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Abstract.  This paper dealt the free vibration analysis of thick truncated conical composite sandwich shells
with transversely flexible cores and simply supported boundary conditions based on a new improved and
enhanced higher order sandwich shell theory. Geometries were used in the present work for the
consideration of different radii curvatures of the face sheets and the core was unique. The coupled governing
partial differential equations were derived by the Hamilton's principle. The in-plane circumferential and axial
stresses of the core were considered in the new enhanced model. The first order shear deformation theory
was used for the inner and outer composite face sheets and for the core, a polynomial description of the
displacement fields was assumed based on the second Frostig’s model. The effects of types of boundary
conditions, conical angles, length to radius ratio, core to shell thickness ratio and core radius to shell
thickness ratio on the free vibration analysis of truncated conical composite sandwich shells were also
studied. Numerical results are presented and compared with the latest results found in literature. Also, the
results were validated with those derived by ABAQUS FE code.
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1. Introduction

The conical shells are often used as transition elements between cylinders of different
diameters and/or end closures and sometimes as stand-alone components in various engineering
applications such as tanks and pressure vessels, missiles and spacecraft, submarines, nuclear
reactors, jet nozzles and such other civil, chemical, mechanical, marine and aerospace engineering
structures (Sofiyev 2011). Sandwich structures due to their high strength and stiffness, low weight
and durability, are widely used in many engineering applications. These structures are generally
consisting of two stiff face sheets and a soft core, which are bonded together. In most cases, the
core is consisting of a thick foam polymer or honeycomb material, while thin composite laminates
are commonly used as the face sheets. In these structures, the core keeps the face sheets at
sufficient distance and transmits the transverse normal and shear loads. Advantages of this
construction method are used to obtain the plates with high bending stiffness characteristics and an
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extremely low weight. To use these structures efficiently, an excellent understanding of their
mechanical behavior is needed. Extensive research has been dedicated to the free vibration
behavior of circular composite laminates (For example see (Tong 1994, Shu 1996, Wu and Lee
2001)). Using first order shear deformation theory, Tong (1994) studied free vibrations of
laminated composite conical shells. Shu (1996) used Love’s first approximation thin shell theory
in order to free vibration analysis of composite laminated conical shells. The first-order shear
deformation shell theory was used by Wu and Lee (2001) to study free vibration analysis of
laminated conical shells. They assumed the stiffness coefficients were functions of the
circumferential coordinate.

The work on conical truncated composite sandwich shells with flexible cores is somewhat
limited. In order to investigate free vibration analysis of sandwich structures the higher-order
sandwich panel theory was developed by Frostig et al. (1994, 2004), who considered two types of
computational models for expressing the governing equations of the core. The second Frostig’s
model assumed a polynomial description of the displacement fields in the core that was based on
the displacement fields of the first model. This theory does not impose any restriction on the
deformation distribution through the thickness of the core. The improved higher-order sandwich
plate theory (IHSAPT), applying the first-order shear deformation theory for the face sheets, was
introduced by Malekzadeh et al. (2005). Liang et al. (2007) used the vibration theory and transfer
matrix method to study the free vibration of a thin-walled laminated conical shell. The free
vibration analysis of laminated conical and cylindrical shells was done using Love's first
approximation thin shell theory by Civalek (2007). Natural frequencies and forced vibration
analyses of a thin, homogeneous, and isotropic conical shell were studied using Hamilton's
principle and the Rayleigh-Ritz method by Li et al. (2009). Sofiyev et al. (2009) performed the
free vibration and buckling analyses of truncated conical shells with non-homogeneous material
properties under uniform lateral and hydrostatic pressures. Rahmani et al. (2009) applied a higher
order sandwich panel theory to study the free vibration analysis of an open single curved
composite sandwich shell with a flexible core. They used the classical shell theory and an elasticity
theory for the face sheets and the core, respectively. Tornabene (2009) conducted the free
vibration analysis of functionally graded conical and cylindrical shells based on the first order
shear deformation theory. The buckling analysis of non-homogeneous orthotropic truncated
conical shells was done under a uniform hydrostatic pressure by Joshi and Patel (2010). Also, they
investigated the effects of non-homogeneity and number of layers on the critical hydrostatic
pressure. Biglari and Jafari (2010) presented a complex three layer theory for the free vibration
and bending analysis of open single curved sandwich structures. In their model, Donell's theory
was used for the face sheets. Using differential quadrature method, free vibrations analysis of
functionally graded cylindrical panel was done by Yas et al. (2010). The free vibration analysis of
FG conical shell was performed using meshless method and first order shear deformation shell
theory by Zhao and Liew (2011). Ghannad et al. (2012) investigated the elastic analysis of thick
functionally graded truncated conical shells and used the first order shear deformation theory and
the virtual work principle. Mochida et al. (2012) studied the free vibration response of doubly
curved shallow shells using the approximate Galerkin method. Kheirikhah et al. (2012) applied an
improved high order theory to examine the bending analysis of soft core sandwich plates. They
also used the third order plate theory for face sheets and quadratic and cubic functions for
transverse and in-plane displacements of the orthotropic soft core and satisfied the continuity
conditions for transverse shear stresses at the interfaces and the conditions of zero transverse shear
stresses on the upper and lower surfaces. Ghavanloo and Fazelzadeh (2013) investigated the free
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Fig. 1 Geometry parameters of the composite truncated conical sandwich shell

