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the effectiveness of cracked plates repair

Mohamed S. Bouchiba™ and Boualem Serier

Department of Mechanical Engineering, University of Sidi Bel Abbes, BP89 cité Arbi Ben M'Hidi,
Sidi Bel Abbes 22 000, Algeria

(Received November 7, 2015, Revised January 13, 2016, Accepted January 26, 2016)

Abstract.  An optimization method of patch shape was developed in this study, in order to improve repair
of cracked plates. It aimed to minimize three objectives: stress intensity factor, patch volume and shear
stresses in the adhesive film. The choice of these objectives ensures improving crack repair, gaining mass
and enhancing the adhesion durability between the fractured plate and the composite patch. This was a
multi-objective optimization combined with Finite elements calculations to find out the best distribution of
patch height with respect to its width. The implementation of the method identified families of optimal
shapes with specific geometric features around the crack tip and at the horizontal end of the patch.
Considerable mass gain was achieved while improving the repair efficiency and keeping the adhesive shear
stress at low levels.
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1. Introduction

Bonded repair of structural components is widely used in industry. It is preferred over other
repair techniques such as riveted patches. This is because bonded composite patches give more
conformance to complex components. They are, also, used without drilling holes and they bring
better transfer loads through the adhesive (Baker et al. 2002, Baker et al. 2004).

Several studies were carried out to analyze this technique. Many researchers showed the
effectiveness of boned patches in reducing Stress Intensity Factor SIF (Achour et al. 2003,
Belhouari et al. 2004, Gu et al. 2011, Shiuh-Chuan and Chao 2011, Majid Jamal-Omidi et al.
2014, Mokadem et al. 2015). In addition to that, service life can be improved without replacing the
cracked part. However, it is important to investigate the effects of repair parameters because bad
design can be more dangerous (Tsai and Shen 2004).

Many researchers addressed the effects of geometric parameters on the repair effectiveness.
Different shapes were considered. Rectangular, square, circular, octagonal, and oval shapes were
all analyzed using Finite Elements Method FEM to asses the SIF reduction that can be obtained
(Kumar and Hakeem 2000, Kaddouri et al. 2008, Ramji et al. 2013, Kashfuddoja and Ramji
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2014). These works brought out the positive effect of a smaller patch length perpendicular to the
crack (Mahadesh Kumar and Hakeem 2000), and the effectiveness of an expanded rectangular
patch in its parallel direction (Ramji et al. 2013, Kashfuddoja and Ramji 2014).

However, it was important to investigate irregular shapes to assess their effectiveness. Roberto
Brighenti (2006, 2007) developed a genetic algorithm to find the best configuration for improving
fractured sheets, and he found out a tringle-like shape developed over a crack tip. Mhamdia Rachid
et al. (2012), on the other hand, used a rectangular patch and removed progressively some regions,
and he ended up by finding out an arrow shape.

This paper leads more investigations about patch shapes but in a different way. It uses a
probabilistic approach called “an Estimation Distribution Method EDM” to analyze the effect of
material patch distribution over the cracked plate, and looks for the optimal distribution, which
allows reaching three objectives:

* Reducing SIF

» Reducing patch volume

* Reducing adhesive shear stress in the adhesive film.

This is an iterative and metaheuristic process implemented through a combination of FEM and
a multi-objective algorithm.

2. Problem definition and modelling description:

2.1 General description of the repaired plate geometry

The problem consists of performing a symmetric repair of a center-cracked plate made of
aluminum alloy subjected to a uniaxial tensile loading. The half crack length is a=12 mm. An

external composite patch is bonded to the plate over the damaged region, using an Epoxy
adhesive. Half of the repaired plate geometry is shown in Fig. 1. The dimensions and the
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Fig. 1 General geometry of the repaired plate (one-half represented)
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Table 1 Mechanical properties

Composite patch Aluminum plate Adhesive
E, (GPa) 135 71.709 21.58E-01
E, (GPa) 9
E, (GPa) 9
G,; (GPa) 5
G,, (GPa) 5
G,, (GPa) 8
Uy, 0.3 0.33 0.35
Uy, 0.3
Uyg 0.02
71 (MPa) adhesive linear limit shear stress 27.43

Fig. 2 Finite elements meshing at the crack region

mechanical properties are taken from the study of Mahadesh Kumar and Hakeem (2000). The
sheet has the total width 2xw,=240 mm and total height 2xH=240 mm. A tensile loading
0=166.67 MPa is applied. The subscripts “P” stands for patch, “S” stands for sheet and “A” stands
for adhesive. Table 1 gives the mechanical properties of the unidirectional carbon fiber reinforced
plastic (CFRP) patch, the Aluminum alloy and the film adhesive.

