint-Venant principle, the
inhomogeneity of the stresses at the near vicinity of the ends |x;]— disappears and the stresses
become homogeneous as formulated in (1). Consequently, the appearance of the homogeneous
initial stresses in (1) is sufficiently real and can be applied at a distance, with the order of the plate
thickness, from the ends at which the aforementioned normal forces act. However, in this case the
stresses related to the face and core layers are connected with each other through a certain
expression which can be easily determined (see, for instance, Akbarov 2015). Moreover, the initial
stresses in (1) can appear in the following manner: first each layer is statically loaded at their ends

with normal forces with intensity o{>° for the face layers, and with intensity o{2)° for the core

layer and then these layers are connected with each other. Consequently, each of the foregoing
cases related to the appearance of the initial stresses in (1) is real and both the formulation of the
problem and method of solution of this problem are acceptable for each of the foregoing cases.

Thus, within the scope of the foregoing assumption and notation we write the governing field
equation and relations. According to Yang (2005), Guz (1999, 2004), Akbarov (2015) and other
related references, the equations of the TDLTEWISEPB in the plane strain state in the Oxx, plane
are

oo N oo L (M0 %™ L o%u{™

M e T a2 o2
2 2
601(?) n 80‘5?) PS(DRY 0 ugm) _ ,(m) 0 ugm) m=123
. A o1 > P » M=44
8X1 axz 6X1
8D(n) aD(n)
-1 + —2 =0 , N :]_,3 (2)

8X1 ('5X2

where aﬁm), u™ and (™ are the components of the stress tensor, components of the
displacement vector and mass density of the m-th material, respectively. Di(”) in the last equation
in (2) denotes the electrical displacement of the n-th material. As noted above, we will assume
below that the material of the face layers is piezoelectric, but the material of the middle layer is
non-linear purely elastic. Consequently, only the first two equations in (2) describe the motion of
the core layer of the plate.

Thus, assuming that the piezoelectric material of both the top and bottom face layers is polled
along the direction of the Ox, axis (with thickness poling), we can write the following constitutive
equations for the n-th piezoelectric material in the plane strain state.

o (o auf" 0 auf o™ W G ROLD LYl
11 1 aX]_ 3 8X2 31 8x2 1 Y22 3 8x1 33 6'X2 33 8X2 !
o oo ) o™ o mfod” o] e
127744 ox X U5 o L5 | o ox L ox
2 1 1 2 1 1
Al g
o =l U7 U207y ®
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i ) are the elasticity constants, e(”) are the piezoelectric constants, g(”) are the dielectric
constants and D( ) and (p(”) are the components of the electric dlsplacement vector and the
electric potential, respectively.

The following linearized elasticity relations are obtained for the middle layer material.

where c(

2 2) (2 2) (2 2 2) (2 2) (2 2 2) (2
o < KO+ KPR, off < DD+ MDD, o -2 o
where
(2
(2) au(Z) 6uj _ (5)
i 2 w i

Linearized relations (4) are obtained and discussed in Appendix A. Moreover, in Appendix A
the expressions for the calculation of the coefficients A?, Al2), A, and ,(2)of the relation (4)

are given through the relation (A5).

Consider the formulation of the contact and boundary conditions. Assume that on the
interphase planes x,=h; and x,=—h;, between the piezoelectric face layers and core layer, complete
contact conditions for the mechanical displacements and forces are satisfied

@ 4@ @) _u@ (2) _u®
u =u , u =u , u =u '
1 X2:h1 X2:hl 2 X2:hl 2 X2:h1 1 X2:—h1 1 X2:—hl
(2) NE) 1) _ (2 1) _ (2
u =Uu 1] O =0 ) (o} o !
2 X2=—hl 2 X2=—h1 12 X2:h1 12 X2=h1 22 X2:h1 2 X2=h1
) ) _ -3
o. =0 =0 , 6
12 X2:—h1 2 X2=—hl X2:—h1 X2=—h1 ( )
where h;=Hgre.
Moreover, on the interface plane the boundary condition
(p(l)‘ -0, (/,(3)‘ -0, @)
Xo=hy Xo=—hy
for the electric potential or the boundary condition
DY =0, D® =0, 8
2 X2:h1 2 X2:—h1 ( )

for the electric displacement can be given. On the free face planes of the face layers we write the
following conditions

@ -0 o® -0. s® -0 ¥ -0 9
012 Xp=h 1 02 Xpzh, 012 Xp=—hs o2y g, T ©9)
for the mechanical stresses and the boundary condition
o :o,¢ﬂ -0, (10)
Xp=hy Xp==hy
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for the electric potential or the boundary condition

DY -0, DY =0, 11
2 X2=h2 2 X2=—h2 ( )

for the electric displacement, where h,=H,,.+Hpzr. Note that the conditions (7) and (10) are called
“electrically shorted” or “electroded”, but the conditions (8) and (11) are called “electrically open”
or “unelectroded”.

This completes the consideration of the governing field equations and relations, and
formulation of the problem.

3. Method of solution

First we consider the solution procedure of the equations related to the motion of the
piezoelectric face layers. As the upper and lower face layers’ materials are the same, we therefore,
consider the solution procedure only for the upper face piezoelectric layer. Thus, substituting the
relations in Eq. (3) into Eq. (2) we obtain the electromechanical-coupled system of equations of
motion (equations of electro-elasticity) in terms of the mechanical displacements and electric
potential

o2 0% P gy 2l
1 1),0 1 1 1 1 1 % 1
(01() ()) e (01()+C()) (el() e()) PO
8X1 6X2 8X18X2 8X18X2 ot
&) 2, ) 2 2.(0)
(6 o) o (o) o T BT P T 9T T
%0y axl2 ox2 ox? ox3 at?
e 2, &)
LRy ML SR S Rl L R O
X1 0% ox? ox2 ox? ox3

As the harmonic wave propagation in the direction of the Ox; Ox; axis is considered, we can

therefore represent the particular solutions for the displacements and electric potential for the face
layer as follows

() = Ae™2sin(log —at) , u = Be™2 cos(kx —at), B = CeP2cos(kx — at) . (13)

where A, B and C are unknown constants, k is the wave number, o is the angular frequency and b
is the parameter to be determined.

Substituting the equations (13) into the equations (12) we obtain from the following equations
for the unknown constants A, B and C in (13).

