
 

 

 

 

 

 

 

Structural Engineering and Mechanics, Vol. 56, No. 2 (2015) 241-256 

DOI: http://dx.doi.org/10.12989/sem.2015.56.2.241                                           241 

Copyright ©  2015 Techno-Press, Ltd. 

http://www.techno-press.org/?journal=sem&subpage=8        ISSN: 1225-4568 (Print), 1598-6217 (Online) 
 

 

 

 
 
 
 

Theoretical analysis of simply supported channel girder bridges 
 

Hong-Song Hu
1, Jian-Guo Nie2 and Yu-Hang Wang3 

 
1
Disaster Prevention Research Institute (DPRI), Kyoto University, Gokasho, Uji, Kyoto 611-0011, Japan 

2
Department of Civil Engineering, Tsinghua University, Beijing 100084, China 

3
School of Civil Engineering, Chongqing University, Chongqing 400045, China 

 
(Received April 10, 2015, Revised October 6, 2015, Accepted October 10, 2015) 

 
Abstract.  Channel girder bridges that consist of a deck slab and two side beams are good choices for 

railway bridges and urban rail transit bridges when the vertical clearance beneath the bridge is restricted. In 

this study, the behavior of simply supported channel girder bridges was theoretical studied based on the 

theory of elasticity. The accuracy of the theoretical solutions was verified by the finite element analysis. The 

global bending of the channel girder and the local bending of the deck slab are two contributors to the 

deformations and stresses of the channel girder. Because of the shear lag effect, the maximum deflection due 

to the global bending could be amplified by 1.0 to 1.2 times, and the effective width of the deck slab for 

determining the global bending stresses can be as small as 0.7 of the actual width depending on the width-to-

span ratio of the channel girder. The maximum deflection and transversal stress due to the local bending are 

obtained at the girder ends. For the channel girders with open section side beams, the side beam twist has a 

negligible effect on the deflections and stresses of the channel girder. Simplified equations were also 

developed for calculating the maximum deformations and stresses. 
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1. Introduction 
 

The channel girder bridge is a relatively new type of girder bridge. It is a good choice for 

railway bridges and urban rail transit bridges when the vertical clearance beneath the bridge is 

restricted. The concept of channel girder bridge was developed mainly in the early 1990s when 

several examples of channel girder bridges were built in Europe (Shepherd and Gibbens 2004, 

Staquet et al. 2004). In the mid-1990s, the Highway Innovative Technology Evaluation Center of 

U.S. carried out a research program and built several channel girder bridges in the New York State 

(HITEC 1996). During the period of 2001 to 2003, the Sorell Causeway Bridge (Gibbens and 

Smith 2004) was built in Australia, which shall be the most famous channel girder bridge around 

the world. In recent years, a number of channel girder bridges have also been built in China, such 

as the Geshui Creek Railway Bridge (Zhu 1996), Jianghan Line Qinglong Bridge (Hu 2004), etc. 

The channel girder bridge consists of a deck slab and two side beams, as shown in Fig. 1. The 

deck slab and side beams are posttensioned using longitudinal tendons which are anchored at the  
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Fig. 1 Configuration of the channel girder bridge 

 

 

girder ends. Vertical and transversal posttensioning tendons may also be needed for the side beams 

and deck slab, respectively, to prevent the concrete cracking. Traffic moves on the deck slab, so 

besides taking part in the global longitudinal bending of the channel girder, the deck slab itself will 

bend in two directions (Li et al. 2011, Xiong et al. 2014). Because of the transversal bending of the 

deck slab, the side beams will twist in the section plane, which will in turn affect the local bending 

of the deck slab. When the width-to-span ratio of the channel girder is large, the shear lag effect 

(Gara et al. 2011, Zhou et al. 2011, Chen et al. 2014) may also have a great effect on the 

deflections and stresses of the channel girder. 

Because of the complicated spatial behavior of the channel girder bridge, three-dimensional 

finite element analysis was usually conducted to calculate the deformations and stresses of the 

channel girder (Raju and Menon 2011, Raju and Menon 2013, Wu et al. 2013). Although the finite 

element analysis can provide accurate results, it is not favorable for understanding the general 

behavior of the channel girder, and for developing general design equations. In this study, the 

behavior of simply supported channel girders was theoretical studied using the theory of elasticity. 

