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Abstract.  In this paper, an analytical solution of displacement, strain and stress field for rotating thick-

walled cylinder made of functionally graded material subjected to the uniform external magnetic field and 

thermal field in plane strain state has been studied. Stress, strain and displacement field as a function of 

radial coordinates considering magneto-thermo-elasticity are derived analytically. According to the Maxwell 

electro-dynamic equations, Lorentz force in term of displacement is obtained in cylindrical coordinates. 

Also, symmetric temperature distribution along the thickness of hollow cylinder is obtained by solving 

Fourier heat transfer equation in cylindrical coordinates. Using equation of equilibrium and thermo-

mechanical constitutive equations associated with Lorentz force, a second-order inhomogeneous differential 

equation in term of displacement is obtained and will be solved analytically. Except Poisson's ratio, other 

mechanical properties such as elasticity modulus, density, magnetic permeability coefficient, heat 

conduction coefficient and thermal expansion coefficient are assumed to vary through the thickness 

according to a power law. In results analysis, non-homogeneity parameter has been chosen arbitrary and 

inner and outer surface of cylinder are assumed to be rich metal and rich ceramic, respectively. The effect of 

rotation, thermal, magnetic field and non-homogeneity parameter of functionally graded material which 

indicates percentages of cylinder's constituents are studied on displacement, Von Mises equivalent stress and 

Von Mises equivalent strain fields. 
 

Keywords:  analytical solution; functionally graded material; Magneto-thermo-elasticity; rotating thick-

walled cylinder 

 
 
1. Introduction 
 

Thick-walled vessels are of significant equipment, especially used in oil, chemical, petroleum, 

petrochemical and nuclear branches and in most industries such as the power generation industry 

for fossil and nuclear power, the petrochemical industry for storing and processing crude 

petroleum oil in tank farms as well as storing gasoline in service stations, and the chemical 

industry for chemical reactors (Chattopadhyay 2004). Hence, focusing on their designing and 

building is important. In many cases, these vessels are simultaneously exposed to thermal and 

magnetic fields, which have significant effects on displacement, strain, and stress fields and thus 

on their performance. 
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To improve the performance of these vessels with regard to their operating conditions, 

functionally graded materials (FGMs) can be utilized. These materials are widely applied in many 

fields such as aerospace and nuclear engineering. Functionally graded materials are advanced 

materials with high thermal resistance, which are employed as intelligent structures in modern 

technology. In addition to good thermal properties, they have significant resistance to fracture and 

corrosion. In contrast to traditional construction materials FGM are heterogeneous and their 

mechanical properties, such as elasticity modulus, density, thermal conductivity coefficient, etc., 

change gradually with position.  

A common type of such materials includes ceramic and metal phases, in which their changes 

from one surface to another occur quite continuously. This is due to gradually combination of pure 

ceramic and metal between the two surfaces.  

Operation of vessels under different thermal conditions and magnetic fields leads to a disparate 

distribution of displacement, strain, and stress fields in comparison with a situation where the 

mentioned conditions do not exist. So far, several studies on the magneto-elastic and magneto-

thermo-elastic behaviors of pressure vessels made of FGMs have been conducted, some of which 

are noted as follows. 

Thermo-mechanical analysis of cylinders and plates made of FGMs has been done by Reddy 

and Chin (1998). They solved thermo-elastic and heat transfer equations for axisymmetric 

cylinders under thermal loading using finite element model. Eslami et al. (2005) provided a 

general one-dimensional solution to steady mechanical and thermal stresses in a thick-walled 

sphere made of FGMs. Given the assumption that the mechanical and thermal properties are based 

on variable power-law in the thickness direction of the sphere, they analytically solved heat 

transfer and Navier equations. Peng and Li (2010) studied thermo-elastic analysis of cylinders 

made of FGMs. They assumed varying material properties in the radial direction of the cylinder 

and obtained thermal stress distribution and radial displacement through the numerical solution of 

the equations. Furthermore, they examined the effects of the material non-homogeneity parameter 

on thermal stress. Dai et al. (2006) offered the exact solution of cylindrical and spherical pressure 

vessels made of FGMs with power law distribution within a uniform magnetic field. They assumed 