2
1 1),0 1),.2 1) @ 1 1 1 1
(Cl()Jro-l() C4(14)b —p()kz] (Cl()+C4(14))b8+(91(5)+e§1))bc=0’

2
1 1 1 1),0 1),.2 1) @ 1 1.2
(Cl(B) +Cz(w?)bA (CL(M? +O_1(1) (?,)b _P()k—ZJB—(el%) —e:(,):),)b )C:O,
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(o 02 oA (o - b2 B - (o802 - o2 C 0. (14)

In order to get a non-trivial solution for A, B and C, the determinant of the coefficient matrix of
Eq. (14) must be zero. Consequently, equating to zero the aforementioned determinant we obtain
the equation for determination of the parameter b. For a given value of c=w/k, there are six roots
for b; each root represents one component of the wave modes propagating in the piezoelectric face
layer and yields a partial solution to the piezoelectric face layer. As a result of numerical analyses

of the equation with respect to b it is established that in the case where Cgl) < c<c1(1) the equation
has two pure imaginary and four real roots

by =ipy, by =—ipy, b3 =p,, by =—py, b5 =p3, bg=—p3, (15)
in the case where c < cgl) this equation has six real roots
bi=Pp1, bp=—p1, b3=p3, by=—p2, bs=p3, bg =—p3, (16)

and in the case where ¢ > cl(l) this equation has four pure imaginary and two real roots

by =ipy, by =—ipy, by =ipy, by =-ip,, bs=p3, bg=—p3, (17)
where
0.0 )
(W o [ o [ 0 0 /0
2 =%\ pal 1
44
o_ o .
o7 = Ok i=v-1, p>0, pp>0, p3>0, (18)
e,

where the values of p;, p, and p; are determined through the numerical solution to the
aforementioned equation.

Thus, applying known standard techniques for solution to the system of the ordinary
differential equations and doing required mathematical manipulations, we obtain the following
expressions for the sought values which appear in the contact (6) and boundary (7)-(11)
conditions.

6 6 6
U = Aiesix) | uf =Y A (%), oY =3 Aigsi (%),

i-1 i1 i1
o3 —ZAK/’lzl(Xz) o3 —ZAu(Dzz (x), DY _ZA|(04|(X2) (19)
i1 iz i1

Note that the expressions of the functions ¢1;(X2), @2i(X2), @3i(X2), @4i(X2), P12i(X2), and @2i(X,) for
each of cgl) <C <cl(1) c <c§1) ,and c> cll cases are given in Appendix B through the Egs. (B1),
(B2), and (B3), respectively.

Thus, we determine completely the expressions of the sought values related to the piezoelectric
face layer and these expressions contain the unknown constants A;, A, ..., As which must be
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determined from the foregoing contact and boundary conditions.

As we assume that the geometrical and electro-mechanical properties of the face layers are the
same, then by replacing the upper index (1) only in the stresses, displacements, electric
displacements and electric potential with the upper index (3) and replacing the unknown constants
A1, Ay ..., As with unknown constants By, By, ..., Bs, respectively we obtain the corresponding
expressions for the sought values of the lower face piezoelectric layer.

Now we consider the determination of the sought values related to the middle layer.
Substituting gi(jz) in (5) into the expressions in (4) and substituting the expressions (4) into the
equation of motion of the metallic middle layer (i.e., into the first and second equations in (2)) we
obtain the following equations of motion in terms of the displacements for the middle layer.

2 (2) ul@ @ 2,(2)
(D + (2)0)a N ()a (A2 + (2))“2 _,@%u
o1 ox? X2 2 0% 0% at2
o%ul? ) o%uf? ) 0 u( ) 0%l
@, @)@ @072 @) (2) 07Uz 20

According to the expressions in (13), we represent the displacements u(lz) and ugz) as follows

U =y (xp)sin(loy - at), uS?) =y P (xp) cos(io - at) . 1)

Substituting (21) into the Eq. (20) and doing some mathematical manipulations by employing
the known solution procedure for a system of ordinary differential equations, we obtain the

following expressions for ‘/’1( )(xz) and 1// (x2)

I//:EZ) = Z]_Gl sinh leXZ + ZZGZ cosh leX2 + 23G3 sinh R2kX2 + Z4G4 cosh Rszz )

(2) = Z, cosh Rikx, +Z, sinh Rykx, + Z5 cosh Rokxo +Z4 sinh Rokx, (22)
where
2 2
@_ [ B, &j o RO_ | B (&) _c
& \/ 2 [ 2 20 e 2 2 2
2
B, boo ~Co2 C, - Boobp1 G, =G, R b» Gy =G, __Ro_ by (23)
by +1 by +1 C2 CpRy C2  CRp

In (23) the notation

1
b21:—W(Al(f) +o2°), C21=ﬁ(Al(§) + 3y,
V) M2

(2) | 5(2)0

1 1
by =~ (17 +017°) €2 = 55 (AR +447) (24)
Az Az
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is used.
Finally, we obtain the following expressions for the displacements and stresses which relate to
the middle layer and enter the contact and boundary conditions.

u® = (Z,G; sinh Rikx, + Z,G, cosh Rkox, +
Z3Gzsinh Rykxy + Z,4G,4 cosh Rykx, ) sin(kxq + ot)
ul?) = (2, cosh Rk, + Z; sinh Rk + Z5 Cosh Rokx, + Z sinh Rykxy ) cos(log + ) ,
o2 = (2,42 (GIR, ~1) cosh Rk + Z,142) (GoR; ~1)sinh Rk
+Z4142) (GgR, —1) cosh Rokx, + Z4142) (G4Ry —1)sinh Rokxy)sin(log — ),
o8 =(Zy(GAD) + ADR))sinh Rikx, +Z, (G, AR + ADR; ) cosh Rk,
+75(G3A2) + ADR)sinh Ryky + 24 (G4 AD) + AR, ) cosh Rokxp ) cos(log — k). (25)

It should be noted that the expressions (22) and (25) are obtained for the case where Im R1(2) =
Im Rgz) =0. For other related cases, the corresponding equations can be obtained by employing the
well-known solution technique.

This completes consideration of the solution procedures of the equations of motion for the case
under consideration.

It is known that, as usual, using the symmetry and asymmetry of the displacements of the
sandwich plate, the Lamb waves within are divided into symmetric (extensional) and asymmetric
(flexural) ones. In other words, for this division, the condition

u? 04, %) =U? 04, %) U (4, %) =05 (%)
U (4, %0) = (44, %) |, u$ (31, %) =—US (54, %),

o 00.30) =0 04, %) . (26)
is used for determination of the extensional (symmetric) Lamb waves and the condition

U (%, %) = Ul (g, %) . U (%, %) =S (g, ~%,)
Ul(l) (X1, %2) :—Ul(s) (X, —%2) Ugl) (X, %2) =U§3) (x,—X2),

oD (x4, %) =0 (x4, ~%,) (27)

is used for determination of the flexural (anti-symmetric) Lamb waves. For acceptability of the
conditions (26) and (27), for the subject under consideration, the contact and boundary conditions
must be symmetric with respect to the plane x,=0. According to the relations (6) and (9), the
contact and boundary conditions with respect to mechanical forces and displacements are already
symmetric with respect to the plane x,=0. Consequently, for satisfaction of the relations in (26) or
(27), it is necessary to assume the symmetry or anti-symmetry of the boundary conditions with
respect to the electric potential and electric displacements. In other words, for satisfaction of the
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relations (26) and (27) it is also necessary to assume that the same boundary conditions are
satisfied on the upper and lower interface planes and the same boundary conditions are satisfied on
the free face planes of the lower and upper piezoelectric layers with respect to the electric potential
or with respect to the electric displacements.

Thus, taking the condition (26) into account and substituting the expressions (19) and (25) into
the contact (6) and boundary conditions (7)-(11), we obtain the system of algebraic equations for
the unknown constants A, A{", ..., AP, Z, and Z,. The explicit expressions of these equations
are given in Appendix C through the expressions (C1).