Based on the theoretical solutions, simplified equations were also developed for calculating the 

maximum deformations and stresses. 

 

 

2. Theoretical solutions 
 

The theoretical derivations are based on the theory of elasticity (Timoshenko and Goodier 

1970). The channel girder is assumed to be composed of a homogeneous and isotropic material. 

The side beams and deck slab can be regarded as “slender beam” and “thin plate”, respectively, 

according to the general configurations of channel girders, i.e., the shear deformations of the side 

beams and deck slab can be neglected. The channel girder is simply supported at the four corners, 

and the external loads are assumed to be uniformly distributed on the surface of the deck slab. The 

coordinate system and sectional dimensions of the channel girder are shown in Fig. 2. The origin  
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Fig. 2 Cross section and coordinate system of the channel girder 

 

 

of coordinates locates in the deck slab center of one end cross section. The x, y, and z axis are in 

the longitudinal, transversal and vertical directions, respectively. Each side beam consists of a top 

flange and a web. As shown in Fig. 2, b1 and t1 are the width and thickness of the top flange, 

respectively; b2 and t2 are the half width and thickness of the deck slab, respectively; h is the 

distance between the center of the top flange and that of the deck slab, and tw is the thickness of the 

web. 

 

2.1 Deformation analysis 
 

The deflections of the channel girder under vertical loads stem from the global bending of the 

channel girder and also the local bending of the deck slab, as shown in Fig. 3. Since the external 

loads are symmetrical about the longitudinal axis, the deflection due to the global bending can be 

denoted as w0(x), which doesn’t vary in the transversal direction. The deflection due to the local 

bending of the deck slab wl(x,y), is assumed as (Timoshenko and Woinowsky-Krieger 1959) 

   1

2

, cos
2

l

y
w x y w x

b

 
  
 

                           (1) 

where w1(x) needs to be determined. Therefore, the total deflection of the deck slab, ws(x,y), is 
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The longitudinal displacement of the deck slab is assumed parabolically distributed along the 

slab width due to the shear lag effect (Gjelsvik 1991), so the longitudinal displacement at the mid-

surface of the deck slab, us(x,y), can be written as 

     
2
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y
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                         (3) 

where u0(x) is the longitudinal displacement at the intersection of the side beam and the mid-

surface of the deck slab, and u1(x) is the maximum variation of the parabolic distribution. 

The side beams will twist due to the transversal bending of the deck slab, as shown in Fig. 3(b). 

The twist angle of the side beams, (x), can be determined as 
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Fig. 3 Deformations of the channel girder 
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2.2 Strains and stresses 
 

The longitudinal strain of the side beams, εxb, is 

'' '

0 0xb w z u                                    (5) 

and the corresponding longitudinal stress, σxb, is  

'' '

0 0( )xb xbE E w z u                                (6) 

where E is the elastic modulus. The longitudinal strain, εxs1, and transversal strain, εys1, of the deck 

slab due to the global bending are 

2 2
' ' ''0

1 0 1 02 2

2

(1 )s
xs

u w y
z u u w z

x x b


 
     
 

                     (7) 

2
' ' ''

1 1 0 1 02

2

(1 )ys xs

y
u u w z

b
  

 
       

 
                      (8) 

where  is the Poisson’s ratio. The longitudinal strain, εxs2, and transversal strain, εys2, of the deck 

slab due to the local bending are 

2

''

2 12

2

cos
2

l

xs

w y
z w z

x b




 
    

  
                         (9) 

2 2

2 12 2

2 2

cos
4 2

l
ys

w y
z w z

y b b

 


 
    

  
                        (1) 

y

z

x

w0

wl

u0
u1

Before deformation After deformation

(a) Deck slab

w0



(b) Side beam

244



 

 

 

 

 

 

Theoretical analysis of simply supported channel girder bridges 

Therefore, the total longitudinal strain, εxs, and transversal strain, εys, of the deck slab are 

2
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The in-plane shear strain of the deck slab due to the local bending, 1xys , is  

2
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and the in-plane shear strain of the deck slab due to the shear lag effect, 2xys , is  
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so the total in-plane shear strain of the deck slab, xys , is 

'
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From the Hooke’s Law, we can obtain each stress component of the deck slab: 
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where σxs, σys and τxys are the longitudinal, transversal and in-plane shear stresses of the deck slab, 

respectively, and G is the shear modulus of elasticity. 