FGM properties vary in the radial direction according to power law distribution and thus 

accurately solved the acquired equations. Moreover, they investigated the effects of material non-

homogeneity parameter on the stress distribution and perturbation of magnetic fields. Tutuncu and 

Ozturk (2001) introduced an analytical solution for displacements and stresses in spherical and 

cylindrical vessels under internal pressure. They considered the properties as a power-law and 

addressed arbitrary non-homogeneity parameter effects on stress distribution. Naghdabadi and 

Hosseini Kordkheili (2005) extracted the relations of finite element for the analysis of thermo-

elastic shells and plates made of FGMs. They used Rayleigh-Ritz method for solving nonlinear 

equations of heat transfer. Ruhi et al. (2005) offered an analytical thermo-elastic solution for long 

thick-walled cylinders made of FGMs. Using Fourier series expansion, they transformed partial 

differential equations into ordinary differential equations. Also, by taking into account the effects 

of thermal loading and uniformly internal pressure, they showed non-homogeneity parameter is 

the most efficient parameter in the thermo-mechanical response of a cylinder made of FGMs. Lutz 

and Zimmerman (1996) provided a precise solution for the thermal stresses of spheres made of 

FGMs, in which Young’s modulus and thermal expansion coefficient vary linearly with radius. 

Obata and Noda (1994) examined thermal stresses in hollow cylinders and hollow spheres made of 

a functionally gradient material. The aim of their research was to understand the effect of the 

composition on stresses and to design the optimum FGM hollow circular cylinder and hollow  
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Fig. 1 A hollow rotating cylinder in magnetic and thermal fields 

 

 

sphere. Tokovyy and Ma (2007) investigated the two-dimensional asymmetric elasticity and 

thermo-elasticity problems for non-homogeneous hollow cylinders. They used direct integration 

method to solve the governing equations in the form of Fourier series. Also, an elastic analysis for 

axisymmetric clamped-clamped pressurized thick truncated conical shells made of functionally 

graded materials using first-order shear deformation theory (FSDT) and the virtual work principle 

performed by Ghannad et al. (2012). In another work, Ghannad and Gharooni (2014) presented an 

analytical formulation based on the FSDT for thick-walled cylinders made of functionally graded 

materials under internal and external uniform pressure. Recently, the electro-magneto-thermo-

elastic behavior of a rotating functionally graded long hollow cylinder with functionally graded 

piezoelectric layers was analytically analyzed by Saadatfar and Aghaie-Khafri (2015). 

According to the studies conducted, no research has been already performed on the analytical 

solutions of displacement, stress, and strain for a rotating hollow cylinder made of FGMs in a 

plane strain state based on magneto-thermo-elasticity theory. Therefore, this study was targeted at 

this issue. Displacement, stress, and strain fields were extracted as a radial function derived by 

analytical solution. The mechanical properties of FGMs were assumed to be variable as power law 

of radius to derive displacement, stress, and strain equations. Thermal distribution in a long hollow 

cylinder was achieved by solving the heat transfer equation in the steady state. Thus, despite the 

magnetic and thermal fields, equilibrium equations were extracted for a rotating cylinder made 

from FGMs. By inserting the stress equations into a mechanical equilibrium equation, a 

differential equation of order two was obtained in terms of displacement. Finally, through the 

analytical solution of the resulting equation, the effects of non-homogeneity parameter of FGMs, 

magnetic field, and temperature change on the displacement, strain, and stress fields were 

illustrated in this article. 

139



 

 

 

 

 

 

Mohammad Hosseini
 
and Ali Dini 

2. Description of the problem and governing equations 
 

A hollow cylinder made of FGMs (metallic-ceramic) was considered with the inner and outer 

radii of 𝑟𝑖 and 𝑟𝑜, respectively, in a uniform magnetic field of �⃗⃗� = (0,0, 𝐻𝑧) and a constant 

angular velocity of ω. 𝐻𝑧 is the component of magnetic field in the direction of Z axis. Also, 

temperatures of the inner and outer surfaces were regarded as 𝑇𝑖 and 𝑇𝑜, respectively (Fig. 1). 