2.2 Finite elements meshing

A 3D Finite elements Analysis is carried out using ABAQUS (2007) and considering only one-
quarter of the repaired plate, due to symmetry. The finite element mesh was generated using the 20
nodes brick elements. Fig. 2 shows the meshing corresponding to one of the configurations used in
the calculations.

In the present paper, the linear elastic fracture mechanics is applied for a homogenous plate where
only mode 1 fracture is preponderant. Therefore, the Stress Intensity Factors SIF K; is related to the
energy release rate (J integral) through the following formula
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Fig. 3 Collapsed three dimensional element (20 nodes brick element)
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K

Where: E is the Young modulus, v: the Poisson ratio.

The singularity at the crack tip should be considered to improve the accuracy of the J-integral and
the stress intensity factors calculations. If r is the distance ahead of the crack tip, a \/17 stress
singularity must be created for elastic fracture applications. The 20-node bricks are used with a
collapsed face where the nodes are constrained to move together. In addition to that, the midside
nodes are moved to the 1/4 points, as illustrated in Fig. 3.

To refine the mesh near the crack tip, two requirements were set :

* The elements size is at least 1/120 of the half crack length within a circle of 0.8 mm diameter

and the crack tip as a center

* The elements size is 1/40 of the half crack length within an area ranging from the previous circle

to another circle of 4.8 mm diameter and the crack tip as a center.

In J-integral calculations, several contour integral evaluations are performed. Each contour can be
considered as a ring of elements surrounding the nodes along the crack line from one crack face to
the opposite crack face. However, J-integral estimates from different contours may vary. Mesh
refinement is needed to find the contour integral value that is approximately constant. The
requirements for mesh refinement near crack tip, mentioned above, were assumed after many trials
until reaching this constant value of contour integral.

Depending on the varying dimensions of width and height during the parametric analysis, the
total number of elements range from 45 000 to 50 000 elements.

2.3 Aim of the study

According to the description given in section 2.1, the crack length 2xa=24 mm is critical under
the tensile loading ¢=166.67 MPa. Such a plate has zero fatigue life. As explained by Kumar
Mahadesh and Hakeem (2000), the repair can be applied such that the fatigue life of the repaired
plate is restored to the same level as a plate without crack.

Therefore, the principal aim of this paper is to develop a metaheuristic method to optimize the
patch shape, such that:

* The stress intensity factor SIF must be reduced to values lower than the fracture toughness



New optimization method of patch shape to improve the effectiveness of cracked plates repair 305

& —8— Wr=16 mm
g wgr=20 mm
=
¥
= Y| - WRr=25 mm
2
7 —t— Wr=30 mm

2} 4 == wg=40 mm
I I Hy 1 === wgr=50 mm
————
L WR
o C 1 1 1 1 1 1 1 L 1 17
20 30 40 50 60 70

Height Hg (mm)
Fig. 5 Dimensions effect of a rectangular repair area

(improving fracture resistance)

* The stress intensity factor SIF must be reduced to the threshold SIF of the plate (restoring the

fatigue life of the repaired plate to the same level as a plate without crack)

Taking the paper of Mahadesh Kumar and Hakeem as reference (2000), the fracture toughness
K,. =32.4MPaym and the threshold SIF K, =4.4MPaJ/m.

Assuming the patch thickness t, as constant, the optimization of the shape can be done by
finding the best distribution of patch material over an area assumed fixed and equal to
Axwex He=4x40x30 (mm®). “R” stands for repair area over which the optimization will be carried
out. One way to achieve this goal is to consider the patch height as a function of its width. For this
purpose, the present optimization problem is directed towards finding this best function within a
limited rectangular area, as shown in Fig. 4.

For a constrained optimization, the researcher can define the repair area 4xwgxHg, as a matter
of convenience. However, some considerations have been taken into account to define this area.
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Fig. 5 illustrates the variation of SIF with respect to the dimensions of a rectangular repair area.
The patch thickness is equal to 1.5 mm. The film adhesive thickness equals 0.15 mm. From Fig. 5,
it is clear that there is a threshold value for Hz=30 mm beyond which the stress intensity factor SIF
increases. A qualitative analysis of this figure shows also that the general rate of SIF variation
changes slightly for width values wg=40 mm and wg=50 mm, with close values of SIF for the two
widths.

Therefore and as a matter of convenience, the repair area of 4xwgxHg=4x40x30 (mm2) is
assumed for the present constrained optimization problem.

Before developing this method, it will be helpful to look at the simple case, for which the
height varies linearly with respect to patch width. The next section presents an introductory
example to show the interaction between the repair height with its width. This aims at highlighting
the need to find out the optimized distribution of height with respect to width, according to a well
described mathematical method.