From the equilibrium of axial forces, we have 

' '' '

0 0 1

1 1
2 2 ( ) ( ) 0

2 3t w b
xb xs t w b t w b

A A A
N dA dA E u A A A w S S A u 



 
         

 
  (19) 

where At=b1t1, Aw=(h−t1/2−t2/2)tw and Ab=2b2t2 are the sectional areas of each top flange, web and 

deck slab, respectively, and St=−Ath and Sw=−Aw(h/2−t1/4+t2/4) are the moments of area of each 

top flange and web with respect to the y axis, respectively. Eq. (19) can be rewritten as 
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where A=2(At+Aw)+Ab is the sectional area of the channel girder, α=−2Ab/3A, and zc=2(St+Sw)/A 

represents the location of the neutral axis of the channel girder section without shear lag effect. 

 

2.3 Determination of displacement functions 
 

The variation principle (Washizu 1975) is used here to determine the three displacement 

functions, w0(x), w1(x), and u0(x). The strain energy of each side beam, U1, is  
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where 3 2

1 1 12yt tI b t Ah   and    
3 2

1 2 1 22 2 12 2 4 4yw w wI t h t t A h t t       are the 

moments of inertia of each top flange and web with respect to the y axis, respectively, 

 3 3

1 1 1 23 2 2 3t wI b t h t t t     is the torsional moment of inertia of each side beam, and l is the 

span length of the channel girder. The strain energy of the deck slab, U2, is 
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where 3

2 2 6ybI b t  is the moment of inertia of the deck slab with respect to the y axis, 

5 2 ybC EI  ,  4 3

6 232sC D b ,    2 3 2 2

7 2 2 224 4tC Gt b GI b   , 8 2 2sC D b , 

 2

9 24sC D b   , and  3 2

2 12(1 )sD Et    is the flexural stiffness of the deck slab. 

Therefore, the total strain energy of the channel girder, U, is  
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2 2y yt yw ybI I I I    is the moment of inertia of the channel girder with respect to the y axis. 

The potential energy of the external loads, W, is  
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where q is the uniform surface load acting on the deck slab. So the total potential energy, , is  

U W                                   (25) 

From the first variation of the total potential energy with respect to 0( )w x  equal to 0, we have 
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Since C5 is minute compared to C1, and w0(x) and w1(x) are in the same order of magnitude, the 

terms of w1(x) in Eq. (26) can be omitted, and Eq. (26) can be simplified to 
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From the first variation of the total potential energy with respect to 
1( )u x  equal to 0, we have 
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The solutions for the system of differential equations composed of Eq. (27) and (28) are 
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From the first variation of the total potential energy with respect to w1(x) equal to 0, we have 
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Substituting the expressions of C5 to C9 into Eq. (31) gives 
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(a) Web location (b) Center line of the deck slab 

Fig. 4 Deflection along the longitudinal direction 

 

  
(a) Transversal stress at the center line of the top 

surface of the deck slab 

(b) Longitudinal stress at the mid-surface of the 

top flange 

Fig. 5 Stress distributions along the longitudinal direction 

 

 

where β=GIt/Db2, a=π/(2b2). Solving the differential equation in Eq. (32) gives 
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where  1 1 2       ,  2 1 2       , and D1, D2, D3 and D4 can be determined 

using the four boundary conditions in Eq. (32). 

 

2.4 Verification 
 

A prototype channel girder bridge (Xu 1984) built in Beijing is considered here for analysis. 