Poisson’s ratio is considered to be constant but other properties such as elasticity modulus, 

coefficient of magnetic permeability, density, thermal conductivity coefficient, and thermal 

expansion coefficient change according to relations 𝐸(�̅�) = 𝐸0�̅�
𝛽, 𝜇(�̅�) = 𝜇0�̅�

𝛽, 𝜌(�̅�) = 𝜌0�̅�
𝛽, 

𝑘(�̅�) = 𝑘0�̅�
𝛽 , and 𝛼(�̅�) = 𝛼0�̅�

𝛽 , respectively. Here, 𝐸0 , 𝜇0 , 𝜌0 , 𝑘0 , and 𝛼0  are the 

corresponding elastic properties of the outer surface (𝑟 = 𝑟𝑜) and β is the non-homogeneity 

parameter of the FGMs, representing the volume fraction percentage of its components. Also, 

�̅� =
𝑟

𝑟𝑜
  is the variable of dimensionless radius and 𝑟 is the radius of an arbitrary point on the 

cylinder. 

By applying a magnetic field, consequently a magnetic vector distributing �⃗� , a strength vector 

of the electric field 𝑒  , and a Lorentz force vector 𝑓𝑟 were created in the FGMs. Assuming that the 

magnetic permeability of the outer surface of the rotating cylinder is equal to the magnetic 

permeability of its surrounding environment, the governing equations of Maxwell electrodynamics 

for a conductive elastic body can be written as follows (Dai and Wang 2004, Karus 1984) 

  =  ⃗  �⃗�  (1a) 

 ⃗⃗  �⃗� = 0 (1b) 

𝑒 =  𝜇(�̅�) (
  ⃗ 

  
 �⃗⃗� ) (1c) 

�⃗� =  ⃗⃗  ( ⃗⃗  �⃗⃗� ) (1d) 

 ⃗⃗  𝑒 =  𝜇(�̅�)
 �⃗� 

  
 (1e) 

In the above equations, vector    is the electric current density. By employing a magnetic field 

vector of �⃗⃗�  in the cylindrical coordinates of (𝑟, 𝜃, 𝑧) in Eq. (1), the following relations are 

obtained 

 ⃗⃗ = ( , 0,0) (2a) 

�⃗� = (0,0, 𝑧) (2b) 

𝑧 =  𝐻𝑧 (
  

 𝑟
 
 

𝑟
) (2c) 

  = (0, 
 𝑧
 𝑟

, 0) (2d) 
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𝑒 =  𝜇(�̅�) (0, 𝐻𝑧
  

  
, 0) (2e) 

Where   is the displacement of an arbitrary point in the radial direction. Under the effect of 

the magnetic field, Lorentz magnetic force vector is calculated from the following equation 

[𝑓𝑟, 𝑓 , 𝑓𝑧] = 𝜇(�̅�)(   �⃗⃗� ) =  [𝜇0𝐻𝑧
 
 

 𝑟
(�̅�𝛽

  

 𝑟
 �̅�𝛽

 

𝑟
) , 0,0] (3) 

Where 𝑓𝑟, 𝑓 , and 𝑓𝑧 are Lorentz force components in the directions of radial, tangential, and 

axial coordinates, respectively. 

Dynamic electromagnetics equations for the rotating cylinders made of FGMs with considering 

the Lorentz force can be expressed as follows 

  𝑟
 𝑟

 
 𝑟    
𝑟

 𝑓𝑟  𝜌 
 𝑟 = 0 (4) 

Where  𝑟,   , and 𝜌 are radial and circumferential stresses and densities at an arbitrary 

point, respectively. 

 
2.1 Magneto-elastic solution 
 

For a magneto-elastic solution, it is assumed that there is no thermal load, i.e., 𝑇𝑖 = 𝑇𝑜 = 0. In 

the case of plane strain, radial and circumferential stresses for a long hollow cylinder are expressed 

as follows (Dai et al. 2006) 

 𝑟 =
𝐸(�̅�)

(   )(    )
[(   )

  

 𝑟
  

 

𝑟
] (5a) 

  =
𝐸(�̅�)

(   )(    )
[ 
  

 𝑟
 (   )

 

𝑟
] (5b) 

By substituting Eq. (3) and Eq. (5) into Eq. (4), the dimensionless Cauchy-Euler equation with 

non-homogenous part is obtained based on the relations �̅� =
𝑟

𝑟𝑜
 and  ̅ =

𝑢

𝑟𝑜
 

�̅� 
   ̅

 �̅� 
 (   )�̅�

  ̅

 �̅�
 (    ) ̅   �̅� = 0 (6a) 