vibration analysis of simply supported doubly curved shallow shells. Their formulation was based
on Novozhilov's linear shallow shell theory. Viola et al. (2013) used a 2D higher order shear
deformation theory with nine parameters in order to analyze the free vibration analysis of the thick
laminated doubly curved shells. Their main assumptions were based on small deflections and
negligible normal stress and strain. The free vibration of variable thickness conical shell was
numerically done by Viswanathan et al. (2013). Thickness of the layers varied linearly and
exponentially in an axial direction. They considered three and five layered conical shells, which
were made up of two different types of materials. Malekzadeh Fard (2014) studied the free
vibration of a sandwich curved beam with a functionally graded core and used two dimensional
higher order beam theory without neglecting the amount of z/R. Jalili et al. (2014) applied
numerical and experimental methods for studying the buckling analysis of composite conical
shells under dynamic external pressure. Also, they investigated the effect of geometrical
imperfections of experimental specimens on the numerical results.

The literature survey demonstrated that most of the studies have been performed on the free
vibration analysis of flat and curved composite sandwich panels using high order theory and no
research is available in the field of thick sandwich truncated conical shells that use new improved
high order theory. In this paper, by using a new improved higher order sandwich panel theory
(Malekzadeh et al. 2005) and second computational Frostig's model (2004), the free vibration
analysis of conical composite sandwich shells was investigated. Also, the in-plane circumferential
(hoop) stresses of the core were considered. Geometries were used in the present work for the
consideration of different radii curvatures of the face sheets and the core was unique. In this study,
the analytical solution of the displacement field of the core in terms of the polynomials with
unknown coefficients was presented according to the second computational Frostig’s model.
Simply supported boundary conditions were considered in this paper. Since there are few research
about the free vibration analysis of a composite truncated conical shell, to validate the results
obtained in the present work, a truncated thick conical sandwich shell was modeled in ABAQUS
FE code and the results obtained from analytical formulations and FE code were compared with
each other. Also, for composite laminated shells, obtained results by the present method were
validated by comparing them with those in the literature. Finally, the effects of various parameters
including types of boundary conditions, conical angles, length to radius ratio, core to shell
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thickness ratio and core radius to shell thickness ratio on the free vibration response of truncated
conical composite sandwich shells were studied.

2. Theoretical formulation
2.1 Basic assumptions

Consider a thick composite truncated conical sandwich shell which is composed of two
composite laminated face sheets. The thickness of the top face sheet, bottom face sheet and the
core is hy, hy, and h, respectively, in which indices t and b refer to the top and bottom face sheets of
the shell, respectively, as shown in Fig. 1. The assumption used in the present analysis was the
small deformation of linearly elastic materials.

2.2 Kinematic relations

Base on the first shear deformation theory, the displacements u, v and w of the face sheets in
the x, @ and z (thickness) directions with small linear displacements are expressed by following
relations (Reddy 2004)

ui(x,z,H,t):ug)(x,H,t)Jrzlt//xi (x,6,1)
v (X,z,0t)=v(x,0t)+z y,(x,0,t) ; (i=t,b) Q)
w (x,z,0,t)=wg(x,0,t)

where ! and y, are the rotation components of the transverse normal along the x and #-axes of
mid-surface of the top and bottom face-sheets, respectively. Also U, and v/ are displacements
components in the x and @ directions, respectively and W is the vertical deflection of the top and
bottom face-sheets. z; is the vertical coordinate of the face-sheets and is measured upward from the
mid-plane of each face-sheet.

The kinematic equations for the strains in the face sheets are as follows (Reddy 2003, Sofiyev
et al. 2009, Qatu 2004)

gj(x :g(i)xx +Z; K gi :€(i)9:9+ziK;0'gziz :O

i xx

- : C C . (2)
7>I<9 :2‘9:(8 :‘90><9+Z|Kx9’ 7:(2 :2‘9:(2 :g(lsz ’yfl)z :2‘9;2 :8;)32 ' (I :t’b)
where
g =%15(i)99 _ N, W cos(¢)+u sin(¢ ), iy _%_l_ dug _vosm(qﬁ)l
x Ri(x)o6 Ri(x)  R;(x) & R (x)o0 R, (x)
i Wy oW, . Vg cos(g) .
=——+Y, &y = ; (i=t,b
ngz aX l//x 6002 R. ( )60 0 R. (X) - ( ) (3)
K _ oy, . oy, K- oy, oy _ vy sin(g)
OX R, (x)o8 ox  R;(x)06 R, (x)
and

R, (x) =R, +X sin() (4)
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The displacements fields for the core are based on model Il of Frostig (Frostig and Thomsen
2004) and a cubic pattern for in-plane displacements and a quadratic one for vertical ones are taken
as follows