For existence of the non-trivial solution of the system of algebraic equations in (C1) the
determinant of the coefficients’ matrix of this equation must be equal to zero, i.e.

det||apm (€, k)| =0, n,m=12,...8. (28)

This equation is the dispersion equation of the extensional waves propagated in the sandwich
plate under consideration. The expressions for the coefficients oy, (c,kh) in (28) can be easily
determined from the Eq. (C1) in Appendix C and therefore are not given here.

Moreover, taking the conditions in (27) into consideration and doing similar mathematical
calculations we obtain the following equations for the flexural Lamb waves, i.e., the equations for
the unknowns A;, A,, ..., As, Z; and Zs. The explicit expression of these equations are given in
Appendix C through the expressions (C2) and last six equations in (C1).

Thus, according to the aforementioned procedure, we obtain the dispersion equation

det|| B (¢, k)| =0, n,m=1,2,...8. (29)

The expressions for the components ., can be easily determined from the equations in (C2)
and from the last six equations in (C1).
This completes consideration of the solution method and obtaining the dispersion equations.

4. Numerical results and discussions

We will consider the results related to the dependence between c/cgz) and kH (where

c§? =@ /p@ | H=2Hye +2Hpzr ). These results are obtained by numerical solution of the

dispersion Eq. (28) (for the extensional Lamb waves) and (29) (for the flexural Lamb waves).

Note that the numerical solution to the dispersion Egs. (28) and (29) is carried out by
employing the well-known “bi-section” algorithm and corresponding PC programs in MATLAB.
Analyses are made for the materials, the mechanical, piezoelectrical and dielectrical properties of
which are given in Table 1 and the material of the middle layer is selected as Aluminum (Al) or
Steel (St), but the material of the face layer is selected as PZT-2 or PZT-6B. The values of the
mechanical constants for the Al and St are taken from the Jin et al. (2002), Guz and Makhort
(2000) references, respectively, but the values of the mechanical, pizoelectrical and dielectrical
constants related to PZT-2 and PZT-6B are taken from the Pang et al. (2008) and Yang (2005)
references, respectively.

Before beginning the analysis of the dispersion curves we note the following statement.
Numerical results show that in the cases where the face planes of the piezoelectric layers are
unelectroded (i.e., satisfying the conditions (8) and (11)) the influence of the piezoelectricity of the
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Table 1 The values of the mechanical, piezoelectrical and dielectrical properties of the selected materials

Designation - Materials
Aluminum Steel PZT-2 PZT-6B
p(x10%kg / m®) 2.70 7.795 7.60 7.55
1y (x10° N / m?) 10.20 24.76 13.50 16.80
Co3(x10"N /m?) 10.20 24.76 11.30 16.30
Caa (10N /m?) 2.60 7.75 2.22 3.55
Ci3(x10'N /m?) 5.0 9.26 6.81 8.42
e5(C/m?) N B 9.8 4.60
e53(C/m?) B 3 9 7.10
€5, (C/m?) B 3 -1.9 -0.90
£,(x10°F /m) _ _ 8.7615 3.60
£33(x10°F /m) _ _ 3.9825 3.42
a(x10° MPa) 3.08 -2.35 _ B
b(x10° MPa) -0.49 -2.75 _ _
¢(x10° MPa) -2.92 -4.90 _ 3
A(x10* MPa) 5.0 9.26 3 3
1(x10* MPa) 2.60 7.75 B B
4 <
1- extenzional, first mode
2- extensional, second mode
| 1 flomural second made 9 =
4 “{ﬁh—__
T L
1 -
0 1 ! 1 I JeH
0 2 4 6 8 10

Fig. 2 Dispersion curves of the extensional and flexural Lamb waves in the first two modes for the
PZT-2/St/PZT-2 system in the case where Hpz1/Hqore=4. Dashed lines relate to the case where the
piezoelectric and dielectric constants of the face layer material are equated to zero
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face layer materials on the dispersion curves is insignificant. Therefore, we will consider only the
results related to the cases where the face planes of the piezoelectric layers are electroded (i.e., the
cases where the conditions (7) and (10) are satisfied) under which the aforementioned influence
becomes more considerable.

In all the figures below, the graphs shown by solid lines relate to the cases where the values of
the piezoelectric and dielectric constants of the face layers® materials are taken as given in Table 1.
However, the graphs shown by dashed lines relate to the cases where the values of the
piezoelectric and dielectric constants of the piezoelectric face layers’ materials are equated to zero.
Consequently, according to the difference between the dashed and solid lines in the figures, which
will be given below, certain conclusions can be made as to the effect of the piezoelectricity of the
piezoelectric face layers’ materials on the influence of the initial stresses on the extensional and
flexural Lamb wave propagation velocities.

Thus, we begin consideration and analysis of the numerical results. First, we consider the
dispersion curves related to the case where the initial stresses in the constituents of the system are

absent, i.e., the case where oD% =20 - (0 _ 0. These dispersion curves of the extensional
and flexural Lamb waves in the first and second modes are given in Figs. 2, 3, 4 and 5 for the
PZT-2/St/IPZT-2, PZT-2/AlIPZT-2, PZT-6B/St/PZT-6B and PZT-6B/Al/PZT-6B sandwich plates,
respectively in the case where Hpzr/Heore=4. In these figures, the numbers 1 and 2 indicate the
dispersion curves of the extensional Lamb waves in the first and second modes, and the numbers 3
and 4 indicate the dispersion curves of the flexural Lamb waves also in the first and second modes,
respectively.

ol
[
.
1- extensional, first mode
2. extensional, second mode
i- flexural, first mode
3 4- flexural. second mode I S
e e P
2t 1
7
1 . -
i L
I 1 )
; _::::_:":'_—_—_\n.—_-
|:| 1 1 1 1 |.£:H
0 2 4 4] 8 10

Fig. 3 Dispersion curves of the extensional and flexural Lamb waves in the first two modes for the
PZT-2/Al/PZT-2 system in the case where Hpz/Hore=4. Dashed lines relate to the case where the
piezoelectric and dielectric constants of the face layer material are equated to zero
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Fig. 4 Dispersion curves of the extensional and flexural Lamb waves in the first two modes for the
PZT-6B/St/PZT-6B system in the case where Hpzr/Hqoe=4. Dashed lines relate to the case where the
piezoelectric and dielectric constants of the face layer material are equated to zero
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Fig. 5 Dispersion curves of the extensional and flexural Lamb waves in the first two modes for the
PZT-6B/AI/PZT-6B system in the case where Hpz/Hqore=4. Dashed lines relate to the case where the
piezoelectric and dielectric constants of the face layer material are equated to zero
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It follows from Figs. 2-5 that the piezoelectricity of the face layers’ material causes the
extensional and flexural Lamb wave propagation velocity in each mode and for all considered
sandwich plate materials, to increase. The magnitude of the increase in the wave propagation
velocity caused by the effect of the piezoelectricity of the face layers’ materials grows with kH for
both modes and this increase is explained by the “stiffening” effects of the piezoelectric materials.
Moreover, the results given in Figs. 2-5 show that the dispersion curves given in these figures are
similar (in the qualitative sense) with the corresponding ones obtained in the papers by Akbarov et
al. (2008, 2011) and detailed in the monograph by Akbarov (2015) for the sandwich plates with
layers made of purely elastic materials. Consequently, this similarity guarantees the reliability of
the calculation algorithm and PC programs used.