 =
𝐸0  𝜇0𝐻𝑧

 (   )(    )

𝐸0(   )  𝜇0𝐻𝑧
 (   )(    )

 (6b) 

 =
𝜌0 

 𝑟𝑜
 (   )(    )

𝐸0(   )  𝜇0𝐻𝑧
 (   )(    )

 (6c) 

The characteristic equation for solving the homogeneous part of Cauchy-Euler equation and its 

roots is as the following 

      (    ) = 0 (7a) 

  =
 

 
(   √        ) (7b) 
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  =
 

 
(   √        ) (7c) 

Therefore, a general solution to Eq. (6a) appears as follows 

 ̅ (�̅�) =   �̅�
     �̅�

   (8) 

and the particular solution to Eq. (6a) is obtained as the following 

 ̅ (�̅�) =
  

 (   )   
�̅�  (9) 

 Thus, the general solution of Eq. (6a) can be expressed for plane strain state according to Eqs. 

(8) and (9) as follows 

 ̅ (�̅�) =   �̅�
     �̅�

   ̅ (�̅�)  
 

 (   )   
�̅�  (10) 

By inserting Eq. (10) in Eq. (5), the relations of radial and circumferential stresses are defined 

as the following 

 𝑟 =
𝐸0

(   )(    )
*[(   )    ]  �̅�

  :𝛽;  [(   )    ]  �̅�
  :𝛽;  

 
(    ) 

 (   )   
�̅�𝛽: } 

(11a) 

  =
𝐸0

(   )(    )
*[(   )     ]  �̅�

  :𝛽;  [(   )     ]  �̅�
  :𝛽;  

 
(    ) 

 (   )   
�̅�𝛽: } 

(11b) 

According to Eq. (10), strains are as follows 

 𝑟 =
  ̅

 �̅�
=     �̅�

  ;      �̅�
  ;  

  

 (   )   
�̅�  

 

(12a) 

  =
 ̅

�̅�
=   �̅�

  ;    �̅�
  ;  

 

 (   )   
�̅�  (12b) 

Also,    and    constants are calculated by boundary conditions (13) 

 𝑟 (�̅� =
𝑟𝑖
𝑟𝑜
) = 0 (13a) 

 𝑟 (�̅� =
𝑟𝑜
𝑟𝑜
=  ) = 0 (13b) 
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2.2 Magneto-thermo-elastic solution 
 

To obtain stress under thermal field effect in a hollow cylinder made of FGMs, it is necessary 

to first obtain the temperature distributions in cylinders. Here, we assumed the cylinder is in the 

steady state without internal heat generation. Fourier heat transfer equation in cylindrical 

coordinates can be expressed as the following 

 

𝑟

 

 𝑟
(𝑟𝑘(𝑟)

 𝑇(𝑟)

 𝑟
) = 0 (14) 

Where 𝑇(𝑟) is the temperature change in terms of radius. Thermal boundary conditions for the 

cylinder are as follows 

𝑇(𝑟 = 𝑟𝑖) = 𝑇𝑖 (15a) 

𝑇(𝑟 = 𝑟𝑜) = 𝑇𝑜 (15b) 

By simplifying Eq. (14), Cauchy Euler differential equation for temperature will be achieved as 

the following 

𝑟 
  𝑇(𝑟)

  𝑟
 (   )𝑟

 𝑇(𝑟)

 𝑟
= 0 (16) 

Thus, by solving Eq. (16), temperature distribution in the hollow cylinder can be expressed as 

follows 

𝑇(�̅�) =    �̅�(;𝛽) (17) 

Where   and   are constants, which determined by thermal boundary conditions (15) as 

 = 𝑇𝑖  
𝑟𝑜
𝛽(𝑇𝑖  𝑇𝑜)

𝑟𝑖
𝛽
 𝑟𝑜

𝛽
 (18a) 

 =  
𝑟𝑖
𝛽(𝑇𝑖  𝑇𝑜)

𝑟𝑖
𝛽
 𝑟𝑜

𝛽
 (18b) 

At the presence of thermal field, radial and circumferential stresses of  𝑟
𝑇 and   