U (x,0,2,t)=ug (x,0,t)+zu; (x,0,t)+zu5 (x,0t)+zu5 (x,0.t)
v, (x,a,z,t):(lntR Z ))vg(x,e,t)+zcvf(X,H,t)+zfv§(x,0,t)+zfv§ (x,6,t) (5)
X

W, (x,6,z,t)=wg (xc,éP,t)JrzcwlC (x,0,t)+zw; (x,0,t)

where U; and vi (k=0, 1, 2, 3) are the unknowns of the in-plane displacements of the core and

W, (k=0, 1, 2) are the unknowns of its vertical displacements. R(x) is the radius of curvature of
the core in 8-z plane that varies with x

R, () =R,y + X sin(g) (6)

The kinematic relations of the core for a conical sandwich shell based on small deformations are
(Sofiyev et al. 2009, Qatu 2004)

© _ou, ¢ 1 o, W, uada,
E T = + )
OX @+z/R.(x))( 2,00 R, (x) a,x
]/ie_ 826,:%4- 1 6uc —Vcaaz Yyiz :2‘9; :%4_6&, (7)
x  (+z/R,(x))\ 8,00 a,ox ox oz
C c 1 8Wc VC .
Yoo =26y =————— " +
a,(1+z/R,(x)) 00 R (x)1+z/R (x)) oz
where
a, =R; (X) =R, +xsin(g) ; (i =tab,C) (8)
The stress- strain relations for the face sheets are given as
GXX Q_ll Q_lZ Q_lG gXX
069 le sz st 869
GXZ = Q_44 Q_45 gXZ (9)
002 Q45 Q55 802
O-x 9 _Q16 Q 26 Q 66 gx 0

where the transformed reduced elasticity matrix [Q ] is

)., =Q,, cos* a + + sinfacos? a+Q,,sin* a
11 11 ! 2 12 66 2 2 22 !
)., = +Q,, — sin? @ cos? & +Q., (sin* & +cos* a
12 11 22 66 2 z 12 ! !
)., =Q,. sin*a+ + sin? @ cos’ a +Q,, cos* «
22 11 ! 2 12 66 2 2 22 ¢
N H 3 =3
Qs =Q; —Qy, —2Q4)sinacos’ a +(Q,, —Q,, +2Q,,)sSin” acosa
Q, = Q. —Q,, —2Q,)sin* acosa +(Q,, —Q,, +2Q,,)sinacos’
Qq = @y +Q,, —2Q,, —2Q,,)sin” @ cos’ & +Q,q (sin* & + cos* @)

Q. =Q,, cos’ a+Q sin*
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Qs = Q4 —Q,,)cosasina

. 10
Q55 =Q55 COSAQ+Q44 sin* o ( )
where « is the angular orientation of the fibers and
E v, E E
Q,=—2>1—, Q,=—2-2 Q, = 2
. 1=vipvy ¢ 1-vpvy # 1-vvy (11)
Q44 :GZS! Q55 :GlS’ Q66 :G12'

2.3 Compatibility conditions

The compatibility conditions were presented assuming perfect bonded conditions between the
core and face-sheet interfaces (Kheirikhah et al. 2011)

u,(z =24 )=u, +£(—1)k hy,

V(2 =24)=vg +%(—1)k hy,  si=t ﬁ(k =1z, =h7j (12)
w,(z=24)=w, ;i:b—{kzo;zcb:—%j

Using displacement fields of the core (Eq. (4)), the compatibility conditions can be written as
follows

e _ 2(Ug +ug) —hy, +hyyy —4ug
u, = hz
o _ Al —ud) ~2(hyt +hyy?) - dhus
u; = h3
¢ 2(VS+V3)—hu//;ihbl//Z—4V8
V2= h2
Jo _Ms V)~ 2y +hyyh) —Ahy: —anyS IR, (X) (13)
3 3
hC
t_ b
we :(wohwo)
. 2(Wtc+wb)—4wC
W2: 0 hl; 0

It can be seen from Eq. (13) that the number of unknowns in the core is reduced to five. These
unknowns areug,u; v vy andw,. Therefore, in a general form, the number of unknowns for a

doubly curved composite sandwich shell is fifteen as below:
ot t t b ,b b b
00,V YL VAU VB W Y2, VG U V6 6

2.4 Governing equations

The governing equations were derived using Hamilton's principle, requiring that
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Tj(SLolt =Tj[5K ~6U Jdt =0 (14)

where 0K and 60U denote the variation of kinetic energy and that of strain energy, respectively.
Also t is the time duration between the times t; and t,, and ¢ denotes the variation operator.

The first variation of the kinetic energy, upon assuming the homogeneous conditions for the
displacement and velocity with respect to the time coordinate, can be written as follows

K=Y jpiUi&Ji+\'ii5\/i+Wi§NidVi
i=t,b Vi (15)
+ Ipc U, QU +V, S, + W, Sw, dW,
Vl:
where (") denotes the second derivative in time.