3. Skewed shapes as introductory examples
3.1 Geometry description

An introductory example is given to shed light on the issues to be addressed throughout this
paper. From a rectangular patch, two shapes are constructed:

* A skewed shape with an increasing height (this is the Kumar and Hakeem model 2000). It

will be called skewed shape type A.

« A skewed shape with a decreasing height. It will be called skewed shape type B.

Considering one-quarter of the repaired plate due to symmetry, Fig. 6 shows the dimensions
associated with these shapes. The plate thickness is equal to 3 mm. The patch thickness is equal to
1.5 mm. The film adhesive thickness equals 0.15 mm. Now, the corresponding Stress Intensity
Factors SIF are calculated to assess the effectiveness of these two shapes.

Maximal height is Hya=Hr=30 mm, which is the height of the repair area assumed for the
present constrained optimization (section 2.3). For convenience, % of the half-crack length is

assumed for the minimal height H,, :%:Gmm. As explained in section 2.3, one value for acrack

length is considered: it is the critical length under the tensile load 6=166.67 MPa.
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Fig. 6 Skewed shapes: (a) Skewed type A (b) Skewed type B
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Fig. 8 SIF vs. Hyx for a repair performed over a width wp=20 mm

3.2 Stress intensity factor variations

Fig. 7, Fig. 8, Fig. 9 and Fig 10 illustrate the differences between the repair efficiencies as the
repair width varies when the two skewed shapes are applied. The following observations cases are
identified:

* Repair over the crack region: where the width of the repair is not very long, compared with the

crack length. In this case, the behavior of the two skewed shapes are different. While the SIF

obtained with the skewed type B shows a continuously decreasing trend with respect to the ratio

Huvax the skewed type A presents a threshold value beyond which the SIF increases (Fig. 7).

» Repair over larger widths: this is the case where the repair width increases substantially

compared to the crack length. More stressed regions are patched in the front of the crack tip.

From Fig. 8, the two shapes show similar decreasing trend over larger range of height, up to

Hwx=24 mm. Beyond this value, the shape type A shows an increasing trend. However, the
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Fig. 10 SIF vs. Hy.x for a repair performed over the total width wp=40 mm

skewed shape type B remains still better than type A in reducing the SIF.
* As the patch width increases, lower values of SIF can be achieved with skewed type A if the
ratio Hya, is sufficiently high (Figs. 9-10).

3.3 Adhesive shear stress variations

For repair effectiveness, it is desirable to keep the shear stresses in the adhesive as low as
possible. Any repair design aims at allowing appropriate values for shear stresses to transfer loads
from the plate to the patch, but without reaching very high values to avoid cohesive damage of the
adhesive.

To analyze the shear stresses, the following ratio is calculated

R =2 )
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Fig. 11 Shear stress variation for a repair performed over crack region wp=15 mm
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Fig. 12 Shear stress variation for a repair performed over the total width wp=40 mm (Case Hyx=20 mm)

Where: 7, is the shear stress in the adhesive film along the half-crack side. 7 is the linear limit
shear stress.

As in the SIF analysis section (section 3.2), three cases can be identified:

* Repair over the crack region where the patch width is 1.25 times the crack length: Fig. 11 shows

that the shear stress ratio R, is lower when the skewed type A is applied. While the skewed type B

allowed reducing the SIF better than the skewed type A, it develops higher shear stresses.

Therefore, an optimization is needed.

* Repair with patch width we=wzg=40 mm and Hys=20 mm: This illustrates a case where the

skewed type B is better than the skewed type A with respect to both SIF and shear stresses (Fig.

12)

* Repair over the width wg=40 mm and Hux=30 mm : Fig. 13 shows that both shapes produce

similar values of shear stresses. Therefore, Skewed type A is better than type B since it allows

obtaining the lower SIF value.
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Fig. 13 Shear stress variation for a repair performed over the total width wp=40 mm (Case Hy,=30 mm)

3.4 Concluding remarks

From the previous analysis, two regions are identified in the patch. The first region is lo-

cated behind the crack tip, where a decreasing repair height allowed better performance with
respect to the SIF, but generated higher shear stresses in the adhesive. The second region lo-cated in
front of the crack tip where the previous analysis have not brought out a clear conclusion about the
best height trend.

There is a need to optimize both the SIF and the shear stresses taking into account the patch
height distribution with respect to the repair width.

4. Optimization method
4.1 Bands-based model

The basic idea of the proposed model is to subdivide the patch area into five 05 bands. Two 02
bands within the crack region, and three 03 other bands in the remaining region of the patch outside
the crack. One-quarter of the repaired plate is illustrated in Fig. 14. The choice of this subdivision is
explained as follows:

» The first two bands, band 1 and band 2, have widths w;=w,=6 mm. They will model the patch

height distribution over the half crack length (a=12 mm). Besides, the number of 02 bands was

chosen to find out whether a, monotonically, increasing or decreasing height distribution over this
region is preferred to get the best repair effectiveness.