𝑇 for hollow 

cylinders are expressed as the following 

 𝑟
𝑇 =

𝐸(�̅�)

(   )(    )
[(   )

  

 𝑟
  

 

𝑟
]   

𝐸(�̅�)𝛼(�̅�)

(    )
 𝑇(�̅�) (19a) 

  
𝑇 =

𝐸(�̅�)

(   )(    )
[ 
  

 𝑟
 (   )

 

𝑟
]  

𝐸(�̅�)𝛼(�̅�)

(    )
 𝑇(�̅�) (19b) 

Where  𝑇(�̅�) = 𝑇(�̅�)  𝑇∗ and 𝑇∗ are reference temperatures considered to be 25°C. By 

substituting Eqs. (3), (17), and (19) in Eq. (4), Cauchy-Euler equation with its non-homogeneous 

part is achieved. Then, by making it dimensionless based on relations �̅� =
𝑟

𝑟𝑜
  and  ̅ =

𝑢

𝑟𝑜
 , the 

following equation will be resulted 
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�̅� 
   ̅

 �̅� 
 (   )�̅�

  ̅

 �̅�
 (    ) ̅   �̅�    �̅�𝛽:   �̅� = 0 (20a) 

 =
𝐸0  𝜇0𝐻𝑧

 (   )(    )

𝐸0(   )  𝜇0𝐻𝑧
 (   )(    )

 (20b) 

 =
𝜌0 

 𝑟𝑜
 (   )(    )

𝐸0(   )  𝜇0𝐻𝑧
 (   )(    )

 (20c) 

 =
 𝐸0𝛼0 (   ) 

𝐸0(   )  𝜇0𝐻𝑧
 (   )(    )

 (20d) 

 =
𝐸0𝛼0 (   ) 

[𝐸0(   )  𝜇0𝐻𝑧
 (   )(    )]

 (20d) 

To solve the homogeneous part of Cauchy-Euler equation, Eq. (7) was used. The general 

solution to Eq. (20a) is equal to 

 ̅ (�̅�) =   �̅�
     �̅�

   (21) 

Also, the particular solution to Eq. (20a) is obtained as follows 

 ̅ (�̅�) =  
 

 (   )   
�̅�  

 

 (      )
�̅�𝛽:  

 

 (   )
�̅� (22) 

Thus, the general solution of Eq. (20a) in the plane strain state can be expressed according to 

Eqs. (21) and (22) as the following 

 ̅ 
𝑇(�̅�) =   �̅�

     �̅�
   

 

 (   )   
�̅�  

 

 (      )
�̅�𝛽:  

 

 (   )
�̅� (23) 

By inserting Eq. (23) into Eq. (19), stress equations in the presence of thermal field are defined 

as follows 

     𝑟
𝑇 =

𝐸0
( :𝜗)( ; 𝜗)

*[(   )    ]   �̅�
  :𝛽;  [(   )    ]  �̅�

  :𝛽;   

                
( ; 𝜗)𝛿

𝛽( :𝜆):8
�̅�𝛽:  

( :𝛽( ;𝜗)) 

𝛽( 𝛽:𝜆: )
�̅� 𝛽  

 

𝛽(𝜆: )
�̅�𝛽}  

𝐸0𝛼0
( ; 𝜗)

( �̅� 𝛽   �̅�𝛽)  
(24a) 

       
𝑇 =

𝐸0
( :𝜗)( ; 𝜗)

*[(   )     ]  �̅�
  :𝛽;  [(   )     ]  �̅�

  :𝛽;   

                
( : 𝜗)𝛿

𝛽( :𝜆):8
�̅�𝛽:  

( :𝛽𝜗) 

𝛽( 𝛽:𝜆: )
�̅� 𝛽  

 

𝛽(𝜆: )
�̅�𝛽}  

𝐸0𝛼0
( ; 𝜗)

( �̅� 𝛽   �̅�𝛽)  

(24b) 

And strains are defined as the following 

 𝑟
𝑇 =

  ̅

 �̅�
=     �̅�

  ;      �̅�
  ;  

 

 (   )
 

  

 (   )   
�̅� 

 
(   ) 

 (      )
�̅�𝛽 

(25a) 
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𝑇 =

 ̅

�̅�
=   �̅�

  ;    �̅�
  ;  

 

 (   )   
�̅�  

 

 (      )
�̅�𝛽  

 

 (   )
 (25b) 

   and    constants are calculated by boundary conditions (13). In many cases, use of 

equivalent stresses obtained based on von Mises criterion would be suitable for designing. 