The first variation of the internal potential energy for a composite conical sandwich shell that
includes the face sheets and the core is

61') = Z [J(G;x 55>i<x +G:i9658¢i9€ +T>i<95y>i<9 +T}(z 57/;2 +T;z 57:% )dvld]/

=y 16
+ J.(O-ﬁx \38;( + 0-295‘9:)(9 + O-fz 58;:2 + T:957§9 + T;:Z 5%22 + r;z 57(31 ) c ( )
VC
The moments of inertia (I, (n =0, 1,...,6)) for the core layer are

ne
2 Z

16 = z"l+———)dz. ; n=0,1...,6

P | Rl (17)

and the stress resultants per unit length can be defined as follow

t t t t
NXX d, /2 T MXX d, /2 T d, /2
t t t t t t t t t
Noo | _ G0 Moo | _ Goo Quel _ Qx
d z d k d
N - t 4 Mt - t) t %, Qt s Qt Z,
x6 —d, /2 Oxo X6 —d, /2 Oxo o —d, 12 \¢er
Nt O_t Mt O_t
28 X6 & X6
b b b b
MXX dy /2 T NXX dy /2 T dy /2
b b b b b b b b b
Moo | _ o Nogo | _ Ogo Qe _ k Xz
= Z dz,, = Z dz,, = dz, ,
MP b o b NP t o b Qb s b b
X0 ~dy /2 X0 X0 ~dy /2 X0 (24 —dy /2 (24
b b b b
Mg Oxo Ny Oxo
NC GC

N¢ o z
NS &= ol tdz 4 *t= | z4 ¥U1+—"¢  |dz.,
9‘ I i J‘ "ot R, +xsin(g) |
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c c
Mlxx O xx Mc c
M.S t./2 P 7 100 t./2 Ogp
gt — J‘zc U1+ ——C———ldz, { M, + = .[ZC oy tdz
M, o. R. + xsin(¢)
1xz —t, /2 Xz Co M c —t, /2 O_c
M*C c 16 74
160 Oy
c c
t./2 MZXX /2 T
t
MC C O_C MC C GC 7
2600 | _ 2 06 2x0 | _ 2 X0 c
o= T ol e = T e B
26k —t, /2 Oyo 2xz ~t. /2 Oy, Co
*C c
APy Oa (18)
c c
/o MSxx /s O
t
MC C O_C MC C GC 7
3600 | _ 3 06 3x0 | _ 3 X6 c
{Mc P LR Ve Sl s ey
36 —t, /2 Oxo 3xz ~t, /2 Oy, Co
*c c
M3, OCa

t./2

C

Remil= [ @ zc)a§{1+ Z—Cszc .

12 RCO + xsin(¢)

Using the Hamilton’s principle (Egs. (14)-(16)), kinematic relations (Egs. (1)-(8)), the
equations of moments of inertia (Eg. (17)) and the stress resultants (Eqg. (17), the governing
equations can be obtained as

Sug: _
N t Sln(¢) N t _ N t 1 N t i [ 25|n(¢) c i c
x:l,x. _F(;)t (X ) ( XX 2 . ‘Z‘;))_F_Rt (X) 4x?,6)(;)hcz 2XX X I;c (X )hcz 2XX hc';. 3XX X
Sin ¢ sin c SIn ¢ c c (19)
+ M, - M, — M —M —M
RGO > RGO RN TROONZ TR GORg
SIS~ = LA L 4 2205 22 4 0 0+ 22+ 2L
oup
aN b - -
_Xx+sm(¢) N2 —N°® +LNb +£M° +25L@)MC _iMC -
XX 06 x0,0 2 2XX ,X 2 2XX 3 3XX ,X
X R,(x) Ry(x) 7 hZ " T p; hy
4sin(g4) 1 ¢ 2 ¢ 2sin(¢) .o 4sin(g) o 4 ¢ (20)
hc3 3xx Rc (X )hcz 20x ,60 RC (X )hcz 26060 Rc (X )hcs 3600 RC (X )hc3 36x,60
4 12

*C *c b, b b b 1,.C 2 .C KRL) 4 st 5 b 6+t
_h_lexz +FM2xz =l Uy + 17y, + UG + U7 + 26U + 26Uy + 260, + 25V, -
C C
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Ny
1 cos 2sin 2 c 4 c

N>t<9,>< +—N;.9.9 (¢)Q0z (¢) ;a++—M2999+—3M399,9

) R, (x) ) R, (x) A R, (x) R, (x)h; ) R. (x)h;
+_2M 2Cx9x + Sm(¢)2 M; 2x 6 +_3M§xex + Sm(¢)3 3x9 Sln(¢)2 M3 20x

h' R, (X )h; h * R, (x)h] R, (X )h;

4sm(¢) 2 . 4 . 4 ‘12 e . ..