* The three last bands, band 3, band 4 and band 5, will model the patch height distribution over

the remaining repair region, in the front of the crack tip. The number of 03 bands is the lowest

number, which can be assumed to investigate a non-monotonic variation of patch height over this
region. Doing so, two-fold issues can be addressed. Firstly, the effect of patching will be analyzed
in the highly stressed region ahead of the crack tip. Secondly, it will be possible to compare the
obtained shape by the present method with other shapes found in literature, particularly the shape
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Fig. 14 Bands-based model as a patch height distribution

of Brighenti (2007) (with an increasing patch height in front of the crack tip) and the shape of

Mhamdia Rachid et al. (2012) (with an arrow shape in front of the crack tip).

* The widths of the 03 last bands are chosen so that they have almost equal values to avoid any

bias in the optimization calculations: ? = # =9.33mm. For convenience, integer values

were preferred. So, the following values were chosen ws=ws=9 mm and the band in between has

w,;=10 mm

The height of each band H; can take one of the 04 discrete values, which are 6 mm, 12 mm, 24
mm or 30 mm. A point within a band is located at a distance h; from the horizontal line. All the

dimensions illustrated are in millimeter.
This model gives an approximation of the patch height distribution with respect to width. Hence,
the optimal height distribution will be the optimal combination of bands heights.

4.2 Multi-objectives optimization and Pareto optimality concept

The aim of the present optimization task is to minimize three parameters (Objective functions):
» Stress Intensity Factor SIF
» Shear stress in the adhesive film
» Patch volume
Minimize (SIF )
Problem objectives Minimize (R, .., ) (3)
Minimize ( patch Volume)

For each i€{1,2,3,4,5}, H; can take the values
X; =6mmif j=1
X =12mmif j=2
X;j =24 mmif j=3
X; =30 mmif j=4

(4)
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Therefore, there are 05 variables H;. Each of them can take 04 discrete values X;;.
Besides, the shear stresses will be expressed as follows

T 74
R. s = Mean [M] (5)

g

This is the mean value of the shear stress peaks recorded on the half-crack side, where high shear
strain is developed, as mentioned by Papanikos et al. (2007). The high shear stress at free edges will
be addressed in a separate future study.

The problem, as formulated, consists of finding a set P" of the best combinations
(H; H; H; H;H; ). Mathematically speaking, a combination (Hf, H,, H;, HZH;) is a non-dominated

solution according to the Pareto optimality concept. Among a set P of candidate solutions S, a non-
dominated solution S™ must satisfy the following conditions:

« The solution S’ is no worse with respect to all objectives

« The solution S’is, at least, better than the other solutions with respect to one objective

« In addition to that, any solution not belonging to P"must be dominated at least by one member

of P*

To explain further this concept, let’s take the case of 02 objectives to be minimized, Obj; and Obj,
(as in the case of minimizing SIF and patch volume). Generally, SIF and patch volume are
conflicting objectives. An incremental increase in patch volume produces a corresponding decrease
in SIF, and vice versa. The typical variation of such 02 objectives can be illustrated in Fig. 15

The solutions S° are dominated by the solutions S”belonging to the Pareto curve. For instance, the
solutions S, and S, , on Fig. 15, dominate the solution S° because they satisfy

(6)

Obj,
A

’ o D ® Non dominated solutions
. D AS'
Obj, (S ) _______________________ $

¢ Dominated solutions

J

Fig. 15 llustration of Pareto curve in the case of 02 objectives problem

Obj, (S;)

Pareto curve

05;,(8;) |-------

T L S ——

obj,(S))  Obj,(S:)  Obj,(s°)
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Besides, the 02 solutions S, and S, are non-dominated solutions and they satisfy
Obj, (S;') > Obj, (S;)

. e ()
Obj, (S;") < Obj, (S;)

The best solutions belong the Pareto curve. In the case of 03 objectives, the best solutions belong
to a Pareto surface. A non-dominated solution S~ represents the heights of the 05 bands

(Hf JH, HL H H, ) . Therefore, the Pareto surface gives the set of the best shapes.
The non-dominated solutions will be found using the Naive and Slow algorithm (Deb 2001).