Therefore, equivalent stress and strain are expressed by the following relations 

  = ( 𝑟
    

   𝑟  )
 
 ⁄  

(26a) 

  = ( 𝑟
    

   𝑟  )
 
 ⁄  

(26b) 

 

 

3. Discussion and numerical results 
 

3.1 Validiation 
 
To confirm the results achieved in this paper, the results were compared with those reported by 

Jabbari et al. (2002) in a certain state. In this mode, in the absence of a magnetic field and with a 

zero temperature of outer surface, the properties were considered as follows 

𝐸0 = 𝐸  𝑟 =  00 (   ), 
𝜌0 = 𝜌  𝑟 =   00 (

𝑘𝑔
  ⁄ ), 

 𝑖 =  0 (   ), 𝑇𝑖 =  0 ( ), 

 = 0  , 𝛼0 =      0
;  (  ⁄ )  

 

 

 
Fig. 2 Comparison between results of present work and Jabbari et al. (2002) for dimensionless 

radial displacement in the case of 𝐻𝑧 = 0 
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Fig. 3 Comparison between results of present work and Jabbari et al. (2002) for dimensionless 

radial stress in the case of 𝐻𝑧 = 0 

 

 

Fig. 4 Comparison between results of present work and Jabbari et al. (2002) for dimensionless 

circumferential stress in the case of 𝐻𝑧 = 0 

 

 
As it is obvious from Figs. 2-4, the results fulfill with Jabbari et al. (2002) very well. In the 

following, analysis of a cylinder made of a type of functionally graded (ceramic-metal) materials 

with the inner and outer radii of 𝑟𝑖 = 0     and 𝑟𝑜 =    , respectively, will be addressed based 

on the following properties: 
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𝐸0 = 𝐸  𝑟 =    (   ), 
𝜌0 = 𝜌  𝑟 =   00 (

𝑘𝑔
  ⁄ ), 𝜇0 =     0

;  (𝐻  ⁄ ), 

 = 0  , 𝛼0 =      0
; ( 

 𝑜⁄
),  =  00 (𝑟   ⁄ ). 

 
3.2 Magneto-elastic analysis 
 
For the analysis of a rotating cylinder, the outer surface was assumed to be pure ceramic. Also, 

to present the numerical results, it is convenient to use formal dimensionless and normalized 

displacement, stress, and strain as follows 

 ̅ =
 ̅ 𝐸0

𝜌0 
 𝑟𝑜
 ,  ̅ = 

   

𝜌0 
 𝑟𝑜
 ,   ̅ = 

  𝐸0 

𝜌0 
 𝑟𝑜
  (27) 

Figs. 5-7 show the effects of non-homogeneity parameters on the displacement and equivalent 

stress and strain. According to Fig. 5, it can be seen that radial displacement increases with an 

increase in non-homogeneity parameter. This is due to this fact that an increase in the non-

homogeneity parameter reduces the stiffness of the whole thick-walled cylinder. It was also 

observed that maximum and minimum displacements occur at the inner and outer surfaces of the 

cylinder, respectively. Fig. 6 displays that equivalent stress is reduced by a steady enhancement in 

non-homogeneity parameter. Within a radius of more than 0.85, the equivalent stress trend is 

reversed and increases with an increase in non-homogeneity parameter. Based on Fig. 7, the 

equivalent strain increases with an increment of non-homogeneity parameter. For every non-

homogeneity parameter, a reduction of equivalent strain can be observed in terms of radius. In this 

figure, the maximum and minimum strains are shown to occur on the inner and outer surfaces of 

the cylinder, respectively. 

 

 

 
Fig. 5 The effects of non-homogeneity parameter  on the dimensionless radial displacement 

distribution,   =  0
8(  ⁄ ) 
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Fig. 6 The effects of non-homogeneity parameter  on the dimensionless equivalent stress 

distribution,   =  0
8(  ⁄ ) 

 

 
Fig. 7 The effects of non-homogeneity parameter  on the dimensionless equivalent strain 

distribution,   =  0
8(  ⁄ ) 

 

 

Figs. 8-10 demonstrate magnetic field effects on the displacement and equivalent stress and 

strain distributions caused by non-homogeneity effects. In Fig. 8, it is shown that radial 

displacement is reduced with increasing magnetic field. Additionally, it is perceived that based on 

each magnetic field, radial displacement displays a descending behavior depending on radius. Fig. 