"R RN M g +WM 202 +WM332 The 102 _hc Mg, =1V5 + 1,47,

N+ AT A N 0 4 )

g
1 cos(¢) 2sin(g) 2 c 4 c 2 c
Nf()x_'_R (X)Ngﬂ() R (X)Qﬂz Rb(X) N:[)_'_ha 200,0 Rh3M300() thZXUx
25|n 4 4sin c 2sin 4sin
(¢)2 M 2x 6 _3M 3x6,x _—(¢)3 M axo T (¢)2 M 26x (¢)3 M 30x
R (x)h; h; R, (x)h, R. (x)h; R . (x)h;
A VY S S VRS VB Mo =IVE + 10070 + NS + NS

W 26z Rc (X )h03 36z hc2 16z +h_03 292
AN+ AN+ X + Xy

5\Nt -
T cos(4) 1 4 1
o+ ———QL , +sin(@)Q., , — N, ——R——M’——= M
sz X R[ (X )QHZ ,0 (¢)sz WX Rt (X ) o6 hC z hcz z RC (X )hc 166

— M + +

R (X )h 2 269 hc 1xz ,x RC (X )hc 1xz hC2 2Xz X RC (X )hcz 2xz
1 c .. e . .

Rh 1020 F R h? Mzszs_léwé"‘léwo"'lszwé"‘lgwg

EE

Qs+ ey Qs PR, ~ T OIN G, o RE (T M oM,
—le;yg—% e RGO M M pomE M M
hzzMﬁezy—lé’W'3+ZéV\78+Ze 0+ X L§+A:; 0

Sy,
'\/I>t<x,x_'_lelf(ﬁﬂ_'_SIn(¢)('v|t M;H)_Q)t(z_iz ZCxxx_Ln(@ 2xx
AR " 2nsinty) G h on O e,
c sin c c *c *c
_FM?;XX X h3 M3xx - R hz M26x,6 R h3 M3H><8 hz Mlxz FMZXZ

R; (x
Jhsing) o hsing)
R (X)h2 266 R_(x )h3 300
+Z7l//x +Z7l/;><'

tect t 2.:c 3:-:b 4ot
=1 U, + Izl//x +Z7uo + x7U + x7Uy + X7 U
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(21)

(22)

(23)

(24)

(25)
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Sy’
b 1 b Sm(¢) b b hb c h Sm(¢)
—+ oM . — M — M
XX ,X Rb (X) xH,H R X)( HH) sz hz 2XX ,X R (X)hz 2xx
2h c 2h, sin(®) h c 2h c 2h . e
- 3b 3xX,X ( ) 3 M g 3xx R :12 20x ,0 _R—I’:E’ 360x.,0 hzb M 1xz h: M 2xz
h, S|n(¢) h sm(qﬁ) . e - ..
R (X)h2 M g + R, (X)thaaa_l o + 147 + U + 25UT + x5Uo + XaWUo + X5y
+Zsl//x .
Sy,
1 25|n(¢) h 2h
Mo + m 00,6 R (x) _QGZ_WMSHGG_WM;:B&H
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h2 2% 6,x ( )hz 2><H h3 3x 60,x R (X)h3 3><8 hz 10z h3 260z
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"759‘//9
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LM M S ———M
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2h, c 2hb M e 6hb M e ht sin(¢) VE 2h, sin(g) M © | b
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XX ,X R (X ) XX X R ox .60 h 2 2XX X RC (X )hcz 2XX Rc hcz 260x ,60 hcz 1xz
_sin(@) . , 4sin(#) y - . .
R, (X) N g, + h R, (x) M 2o leluo +75121u1 + Zflug + Zl‘llué) + 1151'//3 + /1'161‘//; .
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where zi (i =12,.,6&j =12,..,15) are given in Appendix A.

3. Analytical solution

Also, using the Hamilton’s principle (Egs. (14)-(16)) and kinematic relations (Egs. (1)-(8)), the
boundary conditions equations can be obtained. The simply supported geometrical and physical

boundary conditions for a truncated conical shell at the edges x=0, a of the top, bottom face-sheets
and the core are

N! =0,vi=0,M. =0,y =0,w, =0,(i=t,b)
=0 Mlcxx_o Mzcxx70 M;XX_O,VEZO (34)
V1:O,V2:O| Vs =0,w5 =0,w] =0,w; =0.

The displacement fields based on double Fourier series for a composite conical sandwich panel

with simply supported boundary condition at the top and bottom face-sheets are assumed to be in
the following form (j=t,b)

[ul(x,6,t) [UJ(t)cos(a,X) cos(n6) |
V) (%,6,1) Vv, (©)sin(e, x)sin(né)
Wi (x,8,1) W (t)sin(a, x) cos(nd)
wl(x,6,1) vl (t)cos(a, x)cos(né)
wl(x,0,t) | S| P, (t)sin(e,x)sin(nd)
u, (x,6,t) U, (t) cos(e,x) cos(nd)
v (x,6,1) Vi (1) sin(e,, X) sin(no)
LW (x,6,1) | | Wi (1) sin(ex, x) cos(né) |

, (k=0,1,2,3,1=0,1,2) (35)

Where U ijn (t) VOmn (t) VvOmn (t) lP>J<mn (t) \Pamn (t) U kmn (t) Vkmn (t) and Imn (t) are tlme-

dependent Fourier coefficients and m and n are the half wave numbers along x and & directions,
respectively. Also an=mzx/l. The above double Fourier series functions assumed to satisfy the
geometrical simply supported boundary conditions on all edges for a conical composite sandwich
shell (See also, Qatu 2004, Reddy 2003).