4.3 Estimation distribution algorithm

Estimation distribution approach stands for a class of metaheuristic methods (Hauschild and
Pelikan 2011). The principal idea consists of an initial random sampling of candidate solutions from
a joint probability distribution. Then, an iterative process is undertaken to select and generate new
interesting solutions through a Bayesian learning method. Without entailing the mathematical
derivations (Neapolitan 2004, Hauschild and Pelikan 2011), the present methods consist of the
following steps:

4.3.1 Bands-based model as a Bayesian network
The patch height distribution illustrated in Fig. 14 will be represented as a Bayesian network (Fig.
16). The height of each band H; is considered as a random variable. The value x; taken by the
variable H; will be conditionally dependent on the value x; taken by the variable H;_;. This is
expressed by the conditional probability
ijk

i + Pig T Vige T Mk

Pr(H; = Xij ITH ;=% )= (8)
Where: i€{1,2,3,4,5}, j€{1,2,3,4}, kE{1,2,3,4}. The coefficients aiy, Bix ik and zij are the
Parameters of the corresponding Dirichelt probability Distribution (Neapolitan 2004).
For instance, if ax=1=y 21=121x=1, then the variable H, can take one of the 04 possible values
Xi(1€4{1,2,3,4}) depending on the value xu(€{1,2,3,4}) taken by H, according to a uniform
probability distribution

Pr(Hz :XZI/H].:Xlk):
Pr(Hz :Xzz/H1:X1k):
k e{1,2,3,4} )
Pr(Hz =X23/H1=X1k)=

Pr(Hz =Xy / H, = Xlk) =

N e N R N N

4.3.2 Generating and selecting shapes
Initially, each band has a uniform probability distribution to take one of the 04 values X;,
according to Egs. (8)-(9). From this distribution, an initial random population is sampled
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Fig. 16 Bayesian network representation of the Bands-based model

R ={(H,,H,,Hy, Hy o Hy) gy J(Hy Hy Hy Hy He) ) (10)

This is a set of N patch shapes at iteration 1. Then, the set P, of non-dominated solutions is
determined using the Nave and slow algorithm (Deb 2001). Then, the coefficients aij, fix, ik and
niix are updated to give the conditional probability distributions that would produce the set B". The

mathematical details of this updating procedure are demonstrated in references on Bayesian
reasoning such as (Neapolitan 2004).

The next population P, (population at iteration 2) is constructed so that each member belonging to
P,, is not dominated by a member of Py. It will be given by

P, =R LR 1y

Where: R is a population constructed using the coefficients aix, Bk ik and nix updated at
iterationl.
The same procedure is repeated for the next iterations.

4.3.3 Running the iterative process

As any convergent iterative process, calculations can be stopped when:

» A number of iteration is reached

+ Athreshold value is reached

For the sake of simplicity, a minimum number of iterations will be used to make qualitative
interpretations. The present iterative process must be kept running until finding shapes reducing both
SIF and patch volume better than the skewed shapes of Fig. 3. Kumar Mahadesh and Hakeem (2000)
were the first researchers who analyzed the skewed shape type A, and he found that it is very
effective in crack repair when it satisfies the following formula

H,.,—-H

0.6 <M~ Twin 7 (12)
WP
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Fig. 17 Optimization algorithm

Brighenti et al. (2006, 2007) confirmed his finding. Therefore, the smallest number of iterations
must be sufficient to meet two conditions:

» The SIF is lower than a threshold value. To this end, the threshold value is taken as the SIF

obtained by applying the optimized skewed shape type A

» The patch volume Vol is lower than the optimized volume of the optimized skewed shape type A

(VO | OptSkewedl) .
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As our optimization is performed over an area wgx Hg=40 mmx30 mm, the skewed shape chosen

. . H —-H,, .
for comparison must satisfy —™—Mn =06, which corresponds to Hyiy=6 mm, Hy=30 mm,
P

wp=40 mm. Fig. 17 summarizes the steps of the algorithm.

5. Implementation and results
5.1 Data and running the algorithm

For numerical implementation, the materials described in section 2 are taken with the following
thicknesses:

» Plate thickness equal to 2 mm

» Composite patch thickness equal to 1 mm

» Adhesive film thickness equal to 0.125 mm

The mechanical properties are mentioned in Table 1. According to the explanation given in
section 4.3.3, the threshold values are SIFopskenenr=2.77 MPa.m"?, and Volopskenea: =720 mm?,

As explained in the previous section, the present optimization method aims at finding a set of
several shapes, which satisfy the Pareto optimality concept. At each iteration, the algorithm identifies

*

the best shapes set Py, from the sampled candidate shapes P,,.,,. Among the shapes S of the

set Pr..ion» the lowest SIF values are plotted against the iteration (Fig. 18). From the second
iteration, the algorithm identified shapes reducing the SIF more than the skewed shape. Nevertheless,

the iterative process continues to find out shapes reducing both SIF and patch volume, while keeping
the shear stresses as low as possible.