9 represents reduced values of equivalent stress with increasing magnetic field. Within each value 

of magnetic field, the equivalent stress decreases with increasing radius. Furthermore, it can be 
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Fig. 8 The effects of magnetic field 𝐻𝑧 on the dimensionless radial displacement distribution,  =     

 

 

Fig. 9 The effects of magnetic field 𝐻𝑧 on the dimensionless equivalent stress distribution,  =     

 

 

found that maximum equivalent stress occurs at the inner surface. 

In Fig. 10, it can be seen that increasing magnetic field is associated with decreased levels of 

the equivalent strain. According to Figs. 8-10, magnetic field values of 𝐻𝑧 >  0
 (  ⁄ ) can be 

observed to have significant effects on the displacement and equivalent stress and strain. 

 

3.3 Magneto-thermo-elastic analysis 
 

In this section, the temperatures of the cylinder inner and outer surfaces were considered to be 
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𝑇𝑖 =   ˚  and 𝑇𝑜 =  00˚ , respectively. For simplicity, we define dimensionless displacement, 

stress, and strain as 

 ̅ =
 ̅ 
𝑇

𝑇𝑜𝛼0𝑟𝑜
,  ̅ = 

   

𝑇𝑜𝛼0𝐸0
,   ̅ = 

   

𝑇𝑜𝛼0
 (28) 

Fig. 11 displays dimensionless temperature distribution in terms of dimensionless radius. 

According to this figure, it can be seen that temperature is enhanced by increasing non-

homogeneity parameter. Moreover, temperature rises at each non-homogeneity parameter based on 

radius. 

 

 

 

Fig. 10 The effects of magnetic field 𝐻𝑧 on the dimensionless equivalent strain distribution,  =     

 

 

Fig. 11 Radial distribution of temperature in FGM rotating cylinder, (𝑇𝑖 =   ˚  , 𝑇𝑜 =  00˚ ) 
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Fig. 12 The effects of non-homogeneity parameter  on the dimensionless radial displacement 

distribution, (𝑇𝑖 =   ˚  , 𝑇𝑜 =  00˚ , 𝐻𝑧 =  0
8(  ⁄ )) 

 

 
Fig. 13 The effects of non-homogeneity parameter  on the dimensionless equivalent stress 

distribution. (𝑇𝑖 =   ˚  , 𝑇𝑜 =  00˚ , 𝐻𝑧 =  0
8(  ⁄ )) 

 

 

Figs. 12-14 represent the distributions of displacement and equivalent stress and strain in terms 

of the dimensionless radius at the presence of thermal and magnetic fields for various values of the 

non-homogeneity parameter. In Fig. 12, radial displacement enhancement with increasing non-

homogeneity parameter can be observed. Radial displacement based on radius first decreases and 

then increases in terms of each value of non-homogeneity parameter. 

In Fig. 13, it is shown that the equivalent stress is reduced with the increase of non-

homogeneity parameter within a radius of less than 0.75; however, it increases with increasing  
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Fig. 14 The effects of non-homogeneity parameter  on the dimensionless equivalent strain 

distribution. (𝑇𝑖 =   ˚  , 𝑇𝑜 =  00˚ , 𝐻𝑧 =  0
8(  ⁄ )) 

 

 

Fig. 15 The effects of magnetic field 𝐻𝑧 on the dimensionless radial displacement distribution, 

(𝑇𝑖 =   ˚  , 𝑇𝑜 =  00˚ ,  =    ) 

 

 

non-homogeneity parameter within a radius of more than 0.75. Fig. 14 demonstrates an increase in 

non-homogeneity parameter causes an increment in the equivalent strain, the maximum and 

minimum of which occur on the inner and outer surfaces of the cylinder, respectively. 