By substituting the stress resultants, compatibility conditions, and displacement field (Eq. (35))
in the governing equations (Egs. (19)-(33)) and by applying the Galerkin method, the governing
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equations were reduced to the following system of the coupled ordinary differential equations
[M Ke}+[K K} ={0} (36)
where:

{C} = {LJ (;mn (t )YU gmn (t)7V O[mn (t )IV Obmn (t)’W Otmn (t )YW Ot:nn (t )’ (//}(mn (t )! (//Smn (t )Y W;)mn (t )7
l//gmn (t )!U ((J:mn (t )1V Ocmn (t ),U lcmn (t )'Vl(r:nn (t )1W Of'nn (t )}T
then the eigenvalue equation is obtained as follows

[K =4, M He}={0} (37)

where 4. =’ , {c} is displacement vector for all the values of m and n, [K] is the (15xmx
(n+1))x(15xmx(n+1)) stiffness matrix and [M] is the (15xmx(n+1))x(15xmx(n+1)) square mass
matrix. Some of the mass and stiffness matrix elements for simply supported conical composite

sandwich shells are given in Appendix B.

4, Results and discussion

In this section, some examples are considered and the obtained results are validated and
discussed. To validate the present results and demonstrate their capability in predicting the free
vibration analysis of a composite truncated conical sandwich panel, some examples are presented.
To validate obtained results, a truncated conical sandwich panel was modeled in ABAQUS FE
code and results obtained from the analytical formulations and FE code were compared together.
Also, for composite laminated shells, obtained results by the present method were validated by
comparing them with those in the literature. The agreement between the results was very good.

Example 1: Free vibration analysis of conical laminated composite shell with simply
supported boundary conditions (S. S. B.C.s)
In this example, in order to validate the present formulation, free vibration of a truncated
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conical composite laminated shell with two layered anti-symmetric cross-ply laminate and simply
supported boundary conditions was investigated. Nondimensional natural frequencies were
obtained from @=wR,(ph/A,)"*. The conical angle is =30° and the material properties of the
individual layers are considered as: Ex/E6=15, Gx0/E0=0.5, vx6=0.25, vxz=0v0z=0.3, Gx0=E6/2(1+
vxz) and GOz=EOI2(1+v6z). In Fig. 2, the dimensionless natural frequencies obtained from the
presented improved higher order theory were compared with those obtained from first order shear
deformation theory (FSDT) (Tong 1994, Wu and Lee 2001) and Love’s first approximation thin
shell theory (Shu 1996) for 0.01<h/R,<0.1. The results obtained by the present method converged
after 169 expressions (m=n=13). It can be seen that the agreement between the results obtained
from current method and FSDT was very good but there was a little difference between the current
results and those obtained by Love’s first approximation thin shell theory. It is clear, that the
current high order improved theory reduces to FSDT with decreasing of the core thickness up to
zero. Note that, with increasing the h/R, ratio, the differences among results would increase.

Example 2: Free vibration of a conical composite sandwich shell with S.S. B.C.s

In this example, the free vibration of a truncated conical sandwich shell with a foam core and
composite face sheets (Table 1) with simply supported (S.S. B.C.s) boundary conditions was
investigated. Non-dimensional natural frequencies were obtained from @=wLl’(p/E,)/*/h, core
to panel thickness ratio was h,/h=0.88, radius of the mid-plane of core to panel thickness ratio was
R:1/h=10 and length to radius of the mid-plane of core ratio was L/R;;=1. In Table 2 obtained
results were presented. In this table, the results were compared with presented FE results by
ABAQUS code. The results obtained by the present method converged after 169 expressions
(m=n=13). In this paper, to investigate the free vibration problem, in addition to the presented
method, a finite element procedure was considered. Therefore, for free vibration analysis,
ABAQUS software (version 6.8-1) was used. The modal frequency analysis in ABQAUS is
performed in ABAQUS/Standard software, which uses a central difference rule to integrate the
equations of motion explicitly. In this study, the face sheets and the foam core were meshed using
SC8R and C3D8R elements, respectively. There was quite good agreement between the results
and there was a little difference between them. Also, this table shows that the lowest non-
dimensional natural frequency for S.S. B.C.s occurred at mode number (m, n)= (1, 3).

Table 1 Material properties of a conical composite sandwich panel

Foam core Composite face sheets
E,=E,=E;=0.10363 GPa E,=24.51 GPa, E,=7.77 GPa
G1,=G13=G,3=0.05 GPa G12=G13=3.34 GPa, G»3=1.34 GPa

v=0.32, p=130 kg/m® v1,=0.3, p=1800 kg/m?