The sectional dimensions of the prototype bridge are as follows: b1=1000 mm, t1=500 mm,  

 

FEA

Theory

0 2 4 6 8 10 12
40

30

20

10

0

D
ef

le
ct

io
n

 (
m

m
)

Distance from the girder end (m)

Mid-span

0 2 4 6 8 10 12
50

40

30

20

10

0

Mid-span

FEA

Theory

D
ef

le
ct

io
n

 (
m

m
)

Distance from the girder end (m)

0 2 4 6 8 10 12
-21

-18

-15

-12

-9

S
tr

es
s 

(N
/m

m
2
)

Distance from the girder end (m)

FEA

Theory

Mid-span

0 2 4 6 8 10 12

-20

-16

-12

-8

-4

0
S

tr
es

s 
(N

/m
m

2
)

Distance from the girder end (m)

FEA

Theory

Mid-span

248



 

 

 

 

 

 

Theoretical analysis of simply supported channel girder bridges 

  
(a) Transversal stress at the top surface of the 

deck slab 

(b) longitudinal stress at the mid-surface of the 

deck slab 

Fig. 6 Stress distributions in the mid-span of the channel girder along the transversal direction 

 

 

b2=3220 mm, t2=450 mm, h=1925 mm, and tw=300 mm. The span length of the bridge, l, is 24 m, 

and the uniform surface load applied on the deck slab, q, is 100 kN/m
2
. The elastic modulus and 

Poisson’s ratio are taken as 30×10
3 
N/mm

2
 and 0.2, respectively.  

Finite element analysis was conducted in the MSC.Mentat/Marc (2010) program 

(MSC.Software 2010) to verify the accuracy of the theoretical solutions. All the components of the 

channel girder were modeled using an eight-node thick shell element. The vertical displacements 

at the four corners were constrained to model the simply supported boundary conditions. 

Appropriate horizontal displacement constraints were also applied to eliminate the rigid body 

motions. As shown in Fig. 4 to Fig. 6, the deflections and stress components calculated from the 

theoretical solutions agree well with those from finite element analysis, so the derived equations 

can be used to analyze the behavior of the channel girder. 

 

 

3. Behavior and design 
 

3.1 Global bending 
 

From Eq. (30), we know the maximum deflection due to the global bending is  
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is referred to as the deflection amplification coefficient, and 5qb2l
4
/384C1 is the maximum 

deflection of a general beam subjected to uniformly distributed loads. 
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From Eq. (6) and (20), we have 

  '' '

0 1xb cE z z w u                               (36) 

By taking σxb as zero, we can obtain the location of the neutral axis of the section including the 

shear lag effect: 
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The contribution of the deck slab to the global bending can be expressed by the effective width 

coefficient, λ, i.e., the effective width of the deck slab is λ(2b2). Therefore, the location of the 

neutral axis of the equivalent section can be written as 
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By combining Eq. (37) and (38), the formula for determining the effective width coefficient can be 

obtained: 
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From Eq. (16) and (20), we know the longitudinal stress of the deck slab due to the global 

bending, σxs1, is  
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The effective width coefficient can also be determined from 
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                     (41) 

Eq. (39) and Eq. (41) are equivalent since α=−2Ab/3A. 

According to the general configurations of channel girder bridges, a series of channel girders 

were designed for the parametric study and numerical fitting. The half width of the deck slab, b2, 

was fixed as 3000mm, and the values of h/b2, t2/b2, tw/t2, t1/t2, b1/tw and l/b2, were varied 

parametrically according to Table 1. In total, 3024 channel girders were obtained and analyzed. 

 

 
Table 1 Values for each parameter 

Parameter Value 

h/b2 0.4, 0.6, 0.8, 1.0, 1.2, 1.4, 1.6 

t2/b2 0.1, 0.15, 0.2, 0.25 

tw/t2 0.5, 0.75, 1 

t1/t2 1 

b1/tw 1, 2, 3, 4 

l/b2 4, 6, 8, 10, 12, 14, 16, 18, 20 
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(a)  (b) 1/2 

Fig. 7 Comparison between the exact solutions and simplified equations for and 1/2 

 

 

From the parametrical study, it was found that the deflection amplification coefficient,  , 

could be precisely determined from  
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where  2 2

b c y cA z I Az  represents the ratio of the moment of inertia provided by the deck slab to 

the total moment of inertia of the channel girder section. The values of ζ are between 1.0 and 1.2, 

and increase as the values of  2 2

b c y cA z I Az  and b2/l increase. The effective width coefficient at 

the mid-span, λ1/2, mainly depends on the width-to-span ratio of the channel girder, 2b2/l, and can 

be calculated by  
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As shown in Fig. 7, the exact solutions and simplified equations for ζ and λ1/2 are in good 

agreements. 