As noted above, the main objective of the numerical investigations in the present paper is the
study and analysis of the influence of the initial stresses on the wave propagation velocity. Thus,
we begin this analysis and in order to estimate the magnitude of the influence, we introduce the
parameters

@0 (2).0 (3.0
pyO_2_ @ %1 @ %L, 103 (@c—c)/ o), (30)
<@ 4@ @
44 44

where ¢ is the wave propagation velocity in the case where the initial stresses are absent in the
constituents of the system under consideration and T is the wave propagation velocity in the case
where the initial stresses exist in both the face layers or in the core layer of the sandwich plate.

Below we will consider the graphs of the dependence between the parameter » and kH
constructed for various values of the parameters ™=y and @, and for various sets of materials
for the extensional and flexural Lamb waves in the first and second modes, and given in Figs. 6-
27. Moreover, in Figs. 6-27, the graphs grouped by letters a, b, ¢ and d relate to the cases where
Hpzr/Heore=0.5, Hpzt/Heore=1, Hpzr/Hcore=2 and Hpzr/Heore=4, respectively. In the considered cases,
it is assumed that the layers of the plate are stressed initially and are then connected with each
other.

Also, in the graphs grouped by the letters a, b and c, the range of change of the dimensionless
wavenumber kH is (0,10]. However, in the graphs grouped by the letter d, in order to illustrate the
high wavenumber asymptotic values of the parameter 7, besides the range of change of kH, parts
of the graphs in the near vicinity of kH=60 are also added.

(a) (b)
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0.4
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P e - 0 kE kH
D 2 4 6 8 10 02 4 6 8 10 02 4 6 8 10 0 2 4 6 810lsen
Fig. 6 The influence of the parameter ™=y (>0) on the extensional Lamb wave propagation velocity in
the first mode for the PZT-2/StPZT-2 system in the case where y?=0 and Hpzr/Heore=0.5 (a);
HPZT/Hcore:l (b), HPZT/Hcore=2 (C); HPZT/Hcore:4 (d)
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Fig. 7 The influence of the parameter 1/1(2) (>0) on the extensional Lamb wave propagation velocity in the
first mode for the PZT-2/St/PZT-2 system in the case where y™®=0, a®@=h®=c?®=0 and
Hpz1/Heore=0.5 (8); Hpzt/Heore=1 (B); Hpzr/Heore=2 (C); Hpzr/Hcore=4 (d)
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Fig. 8 The influence of the parameter 1//(2) (>0) on the extensional Lamb wave propagation velocity in the
first mode for the PZT-2/St/PZT-2 system in the case where y™=0, a®#0, b®#0, c®#0 and
Hpzr/Heore=0.5 (a); Hpzr/Heore=1 (b); Hpzr/Heore=2 (€); Hpzt/Heore=4 (d)
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Fig. 9 The influence of the parameter @ (<0) on the extensional Lamb wave propagation velocity in the
first mode for the PZT-2/St/PZT-2 system in the case where =0, a®=b®=c®=0 and Hp1/Heore=0.5 (a);
HPZT/Hcorezl (b), HPZT/Hcore=2 (C); HPZT/Hcore:4 (d)
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First we consider the results related to the dependencies between # and kH, and obtained for the
sandwich plate PZT-2/St/PZT-2. These results for the first mode of the extensional (flexural)
waves are given in Figs. 6-10 (in Figs. 11-15). Under construction of the graphs given in Figs. 6
and 11 it is assumed that »® (=y®)>0 and y®=0. Moreover, under construction of the graphs
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Fig. 10 The influence of the parameter w(z) (<0) on the extensional Lamb wave propagation velocity in the
first mode for the PZT-2/St/PZT-2 system in the case where y®=0, a®#0, b®z0, c®#0 and

HPZT/Hcore:0-5 (a); HPZT/Hcore:]- (b), HPZT/Hcore:2 (C); HPZT/Hcore:4 (d)
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Fig. 11 The influence of the parameter ™=y (>0) on the flexural Lamb wave propagation velocity in
the first mode for the PZT-2/St/PZT-2 system in the case where y®=0 and Hpzr/Hcore=0.5 (a);
HPZT/Hcorez:L (b): HPZT/Hcore=2 (C); HPZT/Hcore:4 (d)
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Fig. 12 The influence of the parameter y® (>0) on the flexural Lamb wave propagation velocity in the
first mode for the PZT-2/St/PZT-2 system in the case where y™®=0, a®@=h®=c?®=0 and

Hpz1/Heore=0.5 (8); Hpzt/Heore=1 (B); Hpzr/Heore=2 (C); Hpzr/Hcore=4 (d)

given in Figs. 7 and 12 (in Figs. 9 and 14) it is assumed that y" (=y®)=0, ¥?>0 (y?<0) and
a®=p@=c@=0, i.e., the influence of the third order elastic constants which enter into the relations
in (9) of the core layer material on the considered dependencies is not taken into consideration.
Note that the graphs illustrated in Figs. 8 and 13 (Figs. 10 and 15) are also obtained in the cases
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Fig. 13 The influence of the parameter 1/1(2) (>0) on the flexural Lamb wave propagation velocity in the
first mode for the PZT-2/St/PZT-2 system in the case where y®=0, a®#0, b®z0, c®#0 and
HPZT/Hcore:0-5 (a); HPZT/Hcore:]- (b), HPZT/Hcore:2 (C); HPZT/Hcore:4 (d)
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Fig. 14 The influence of the parameter t//(z) (<0) on the flexural Lamb wave propagation velocity in the
first mode for the PZT-2/St/PZT-2 system in the case where =0, a®=b®=c®=0 and Hp1/Hcore=0.5 (a);
HPZT/Hcore:1 (b), HPZT/Hcore:2 (C); HPZT/Hcore:4 (d)
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Fig. 15 The influence of the parameter y® (<0) on the flexural Lamb wave propagation velocity in the first
mode for the PZT-2/St/PZT-2 system in the case where yY=0, a®#0, b®+0, cP#0 and Hpz1/Hcore=0.5 (a);
HPZT/Hcorezl (b), HPZT/Hcore=2 (C); HPZT/Hcore:4 (d)

considered in Figs. 7 and 12 (Figs. 9 and 14), respectively, however, under construction of these
graphs, the influence of the third order elastic constants on the investigated dependencies is taken
into consideration, i.e., it is assumed that a®+0, b®=0, and c®+0.