Table 2 Nondimensional natural frequencies of a conical composite sandwich panel
o=wl?*(plE,)'?/h, =30

Mode No. (m,n)

Present model ABAQUS Discrepancy (%)
(1,3) 211.82 202.33 4.6
(1,2) 220.82 204.66 7.8

(1,4) 224.85 211.14 6.5
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Table 3 Mechanical and geometrical properties of a truncated conical composite sandwich panel

Foam core E;=E,=E3=0.10363 GPa, G1,=G13=G,3=0.05 GPa, v=0.36, p=130 kg/m3

E,=131 GPa, E,=10.34 GPa, G1,=G3=6.895 GPa, G»3=0.05 GPa,
v=0.22, p=1627 kg/m®

Geometry h=0.03, h/h=0.8, R;;=10 h, L=R.4, [0 90 0/core/0 90 0]

Composite face sheets
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Fig. 3 Variation of the non-dimensional fundamental frequency with respect to the conical angles

for the truncated conical composite sandwich panel with S.S. B.C.s obtained by ABAQUS FE

code and presented formulations
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Fig. 4 3D view of mode shapes of the conical sandwich shell for =15 and »=60 for S.S. B.C.s
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Example 3 Effect of the conical angle on the free vibration of a composite truncated
conical sandwich shell

In this example the effect of the conical angle on the free vibration of a composite truncated
conical sandwich shell with S.S. B.C.s were investigated. The mechanical and geometrical
properties of the composite truncated conical sandwich panel were given in Table 3.

Fig. 3 shows the variation of the non-dimensional fundamental frequency with the conical
angles. In this figure, the results obtained from the presented improved higher order theory were
compared with presented FE results by ABAQUS code. As can be seen in Fig. 3, by increasing the
conical angle, the non-dimensional fundamental frequency decreased uniformly because, by
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Table 4 Mechanical and geometrical properties of a conical composite sandwich shell

Foam core E;=E,=E3=0.10363 GPa, G1,=G13=G,3=0.05 GPa, v=0.36, p=130 kg/m3

E,=131 GPa, E,=10.34 GPa, G1,=G3=6.895 GPa, G»3=0.05 GPa,
v=0.22, p=1627 kg/m®

Geometry h=0.03, h/h=0.8, R.;=10 h, L=R4, [0 90 0/core/0 90 0]

Composite face sheets
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o o o
o o o
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500
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L/R1c

Fig. 5 Variation of the fundamental frequency (Hz) with respect to the length to radius ratio for
the truncated conical composite sandwich shell with S.S. B.C.s

increasing the conical angle, a decrease occurred in axial stiffness. Also this figure shows that the
agreement between the results obtained from the current method and presented FE results by
ABAQUS code was very good and acceptable. The 3D view of mode shape of the truncated
conical sandwich panel for two different values of the conical angle is given in Fig. 4.

Example 4 Effect of the length to radius ratio on the free vibration of a composite
truncated conical sandwich shell

In this example the effect of the length to radius ratio (L/R;;) on the free vibration of a
composite truncated conical sandwich shell with S.S. B.C.s was investigated. The mechanical and
geometrical properties of the composite truncated conical sandwich shell were given in Table 4.

The variation of the fundamental frequency (Hz) with the length to radius ratio is presented in
Fig. 5. As can be observed in this figure, by increasing the length to radius ratio, fundamental
frequency decreased rapidly because, by decreasing the length to radius ratio, the sandwich shell
became stiffer.

Example 5 Effect of the core to panel thickness ratio on the free vibration of a
composite truncated conical sandwich shell

In this example the effect of the core to panel thickness ratio (h,/h) on the free vibration of a
composite truncated conical sandwich shell with S.S. B.C.s was investigated. The mechanical and
geometrical properties of the composite truncated conical sandwich shell given in Table 4 were
also used in this example. The variation of the fundamental frequency (Hz) with the core to panel
thickness ratio is presented in Fig. 6, in which increasing the core to panel thickness ratio resulted
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Fig. 7 Variation of the fundamental frequency (Hz) with respect to the core radius to panel
thickness ratio for the truncated conical panel with S.S. B.C.s

in the fundamental frequency increase because, by increasing the core to panel thickness ratio, the
flexibility of the structure decreased.

Example 6 Effect of the core radius to panel thickness ratio on the free vibration of a
composite truncated conical sandwich shell

In this example the effect of the core radius to panel thickness ratio (Ry/h) on the free vibration
of a composite truncated conical sandwich shell with S.S. B.C.s were investigated. The mechanical
and geometrical properties of the composite truncated conical sandwich shell given in Table 4
were also used in this example. The variation of the fundamental frequency (Hz) with the core
radius to panel thickness ratio is presented in Fig. 7. This figure shows that, by increasing the core
radius to panel thickness ratio, the fundamental frequency decreased. It means that for larger core
radius to panel thickness ratio, the structure would be more flexible.
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5. Conclusions