5.2 Analysis of optimal shapes

Tables 2-3 give the geometric dimensions of optimum shapes, after 07 iterations. These are the

L I - wr=40mm ]
aaf [ ™ s :

~o— Present study

Minimum SIF (MPa.m'/?)

Iteration

Fig. 18 SIF reduction through 7 iterations
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Table 2 Optimal shapes (category 1)

Shapes
B T A
Shape Optl (24,6,24,30,30) 2.63 966 0.26
Shape Opt2 (30,12,6,30,30) 2.65 876 0.28
Shape Opt3 (24,6,12,24,12) 2.68 636 0.29
Shape Opt4 (24,6,12,24,6) 2.73 582 0.295
Comparison
Rectangle: wp=Wxr=40 mm, Hp=Hz=30 mm 3.8 1200 0.28

________________

20

The U-shaped feature

_______________

0 10 \ 20 30 40
—p
Crack tip

[Talf-crack length

Fig. 19 The U-shaped feature (example of shape Opt4)

dimensions of one-quarter of the repaired plate. For the sake of clarity, the solutions are presented in
two categories:

« Category 1: it contains the shapes for which, the SIF < 3MPam”?

« Category 2: it contains the shapes for which, the 3MPam“? < SIF < 3.8MPa.m"?

This distinction is a matter of convenience and it makes the results interpretation easier and
clearer.

For the 02 categories, the SIF values are lower than the threshold SIF K, =4.4MPaJm.

Therefore, the fatigue life of the repaired plate is restored to the level of a plate without crack, as
explained in section 2.3.

Looking at these dimensions, an outstanding geometric feature can be noticed. There is a “U-
shaped feature” formed around the crack tip.
This feature characterizes all the shapes (category 1) found by the algorithm. For instance, Fig. 19
exhibits the “U-shaped feature” for the shape Opt4(24,6,12,24,6), by means of spline curves (de

Boor 2001).

Spline curves will be used for all the optimal shapes obtained by the algorithm. The curves are
constructed using basis spline function associated with control points (de Boor 2001). These points
are the vertices of the 05 bands used in the model. For the shape Opt4, the control points and their
Cartesian coordinates are shown on Fig. 20.
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X Point pyy 40
> Point p;; 40 0

Fig. 20 Control points for spline curve (example of shape Opt4)

0.05 - -
Any shape having this U-shaped feature
H2=6mm/ -
2 00~ -7 .
z [ /
g | H,=H3;=24mm
e
E 5
0.03 - --- :
o0
g
=
g
@ 0.02 l
0.01 -l n I L 1 1 L L L n 1 I Fa— o I I n L 1 L n L I 1 1 L i L l-

Iteration

Fig. 21 The likelihood of the U-shaped feature during the searching of shapes

By means of computer programming, the basis spline function associated with the control points,
is used to plot the patch profile as in Fig. 20. The same technique will be used for the other shapes.

As a probabilistic demonstration, Fig. 21 shows an increase in the likelihood of the development
of this U-shaped feature through iterations. As the searching process of candidate shapes progresses,
it becomes more likely to sample shapes having this U-shaped feature over the crack region,
whatever the values of H, and Hs.

Shapes Opt1-Opt2 are the lowest SIF shapes identified by the algorithm. Fig. 22 illustrates how
the patch material distribution improves the repair through SIF reduction. The first band represents
the patch region where stiffness increase contributes to prevent the crack faces from opening. In the
front of the crack tip, the region is characterized by a transition zone where the patched area is
increasing progressively. The fourth band allows patching higher stresses regions in the cracked
plate.

The performances of the two shapes in reducing adhesive shear stresses are different (see Table 2
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Fig. 22 illustration of patch material distribution effect for shapes Opt1-Opt2
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Fig. 23 adhesive shear stresses for optimal shapes Opt-1 and Opt-2

and Fig. 23). Shape Optl develops lower shear stresses in the adhesive film, because of its extended
patched area near the crack tip front (as illustrated in Fig. 22(a) and 23).

Far from the crack tip, the fifth band has an impact on reducing the SIF, but the algorithm shows
that the patched area over this far region can be reduced to gain mass. This is explained through
analyzing shapes Opt3 and Opt4. Fig. 24 compares between the patch material distributions for these
two shapes:

This can be highlighted further by defining the marginal mass gain and the marginal SIF
reduction

(Shape Opt4) = Volume(Opt3) —Volume(Opt4) | SIF (Opt4)

oGain,,
Volume(Opt3) SIF (Opt4) — SIF (Opt3)

(%) (13)
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Fig. 24 patch material distribution for shapes Opt3 and Opt4
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Fig. 25 adhesive shear stresses for optimal shapes Opt-3 and Opt-4 (compared to Opt2)

SIF (Opt4) — SIF (Opt3) N Volume(Opt3)

0Reductiong,. (Shape Opt3) =
SIF (Opt4) Volume(Opt3) —Volume(Opt4)

%) (14

Egs. (13)-(14) are applied to shapes Opt3-Opt4, since they are similar except in the height of the
fifth band Hs. It is found that 4.67% of mass can be gained by allowing 1% increase in the SIF.
However, only 0.19% in SIF reduction is obtained through 1% of increase in patch volume. This
result shows that the effect of the fifth band (region far from the crack tip, in Fig. 24(b)) is more
related to mass gain than SIF reduction.