Thus, it follows from Figs. 6 and 11 that pre-stretching of the piezoelectric face layers causes
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an increase in the values of the extensional and flexural Lamb waves’ propagation velocity. The
magnitude of this increase grows with Hpzr/Heore and with 1//(1’, i.e., with the piezoelectric face
layers’ thickness and with the initial stretching of this layer. Moreover, it follows from these
figures that as a result of the piezoelectricity of the face layers’ material the influence of the initial
stresses, i.e., the influence of the parameter ) on the wave propagation velocity decreases and
the magnitude of this decrease grows with kH and approaches the high wavenumber limit value of
n as kH—oo (see Figs. 6(d) and 11(d)). The results also show that the wave propagation velocity
(or the values of the parameter #) for the extensional Lamb waves increases monotonically with
kH. However, dependence between the parameter » and kH obtained for the flexural Lamb waves
is non-monotonic. At the same time, as observed from the graphs, the influence of the initial
stretching of the face piezoelectric layers on the wave propagation velocity also depends
significantly on the values of the dimensionless wavenumber kH.

Now, we attempt to explain the foregoing results using the corresponding physico-mechanical
considerations. This explanation is based on the fact that an increase (a decrease) in the stiffness of
the elastic or PZT+elastic systems for the constant material density causes an increase (a decrease)
in the values of the wave propagation velocity. In the foregoing results, it is considered that the
face PZT layers of the sandwich plate under consideration are initially stretched. As a result of this
initial stretching, the stiffness of the sandwich plate increases, which causes an increase in the
Lamb wave propagation velocity.

It is evident that the piezoelectricity of the face layers absorbs a certain part of the mechanical
work done by the initial stresses, consequently, the piezoelectricity of the face layers causes a
decrease in the stiffness grow of the sandwich plate, which appears as a result of the mentioned
initial stretching. Namely with this, it can be explained that the influence of the initial stretching
on the Lamb wave propagation velocity obtained in the case where the piezoelectricity of the face
layers is ignored, is more considerable than that obtained in the case where the piezoelectricity of
these layers is taken into consideration.

Finally, we note that the explanation of the difference of the character of the dependencies
between the parameter # and kH obtained for the extensional and flexural Lamb waves can be
made with the difference of the modes of these waves.

It should be noted that in the case where the constitutive relations of the constituents are linear,
the explanation mechanism given above can be used to explain all the corresponding numerical
results obtained in the present paper. However, in the case where the initial stretching (the initial
compression) is applied to the constituents of the sandwich plate with the linearized constitutive
relations obtained from the linearization of the corresponding non-linear constitutive relation, for
instance from the linearization of the non-linear constitutive relations based on the Murnaghan
potential, this initial stretching (initial compression) may cause a decrease (an increase) in the
stiffness of the plate, which may cause a decrease (an increase) in the wave propagation velocity.
This fact must be taken into consideration to understand the difference between the results, for
instance, given in Figs. 7 and 8, i.e., to understand the influence of the third order elastic constants
of the core layer material on the Lamb wave propagation velocity in the sandwich plate under
consideration.

We recall that the graphs illustrated in Figs. 7 and 12 (in Figs. 9 and 14) are constructed in the
case where y@>0 (y?<0) under a®=b®=c®=0 and also recall that the graphs illustrated in Figs. 7
and 9 (in Figs. 12 and 14) relate to the extensional (flexural) waves. Thus, it follows from the
results that the initial stretching (compression) of the core metal layer of the plate in the case
where a®=b@=c®=0 causes an increase (a decrease) in the values of the wave propagation
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velocity. However, the magnitude of this decrease in the case where y®<0 is more significant than
the magnitude of the increase in the case where y®>0. Moreover, the results show that the
magnitude of the influence of the initial stresses on the wave propagation velocity decreases with
Hez/Heore and increases with the absolute values of y®. The influence of the piezoelectricity of
the face layers’ materials on the wave propagation velocity is insignificant and causes an increase
in the values of this velocity. According to Figs. 7 and 12, as well as Figs. 9 and 14, in the case
where y@>0 (?<0) the influence of the initial stretching (compression) on the wave propagation
velocity decreases with the dimensionless wavenumber kH.

Analyze the results given in Figs. 8 and 13 (in Figs. 10 and 15) which show the results obtained
in the cases where >0 (®?<0) under a®#0, b®#0 and ¢®#0. Comparison of these results with
the corresponding ones given in Figs. 7 and 12 (in Figs. 9 and 14) allows us to conclude that in
taking the third order elastic constants of the metal elastic core layer into consideration
significantly affects the influence of the initial stresses in this layer on the wave propagation
velocity. It should be noted that this effect has not only a quantitative, but also a qualitative
character. It follows from Fig. 8 that in contrast to the case considered in Fig. 7, the initial
stretching of the core layer causes a decrease in the values of the extensional Lamb wave
propagation velocity. The magnitude of this decrease grows with y® and decreases with
Hpzr/Heore. Moreover, it follows from Fig. 13 that in contrast to the case considered in Fig. 12, the
character of the influence of the initial stretching of the middle layer on the flexural wave
propagation velocity depends on the dimensionless wavenumber kH. So, there exists such a value
of kH (denote it by (kH)") before which (after which), i.e., in the cases where kH<(kH)" (kH>(kH)")
as a result of the initial stretching of the core layer, the wave propagation velocity increases
(decreases). Consequently, in the case where kH=(kH)’ the initial stretching of the core layer does
not act on the wave propagation velocity.

Comparison of the results given in Fig. 15 shows that as a result of taking the third order elastic
constants into consideration the character of the influence of the initial compression on the flexural
wave propagation velocity also depends on the dimensionless wavenumber kH. So, there exists
such a value of kH (denote it by (kH)") before which (after which), i.e., in the cases where
kH<(kH)" (kH>(kH)"), as a result of the initial compression of the core layer, the wave
propagation velocity decreases (increases). Consequently, in the case where kH=(kH)" the initial
compression of the core layer does not act on the wave propagation velocity. The results also show
that (kH)'~(kH)"".
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Fig. 16 The influence of the parameter ™=y (>0) on the extensional Lamb wave propagation velocity
in the first mode for the PZT-2/Al/PZT-2 system in the case where y®=0 and Hpz1/Heore=0.5 (a);
Hpzt/Heore=1 (0); Hpzr/Heore=2 (C); Hpzr/Heore=4 (d)
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Fig. 17 The influence of the parameter /'Y=y (>0) on the flexural Lamb wave propagation velocity in
the first mode for the PZT-2/AI/PZT-2 system in the case where y®=0 and Hps/Heore=0.5 (a);
HPZT/Hcore:l (b), HPZT/Hcore:2 (C); HPZT/Hcore:4 (d)

a [ d
(0}6’? ®) (€ [}.,’?
Mo 003 P Ir oy 1 127
e Y =002
LR ] 038
4 .