Figs. 15-17 indicate the displacement field and equivalent stress and strain as a radial function, 

to which magnetic field effects have been applied. In Fig. 15, increasing magnetic field is shown to 

enhance radial displacement. Magnetic field of 𝐻𝑧 =  0
9(  ⁄ ) produces much greater radial  
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Fig. 16 The effects of magnetic field 𝐻𝑧 on the dimensionless equivalent stress distribution, 

(𝑇𝑖 =   ˚  , 𝑇𝑜 =  00˚ ,  =    ) 

 

 
Fig. 17 The effects of magnetic field 𝐻𝑧 on the dimensionless equivalent strain distribution, 

(𝑇𝑖 =   ˚  , 𝑇𝑜 =  00˚ ,  =    ) 

 

 

displacement compared to those induced by other values. 

As displayed in Figs. 16 and 17, with increasing magnetic field, equivalent stress and strain 

values increase. By comparing Figs. 8-10 and Figs. 15-17 based on magneto-elastic solutions, it 

can be discovered that thermal loading has significant effects on the displacement, stress, and 

strain fields in such a way that it causes their enhancements within identical magnetic fields. 
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Fig. 18 The effects of temperature difference T on the dimensionless radial displacement 

distribution. (𝑇𝑖 =   ˚  ,  =    , 𝐻𝑧 =  0
8(  ⁄ )) 

 

 
Fig. 19 The effects of temperature difference T on the dimensionless equivalent stress 

distribution. (𝑇𝑖 =   ˚  ,  =    , 𝐻𝑧 =  0
8(  ⁄ )) 

 

 

Also, by comparing magneto-elastic and magneto-thermo-elastic solution, it can be concluded 

that in the absence of thermal filed, displacement, equivalent stress and strain are reduced by 

increasing magnetic field strength. It means that applying magnetic field has suitable effects on the 

elastic response and improves them. Nevertheless, when thermal and magnetic fields are 

simultaneously imposed, behavior of the cylinder is reversed. It means that due to the presence of  
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Fig. 20 The effects of temperature difference T on the dimensionless equivalent strain 

distribution. (𝑇𝑖 =   ˚  ,  =    , 𝐻𝑧 =  0
8(  ⁄ )) 

 

 

thermal field, increasing the magnetic field strength results in increasing values of displacement, 

equivalent stress and strain. Therefore, it should be pointed out that magnetic field has unsuitable 

effects on the elastic behavior of the FGM hollow cylinder in the presence of a thermal field. 

Figs. 18-20 illustrate displacement and equivalent stress and strain distributions in terms of a 

dimensionless radius at the presence of a magnetic field, to which thermal field effects have been 

applied. Note that in Figs. 18-20,  𝑇 = 𝑇𝑜  𝑇𝑖. According to Fig. 18, it can be observed that 

radial displacement increases with increasing temperature. 

Furthermore, in Fig. 19, it can be seen that the equivalent stress enhances with a temperature 

rise, while near a radius of 0.87, its behavior changes to decay with increasing temperature. Also, 

with each temperature amount, the equivalent stress displays a descending behavior in the radial 

direction. In Fig. 20, it is shown that the equivalent strain values increase with increasing 

temperature. In the relevant diagram, the minimum and maximum equivalent strains occur on the 

outer and inner surfaces of the cylinder, respectively. 

 

 

4. Conclusions 
 

In this paper, the exact solution of stress and strain fields were presented for the cylinders made 

of FGMs within an external magnetic and temperature fields. It was found that by these materials, 

the non-homogeneity parameter of β, magnetic field, and temperature distribution have significant 

effects on the distributions of displacement and equivalent stress and strain. It was further 

observed that with the values of 𝐻𝑧 ≤  0
 (  ⁄ ), magnetic field effects are negligible either in 

the presence or in the absence of a thermal field. Moreover, it can be noted that a magnetic field of 

𝐻𝑧 =  0
9(  ⁄ ) leaves considerable effects on displacement and equivalent stress and strain 
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distributions. Thermal fields always cause increased levels of equivalent stress and strain and 

displacement. As shown in the diagrams, it is perceived that magnetic field have suitable effects on 

stress, strain, and displacement distributions in the absence of temperature in a way that increasing 

magnetic field leads to decreased amounts of equivalent stress and strain and displacement. 

However, application of a magnetic field in the presence of a thermal field imposes adverse 

effects, causing enhanced levels of stress, strain, and displacement. 
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