As far as the adhesive shear stresses are concerned, the two shapes Opt3 and Opt4 are closely
similar (Fig. 25). The increase in patched area over the fifth band region (far from the crack tip) has
no great effect on adhesive shear stresses.

Shape Optl is the best shape for reducing shear stresses. It has a greater patched area in the front
of the crack tip. Shapes Opt3-Opt4 generate shear stresses higher than those generated by the other
optimal shapes of category 1. However, they have lower volumes. Therefore, the algorithm gives



New optimization method of patch shape to improve the effectiveness of cracked plates repair 321

families of optimal shapes. The choice of one of these shapes will depend on design considerations.
This issue will be addressed in the section 5.3.

Table 3 gives optimal shapes of category 2, for which 3 MPa.m"*<SIF<3.8 MPa.m"%

These shapes have the lowest volumes and they are better than rectangular shape for reducing
SIF. They allow up to 65% gain in patch volume (patch mass). However, they develop higher shear
stresses. Fig. 26 shows the shear stresses developed by these shapes, Opt5 and Opt6:

These high stresses are caused by the reduced patched area within the third band (near the crack
tip front). Shape Opt6 is a special case where the U-shaped feature around the crack tip is not
developed. These shapes allow reducing a great amount of patch volume. The algorithm identified
them as optimal according to Pareto optimality concept.

Fig. 27 illustrate the patch material distribution for these two shapes:

5.3 Comparison and selection among the optimal shapes

This section will define a criterion to compare between the optimal shapes identified in the
previous section. For this purpose, weight functions are defined

WeightSlF (Shape Opt "i ") = I:SIF /FTotaI (15)

WEightVOIume (Shape Opt"i") = F\/olume/FTotal (16)

Table 3 Optimal shapes (category 2)

Shapes 1y Patch volume
(HI, HeHL H:H;) SIF(MPa.m™) (mmg) R peaks
Shape Opt5 (24,6,12,12,6) 3.07 462 0.32
Shape Opt6 (60,12,6,6,6) 3.55 420 0.36
Comparison
Rectangle wp=Wgz=40 mm, Hp=Hz=30 mm 3.8 1200 0.28
041} ' -
0.3 - : A/Ig ‘ ]
: B
B aal 1 —o— Shape Opt4
= Shape Opt5
m Shape Opt6
0.1} g
0.0k, | | | . | »
0 2 4 6 8 10 12

Distance along the half-crack length (mm)

Fig. 26 Adhesive shear stresses for shapes Opt5 and Opt6 (compared to Opt4)
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Fig. 27 Patch material distribution of the lowest volumes shapes: Opt5 and Opt6

Weightshear (Shape Opt"i") = Fshear/FTotal (17)

SIF™ _SIF (Opt"i"
FS'Fz[ SIFM""*—S(IFM‘” )J (18)

(19)

Min

—— Volume"* —Volume (Opt"i")
volume 1 Volume™ —Volume

R Max R Min

7 peaks 7 peaks

RM> —R Opt"i"
FShea, — ( 7 peaks 7 peaks ( p )j (20)

l:Total = FSIF + FVqume + I:Shear (21)

From the obtained set of optimal solutions:

« SIFM* and SIFM" are the maximum and minimum values of SIF

« Volume™® and Volume™™ are the maximum and minimum values of patch volume
« R™ and R™" are the maximum and minimum values of shear stress ratio

“Rectg”pis the rectangular shape: Wp=Wg=40 mm, Hp=Hg=30 mm.
From Tables 2-3, these values are

SIFM =SIF (Rectg)

SIF"" = SIF (Opt1)
Volume"™ =Volume (Rectg)
Volume™" =Volume (Opt6)

R“"'}axk =R (Opt6)

R™ =R __ (Optl)

© peaks

(22)
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Table 4 weighting functions of optimal shapes, skewed and rectangular shapes

Standard
Shapes Weightsr (%) Weightyoume (%) Weightshear siress (%0) deviation of the
03 weights