Using a new improved and enhanced higher order sandwich plate theory (IHSAPT) based on a
three-layer model, the coupled partial differential governing equations on the composite truncated
conical sandwich shell were derived based on the Hamilton’s principle. The above analysis is quite
general and valid for any type of core, any type of boundary conditions, as well as for the cases
where the conditions at the top (outer) face sheet are different from those at the bottom (inner) one
along the same edge. The thickness of the top (outer) face sheet may be different from that of the
bottom (inner) face sheet. Transverse shear and rotary inertia effects of face sheets have been
taken into consideration. To validate obtained results, a truncated conical sandwich shell was
modeled in ABAQUS FE code and results obtained from analytical formulations and FE code
were compared together. Also, the present method is validated by comparing the present results
with those in the literature. It is clear, that the current high order improved theory reduces to FSDT
with decreasing of the core thickness up to zero. Therefore, using this comprehensive high order
theory, various free vibration problems like free vibration of conical laminated shells can be
analyzed easily. By increasing the conical angle for both boundary conditions, the non-
dimensional fundamental frequency decreased uniformly because, by increasing the conical angle,
a decrease occurred in axial stiffness of the conical panel. By increasing the length to radius ratio,
fundamental frequency decreased rapidly because, by decreasing the length to radius ratio, the
sandwich shell became stiffer. By increasing the core to shell thickness ratio, resulted in the
fundamental frequency increase because, by increasing the core to panel thickness ratio, the
flexibility of the structure decreased. The results show that, by increasing the core radius to shell
thickness ratio, the fundamental frequency decreased. It means that for larger core radius to shell
thickness ratio, the structure would be more flexible. Using standard optimization programs like
the commercial Genetic algorithm software, one can optimize the design parameters. The present
approach can be linked with the standard optimization programs and it can be used in the iteration
process of the structural optimization.
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Young’s modules

Shear modules

Thickness of conical sandwich shells

Thickness of the top face sheet, core and bottom face sheet, respectively.
The moments of inertia of the top and bottom face sheets and the core
Shear correction factor

Out-of-plane bending moment resultant of the core per unit length of the
cross-section of the conical panel

Bending and twisting moments resultants per unit length of the cross-
section of the conical panel (i=t,b)

Bending and twisting moments resultants per unit length of the cross-
section of the conical panel (n=1,2,3)

In-plane force resultants per unit length of the cross-section of the
conical panel (i=t,b)

In-plane force resultants per unit length of the cross-section of the
conical panel

Laminate stiffness referred to the principal material coordinates
Transformed stiffness

Transverse shear force resultants (i=t,b)

Principal radius of middle surface of the top and bottom face sheets and
the core

Normal force resultant of the core per unit length of the cross-section of
the conical panel

Unknowns of the in-plane and out of plane displacements of the core
(k=0,1,2,3)

Displacement components of the core

Displacement components of the face-sheets, (i =t, b)

Normal coordinates in the mid-plane of the top and bottom face-sheets
and the core

Material densities of the face-sheets and the core
Variational operator
Poisson’s ratio

Normal stress in the face sheets, (i=x,y), j=(t,b)
Normal stress in the core, (i=x,y,2)

Shear stress in the face sheets, j=(t,b)
Shear stresses in the core
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The mid-plane strain components, (i=t,b)
Normal strains components of the core

Shear strains components of the core

Rotation of the normal section of mid-surface along x,
Rotations about the transverse normal to the face sheets
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Appendix B.

Some stiffness matrix coefficients for SS B.Cs.

coo coo H cxz
K (3,15) = —i—q(ﬁe;” +4‘T}‘—2j;ﬁ4 - h4 [ﬂe;% + 4e;—2j;ﬁ4 —ﬁ—i{—Hg"z A }m _
C C

C c C

%[—H232+4Hh } AT +ﬁq{ g1°92+49h3 } AT +12q[ g + 4gh4 };Ts,

C C c C hC
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— ?]3‘ [am[ gﬁz Zgr‘: j;rTl+sm(¢)[ h52 +2 h63 jﬂ'TG:|,

[

coo coo
K45 =3 e 4% |71, 2 [ew 4% |7 4
h, h h
coz coz
%[(—Hg”z +4Hh42 jﬂn (gf”z ~12 gh32 j;zu}r
coz coz
iq H HE” + 4Hh52 J;;T4+a; (gggz —12—9;2 Jﬂn},

Some mass matrix coefficients for SS B.C.s:
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=]

RA(X)

sin(a,,x ) cos(a,x)

il

_2
L
_2
L

_2
L

Rea(x)

cos(a,, x)sin(a,x)

L
dx, T, = j
0

L

R (X)

cos(a,x)sin(e,x)

dx T,
dx, T,

-]

_2
L
_2
L
2

E
il

-

Rc31 (X )

cos(a,, X ) cos(e,Xx)

Rc31 (X )

sin(a, x ) sin(a,x)

Ri1(x)

dx

ax, j.,; = J'cos(amx )sin(e,x )dx,

0

L L
jcos(amx )cos(a,x )dx = _[sin(amx )sin(e,x )dx = %
0 0

'Lfcos(nH) cos(g @)dx =_L[sin(n6?)sin(q9)dx =,

2
L
2
L

Keramat Malekzadeh Fard and Mostafa Livani

!
|

sin(a,, x)sin(e,x)

sin(a,,x ) cos(a,x)

Rei(x)

RA(X)

sin(a,,x ) cos(a,x)

dx

dx

R:(X)

sin(a, x ) sin(a,x)

Rc41 (X )

cos(a,,x ) cos(a,X)

Rc41 (X )

sin(a,,x)sin(a,x)

RA(x)

dx

dx

dx

dx