0 06 0.6 08
0.2 04 04 04
02 02

L L L I |.{'H i i i i .."_H 1 I 1 I HEH

Fig. 18 The influence of the parameter y®=y® (>0) on the extensional Lamb wave propagation velocity
in the first mode for the PZT-6B/St/PZT-6B system in the case where y?=0 and Hpz1/Hore=0.5 (a);
HPZT/Hcore:1 (b), HPZT/Hcore:2 (C); HPZT/Hcore:4 (d)
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Fig. 19 The influence of the parameter "=y (>0) on the flexural Lamb wave propagation velocity in
the first mode for the PZT-6B/AI/PZT-6B system in the case where y?=0 and Hp/Heore=0.5 (a);
HPZT/Hcorezl (b), HPZT/Hcore=2 (C); HPZT/Hcore:4 (d)

Note that similar results are also obtained for the sandwich plate PZT-2 /Al/ PZT-2. The graphs
given in Figs. 16 (for the extensional waves) and 17 (for the flexural waves) are examples of these
results which relate to the first mode. Moreover, the results obtained for the plates PZT-6B /St/
PZT-6B and PZT-6B /Al/ PZT-6B are, in the qualitative sense, also similar to the foregoing ones.
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Fig. 20 The influence of the parameter ™=y (>0) on the extensional Lamb wave propagation velocity
in the first mode for the PZT-6B/AI/PZT-6B system in the case where y®=0 and Hpzr/Hcore=0.5 (a);
HPZT/Hcore:l (b), HPZT/Hcore:2 (C); HPZT/Hcore:4 (d)
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Fig. 21 The influence of the parameter 'Y=y (>0) on the flexural Lamb wave propagation velocity in
the first mode for the PZT-6B/AI/PZT-6B system in the case where y?=0 and Hp/Heore=0.5 (a);
HPZT/Hcore:1 (b), HPZT/Hcore:2 (C); HPZT/Hcore:4 (d)
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Fig. 22 The influence of the parameter ™=y (>0) on the extensional Lamb wave propagation velocity
in the second mode for the PZT-2/St/PZT-2 system in the case where y/(z):O and Hpz1/Hcore=0.5 (a);
HPZT/Hcorezl (b), HPZT/Hcore=2 (C); HPZT/Hcore:4 (d)

The graphs given in Figs. 18 (extensional waves) and 19 (flexural waves) are examples obtained in
the first mode for the plate PZT-6B /St/ PZT-6B, and the graphs given in Figs. 20 (extensional
waves) and 21 (flexural waves) are examples also obtained in the first mode for the PZT-6B /Al/
PZT-6B plate. Comparison of the results illustrated in Figs. 18, 19, 20 and 21 with the corresponding
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Fig. 23 The influence of the parameter ® (>0) on the extensional Lamb wave propagation velocity in the
second mode for the PZT-2/St/PZT-2 system in the case where y=0, a®=p@=c®=0 and
Hpz1/Heore=0.5 (8); Hpzt/Heore=1 (B); Hpzr/Heore=2 (C); Hpzr/Hcore=4 (d)
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Fig. 24 The influence of the parameter ® (>0) on the extensional Lamb wave propagation velocity in the
second mode for the PZT-2/SPZT-2 system in the case where =0, a®@=b@=c?=0 and
Hpz1/Heore=0.5 (8); Hpzt/Heore=1 (B); Hpzt/Heore=2 (C); Hpzr/Hcore=4 (d)

ones given in Figs. 6, 11, 16 and 17 shows that the effect of the piezoelectricity of PZT-2 on the
influence of the initial stresses on the wave propagation velocity is more significant than that of
PZT-6B.

Taking the last conclusion into consideration we analyze here the graphs of the dependencies
between the parameters » and kH in the second mode obtained for the sandwich plate PZT-2 /Al/
PZT-2. Graphs of these dependencies obtained in the case where ™ (=y®)>0 and y?=0 are given
in Figs. 22 and 25 for the extensional and flexural waves, respectively. Moreover, the graphs of the
studied dependencies obtained in the case where ?>0 and ™ (=y®)=0 under a®=b®=c?=0 are
given in Figs. 23 and 26, but the graphs obtained under a®#0, b®#0 and c®#0 are given in Figs.
24 and 27, also for the extensional and flexural waves, respectively.

Thus, it follows from the Figs. 22 and 25 that the initial stretching of the piezoelectric face
layers of the plate causes the wave propagation velocity in the second mode to increase. The
character of the influence of the piezoelectricity of the face layers’ materials depends on the values
of kH, so there exists such a value of kH (denote it by (kH)*) before which (after which) the
piezoelectricity causes a decrease (an increase) in the values of the parameter » and the magnitude
of this increase grows with kH under kH>(kH)*.
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Fig. 25 The influence of the parameter ™=y (>0) on the flexural Lamb wave propagation velocity in
the second mode for the PZT-2/St/PZT-2 system in the case where w‘z’:o and Hpz1/Heore=0.5 (2);
HPZT/H(:ore:1 (b): HPZT/Hcore:2 (C); HPZT/Hcore:4 (d)
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Fig. 26 The influence of the parameter t//(z) (>0) on the flexural Lamb wave propagation velocity in the
second mode for the PZT-2/St/PZT-2 system in the case where yM=0, a®=p@=c?®=0 and
Hpzr/Heore=0.5 (3); Hpzr/Heore=1 (b); Hpzr/Heore=2 (C); Hpzr/Heore=4 (d)
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Fig. 27 The influence of the parameter ' (>0) on the flexural Lamb wave propagation velocity in the
second mode for the PZT-2/S/PZT-2 system in the case where yY=0, a®#0, b®#0, c®#0 and
Hpz1/Heore=0.5 (8); Hpzt/Heore=1 (B); Hpzr/Heore=2 (C); Hpzr/Hcore=4 (d)

Figs. 23 and 26 show that the initial stretching of the core layer under a®=b®=c®=0 also
causes an increase in the values of the parameter . However, Figs. 24 and 27 show that in the case
where y@>0 and y® (=y®)=0 under a®#0, b®#0 and c?#0 the character of the influence of the
initial stress on the wave propagation velocity in the second mode depends on the values of kH.
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So, there is a range of change of kH for which the initial stretching of the core layer causes a
decrease and there is also a range of change of kH for which the initial stretching causes an
increase in the wave propagation velocity in the second mode.

This completes the consideration and analyses of the numerical results.

5. Conclusions

In the present paper the extensional and flexural Lamb waves in the sandwich plate consisting
of the pre-stressed piezoelectric face and pre-stressed metal elastic core layers is studied by
utilizing the three-dimensional linearized theory of elastic waves in the pre-stressed piezoelectric
materials. The solution of the governing field equations for a certain type of piezoelectric material
is found. The mechanical relations of the metal elastic core layer material are described through
the Murnaghan potential. Dispersion equations for the extensional and flexural Lamb waves are
derived for the sufficiently general case. Numerical results on the dispersion of these waves and on
the influence of the initial stresses in the constituents of the plate on the wave propagation velocity
are presented and discussed.

In these discussions the focus is on the influence of the initial stresses on the extensional and
flexural Lamb wave propagation velocities. Numerical results are obtained for the cases where the
core layer material is Steel or Aluminum, but the face layers’ material is PZT-2 or PZT-6B.
Consequently, the sandwich plates PZT-2/St/PZT-2, PZT-2/Al/PZT-2, PZT-6B/St/PZT-6B and
PZT-6B/AI/PZT-6B are selected for numerical investigation and it is assumed that on the interface
planes between the core and face layers that complete contact conditions are satisfied.