Shape Optl 43.8 13.15 42.99 17.47%

Shape Opt2 45.03 19.03 35.93 13.19%
Shape Opt3 40.44 30.55 28.99 6.2%
Shape Opt4 39.01 33.8 27.18 5.9%

Shape Opt5 31.79 48.21 19.98 14.17%

Shape Opt6 17.6 82.39 0 43.39%
Optimized skewed shape type A 35.27 24.65 40.07 7.88%

Rectangular shape 0 0 1 57 73%

Wp=Wg=40 mm, Hp=Hg=30 mm

Crack length 2a Crack length 2a

> ==
o R
Wr

by b by, v

(a) patch shape giving high weights for SIF and (b) patch shape giving equal weights for SIF ,
adhesive shear stresses reductions volume and adhesive shear reductions

Fig. 28 Optimal shapes

Egs. (15)-(17) calculate the relative distance of a solution from the worst (maximum) value in
each objective (Deb 2001). For each objective, the maximum value of the weight function
corresponds to the best solution for this objective. The worst value for an objective is the maximum
value because it is a minimization problem. Results are presented in Table 4.

The designer would choose the shape that is closer to the preferred weight function. For instance,
if designer’s preference is focused on reducing SIF and adhesive shear stresses, shape Opt1 would be
the best. Compared to rectangular shape, it gives an additional 30.78% reduction in SIF and an
additional 19.5% gain in patch volume. Fig. 28(a) illustrates the geometric feature of this shape.
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However, all the objectives are important. Designer’s preference might be oriented towards
reducing equally the three objectives. The statistical parameter, called Standard Deviation, measures
the dispersion in the values of the three weights. It provides a tool to assess how the weights are
distributed around a mean value. The smaller the standard deviation, the more narrow the range
between the lowest and highest weights for a given shape. In other words, the weights cluster closely
to the mean value. In this case, SIF, patch volume and adhesive shear stress will have closely similar
weights. From table 4, it is clear that shape Opt4 has the lowest standard deviation, around 6%.

Compared to rectangular shape, it gives an additional 28.15% in SIF and a considerable 51.5%
gain in patch volume. Fig. 28(b) shows this shape.

This study shed more light on shape optimization for fracture repair. Unlike other optimization
models, it is a multi-objective method, which provides families of shapes. One of the shapes
identified by the present algorithm (Fig. 28(a)) is similar to a shape found by Brighenti (2007) using
genetic algorithm. However, the present method has shown, by means of explicit probability
formulation that this shape is the best only if designer’s preference or repair requirements are focused
exclusively on SIF and shear stress reductions. Otherwise, another shape has been identified which is
better with respect to SIF, shear stresses and patch volume reductions (Fig. 28(b) and Table 4).

Table 5 provide a qualitative comparison between the present method and some references.

Table 5 Summary of some references addressing the patch shape optimization

Optimization method

. Comments
Principal results
 Parametric analysis was carried out
* No mathematical method was developed
for optimization purposes
Kumar Mahadesh  « A skewed shape was obtained The SIF was the objective to be

and Hakeem 2000  « The skewed shape was found more minimized

effective than rectangular patch in

reducing SIF (the two shapes with similar

volumes)
* The first study (as the knowledge of
the authors) developing a
mathematical method to optimize
patch shape.
+ One objective to be minimized (SIF)

* Genetic algorithm for optimization
purposes

e Optimum shape obtained through an
iterative process

Brighenti 2007

« Parametric analysis was carried out
Mhamdia Rachid « No mathematical method was developed SIF was the objective to be
et al. 2012 for optimization purposes minimized.
* An “arrow shape” was obtained
 Octagonal shape was chosen as a result
Kashfuddoja and  of a parametric study Stress Concentration Factor was
Ramji 2014 * Genetic algorithm was used to obtain the objective to minimize.
optimum dimensions for that shape
» Three objectives to minimize:
SIF, patch volume and adhesive shear
stress
* A method to include designer’s
preferences in the  comparison
between the optimal shapes.

* Probabilistic approach and Estimation

Distribution algorithm were used
Present paper * Optimum shape is obtained through an

iterative process

« Families of shapes were obtained
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6. Conclusions

A probabilistic optimization method has been developed to find out the best patch shape for
improving cracked plate repair. It aimed to minimize three objectives: stress intensity factor as
fracture resistance criterion, patch volume to gain mass and adhesive shear stresses to enhance the
adhesion durability between the fractured plate and the composite patch. The implementation of the
method has brought out families of optimal shapes with specific geometric features around the crack
tip and the horizontal end of the patch. Criteria were defined to choose one of theses shapes
depending on technical repair requirements. This method has shown considerable mass gain while
improving the repair effectiveness and keeping the adhesive shear stress at low levels.
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