 

3.2 Local bending 
 

The deflection at the center line of the deck slab due to the local bending can be written as 
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where η(x) was found mainly related to the width-to-span ratio of the channel girder, 2b2/l, and 

Dsb2/C1 which represents the ratio of the flexural stiffness of the deck slab to that of the channel  
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Fig. 8 Distribution of  along the girder span 
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Fig. 9 Comparison between the exact solutions and simplified equations for (0) and(l/2) 

 

 

girder. As shown in Fig. 8, the maximum value of η(x) is obtained at the girder end, and the 

variation between the mid-span and girder end increases as the values of Dsb2/C1 and l/b2 increase. 

From curve fitting analyses, accurate simplified equations were obtained for determining the 
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As shown in Fig. 9, η(l/2) ranges from 0.16 to 0.21, and is not sensitive to the configuration of the 
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channel girder, whereas η(0) varies in a wider range, and can be up to 0.5 for large values of 

Dsb2/C1 and l/b2. 

From Eq. (16), we know the longitudinal stress of the deck slab due to the local bending, σxs2, is 
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σxs2 and the transversal stress of the deck slab, σys, given by Eq. (17) can be written as 
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where   2

1 2x qb  and   2

2 2x qb  are the bending moments at the center line of the deck slab due 

to the local bending. The coefficients, κ1(x) and κ2(x), are also mainly related to Dsb2/C1 and b2/l. 

As shown in Fig. 10, the maximum value of κ1(x) is obtained at the mid-span, and that of κ2(x) is 

obtained at the girder end. Similar to the distribution of η(x), κ2(x) is more uniformly distributed 

along the girder span for smaller values of Dsb2/C1 and l/b2. From curve fitting analyses, simplified 

equations were obtained for determining the values of κ1(x) at the mid-span and κ2(x) at the girder 

end: 
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Fig. 10 Distributions of  and along the girder span 
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(a) (l/2) (b) (0) 

Fig. 11 Comparison between the exact solutions and simplified equations for (l/2)and (0) 

 

 

Fig. 12 Influence of on w1(x) for the prototype bridge 

 

 
Eq. (50) and (51) can give good predictions, as shown in Fig. 11.  

β=GIt/Db2 in Eq. (32) reflects the ratio of the torsional stiffness of the side beam to the flexural 

stiffness of the deck slab. For the designed 3024 channel girders, the values of are between 0.14 

and 3.76. Larger values of can be achieved through using box side beams. For the prototype 

bridge described in section 2.4, the influence of on w1(x) is shown in Fig. 12. As the value of  
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proportion to w1(x) as given in Eq. (4). For the channel girders with open section side beams, the 

influence of the side beam twist is negligible. 
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4. Conclusions 
 

A theoretical solution for simply supported channel girder bridges subjected to uniform surface 

loading was obtained based on the theory of elasticity and the variation principle. The global 

bending of the channel girder and the local bending of the deck slab are two contributors to the 

deformations and stresses of the channel girder. Because of the shear lag effect, the maximum 

deflection due to the global bending can be amplified by 1.0 to 1.2 times, and the amplification 

increases as the width-to-span ratio of the channel girder and the ratio of the moment of inertia 

provided by the deck slab to the total moment of inertia of the channel girder section increase. The 

effective width of the deck slab for calculating the global bending stresses is only dependent on the 

width-to-span ratio. The behavior of the local bending of the deck slab was mainly related to the 

width-to-span ratio and the ratio of the flexural stiffness of the deck slab to that of the channel 

girder. The maximum deflection and transversal stress due to the local bending are obtained at the 

girder ends. For the channel girders with open section side beams, the side beam twist has a 

negligible effect on the deflections and stresses of the channel girder. 
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