All the numerical results are obtained for the case where the face planes of the piezoelectric
layers are electroded and the cases where Hpz1/Heore=0.5, 1, 2 and 4 are considered. According to
these results, the following main conclusions can be drawn:

» The piezoelectricity of the face layers’ materials causes the extensional and flexural Lamb

waves’ propagation velocity to increase.

» The aforementioned increase in the first mode of the Lamb waves is more considerable than

in the second mode.

« The initial stretching of the face layers causes an increase in the wave propagation velocity in

the first mode and the magnitude of this increase grows with the parameter ' (30) and with

the ratio Hpz/Heore, Where Hpz1 is the thickness of the piezoelectric layer and Hco is the half

thickness of the core layer .

* The piezoelectricity of the face layers’ materials causes a decrease in the magnitude of the

influence of the initial stretching of the face layers on the wave propagation velocity in the first

mode, but in the second mode this influence changes with the values of the dimensionless

wavenumber kH .

» The initial stretching (compression) of the core metal layer of the plate under ignoring the

third order elastic constants causes an increase (a decrease) in the values of the wave

propagation velocity in the first mode. However, the magnitude of this decrease in the case

W(g)ere w? <0 (30) is more significant than the magnitude of the increase in the case where

w>0.

» The magnitude of the influence of the initial stresses in the core layer on the wave

propagation velocity decreases with Hpz/Hore and increases with the absolute values of z//(z).

» Taking the third order elastic constants of the metal elastic core layer into consideration
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significantly affects the influence of the initial stresses in this layer on the wave propagation
velocity in the first mode and this effect has not only a quantitative, but also a qualitative
character.

» Taking the third order elastic constants of the metal elastic core layer into consideration there
exists such a value of kH (denoted by (kH)") before which (after which), as a result of the initial
stretching of the core layer, the wave propagation velocity in the first mode increases
(decreases) and in the case where kH=(kH)’ the initial stretching of the core layer does not act
on the wave propagation velocity.

» Taking the third order elastic constants of the metal elastic core layer into consideration there
exists such a value of kH (denoted by (kH)") before which (after which), as a result of the
initial compression of the core layer, the wave propagation velocity in the first mode decreases
(increases) and in the case where kH=(kH)" the initial compression of the core layer does not
act on the wave propagation velocity. It is also established that (kH)"'=(kH)'.

» The influence of the piezoelectricity of PZT-2 on the wave propagation velocities is more
significant than that of PZT-6B.

« The initial stretching of the piezoelectric face layers of the plate causes an increase in the
wave propagation velocity in the second mode and the character of the influence of the
piezoelectricity of the face layers’ materials on this increase depends on the values of kH. So,
there exists such a value of kH (denote it by (kH*)) before which (after which) the
piezoelectricity causes a decrease (an increase) in the values of the parameter » (30) and the
magnitude of this increase grows with kH under kH>(kH)*.

* The initial stretching of the core layer when ignoring the influence of the third order elastic
constants causes an increase in the values of the parameter .

« Taking the influence of the third order elastic constants into account as a result of the initial
stretching of the metal elastic core layer, the character of the influence of the initial stress on
the wave propagation velocity in the second mode depends on the values of kH. So, there is a
range of change of kH for which the initial stretching of the core layer causes a decrease and
there is also a range of change of kH for which the initial stretching causes an increase in the
values of the wave propagation velocity.
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Appendix A

In this appendix, we consider the linearized elastic relations for the core layer material.
According to the monograph by Guz (2004) and other works listed in the paper by Guz and
Mahkort (2000), to obtain results that are consistent with experimental studies of wave
propagation patterns of small amplitudes (small perturbations) in compressible metal elastic
materials with initial stresses, it is necessary to use the Murnaghan type of elastic potential to
describe the linearized elasticity relations of this material. This potential is given as follows (Guz
and Makhort 2000)

0@ _1 /1(2)(Afz)) L @p2 2 (Al(z‘)) RYCICINCINAGING (A1)
3

where 2@ and 4@ are Lamé constants, a®, b®, and c® are the third order elasticity constants and

Ai(z), Aéz), and Aéz) are the first, second, and third algebraic invariants of Green’s strain tensor,
respectively. For the considered case, the expressions of these invariants are

AD = of2) ), AP =(of2) w22V + (o)

AP =2 ) +3(ef2)) (6D + o))+ () #2

where

() (2) 2) ~,(2
2O _ ZL‘?U L +5Ur(1)5“r(1)} (A3)

IJ OX; j aXi OX j aXi

The components of the stress tensor are determined through the Murnaghan potential (Al) as
follows

dP=t 0 | 0 150 (A4)
i {85(2) aggiz)J

Representing 0'(2) ) 6"(]2) and ui( ) as a summation: 0(2) =a|(JZ) 0 +G|(JZ) , 8|(12) —6"(]2)0 +€|(JZ) :

and u-( ):u_(z),o -( ) , and linearizing the non-linear relations (A3) and (A4) with respect to the

perturbations 0(2) : g,(JZ) and ui(z) ', and omitting the prime over these perturbations, we obtain

the linearized elasticity relations (4) for the middle layer material, the coefficient of which are
determined through the following expressions

(2).0 (2
@ _ @ . 0,@ . 1 0@, (2120, 2011 ) ., h2 @ . .)\4
AT =2 +2u +ﬂ(2) (2b' +c*)oy " + ZKéZ) {(a +b ) (2b +c )2/1( )}
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Appendix B

We here give expressions of the functions which enter into Eq. (19).
The case where ¢§Y <c<c{

P11(%) =sin(Pkky) , @12 (Xp) = COS(PLkxg) , Prg(Xp) =€P22 | gy (xp) =€ P22,

P15(%0) =P | 0 (%) =7 P2 | 00,1 (%) = iy (%), @3 (X0) = i (%), 1=12,...,6,
P11 (%) = (c§3 Py — 1§ — e cos(Pikia) , Proa (Xp) = (—c53 py — apc — BrefE)sin( prkocy)
P3(X) = (Cﬁ) P2 —ascﬁi) —,3391%))9 P22 o (%) = (—Cﬁ,) P2 —054Cg1) —,3491(?)9_'02‘0(2 :
P15 (X2) = (c53 P — 505 — e P2, pro6(x0) = (53 P3 —isCl) — foe®))e P2,

P21 (%) = (€D —cBon py —e§) B py)sin(prkoxy) |
P20 (Xo) = ((‘1%) + c§13)a2 Py + eéé)ﬂz Py) cos(pykxy)

P223(%) = (03 + Qs +€8 B3P2)eP%2 | 0yg (%) = (] — g pp — 653 By pp)e P22,
Pa5(%p) = (€3 + S5 Py +58 s P3)e ™2, g (¥0) = (¢ —CRag Py — €3 s pa)e P2,
Pa1(%p) = (€5 —eBon py — £ AP SIN(Pykoy) . 2 (%) = (62 +e§3 oy — 53 B, pr) cos(prkocy)

P13002) = (5] +eRarpy — &5 B3p2)eP?%2, s (30) = (6 +efypp — 23 Bypr)e P22,

Py5(%2) = (eé,lf + e§13)a5 P3 — 5:93),35 P3)eP2 | e (%)) = (eéll’ + e%)aG P3 — “{%)ﬂe py)e P2 . (B1)
The case where ¢ < cgl)

(/’11(X2)=ep1kxz, (/)lz(xz)ze‘plkXZ, (/;ls(xz):epzkxzy (/,14(X2)=e—p2kx2,
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P15(%2) =P 2016 (%) =72 0 (35) = i (%), 931 00) = Bigpri (o), 1=1.2,...,6,

P121(%2) = (€53 PL — 1c§) — B2 )eP2 | i (%) = (—cSh py —aCly) — SoelP)e P2,

P13(%0) = (€50 Py — arac) — 2 B3)e P22 | 1oy (x0) = (—c$4 o — uc$) — €2 )6 P22,

P25 (%) = (C§ P3 — asc$) — (B 5)ePH2 | o6 (%p) = (53 p3 — crsCly — €2 fis)e P2,

022106) = (€ + e py + B 8PP 2 (%) = (e ~cHery oy~ o pr)e P2,

P23(%p) = (cf3 +cQaspy +eQP2)eP* . 20 (00) = (¢ ~cQarapp e Aupr)e P2,

Pr5(%p) = (€3 +C§ 5 Py +58 s P3)e ™2, g (¥0) = (¢ —CRag Py — €53 s pa)e P2,

oa1 (%) = (€ + e by — 8 B P12 | g (%) = (€ —eBar py + £ Bopr)e PR

P13(%0) = (6] +eJazpr — 58 Bap2)e P22, 4y (x5) = (€5 — Qg py + 28 Bapo)e P22,

Pu5(%0) = (€5 + Qs p3 — 83 5 P3)e P2, e (%) = (€5 — e v ps + 653 s pa)e P32 . (B2)

The case where ¢ > cl(l)

P11(X0) =sin(pikxy) , @12(Xg) =cos(pikxy) , @13(X) =sin(pykxy), @ra(X) =cos(pokxy),
?5(X) = g3 , ¢16(X) = g™ P2 » 021(X2) = g COS(P1KX2) , @92 (X2) = g Sin(pikXy)

023 (Xp) = a3 COS(P2kXa) , 024 (Xp) = s SIN(PKXR) , 5 (Xp) = 5 P2, (g (%) = crge™ P32,
P31(%) = BLCoS(PLkG) , P32 (%2) = Bo SIN(PLkK,) , P34 (X0) = B COS(PokXy) , 35 (Xp) = s PH2,
P36 (%) = fse P2, 1 (%) = (Cﬁ Py —051‘34(12 —ﬂlel%))cos( pikx2)

D122 (%) = (—¢3 pr — el — BoelD)sin(prkoxy ), 103 (%) = (43 Py — eracll) —elD B) cos(poky) ,

P14 (X2) = (_CL(].:Q P2 — 0‘4C4(12 _efé)ﬁ4)5in( PokX2) ,

P25 (%) = (C§ P3 — asc$) — (B 5)ePH2, 1o (%) = () s — sl — €l s )e P2,

P20 (%) = (€3 —cBon by, —e§ Bipy)sin(pocy) |
Pazo(%0) = (€3 +cSJary oy + €83 B 1) cos( prioky )

P223(%2) = (cf§) —cQerap, —eQ Bapy)sin(pokoxp)
P24 (X2) = (Cl(%) + c§l3)a4 P2 + e§13)ﬂ4 P2)cos(pakx3),

2225 (0) = ({3 +CRars Py + 653 s 02)e ™2, s (¥0) = (fF) —c§arg P — 3 s pa)e P2,
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Pa1(%0) = (€ — e pr + &5 Bipy)sin(Pkoss) + 9up (%) = (€5 + e e, py — 550 B> pr) cos(pik) |
@3(X0) = (eéll) - e:%)ag P2 + 5%)53 po)sin(pokxs),
P14 (%) = (€5 +eB s p, — 5 By py) cos(pokxy) |

Ou5(X0) = (eélf + e%)ag, P3— 5%)55 p3)e Paloxz Oa(X0) = (eéll’ - e§13)a6 P3+ 5§13)ﬂ6 py)e P¥2 . (B3)

Substituting the expressions for ul(l) , uél), and (p(l) in (B1)-(B3) into the equation of motion

(12), we can easily determine the values of the constants ay, ay,..., ag and the values of the
constants f1, S, ..., Bs Which enter the foregoing expressions in (B1)-(B3).

Appendix C

The equations obtained from the contact and boundary conditions (6)-(11) for the extensional
Lamb waves, i.e., for the cases where the condition (26) is satisfied, are

6
u® ‘Xz_hl —u® ‘Xz_hl = > Ao (Khy) ~ZoG; cosh(Rikiy) —Z4Gy cosh(Rokty) =0,

6
ugl)‘ i _ugz)‘ =" Agi(khy) ~Zsinh(Rkhy) ~Z, sinh(Rokhy) =0,
Xp=hy x=h i3

Xp=hy

~Z143 (GoRy —1)sinh(Rikhy) —Z 4245 (G4R, —1)sinh(Rykhy) =0,

6
of| =0, . =2Anaky
- i=1

6
oB| =8|, . =LAk
- - i=1

~Z5(AGy + AppRy ) cosh(Rkhy ) — Z4 (AGy + ARy )cosh(Rykhy ) =0,

6
gD(l)‘ " =0 = Z Apsi(khy) =0 (for an electroded case),
Xo= i-1

6
D2|x2=m =0 > Z A s (khy) (for an unelectroded case).
i=1
() o @ S
013 =0 = Agppi(khy) =0, o33 xa=hy 0 =2 Apzi(khp) =0,

Xp=hy i—1 i—1
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6
oD =0 =" Ags; (khy) =0 (for a short circuit case),
2712 i=1
. 6
Dé) ) =0 = Z’Aﬁ%i (kh,) =0 (for an open circuit case). (C1)
2=y i=1

The first four equations obtained from the contact and boundary conditions (6)-(11) for the
flexural Lamb waves, i.e., for the cases where the condition (27) is satisfied, are

1
o0

6
U] =Y Ay (kiy) ~ZiGpsinh(Riky) ~Z5Gy sinh(Rokfy) =0,
Xp=hy Xo=h 5

6
u gl) ‘Xz_m —u §2) ‘xz—hl = E Aoy (Khy) —Z4 cosh(RKhy) —Z5 cosh(Rokhy) =0,

6
IR U N DWLEICY
B B i=1

—Zl,ulz (G2 Rl —1) COSh(lehl) — Z3/,l12 (G4 R2 —1) COSh(Rzkhl) =0,

6
Bl =, = > Avza (k)
_Z]_(AS_ZGZ + A22 R1)5|nh(R1khl) - ZS (A1264 + A22 R2 )Slnh(Rzkhl) =0. (CZ)

Note that the remaining six equations obtained for the flexural Lamb waves coincide with the
last six equations given in (C1).





